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Conventions

pi; L] — ‘|‘p3‘|‘ +pk+pl
Sij = 2Di-Pj
sijk = 2(pi-pj + Di-Pk + Pj-PK)



Phase Space Measures and Volumes

The familiar Lorentz invariant on-shell phase space measure:

dd; n(Q,ml,. w0 ) — (27T) (Q ZPk) H d”p; 5" (p 2)
k=1

Shorthand for massless particles:

dP1.,(Q) = dP1.,(Q50,...,0)

Shorthand for massive sums of momenta:
d(I)(12)34..n<Q; 512,0,..,0) = d(I)(12)34..n<Q§ $12) = d®(1z)34.,n(Q)

The integrated volume:

D, (Q:m2, ... m2) :/dcbl..n(Q;m%,..,m%)



Phase Space Factorisation

ds
d®1 (Q) = —== AP (19 k)i 1.n(Q: S12.4) dP12k(P12.4)

27




A simple Example

I(Q;D):/d@m:&(Q) i

512523

Collinear singularities: 1/|2 and 2|3
Soft singularity: 2-0



Singularities in Invariant Space

Q2
/ dd93(Q) = (QQ)HGN?,/ dsio dsi3dsas 6(Q% —s192— 513 —823) (S12513523)
0

Asi3




Singularities evaluate to Poles
Dimensional Reqularisation

1Q:D) = (@) M09 = 2 (5 - 25 000

It is impractical to have to evaluate phase space integrals in D-
dimensions!

How can we subtract singularities before integration in a minimal
way?



A simple Slicing Scheme

513

S12



A simple Slicing Scheme

4513

O(52) = O(sy13) < azs13)
O(Cr2) = O(s23 < b3 @)
O(Ca3) = O(s12 < b12Q°)
O(Ca3 N S2) = O(s2(13) < a2513)O(s23 < b23Q°)
O(C12NSy) = @(82(13) < a2813)0(s12 < bl2Q2)
O(F) = @(82(13) > a2513)0O(s23 > 523Q2)9(312 > 512Q2>

Partition of unity:

1 = @(F) + @(Sg) + @(012) + @(023) — @(012 M SQ) — @(023 M SQ)



Collinear Region

The collinear limit can be parameterised choosing $12 as a normal
coordinate:

51222 1
p1 = Z1P73 n+\/s122122€
2p5.1
12
51221 1
P2 = Z9P75 n — \/31221226
127 9p—.n
P15-
S12 2 2 _
pi2 = ps + ey ()t 21+ 20 =1
ZpE.n 12

lim pi2 = py5 + O(s12)

s19—0




Collinear Phase Space

. ds ;
lim dq)lzg(Q) — = d(I)12(512) lim dq)(lQ)S(Q;SlQ)

s12—0 e S12=+0

@ lim d®193(Q) = dde,, dP—,(Q)

s12—0

dsi9

ddc,, = —

d®i12(s12)




Soft Phase Space

p2 — 0 is parameterised by the normal coordinate

So(13) = 2p2.P13

52(13)

2+/513

and P2 = Eo(1,7)

since Lo =



Soft Phase Space

d813

lim d(blgg(Q): lim

513— Q> s13—Q2 2T

d®15(s13) dP(13)2(Q; 513)

Q lim  d®193(Q) = dP13(Q?) dq)(slg’g)

s13—Q?>

ds 2(13
a0 = =20 4d13,(Q% Q2 — s213)




Soft Collinear Phase Space

Order limits such that 019 < a9

lim lim @(812 < leQQ) @(82<13> < CL2813)

ao— (0 b12—>0
i 519 — 0

= lim O(sys < b12Q2) @(ZQSQE < a9z18
ao—0

i 29 — ()

= O(s19 < b12Q%) O(29 < ay)

21~3>




Singular Phase Spaces and Integrals
/ d®c,,0(Cha) = (1:16)_2: /0 s dsyps7s /O o bl i b

