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Introduction

* ltis clear that in AdS/CFT the notion of a boundary
energy-momentum tensor (EMT) is crucial.

* This is usually defined in terms of holographic renormalisation
methods (see e.g. [de Haro, Solodukhin, Skenderis, 2000]).

* The goal is to do the same for asymptotically flat spacetimes
near future null infinity.

* Null infinity is a Carroll manifold [Duval, Gibbons, Horvathy, 2014].

* This requires understanding solutions with arbitrary Carroll data
atZ+.

* This work builds on [Hartong, 2015] where this was done in 3D. For

similar work see [Freidel, Riello, 2024].
|
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Outline

* Carroll geometry near future null infinity

* Solving the Einstein equations with arbitrary Carroll geometry on
the boundary

* Holographic renormalisation and energy-momentum-news Ward
identities

* Qutlook
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Carroll geometry at Z*

ds®* = —2UV + E“E“, a=1,...,d
* U and V are null and the E* are spacelike.

* Treat null infinity as a Penrose boundary (defining function).

e Split: M = (r, 2*) with r the defining function. Partially fixing
local Lorentz transformations and bulk diffeos:

9rr — 07 9ry — _V/,La Juv — _SVILLVI/ =+ H,LLI/
g =5, g¢gr=U% ¢~ =I"
11" and II,,,, have signature (0,1,...,1).
* Penrose boundary construction fixes boundary condition:
— pHv

- —2 o ,u’ N/ 2 ,UJ/‘
VN’r:oo = Ty " H“V‘r:oo - hrL”/’ U r=co U roll r=00
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Carroll covariant Bondi—Sachs gauge:

— _ _ —1
grr—07 qur_07 Fﬁr_dr

Constant z* curves (tangent %) are null geodesics ending at Z.
This fixes V,, = eP1, and h*¥11,,,.
Often 7,dz* = du (retarded time) and h,,, = celestial sphere.

We want the boundary geometry 7,,, h,,,, (and also the shear) to
be arbitrary so we can vary it freely in the on shell action.

However at leading order the EOM fix

1 1
KN’/ = —iﬁvh/ﬂ/ — EKh/JJV

This is a constraint in d > 2. Not a problem though, more later.
|
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* Furthermore we learn that

2
My =1 + 7 (Cpw = 27u01)) +O(1), S ==Kr+0(1), B=0("")

C.v is the shear (spatial and STF) and a,, = £,7,,.

* Residual gauge transformations: &* = y* 4+ r~th* )\, + O(r—2)
and " = rAp + O(1) (bdry diffeos, Weyl and local Carroll boosts)
Dy = g M A
Shyy = Lohyy +2Aphg

0Cuw = LyCu +ApCu + 2P P (DpAs + ap)s)

D, is some Carroll covariant derivative.

* The boundary geometry and the shear sit inside one ‘multiplet’
related to the ‘gauging’ of the conformal Carroll algebra.
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Solving the Einstein equations

* X is the coefficient of =™ in expansion of X. Here d =1, 2.

(n)

* R, = 0determines 3

(n)
* UFR, =0and r'lI""R,,| ___=0give (n—d+1)S. For
n = d — 1 the equations are identically satisfied.

()
* IR, = 0gives (n —d+ 1)P,v’II ,,. For n = d — 1 the equation
is not identically satisfied. Need a r~!logr term in IT,,,,.

o IT°

oAy e = 01 gives L,(STF partof IT,,) =---

(d—1) (d—1)
* r'UFR,,| ___=0:PDEfor S and Pfv’ II ,,
(energy-momentum-news conservation)

* Solutions agree with [Barnich, Troesaert, 2010] and [Geiller, Zwikel, 2022]. |
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Holographic Renormalisation

* Variation of the bulk action:

0SgH = -+ / deEJ,  J =", +2UMT, U9, (E~'6E)
r=A

* IN BS gauge: /—g = E :=det(-V,V, +11,,) = erde”.

