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Anatomy of an NNLO calculation

_ RR o » single-unresolved
ONNLO = / donnro A
Pz43 double-unresolved
RV » single-unresolved
+/ donNro e '
Dy > 1/e%,1/€
vV .
+/ donnLo > 1/e* 1/, 1762 1€
P71

finite (Kinoshita-Lee-Nauenberg & factorization)

Non-trivial cancellation of infrared singularities



Anatomy of an NNLO calculation

Different methods:

RR » H
ONNLO = dovnro Antenna subtraction .................... e
Dyys [Gehrmann-De Ridder, Gehrmann, Glover '05]
» ColorFul subtraction ......................
[Del Duca, Somogyi, Trocsanyi '05]

» gt subtraction ........ ...

RV [Catani, Grazzini '07]

+ / donnro . ) .
Dy » Sector-improved residue subtraction ......
[Czakon "10], [Boughezal, Melnikov, Petriello "11]

P> N-jettiness subtraction ...................
[Gaunt, Stahlhofen, Tackmann, Walsh "15]

\AY [Boughezal, Focke, Liu, Petriello "15]

+ / donnro o
Dy > Projection-to-Born ........................
[Cacciari, et al. "15]

» Nested soft-collinear subtraction .........
[Caola, Melnikov, Rontsch '17]

finite

Approaches: subtraction, slicing



NNLO using Antenna

_ doRE oS
ONNLO = ONNLO — 4ONNLO
®z+3 S T .
» doynros donneo:
mimic (1U§'§'LO, d(f%l\fmo

RV T in unresolved limits
+/ (dUNNL() - dUNNL())
Pz42 T U
» doxnpos donnio:

analytic cancellation of

. RV vV
VvV U poles in donnro, doxnro
+/ (dUNNLo - dUNNLo) '
P71

finite -0

= each line suitable for numerical evaluation in D = 4



Antenna factorisation

» antenna formalism operates on colour-ordered amplitudes

> exploit universal factorisation properties in IR limits

|A21+1(“'77;aj7k7"

partial amplitude

JI°

j unresolved
_—

X356, 5, k) A%, [K,..)]?

antenna function reduced ME

 mapping
{pispj o} = {Pr, P}

> captures multiple limits® and smoothly interpolates between them

limit X9, 75, k) mapping
2Sik ~ ~

p; =0 — D1 = Diy PK — Pk
8154k
1 - ~

pillpi  —Pij(z)  pr— (pitpj) Pr = Pk
¥}
1 - ~

pillpe  —Pej(z)  Pr—pi Pr = (pj +pr)
ik

* cf. dipoles: X3 (i,7, k) ~ Dij i + Dij.i



Antenna subtraction — building blocks

aq qg

> X(...) based on physical matrix elements x — 4. 5. 0,D. £,7. ¢, i1
_ 1A% K D

005 & 702
PRA O CELUSS TN ) Lo
|AS(L, K)|? |AS(T, L)|?
7 |AS(L, K)|? AL R
2
2

Ag(iqa,jgv kq) =

> integrating the antennae <— phase-space factorization

d(b7'b+1(' -5 PiyPjsPhy - - )
= d(P"”(' . 7ﬁ17ﬁK7 . ~)dq)X,,7L»(pi7pj7pk§ﬁI +ﬁK)

X (i, 5, k) = / dox,, X5 (6,4, k), XG4 k1) = / dox,,, X4, 4, k,1)



Antenna subtraction — building blocks

q a q g

> X(...) based on physical matrix elements x =74, 5, C . BT G,

0/; 2
X500, k) = HASGROE o gy 00 R DE
|AS (1, K)|2 |AS(I, L)|?
All building blocks known!
X9, X?, X3 and integrated
counterparts XY, X9, A3
A;
v configurations relevant at hadron colliders
_ — final-final, initial-final, initial-initial
> in

d¢777+1(- -y DiyPj,Pky - - )
= d®77l(' .. 7ﬁ17§K7 .. ')d®X,jk(p’i7pj7pk;§I +§K)

XO ! Z .]7 /d¢X77k o Z ],k)7 X£(77‘]7k7l) = /d¢X71le2(Z7.]7k7l)



Antenna subtraction

NLO
» real:
do’S’NLO
~d®r 1 (DD DRy )Xo (i g ) JAS( ..
~d®p (..., D1, Pk, ---)d®x,,, X5(i,4,k) [An(...
N————
integrate
» virtual:
do "N~ —d®,, XS (sij) AR -, g -
NNLO
» double real: do® ~ X9 | A% 117, X% A%

» real-virtual:

do™ ~ X9 |AD 1%,

X3 A%,

» double virtual: do¥ = (collect rest) ~ X |.A?,’L1 2

afal’%’ )|2‘~7(N)1>
7T7[?7' )‘2 ¥(7(ﬁ/)
WP T (i)

X3 X3 | AN
Xz | A%



What about those angular terms?