@) NN OFS N T @iy
/(M)C12 512 2_2 T i (2 2¢) =

C19

AT —2+€ e o0 N
/ dq)g;g)@(SQ) = (I‘(l) e) 5131 / dsq2 dsag (812823) 6 @(812 o Soa == a2813)
= 0
59
(1,3) ©(S2) 813 i o B e sysay
d(I)SQ 512823 ﬂ—) F(l T 26) 62

(47T)—2+6 b12Q> as
dd (Ci1an S d HES e
01282 12 2) F(l = 6) /0 512519 /0 R2 Z9

O(C12NSy)  (4m) 727 (agb12Q?)

d(I)CmSz 9

/
So N Co /
/

$1922  I(1—¢) €



Sum of Singular Regions

ISlngular(Q'alabHabQB) = (325)
QQ [+ ISl ((IQ, Q ) + ICm <b12Q2) + 1012 (b23Q2> = 10125'1 (b23Q27 a’2) = 10125'1 (b12Q27 &2)]
d 2 —-9-—-41
i (Q23) [+ ( i s (9+4¢2 + 18Inay + 41n? az) + 0(6))
-7 — 21 b
+<€ + e +(4+4C2+71nb12+1n2b12)+0(€>)
P et e 21 b
_|_<6——|— = 23—|—(4-|—4C2-|—71nbz3—|-1n2523)‘|‘O(5)>
2  —-9- 21 —2Inb
-(5+ =< = U (g 66 9lnia - 9lnbi
+21nasInbys + In? ag + In? byy) + 0(6))
2  —-9-21 —2Inbd
_(6_2+ —2 2 1 (9+6C;+9lnas + Il
+21InasIn bog + In? as + In? b23) + O(E))] (3.26)
—&z _—5+(—1—21b —2Inbyg — 21 Inbio — 21 In bo3 + 21n? )+(’)()
- orElE T e B R e Rl S

Counter terms reproduce correct poles and simple finite parts



Evaluation of finite part

 Use two different approaches:
i) Slicing

S
IF(Q; ai, 5127 b23) 5 /d(I)123 @(F) 3121;))23

O(F) = O(s12 > b12Q%)O(s23 > b23Q%)O(59(13) > a2513)

i) Subtraction

2

s
Ip(Q;a1,b12,b23) = /d@123[ S O (s2(13) < a2Q7)
$12 823 512 823

(Zlg — @(221 < ag)) 9
— O(s1o < b
s12 221(1 — s12/Q? (s12 126°)

)
(232 — O (223 < a2)) 5
= @ 3 iy
So3 293(1 — 823/Q?) 23 < b3 (')
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What we learned from this simple example?

—)
-
-
-

A slicing scheme can be defined based on the
phase space factorisation property.

The Slicing scheme allows to define simple (to
integrate) counter terms.

The Slicing scheme can be promoted to a fully
local subtraction scheme.

Subtraction method easily outperforms its parent
slicing method numerically.



The Blﬁ Questions:

GCan we generalise to muiti particle
amplitudes? To NNLO2 bheyond?

e -,

All generalizations are false,
inchiding this one.

Mare Bwain.

o J







Overlap contributions

Using normal coordinates to define regions we partition the
phase space into a singular and a finite region

O(Singular) + O(F) =1
The finite region can expressed as

o(F) = [ -ew)
reR
Where R is the set of all singular regions.

Such that for our simple example: R = {C'5, Ca3, So}



Overlap contributions I

Combining and multiplying out we obtain:

O©(Singular) = — Z (— )Y H O(r)

UCR reU

where the sum goes over all non empty subsets U of R .
So for our simple example we just get:

©(Singular) = ©(Ci2) + O(Ca3) + O(52) — O(Cr2 N S2) — O(C3 N S2)
—@(Clg @ 023) + @(012 N Cag N SQ) :

4513

Which agrees with our previous expression if we further
demand the geometric cancellation identity:

@(012 M 023) = @(012 N Coz N SQ)

¥ 8192



Overlap contributions Il

Introduce the measurement-function J1(l>n which allows for no |

more than unresolved partons. We then obtain:

J ©(Singular) = —J Z (—1)lv] H o(r)
Ueld() ret

1V is the set of soft and/or collinear singularities which:

i) pass the criteria of the the measurement function and
ii) survive the region cancellations

We will refer to the set L{<l> as the IR forest.



