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@ Search for a “minimal” subtraction procedure at NNLO:
* We have well established methods at NLO:
® Frixione-Kunst-Signer (FKS) subtraction Frixione, Kunszt, Signer 9512328
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* Understand their basic features
* Try to find a simpler subtraction at NLO, by merging them

* Then generalize to NNLO



Structure of subtraction at NLO

dUNLO =T dOLO

dX

— /d(I)nV5Xn —|—/d<1>n+1R5Xn+1 — finite.

X = IRC safe observable ox, = o0(X — Xn)

X, = observable computed with m-body kinematics

V has explicit poles in €, R diverges in phase space integration

* Introduce counterterms K and their integral |

[ v Kox, = [ dv,Ts,

dUNLo o dULo

e :/d@n(v+1) 5Xn —I—/dq)n_H <R5Xn+1 —Kan>

V+l is finite in €, R-K converges in phase space integration



Some notations

Center of mass (CM) momentum: q = (\/g, 6)
Sqi = QQJCZ' Sij — (k@ -+ k’j)Q — kakj
Sijk — (kz -+ kj -+ kk)Q
Sijkl = (k@ -+ kj + ki + kl)z

Sqi : .
£; = —— = rescaled energy of particle 2 in CM frame
S

B S Sy = 1 — cos (97;j
S 2
Sqi Sqj

0;; = angle between ¢ and j in CM frame

* |n the following we consider massless QCD just in final state



Primary IRC limits at NLO

* Soft limit:

h 0 (k,1 # )
Skl

Sik
Sil

S, & k-0 = &-50 <

s finite (K, # 1)

Limit on the real matrix element:

SiR({k}) = =61 Y. —"Bu({k})

SikSil
e\ -
gl = 8TQg

ki, i
47



Primary IRC limits at NLO

* Collinear limit: e A a=17
Sudakov parametrization
N L2 2k, -r - o 2k-k, ki
LH — LB T rH e — Y ki, = ki, — zqk™ — ( o 224 Sy
k* =0 %tz =1 kek=kr=0 B+ kY =0
Ll — %ujL]’%u_ 1 ]%?L p
< Tz, k-1
( e .
4 s () (]le;)]v
Cij S k‘f—)O — wij%() X ikl
k _, independent ML 2
5n o) (k # ,7)
Limit on the real matrix element:
G1
e 13 %
Cij RU{KY) = == | Py Bk} 1, k) — Q1 Buu({k} sy, )]
]

%5%5}




Derived IRC limits at NLO

* Soft-collinear limit:

Sir Sir
Zi = > 0 Gl = / !
Sir T Sqgr S; Sir T Sqgr S;
Z_j =l SQT \ Sjr - Z_‘j < \ O
, V4 ST /4
Z’L SZT S Sz/r' ZZ ZJ S
o \ 20, 2z 5
1] ’ - YJig

SikSil  Cij

S \ 1 z; Sk
/4

SijSit  Cij  Sij Zi SikSij

= S— . —— -

| TN




FKS subtraction procedure

® Divide the phase space through sector functions

Uij 1 qu
W,,;j —_ = 045 — = 0O — 044
O g@ Wi 4 S z;z
* Basic properties: Z Wi =
ONE
1 — —
S; Wi = i : Z S; Wi =1
S:j’ﬁ W, s JF1
& WL O W —
Cz‘j Wz'j : gz —|— gj | ng W@j _|_ ng W]z — 1

S, Ci; W;; = Cyi; SiWy; = 1




FKS subtraction procedure

® Divide the phase space through sector functions

® Each sector reparametrized differently

Sector Wz'j

d®y i1 ({k}) = d®n({k};;, k)dP1(s,(; &y wig, d)

/dCI)l(S,C;Sz-,wij,@ = Gs'~ / dosin™*¢¢ dg /dww
|: (C 8) wzg — Wiy :| C 8)
C2(1 — (& w’Lj) C( = wzg)Q
e 2bcq G = -

S - mwl/2T(1/2 —€)