> Antenna subtraction: X! |A,.|> <  spin averaged!
» angular terms in gluon splittings:

Aikzl}

2 v
Py qq = . |:*gM +4z(1 — 2) 2
1

3

< subtraction non-local in these limits!
— vanish upon azimuthal-angle (y) average (= do not enter x)

sol. 1: supplement angular terms in the subtraction
sol. 2: exploit » dependence & average in the phase space

it
A* YL
K ki

A, ~ cos(2¢ + vo)

= add ¢ & (p+m/2)!

] y PR 74 j p\;7 p\;7 A
P PSen — | Wi Pj }} (ill7) {{Zkﬂ .
s i, Py -} T2, prtR L



Checks of the calculation — unresolved limits

Double-real level

> do® — doRR

(single- & double-unresolved)

bin the ratio: do/do Rt Lnresoved, g

qq—~>7Z+g3gags @ tree
g3 soft & g4 || )

Softcolinear -3, 214
1000

600

o
09999 099992 099994 0.99996 0.99998 1 100002 100004 100006 100008 1.0001

(approach limit: z; =107, 10~ %, 10™°)

Real-virtual level

» do' — do®V

(single-unresolved)

bin the ratio: do™ /doV unresolved,

qq—72Z+g3gs @ -loop
(ga |l @)

4 colineareo

PEr—]
P —1
pra—1

800

0
0999 09992 09994 09996 09998 1 10002 10004 10006 10008 1001

(approach limit: z; = 10~%, 1072, 107'7)



Checks of the calculation — pole cancellation

DimReg: D = 4 — 2¢

Double-virtual level Real-virtual level
> Poles (do¥V —doV) =0 > Poles (do™ —do™) =0
2-loop, (1-loop)?  ~ 1/e*, ..., 1/e 1-loop ~ 1/€%,1/e
pole coefficient: do™/de®Y = 1
09:26:35
$ form autoggBlgl2ZgtogU.frm = -
FORM 4.1 (Mar 13 2014) 64-bits 99— Z+gg @rlop
#_ (1/€ coefficient)
soles = 65 e _

6.58 sec out of 6.64 sec ”

o
0.99999 100000 100000 100001 100001



NNLOJET

AV AVYY, /N

Y NN YAV
I, .

X. Chen, J. Cruz-Martinez, J. Currie, R. Gauld, A. Gehrmann-De Ridder,
T. Gehrmann, EW.N. Glover, AH, I. Majer, T. Morgan, ). Niehues, J. Pires,

D. Walker

Common framework for NNLO corrections using Antenna Subtraction

parton-level event generator
based on antenna subtraction
test & validation framework

APPLfast-NNLO interface
(Work in progress)
[Britzger, Gwenlan, AH, Morgan, Sutton, Rabbertz]

Processes:

| g

vVvYvyVvyVyvyy

pp =V = +0,1jets
pp— H +0,1jets

pp — H + 2jets (VBF)
pp — dijets

ep — 1, 2jets

ete” — 3jets



part2. Example: Drell-Yan



Colour (—Decom\)o%iﬂovv

1 3
@ %
2 z

A 3
E%
2 K
A k
z
2 3
A
3;3
2
4

LA [T T

> Mg = (T, A e ?)
+(T°T") A, (el ?)

(Bxawple 93— ga2)

(T,

(T )

3
€y

s "Wt

— - "

== A



Drell ~Yaw: 779 —> gluons cl/tannel,
it 2 [ ) O 2 )

a ~ A (’71133)2‘1)11 ,\4‘ 54 (o320

:(”7/2‘1‘))z - ﬁf /t/d;z (47/27—)}

O{U_V‘/ -~

o = = = == A



Subtraction, Term. For [y (13,4, 29)" (RR

A NLO z4jet wgle: 3

e} o o7 2
1 Aglly3y,t) Ik (1, (3)y,45)] 2= subte. e 7 sine: 4
+ ds (24,%,3;) |5 (1, (34)3/ 7)/

o & = =, El= DAl



Subbraction Term For~ |t 3,4, 29" (RE

A NLO z4jet 5mgle: 3

T O\O U‘T 33/4&> /#O(TH ’3\4)&/’25)’ 2= subte. Yerm, 7 sigle: 4
+ ds (24,%,3;) |5 (1, (3‘*)(;/ 7)/2-