Normal coordinates and
ordering of regions

Regions are defined by:

O( iy iy Skl = S(iy i) (kD))

We then impose the following strict order:

Qiyin..ip > - > Qi > bigig. g > > by,



Region Cancellations |

S4NSp

O(SaNSp) = O(SaNSpNSap)



Region Cancellations Il

CapNCap

O(CapNCap) = O(CapNCap NCapp)



Region Cancellations Il

CAz'ﬂCAj CAiﬂCAjﬂSA

NGy

CajNCajNCyij NSy C 45N CajNCayj

@(CAz' N CAj) — @(SA N Cy; ﬂCAj) S5 @(CAij NCy N CAj)
—@(SA ﬂCAij N Cg; ﬂCAj) :



The IR forest factorises

as a consequence of region cancellations/ordering

* Conjecture:

UO =y x4 mod FO

- g) IS a soft forest

- U is a collinear forest



Gounter terms for final states
In Yang Mills




Define an observable

l
Op1.ngl = / d®1. p \71(_2,%[ My ]?

In the following wish to compute for I1=1,2 ; the integrated counterterm:

ingular [ .
Olsl gnj_l — / d®1..n+l j( ?n,—l—l (Slngular) * ‘Ml..nJrl‘z



Key idea

Insert different volumes in different sets of Feynman diagrams

O(Singular) * (M1 1> = Y (M) 1t (Min)1.n41 O(Singular(k, m))

k.m

Independent sums/classes of Feynman Diagrams



N-particle final state at NLO



Poles of single real are isolated by singular volume contribution:

Singular . :
. = — lim lim
1;1..n+1 0130 by 0

' Z (_]‘)|U|/d(1)l..n+1 «71(.1.7)1+1 H O(r) * M. pt1]?

Ueld(1) reU

UV = {{Cii}, {S:}, {Cy, S} )



It is sufficient to define insertion in the limit
(almost any decomposition, which satisfies these will do)

Soft Region:

lim ©(Sy) * [Mingt|? =Y M) PS5 Oansiy — sigip)

ap—0
i

Collinear Region:

2
lim ©(Cy) * M j.1° = — (Pij)pyp IMPHH2 '..|2@(bijQ2_3ij)

b23—>0 Sq)j



Integrated counter-terms are simple!

IgS(Skl,CLi> e / d@gj,l) (Sk;lgai> Si(k,l)

(a%skl)_e F(l — 6)2
e I'(2-—2e¢)

= QCF

Teq(@% big) = / d%ij(@%ij)%wgg(zm
(@) (1 - )4~ 3)) I(1 — &)

= 6(C
AT 3—2¢) T(2— 2¢)
9
T 0, di)— / dq’cijsi(Qsz'jaai);j<ng(Z¢)> s
2b.. T e
i 4CACP (Q Z]a”L)

€2

Convenient to define a soft subtracted collinear counterterm:

ISG(Q3, bij, a4, a5) = T5(Q2, biy) — I (@2, bij, ai) — Tk (Q2, bij, a;)



The integrated NLO counterterm
for n emissions:

Singular Cin2n . R
Olant1 = E :Iz‘j(Q bmvazva.?)oo;l..ij..nﬂ
1>

+ T T/d00k1lq/n+1  (Ski, a;)

1 k,lF#

b ? ) l)
dOl( 1j?n,—|—l = dP1. n4 |M1 Zz—i—l‘jl(..n—l—l'

agrees with usual 1-loop Catani operator



N-particies final state at NNLO



Normal Coordinates and Measures at NNLO

Limits Normal coordinate Phase Space Measure
bound
e y 02 ijk
lillk sige < bijrQ ADc,, = —2+ by
7 — () S(;s < Q;;8 .
¥ (i) (kl) = @ij Skl do!) = —SE) iy dy
v i 17—0




The Double Soft Measure

Unlike the single the double soft measure has further support:

ds(;;
aglh = S0 1y g,

27 ij—0

. de’i St 2 dej et 2 5 o
D (27T)D_1 (pl) (27T)D_1 (pj) (S(z’j)(kl) = ng-pkl)

- Double soft integrals are not (completely) trivial.