FKS subtraction procedure

® Divide the phase space through sector functions
® Each sector reparametrized differently

® |dentify counterterms through parametrization

Sector W@j

1—2€¢ ,  —€ . —1—-2¢_ —1—€eje2 .
E “w, R = & w; & wi; R

1 1 In &, 1 1 -
— | —5(&: — _9 ’ — 26 (wj; 2w,
265(&) + ((% € 3 >+ d(w;;) + ( “>+ [E7 wi; R)

* Terms containing 8s — 1 5Xn

* Remaining term —— R5Xn+1 o K5Xn



FKS subtraction procedure

® Divide the phase space through sector functions
® Each sector reparametrized differently
® |dentify counterterms through parametrization

® Integrate analytically after getting rid of sector functions

Y SEI W= (&)Y SiWy

¥,J 70 P jAi
P S—
1
Z (S(Ujij) W — Z 5 wzg ’L] T WJZ)
i, j i 3,5 >1
— Z 5(wi;) Cij Wij + W)




FKS subtraction procedure

® Divide the phase space through sector functions
® Each sector reparametrized differently
® |dentify counterterms through parametrization

® Integrate analytically after getting rid of sector functions

* The integration of some counterterms can be non trivial:

_ 1 — cos H_kl
d@ K(soft) = /dﬂ@ _ —
/ 1 Z zkl: (1 — cos 0y (1 — cosBy)

* Sector parametrlzation not always optimal

* (Can one do something simpler?
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CS subtraction procedure

® Counterterms mimic the IRC behaviour in all phase space

® Counterterms written as sum of terms

K= ) 2 Ki

pairs 1 k#i,j

zjk({k}) . { ZJ]kB ({k}lﬂévk T) s V[Zj]kB'uV ({k}lﬂéak T)}
]
A . N ¥y i — Sk g
I G Sik + Sjk "

* VIl and vI4lk need to reproduce both soft and collinear limits:

S, Viulk — S_Jl_k S; VJ?’]’“ = ([}
S35 T Sik

Ciy VI¥* B, =-P; B Cy V"B, = —Qif



CS subtraction procedure

® Counterterms mimic the IRC behaviour in all phase space
® Counterterms written as sum of terms

® Phase space reparametrized differently for each term of the sum

Ay +1({k}) = d®n({k} 1. k. 7)dP1 (P79, 2, @)

p° = (ki +k; +kp)® = (k+7)°

e L Sk
p? Sik T Sjk

/d(I)l(pQ; y,2,¢) =G (p2)1‘€/07rd¢ Sin‘2€¢/oldy/01dz yz(1—y)?1—-2)] 1-vy)



CS subtraction procedure

® Counterterms mimic the IRC behaviour in all phase space
® Counterterms written as sum of terms
® Phase space reparametrized differently for each term of the sum

® Integrate analytically each term

* Integration can be non trivial if counterterms are complicated

* Can one introduce simpler counterterms?
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A “minimal” subtraction procedure at NLO

® Divide the phase space through sector functions

Uij 1 qu
W,,;j _ — O'Z'j — — — O — O'z'j
O gz Wi 4 Si z;z
* Basic properties: Z Wi =
ONE
1 — —_—
S; Wi = i : Z S; Wi =1
S:j’ﬁ W, i/ J71
E; WL O W —
Cz‘j Wz'j : gz —|— gj | ng W@j _|_ ng sz — 1

S, Ci; W;; = Cyi; SiWy; = 1




A “minimal” subtraction procedure at NLO

® Divide the phase space through sector functions

® |dentify counterterms through IRC kernels

Sector VV; LSZ and C;; commute H

(1-S;)(1 -C;;)R — finte — Candidate for & — K

Can we define the counterterms as K;; = [1 — (1—S7;)(1—C7;j)} R?