clouH& 1 384

Al ) PRI )Z

o & = =, El= DAl



Subbraction Term For~ |54 (1, 3,4, 29)|" [RE

o ° A NLO Zijel single: 3
T+ 0\ (4!1/38/Lf&> /Vd' ( )’ 2= subtr. ‘bUWL %inﬁk‘- 4

1 B
/v ~ Sparious y
+ 0{3 2‘1/4&/3&) 1943 41 i 39 ),L J s‘\“au,\mﬂﬁeg double: 321
2 double : 384

Sputrious s\n&\e 2 8

+ A (14,35 25) (o (T 3
A“r<l1)_&/_3/ 7) / l( i 7)/ J s'mau\m-'\ﬁes 8‘\&3\2,‘»'-(

0 o/ 0/~ double: 324
- 013 (4‘1,35—/#3—) A (41/(34)5/‘27_) /'-}4 (/’7/27-)/1 S\:g\zi 3
Sma,\tl L
~ ds' (25, ,3) A5 Uy 3“) 25) |6 5

DONE

== A



Subtraction Term o~ 15%4(4,,33,,27)[‘ RV

o . o A NLO Z4el o nolec
[ NG+ g D) ] A (47,33;2-7)/1} sibtr tew, |



Subtraction Term For Ilﬁ?%a(’lc,ﬂa,lq)jz (RV_

1 o A 0 o 2 NLO Z‘“ft Fa]_e_g
-~ [ B 2}3 (s,) + 2 bs (&;)J /ﬁs (47/33/27)/ } subtr. Jpem

o 1N 2z
+ A, (14,3525) /44 (47/2")/ 1 (re=) X (doop ) Eina\e: 3
+ A (32 |4 (47/27)/ J(QOQP)X&W)

& = =, El= DAl



Subbrackin Term, For |54 (13, 29" (R
, | a NLO Z+tt olec
[ 2 5 Mgy |

SPunoqs .
Sina wlaribies ”5 lt

T A: (14,3525) /&;(%/5?)/1 1 (4ree) X (doop ) sina\e: 3
+ A_;'_ (19,32 /&4,,0 (1,35)] - J (Loop )x (hree) s?fg:\o:iﬁes PA&S)
poles
300 £ 40) di) WG| L
=
DonE

Or 4Fr «=» «=» E|l= A



Sq\;Jcmc:Hm Term :@o,\ I #:(4” 2) l:. M_
A A j

_Mz{;[su) //Q(%,%VL 1(+Re)x(‘wv) @ RV J

- A s 29 ju""")“w)

Lrom Ay @ RR

p@(es

+MF

DoNE

5 = =, El= DAl



rpart3. Going beyond...
< Transverse Momentum Spectrum

<+ Projection-to-Born Method



Transverse Momentum
Spectrum

recoi



Inclusive pr spectrum from X + jet

4 pp — X +recoil

. \ » fully inclusive in QCD emissions
) ﬁ <

> require recoil: p3 > pi

= can use X -+ jet calculation

....................... (Antenna, N-jettiness, Sector-improved R.S.)
B W oGt oo (Antenna, N-jettiness)
D Z et (Antenna, N-jettiness)
By b Ot (V-jettiness)

~ validation & opportunity for benchmarks



The pr spectrum

1.0

0.8

0.6 Fixed Order EFT Beyond EFT

Transition

H
.
’
’

do
— (pb/GeV)

dqr
=

T
100 150

Non-perturbative qr (GeV)

» fixed-order prediction diverges for pr — 0

> large logarithms: In"(pr/M)/p% ~ all-order resummation needed!
= matching: domaiched = doto. + dores. — dorres.|exp.



Compare the logs — fixed-order vs. resummation

NNLOJET Preliminary pp—H+=0jet m,=125GeV s =13 TeV
120 pi>07Gev
80 PDF4LHC15 nnlo mc
PR=HE=1/2-my

N
o

pHdordp!! [pb]
o

NNLO only Singular ——

40
NLO oné Singular ——
Singular
-80 NNLO only FO ——
NLO only FO ——
-120 LOFQO —
4
g 2
3
30T
i
(7]
-2
o
z

[Chen, Gehrmann, Glover, AH, Li, Neill, Schulze, Stewart, Zhu]

0
10 1 10
Moo

> excellent agreement within stat. errors ~ 1%
» predictions down to pF = 0.7 GeV
» important cross check ~» matching of NNLO and N3LL