- Evaluation can be simplified by IBPs.

- The corresponding 2 double soft Master integrals known [1208.3130]

- In fact even tripple soft masters (hard!, which enter at N3LO) are already
known from Higgs soft expansion at N3LO



Tripple Collinear Masters

* Slightly harder than double soft but
same as N-jettiness beam function

* 4 Master Integrals
Mg()g)(Q2;bl23) :/d<1>0123(b123Q2)
1

5123812223
1

5125137223
1

$12813%13%12

Mggz)(QQ;bm:a) :/d¢0123(b123Q2)

Mggz)(Q2;b123) :/dq>0123(b123Q2)

Mgl22)(Q2;5123) :/dq)0123(b123622)

* Evaluated by Ritzmann and Waalewijn for initial and final states
(to all orders in eps in terms of 4F3 and 3F2) (14073272



Double Soft - Triple Collinear Overlap

O(s;jk < bijrQ°) O(s(i) (k) < @ijSkl)
i bjjr — 0
O(s;1 < bz-ijQ) @(Z@'jSZ%l < az‘jzksgﬁd)
i aj; — 0 l a;; — 0
Os(ijk < bijk@”) Olzij < ag)

Asymptotic measure:

dei
(QW)D—l

dej

Pij-n
5+(p12) (27T)D—1 5+(p?) 5(S(z‘j)(k5) il 2pz’j-pk:)5(zij — =

Di. 1

d(I)Ciijz’j ) dS(Zj)k dZ’L]

Double soft triple collinear Master integrals can be extracted from the double soft Masters!



Singular double real contribution

Singular : : . .
(92;1“7&2 = — lim lim lim lim

az-j—>0 a; —0 bijk_>0 bij—>0

d (=¥ / d®1 i T [TO) « Ml

Uecld(2) rclU

Task is to find a suitable insertion of volumes:

-NLO limits are inserted as before!
-NNLO limits require a prescription



Collinear phase spaces factorise
(in limit)

lim |./\/lzjk| * O(Cijk) =

P MHirz
b0 (3ijk)2 ( ij )u1u2|

@Jk ‘2@(62 bzgk: Szjk)



What to do with the double soft?

Soft momenta factorised but color kinematic

correlations with up to 4 Wilson lines \

1 «— J)(rt i,5) o(rt
i |M, nol’ =5 ) M2 5 ) S
'jrt—O

- 500 30 IMED P (257 - s - 5§

1>7=1 /

Double soft momenta correlated, but only 2 Wilson lines



Let the kinematics follow the color!

lim ©(Sy) * M1 nt2|® =

ar;—0
1 n+2 . - . .
oz R M) sl @S = 847 = S07) Oamsis — sy
i =1k,

lim  lim (1 — O(Sk))O(Sk)O(S)) * [Mi.nio|” =

ar;—0 (ap,a;)—0

]. (AL (] r
+§ Z \Mg v Z/QJFQ\QS( 9) S( ) O(aksrt — Sk(re)) O(@isij — Siij))
)

This fixes all the overlaps at NNLO!



lterated double soft limits: {Si;, Si}

n+2 '
lim  lim ©(S4)©(Sk) * [Mrnsal’ = ~Ca D IMIY ol &' Olamsi — siip)

ar;—0 ar—0

. (Slilhj)@(akSlj — Sk(l])) + Slilﬂ.)@(akSli s Sk(li)) = S,gz’])@(aksw = Sk(w)))