* Cutoff surface » = A has no definite character. The
generalisation of the GHY extrinsic counterterm is

Sext = 2 / dzE (63 + VY Np) Vi N”

VM = —(9,)™ and Np = Opr [Parattu, Chakraborty, Padmanabhan, 2016].
* This removes the radial derivatives of 45 and /5 and leads to:

1
dtz E (Tﬂ(svﬂ + 5 TH 0,y + drE~1S (ES))
r=A

5(SEH+Sext)=--~+/
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° dr—'E~1§(ES) dominates at LO in r and leads to a variation of
an EMT tensor component at O(1). We cancel it by adding

Syt = —d/ d e Er—18
r=A

® Sen + Sext + Sext for d = 1 gives a finite Dirichlet problem. We can
add a finite intrinsic counterterm to make the EMT traceless:

Stinite = — / d*zErTI™ Ly V,LyV,

* For d = 1 the on shell variation gives

1
0.Stot — /d2aze TGy, == =TT Ol
0S 2
™ = Mv"*+h"(0,K+ a,K + Lyay)
T = —2P,h*") + M

(0) (0)
Bondi mass 2M = — S + a? and angular mom. P, = P/v I .
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Recall the asymptotic gauge transformations:

Wi = Loty 1 D) 1 2y 5

Shyw = Lohyy + 2Mphyu

The Carroll boosts are anomalous. Associated Ward identities:

1
0 = —e 10, (e[T'r, + T h,)) + TFO,T, + 51" by

0 = T =Ty
T B

PO a0

are equivalent to what we get from the Einstein equations.

There is a conserved current (up to an anomaly) for every Carroll
conformal Killing vector x# = K* which solves 0 = 67, = dh,

e 10, (e[TFr,K¥ + THh,,K"]) = A\, T"

The anomaly corresponds to the ¢j; central extension of BMSs

[Barnich, Compere, 2006].
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* A magnetic Carroll Liouville theory whose energy momentum
tensor obeys the same properties as the holographic one:

2
S = /d2xe [—%h“” (@L(b + %aﬂ) (8qu + %a,,) + X (v“@ﬂgb — EK) — ueb¢]

* On flat space this was studied in [Barnich, Gomberoff, Gonzalez, 2012].

* ¢ is areal scalar that is inert under local Carroll boosts and
transforms as 6¢ = —%w under Weyl transformations.

*  transforms under Weyl and local Carroll boosts as

2 2
ox = —wx + Ae’0,0 + g@“@u)\ + g)\L

* The magnetic theory is Weyl invariant and transforms under local
Carroll boosts as

4
S = /d2azeb—2)\uh“” (O, K + a, K + Lyay)
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- 1
5 (SEH + Sex’[ + Sex’[) — _|_/ dd+1$ E <TM5VM + QTMV(SHMV)

r=A

Now we consider d = 2. In this case there is a divergence at
order r. We remove this by adding an intrinsic counterterm

1
Sint = —/dSZEET (R — ZHMVLUVMLUVV)

We obtain
0 Stot

1 1
= /dga:e (Tp(STp 4= =" 0l ee T —S“’/éCW)
0s 2 2
Here S*¥ is spatial and STF.

Geometrically: shear is part of the conformal Carroll geometry.
Physically: shear is a source [Donnay, Fiorucci, Herfray, Ruzziconi, 2022].

Getting the shear variation is nontrivial. It means that at O(r)

S*oh,,, = total derivative
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* What about the constraint K,,, = 3 Kh,,? This can be solved

hudatdr” = M? (dX? + dY?)

where M, X and Y are fully unrestricted scalar fields.

* Either we vary M, X, Y are we use a Lagrange multiplier. Either
way we cannot distinguish between T+ and T*” + t*¥ where

A Y 15 w L o) (MhV)ff%) p
= X +2 v X 2%)( v v X" o

IS an improvement transformation for some spatial STF tensor
X" (the Lagrange multiplier).

* |tis convenient to add a finite counterterm such that

1 1 1
qHY 5]\7”'/ _ _§hu,0h1/o (LUCPG R §K0pg>

which is the news tensor with a definite Weyl weight.
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* On shell action is diffeo invariant:

1 1 1
—6_18,u (6 [T“Ty S5 T'uphpy + §N,upcp’/] ) —I—T“(?VTM+§T“payhup+1]\7“p8y0up =0

agrees with the Bondi mass and angular mom. loss equations.

* Schematic form of the renormalised EMT/News complex:

(1) 2 2 3
nT¢ = §+C%04C8%+0

(0)
Tuhue T = VPPYIL,, + C?0 + CO° + 8° + 7,hyot™”
(0) (0)
STF partof 7" = STF part of (S C* + KII" + C9* + tH)
* Weyl invariance but no Carroll boost invariance:

1
U= a7 = e T ZCWNW

1
PIT? = DoN™ — Ca,N* +0°
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Outlook

* Charges and their algebra

e Anomalies in 4D?

* Covariant notions of soft and hard sectors

* Effective theory for the soft sector
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