Matched pr spectrum

NNLOJET®SCET pp—H+=0jet my=125 GeV Vs =13 TeV
14F 3
NNLOeN3LL ==
12 NLO®NNLL E==3 1}
i LO®NLL E==XT j
NNLO

do/dp¥ [pb]
o
[e2]

o |
® Ve A e
A S e ——

[Chen, Gehrmann, Glover, AH, Li, Neill, Schulze, Stewart, Zhu]

0
s
£
815
< XRLERELL
8 RILKRKIRKEER
o 1 Dedeedl X X X X X X X X X X X X X X X X X X X X X X
°
5
o 0.5 . . . . L

0 20 40 HGO 80 100 120
pr [GeV]

> NNLO & NNLO @ N°LL start to deviate @ pr < 30 GeV
» reduction of uncertainties by more than a factor of two
» NLO @ NLL — NNLO @ N°LL: large impact in peak region



Projection-to-Born Method

[(F-)



Deep Inelastic Scattering

precise probe to resolve the inner structure of the proton
» PDF constraints

» g extraction  (+ running)

31 0.22— I B World average (pocis) "]
= o H1 jets funto] 1
020~ © H1 jets nLoj fi<em,) n
1 ; L H1 inclusive jets (nnLoj ; .
0. 8_ H1 dijets Loy i » DIS2 Jet @ NNLO
0.16 — E [Currie, Gehrmann, Niehues "16]
014 * oy | g [Currie, Gehrmann, AH, Niehues "17]
r 1 < . . .
ol T\'\{\ = < precise a. determination
L | 5
0.10 —H1andNII\lLOJET T \g
T T (&)
> 812* 1 2 > DIS 1jet @ N°LO
12 = >
;2 011k ST T A { 1 = [Currie, Gehrmann, Glover, AH, Niehues, Vogt. '18]
L ]l s
0.10& 4 =

1
678 10 20 30 40



Fully Differential N3LO

DIS 2 Jet Projection-to-Born DlS structure

function

@ NNLO D G

[Currie, Gehrmann, Niehues "16] [Cacciari, et al. "15]

[Currie, Gehrmann, AH, Niehues '17] [Moch, Vermaseren, Vogt '05]

S fully
— DIS differential @ N°LO



Projection-to-Born

inclusive DIS  (structure function)

incl. __
ONLO =

,QZ

Born kinematics: Q%2 = —¢2 >0, z=
2P - q




Projection-to-Born

differential DIS  (w/o IR treatment)

Ao O o] N

1, diff.

,QZ

Born kinematics: Q%2 = —¢> >0, z=
2P - q




Projection-to-Born

differential DIS  (w/ IR treatment)

diff.
ONLO = \@/ /

1, incl.

,QZ

Born kinematics: Q%2 = —¢> >0, z=

2P - q



Projection-to-Born

differential DIS  (w/ IR treatment)

diff.
ONLO = \@/ /

1, incl.

DIS structure function @ NLO DIS2jet @ LO

only “special” processes but not restricted to any order

inclusive X @ N"LO .
+ X + Jet @ Nn-1Lo } X @ N LO
Born kinematics: Q% = —¢> >0, z = —Q”



do/dn’®® [pb]

P2B / Antenna

Validation up to NN ntenna vs. P2B

NNLOJET ep-e+ jet + X V5 = 300 GeV NNLOJET ep-e+jet +X Vs = 300 Gev
8000 T T T T T T T 10° T T
== ==
7000 |- Lo NLO NNLO i 1wk Lo NLO NNLO ]
6000 [~ b
- E
I e | =2
g E
4000 [~ b =
.%J,_ |
3000 b 3
3
2000 - 4 3
1000 | E‘; 07 F E
) ! ! ! ! ! I i 10_2 L 1
T T T T T T T . T ™
1.02F —+— NLO coefficient 4 1.02 F =+ NLO coefficient ]
’ g £ B
P . . . - . . B - B . . . B !
-1 8 $ -1-1%
B S e e e e S s I = : —
1.1+ } F—+— NNLO coefficient ] ~ 11F F—+— NNLO coefficient ]
+5% @ : . . . . +5%
E3 - - - o I 1 - k3 I ™
0.9 1 1 1 1 1 1 1 1 0.9 L T
-1 -0.5 0 0.5 1 1.5 2 2.5 3 10 . 100
et £t [6ev]