3 different eikonals in iterated limit contribute to each
non-abelian double soft factor



Gaveat: although {Si;. Cix} vanishes.
{5, Cir, Sj} survives, due to single soft Phase space

lim lim lim ©(Cy)O(Sk)O(Sk) * [Mi.nial® =

a;jr—0 ap—0b;—0
n—+2 i 9
~Ca Y 1M P (Pa(=))| Olan — =) O(buQ? — sa)
iy Sil z1—0

(il,) i |
- S @(akzlsilj ki @(aksilj sl n

Rescale invariance of

(il.5) (2 7 i) eikonal factor is not
Sk Y= Sk L satisfied by the soft volume

bound



The IR forest at NNLO

U2 = {{SZ-}, {8i5 1, {Cii 1 {Csx }> 1 Cijks Cij }{Csjrs Siz - 1 Cijr» Si b5 {Cij> Cri}

Va5 G S LG S F S0 15 5 i i90 5.9 b aCn G S|

{Ciii: Cij, Si by 1Ciin, Cijy Sk} 1 Cigns Sigy Si A Cigks Sy Si 1

{C’ijja SZa Sj7 Szj}v

{Czja Ckl7 SZ}? {0137 S’L]v S’L}a {0237 SZv Sk}a {CZ]7 SZ) Sk) Szk}7

{Cjkza S’L]a SZ}:

{Czjk‘a CZ]7 SZ]7 S’L}7 {Czjk‘a CZ]; Szk‘a Sk}) {kan CZ]) SZ? Sk‘}a {C‘L]ka CZ]: SZa Ska Szk:}

~

{Cijs Cri, Siy Sk} 1Cij5 Cris Sis Sky Sik }

.

Reality is slightly better since some terms can be combined into

one term..



Primitive Measures

All limits of phase space measures at NNLO are expressable using

dCD(] k)(a,z,sj )
dCID( (aw,skl)
d(I)C ( Z]QQ)
)
a;)
)

) @(Sz’(jk) < a;S;k)

)@(S(ij)(kl) < a;jSkl)
¢, O(sij < b;Q%)
e O b 08
Ci;5; G5 = me e <a )
Do 5. 060 0@ 9@ <0

d(I)ka;( Z]kQ2
dq)C S( zJQ 073

dQCzijw ( Z]kQ a'z.]

d®
d®
d®
d®
d®
d

Other overlapping regions are all iterated or factorising integrals of the
NLO ones and evaluate to Gamma-functions.



Convenient to combine sets regions:

O(C12) = O(Cr2) (1 - O(81) — O(Sy))
O (S12) = ©(S12)[ (1 - ©(S1) — ©(52)) (1 - ©(Co)

+O(51) Y O(Co) +O(S2) ) @(CM)}
kA1,2 kA1,2

—©(51)0(52)(1 — O(S512))

3

O(Sk))(1— > O(Cy))

1 i>j=1

[M]

O(Ci23) = O(C1a3) [(1 5

i

+ 3 Y (1-0(55)8(5)8(S)) (1 — O(Ciy) — 8(Cy))

i>j=1 k=1%4,j

3 3
+ 3 Y ey ((-es) - o)) (1-e(cy))

i>j=1k=1+#ij

+0(5/)0(Cix) + ©(5)O(Cyi) )]



Leads to following basic integrated counterterm building blocks:

= °by;.

lim lim lim lim d02.123..1120(C123) =
az'j—>0 a;—0 bijk_>0 bij—>0

®
1919293(75123,7512,?513,?523,@12,a13,a23,a1,a2,a3)/doofg\g L

lim lim lim d02:123..n—|—2®(‘§12):

CL@j-)O a;—0 bz'j_>0

5’ ) . . . .
Z / 0123 n+2 L3 g, (835, @12, a1, a2, t12, ¢1i, L1, t2i, b25)
1,J7£1,2

kl S S
5 Z / 0123 n+2191(3739"a’l)ng(Sklva?)
1. g l==12



The integrated NNLO counterterm

Singular
021 P E (tij, ais a; 01;1..{7'..n+2
1>]
4 =
i E E /d(’)11 i gk(sz],ak)
b 2=k
Z gzg (tij, ai, a;) nggz (thi, a, ar) OO;l..z'Aj..kAl..n+2
z>j>k>l
E gg gk: ij:a Z])tzkatjk7a”b]7azk7a]k’7a’27ajaa’k) 00;1_.,&%..71_{_2
z>j>k

C (t,;m) S
P Z Z Z Iglgj( Z]’ai’aj) /d001 aj. K. n+2zgk(8lm’ak’)

b kte) Ll 5 nr2)

1.9 lmn g g
+ Z Z / dO(() ij)l(;/ l/T?,—FQng (S’ij7ak)Igl(Smn7al)
klijn1n#kl

Z Z /doozij)y l/n—|-215;€gl(5ijaaklaakzaalatklatikatjkatilatjl)
kil 297kl



Check for H—>gg double real emission

Analytic result is easy to obtain:

CDZ{—+91929394 :::IQO(CF)Q((jA)2CDf¥—+g 192

o112 l[ C—@} 1[@5 @C_4691]
et 330 pie T 3+ S

37 304951 2303
+[ = ECLL B 1:99C | Cz] O(e )} (5.48)



Q%bijr = o,

OSingular
H—g1929394

Poles check out!

Finite terms
remain to be
checked.
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Outlook & Conclusion




Outlook

* Application of the differential cross section calculations still requires
adequate mappings
* They should exist, but not completely trivial

e Generalisation to initial states and real-virtual is not much work
* Required tripple collinear integrals already known

* Generalisation to massive colored states (tops)
* possible, but requires eikonal factors with massive Wilson lines (more
challenging; integrals may not be known?)

e N3LO should be possible
* tripple soft known; double real-virtual: double soft known also; ....



Conclusions

* Presented a new subtraction scheme based on different slicing
observables for different sets of Feynman diagrams

* Integrated counterterms are simple and can be recycled from higgs soft
expansion and n-jettiness jet function

* Scheme is useless as a slicing scheme!
* Numerically unstable

* Proposition: Scheme can be promoted to a fully local subtraction scheme,
after including proper mappings.. (remains to be shown!)



® {ng}

bh-r—r>10 O(C) % dOg1 5 10— IgC;](Q%ij) / dO, ;1 5.nto
ij

] {ka}
. g
bilkrg() O (Cijr) * dO2.1.i. j.k.nr2 = Lgye(Q%byjk) / d00;1..{77c..n+2
[ ) {Sk}
n-+2 e

i, [ @50+ dOsamia == 3 [ 4Oy Ty (o)

o i j=1£k
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; 1 (i,5) S
GEZIEO O(Sk) * dOa1. pyo = —§CA ' '%kz / dOuT 1y yynv2 Log(Sijs i)
Z’j: )



o {Cijr,Cij}:

lim [ ©(Cyr)O(Cij) * dO21 5. j. k.mt2 =

b”'k—)o bij—>0

o {Cijk, Sij} :

o {Cijk, Sk} -

lim lim
ar—0 by, —0

T5,(@ b Z5(@% ) [ 404y 1o

lim lim
ai;—0b;j,—0

O(Cijk)O(Sij) * dO21 i j. k.nt2 =

ggg(Q a2]7bljk) /dOO;L.i;?c.JH»Q

o( ijk)(a(sk) * dO2:1 4. j. ko2 =

/ dOy, 75 n+2/ SR (Q%, bijk)