coefficient: < 5%o

NNLO coefficient: < 2% ~ agreement @ full NNLO: < 1%o
1 LN 2%



Differential distributions at N3LO

NNLOJET ep-e+jet +X V5= 300 GeV NNLOJET ep-e+jet+X Vs = 300 GeV
8000 T T T T T T T 10° T T
7000 - i ZEUS L0 E==NNLO | , e ZEUS L0 E==3 NN
T===RT] 10" NO B NLO E
6000 |- R
e - 3
s se00 g
5 3 ]
) -
5 5 :
S 3000 2
-g 3
2000
1000 e E
4 107 L L
1.6 T T T T T T T 1.3 T T
o 14 o 1.2f 1
gﬁf’ g SR 211 7:,—:% = - I
2 9.8} ' S s ! -
S ael | o 8.9
3 e o8l
S04 i e
0.2 B 0.7 4
g 1 1 1 1 1 1 Bé 1 |
-1 -5 @8 @5 1 15 2 25 3 10 ) 100
et £t [6ev]

> for the first time: overlapping scale bands agreement with data
> reduction of scale uncertainties



Jet Rates

0.01

NNLOJET ep-e+jet+X V5= 296 GeV
2 3 3
NLO U(GS) NNLO 0(05) N°LO U(IXS)
3 Rey HF Ry HF Ry o
Raay Raen Raen)
Rez1) Ry Ry
R@n R
T Rany

0 0.62 0.94 0.6 0.08 0

Yeut

0.02 0.04 0.06
Yeut

0.08 0

0.02 0.04 0.06
Yeut

0.08

Jet rates:

R(ny1) = Neng 1)/ Neot

JADE algorithm
— cluster partons if:

QEiEj(l — COS 0”)
L1f2

< Yeut



Projection-to-Born — an “antenna” view

Consider the real-emission subtraction in the antenna subtraction formalism
for H + Ojet (@ LO):

[ {0k o - aoii0}
= /d<1>H+1{ A3gOH(1g, 2g, 35, H) T (Pu1)

— F§(14, 24, 3,) A2g0H (1, 24, H) T (Buo) }



Projection-to-Born — an “antenna” view

Consider the real-emission subtraction in the antenna subtraction formalism
for H + Ojet (@ LO):

/{do—ll}+0jet — dUﬁliIaJOet}
= /dq)HJrl{ ASgOH(lg7 28,7 3%7 H) j(q)HJrl)

— F§(14, 24, 3,) A2g0H (1, 24, H) T (Buo) }

Antennae = ratios of physical Matrix Elements:

. A3gOH(ig, Jg, ke, H
F:?(’gv]gvk'g) = g (g’fj" )
A2gOH(ig, kg, H)




Projection-to-Born — an “antenna” view

Consider the real-emission subtraction in the antenna subtraction formalism
for H + Ojet (@ LO):

[ {0k o - aoii0}
= /d<1>H+1{ A3gOH(1g, 2g, 35, H) T (Pu1)

= /d¢H+1 A3gOH(1g, 24, 3¢, H) {j(‘I)HJrl) - J(‘T’Hw)}



Projection-to-Born — an “antenna” view

Consider the real-emission subtraction in the antenna subtraction formalism
for H + Ojet (@ LO):

[ {0k o - aoii0}
= /d<1>H+1{ A3gOH(1g, 2g, 35, H) T (Pu1)
— F§(14, 24, 3,) A2g0H (1, 24, H) T (Buo) }

= /d¢H+1 A3gOH(1g, 24, 3¢, H) {j(‘I)HJrl) - J@mo)}

= Simple processes where antenna ~ real-emission Matrix Element
«~~ Projection-to-Born

Similarly at NNLO: X & X§ x X are “projections” of RR ME & NLO(+jet) subtraction term.



Summary & Outlook

» Antenna subtraction successfully applied to many important processes:

— pp— X +0,1jets (x =H, 7z, W)
— pp— H +2jets (vBF)

— pp — dijets (N2, N.Np, N})

— ep— 1, 2jets

— eTe” — 3jets

= subtraction set up for: pp — “colour neutral” + 0, 1, 2 jets

> inclusive pt spectrum:  NNLO prediction matched to N3LL
< fixed order: stable predictions down to pt = 0.7 GeV
~ is it good enough for ¢gr-subtraction @ N3LO?!

> Projection-to-Born method @ Antenna subtraction
— first fully differential N°LO prediction: inclusive jets in DIS
— method also applicable for colour-neutral final states pp in collisions

Thank you



Backup Slides



Antenna subtraction @ NLO

[J. Currie , EW.N. Glover, S. Wells "13]




Antenna subtraction @ NNLO

[J. Currie , EW.N. Glover, S. Wells "13]

46T ‘ o™ ~CRxgMY +€(H)W agre~ fary o () + (107

46T~ T M
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