3 I:Ig (sij, ar) + Lol (Q%bijk — ij, ziak) + Loy (Q%bijk — g, 2
o {Cij,Cii}
li i (C] dOs.q ; =
b”lglo Ll (Ci)O(Chr) * dO21 4. j. k42
IgC;(QQab’L])I_g](Q{bkl) / dOO;L.i’]%..n-&-Q
o {Cu, Su}
aE,IBOaEIBO O(Sk)O(Cry) * dO21 k. 1.nt2 =
n+2
L@ 3 [0 T
ti=1£k1
alllglo b}]}I_I:O O(S;)0(Cyj) * dO21.i.jnt2 =
/ d(’)l 1.4j.n+2 IigC(QQbijaai)
o {Ciy, Sk} :
alklﬁo b};IBO O(Sk)O(Cij) * dO2;1.i.j. k.nt2 =
(1,m) s CiA2h.
5 Z / dOO;l..iAj..I%..n—}—Q Ig (Slma ak)Igg (Q blj)

Lme{1,..,ij,0 by m+2}

o {Si, 5}

lim lim

ar;—0 ap—0

O(S1)O(Sk) * dOy1. 42 =

—Ca Z dog?y Un+2

1,J7k,l

[/ dZ; (sij am) (Z5 (s, ar) + Ty (50, ar)) _Igs(sij,akl)zf(sl'j7ak-)i|

o {{Sk,Si},{Ski, Sk, Si}}

O(51))O(S5K)O(S))) * dO21.n42 = (B.1)

lim  lim (1-
ar—0 (ay, az)—>0

+— > / dOéZf);rlt/)n+QIf(sij,ak)Zg(sn,al)
zjrt;ﬁkl

o {Ciji, Cij, Sij }:

lim

lim lim [ ©(S;)O(Cik)O(Cij) * dO21.4. 5. k.ms2 =

ai5—0 by, —0 b;;—0

/ d001 Uk n+2I590(Q2bijk7aij)Ig%(QQbij)

o {Ciji, Cij, Si}:

lim

lim lim [ ©(8;)®(Cy1)O(Cij) * dOg;1 4. j. k.nt2 =

a;—0b;j;,—0b;;—0

/doO;l..i/ﬁc..n+QIgC§I(Q2bijk)I;'gC(QQbijyai)

o {Cijk, Cij, Sk}

lim lim lim
ar—0 by —0 b;;—0

e(cijk)@(cij)(a(sk) * dO2.1 4. j ko2 =

2
/ 0;1. z]k n+2/ 9i9; Q Uk

] [IgSgC(Q biji, ziak) + Log (Qbiji, Zjak)}

o {Cijk, Siks Sk }:

lim lim

lim [ ©(Cyjr)O(Sk)O(Sik) * dOa;1 i j k.nt2 =

aik—0ar—00b;5,—0

/ 001 k. n+2/ 9197 Q bijk, Qik)

[IS(Sljvak) S (Q%bij — sij, ziak) — Loy (Q%bijr — Sij»ak)}

2



o €k, Si, S5} 1Ci58,:545,:58 S5 11
o {{Cijk, Cijy S, Sk} {Ciiks Cijy Siy Sy Sik } }
lim lim lim [ (1—©(S5;;))O(Cix)O(S:)O(S;) * dO21 4. j. k.nt2 =

a;—0 aj —0 bijkﬁo

lim lim lim lim [ (1 - ©(5i))O(Sk)O(5:)O(Cijr)O(Cij) * dO1 i j.k.mt2 =

[ 4255.@bit, ) T30 @it = 50, [ 404 G600 =00
T50 (@b, ar) T5C(Qhij, o) / SR
o {Cy,Chi, Si}: 99 i 99 ij» A 0517k 42
lim lim lim @(S )@( )G(Ckl) * doQ'l..i..j..k..l,.n+2 —7 L4 {{Cij7ckl7siask}7 {Cij7Ckl7Si75k7Sik}}:
al*)Ob'/J—)Obkl—)O 2
SC (02}, 2 ; i : : = . : s e =
Qe T (D b)) / 19 s al,fﬁlo(}j?ob}}%bﬁfo (1 = ©(Sik))O(5:))O(Sk)O(Cij)O(Cri) * dO21.s..j.k.l.nt2
® {Chi, Sk, Sk} Tog (@bij, ai) Tyg (@, b, ax) /d00;1.fj..l€z..n+2
lim lim lim [ ©(Sk)O(Cr)O(Sk) * dO2.1. k.i.nt2 = (B.2)
aleOakHObkl—m
n+2
_Igfgc(Q bkl:ak) Z /dOO ij)y ) g(sm,akl)
1,j=1#k,l

o {{Cij,Si, Sk}, {Cij, Sik, Si, Sk} }

lim lim lim [ (1 - ©(S))O(Sk)O(S;)O(Cij) * dO21.i j. k.nr2 =

ar—0a;—0b;;—0

SC l,m S
S @a) Y [0 T em e
Lme{l,..,ij,..¥,.n+2}

o {Cy, Sk, Sk}

lim lim lim [ ©(Cy)O(Sk)O(Sk) * dO21. ni2 =

ap;—0ar—0 bbl_>

l’ SC 2
E Z /d 011]1% ln+2/dIglgz(Q bit, ak;)

jG{l,.‘,zl,..,];/,..nqt?}
(5 Casgyo an) — T (5000 )
o {Cijk, Cij, Sij, Si}:

lim lim lim lim [ ©(S;)0©(S;)O(Cijr)O(Cij) * dO21.4. j. k.nt2 =

aij—0 a;—0 by, —0 b;; —0
B 152 SC 2
Igg (Q bijkaaij)Igg (Q bij,ai) / dOO;l..i;?s..n-kZ
o {Cijk, Cij, Sik, Sk}

lim lim lim lim [ ©(S;)O(S;)O(Cijk)O(Cij) * dO21 i j k.2 =

aijr—0a;—0 bljkﬁo b”*)

Q/dIgig;(Q2bij7aik) (I;}ggc(QQbijk,Ziak) —IfgC(Q%ijk,ak))/doo;l_,iﬁc"mg



Scalar integral Checks

Checked that sum of integrated counterterms reproduces poles of

the following to integrals:

/ d®1934 — 0,(Q) 1

$3451345234 Aed

R = {{Cs},{5u4},{Ci34},{Ca34}}

dP1934 3
/ = 0y(Q) 2l
513594534 €

R ={{53},{54},{C13},{Caa},{Csa}, {534}, {Craa}, {Ca3a}}

5 2
O
22 2¢€ + <€)
) i}
— —39C(3
T C( )—I—O(EO>
€2 2€

&

.}



o {Csy}:

/ dq)lgﬁ dq)bg4 (b34) = _SI‘ (b34)_€ (1 = 36)(2 = 3€>F5(1 - 6)

it & TB3-39r(2-2¢)

o {S34}:

1,2
/dq)m / d<1>5934) (512, a34) = (a3,) "¢ (1 — 4€)(3 — 4e)T4(1 — ¢)
53451(34)52(34) DY Bl =40

o {Cia}:

/ d¢1/3712 d¢0134 (b134) 2 S (b134) i (1 = 36)(2 — 3€)F5(1 (i E)

Sz J o S3S134234 M4 T(3-3T(2 - 2¢)



o {34,534}

/ d® i, / d®c5,554 (0134, ag4) — S (a’§4b%34)_6 (= 2€)F4(1 =) (4.40)
83481(34)234 4¢3 FQ(Q T 26) :

51342

o {C3y, 534}

1,2
/ i / AD " (s19, az4) / APy (bse) _ o (aBybsa) (1= 20T(1 —
. S o S34 A [2(2 — 2¢)

S934
(4.41)
o {C34,C134}:

/ dq)l/?)ZQ / dq)Clgz (b134) / d(I)C34(b34) R v (534[)134)_6 (1 — 2€)F4(1 — 6)
S$34 €3 ['2(2 — 2¢)
(4.42)

51342 $134<34

o {534,C94,C34}:
/ AP, / d®c s (b134, asa) / dPc,,(bsg) S (a34b34b134) "€ T2(1 — €)

S34 €3 ['(2 — 2¢)
(4.43)

51342 5134731
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