Momentain S; R and C;; R do not satisfy mass-shell condition and
momenta conservation

Counterterm | Kz’j = [1 s (1_Si)(1_cij)}R 0 {

|
|

— — — —

(R = Kw) ;5 — finite

Cin and S; R are the same as S; R and C;; R with physical momenta



A “minimal” subtraction procedure at NLO

® Divide the phase space through sector functions
® |dentify counterterms through IRC kernels

® Counterterms written as sum of terms

— e e —————

S; R({k}) = — G Z o B ({k} s47, Kk Tirt)

— . SikSil
k%1, l#1 |
A 01 T o 4 kiirs Tiir) ||
Cij R({k}) = — {PijB({k}vaijrv”ﬂ) - Qi B“”({k}fﬁ’kij"“’”ﬂ)}
17 |
'Z_Cgbc = ki, + kllf i kL fgbc = o ke

Sac + Sbe

C_L;jR and S, R arethe sameas S; R and Ci; R,

with momenta satisfying on-shell condition and momenta conservation

Sac + Sbe



A “minimal” subtraction procedure at NLO

® Divide the phase space through sector functions
® |dentify counterterms through IRC kernels
® Counterterms written as sum of terms

® Phase space reparametrized differently for each term of the sum

SZR | Bkl terH1| Czj(l—S@)R

——————————

a,b,c=1,k,I a,b,c=1,9,7

dq)n—l—l ({k}) . dq)n({k}¢]é¢a lgabca fabc)dq)l (p2; Y, <, gb)

_ Sab Sac

2 - 2 Ll — 2 - — o —
P (ka i kb + kc) (kabc + rabc) Y 2 S L Spe

[a21075,2,0) = G ) /O dgsin~ /O dy /0 dz [y 9)X(1 - 2)] (1)



A “minimal” subtraction procedure at NLO

® Divide the phase space through sector functions

® |dentify counterterms through IRC kernels

® Counterterms written as sum of terms

® Phase space reparametrized differently for each term of the sum
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® Divide the phase space through sector functions

® |dentify counterterms through IRC kernels

® Counterterms written as sum of terms
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= Z/d@ls R+Z/d<1>1 S S)]R

1,1>1

/al(I)1 Skl _ G(p2)1_€/7;lqﬁsin2€q5/()1ciy/()lclz [y Z(l—y)Z(l—z)]_E(l_y) 1—=z

SikSil Yy~
1 1

= G (p?)'~ 6B(§ 5= €)B(—e€,2 — 2¢)B(—¢, —¢)



A “minimal” subtraction procedure at NLO

® Divide the phase space through sector functions

® |dentify counterterms through IRC kernels

® Counterterms written as sum of terms

® Phase space reparametrized differently for each term of the sum

® Integrate analytically each term after getting rid of the sector functions

I= Z/d@ls R+Z/d<1>1 S

1,1>1

/dCIMCq;jR = G B/dCI)l ‘7 B/W




Structure of subtraction at NNLO

dUNNLo I dUNLo

dX

= /d(I)nVV5Xn ‘|‘/dq)n—|—1RV5Xn+1 _l_/dq)’n—l—Q RR5X?7,—|—2
VV and VR have poles in €, VR and RR diverge in phase space

* Counterterms K1), K(12), K@), KIRV) and their integrals 1), [(12); |(2), ](RV)

/ A, [K“) SR (K<12> i K<2>) 5Xn} . / dBnp1 IV 6 + / i, (1<12> + 1<2>) 5.

/ AP, o KBV 5y = / d®,, 1 TBV) 55

dUNNLo s dUNLo _ /dq)n (VV 4 ](2) 4 I(RV)) 5X
dX i
+ / d®, . | -(RV + I<1>) S — (K ) g <12>) 6)@,,}

+/d<1>n+2 _RR 0Xpyo — K(1)5Xn+1 = (K(2) + K(lz)) 5Xn]

(V + 1) + [RV)) ( ) and ( ) are finite in €

(RR-K(M-K(12)-K(2)), ( ) and ( ) converge in phase space



Primary IRC limits at NNLO

* Single soft limit

* Single collinear limit

* Double soft limit:

(LB — (- Gir gop G
ki = AK; [ &,E — 0 Sz’fjszkjszhjskh 0 (e
Sit & by =M = { ¢ o 4 izl Sl;z Sim~ Sim
. S
A—0 =y — finite 4 Skl S, grite (m # i, k)
\ Sim Skm Skm

Limit on the double real matrix element: Catani, Grazzini 9908523

11,k l;éz k l #1,k
m=#~i,k m7#i,k m’;éi,k
2 2€ | 0 if 7, k are quarks
92 = gl = (877043) ab Sab £
4T if ¢, k are gluons



Primary IRC limits at NNLO

* Double collinear limit: & = k' +- k' 4 k),

2 . . 2
Ny — T k rH . 2kq T kH o= kP — 5 kP — 2k ka—Qza s rt
2k -7 2k-r s k2 2k -r
2 =0 2+ 2; + 2 = kk=kr=0 kR + k=0
I 2
kM= 5 kP 4 kM — a_ .
. & 24 2k -7
r Th _ o\ 8y s S . 0 (Im £ ij, jk, ik
Tn [ wij, Wik, wik = 0 ?Zn ;l;n 1 [ #m)
N ~j NJ (/ 1 >ﬁ .t
Ciir & 4 k,ﬁb _ )\k;;“ = < Wi | wjk7 Wi o &4 b nite
A= 0 SR £, 2, = Idep. (o g R)
\ | Sl Skl Skl on [

Limit on the double real matrix element:

Qz

Cijx RR({k}) = Pije Bk} 154
zgk

=D

a=1,j,k

Catani, Grazzini 9908523

k) = QU B ({k} 7. )|

ke kY

=

a

QL) [ —(d-2)



A “minimal” subtraction procedure at NNLO
® Divide the phase space through sector functions
Tijkl
o

Wikt =

* Single soft and single collinear limits

_ (@)
S, Wr,;jkl — (SZWZ(JB)) Wi Cij Wijkj = (CijWij ) Wk[z‘j]
Cij Wijjk = (Cz'ijf)) Wik

1 Cii Wijki = (Cijwi(]q)) Whi




A “minimal” subtraction procedure at NNLO

® Divide the phase space through sector functions
Wikt =

Okl
0}

* Double soft and double collinear limits

Z Sik Wikl + Z Sik Wi = 1
JF£LlF£Lk JFEk,F#1,k

Cijr Wikkj + Wijk;) + (perm. of ¢,7,k) =1

SikCijk Wikk; T Wijks +Whiis +Whijis) = CijnSik Wikks +Wijks +Whiij +Whijii) = 1 I




A “minimal” subtraction procedure at NNLO

® Divide the phase space through sector functions

® |dentify counterterms through IRC kernels

Sector Wik 'S, Ci;. S;; and C;;;, commute i
I 1 R

(1 o SZ)(l = Cw)(l — Szk)(l o CZJ]@)RR — finite

Counterterms

RR

K3, =[S + Cigp(1 — Sar)|

17kgy

K _ _ [s 1+ Cy(1— si)} [sk + (1 — S@-k)} RR

K3), = |Si+Cy;(1-8y)| RR

(1—Si)}RV

— —_— = — e —— __ — _ _ E— I

RR—K3,— K2~ KU) Wiy — finite



A “minimal” subtraction procedure at NNLO

® Divide the phase space through sector functions

® |dentify counterterms through IRC kernels

Sector V'V@'ﬂcz ik S, Cij and S, commute H

(1 - SZ)(l - Cz])(l — Szk)RR — finite

Counterterms

o e —— o e ——

!, K\, =Sy RR
Ke) == [8i+Ci(1-8,)] Su

Kh = [8:+ Cy1- S)}RR KRV _ [

RR—K(3),— KD K3 Wi — finite



A “minimal” subtraction procedure at NNLO

® Divide the phase space through sector functions
® ldentify counterterms through IRC kernels

® Counterterms written as sum of terms

= = R —————— i

| _
' SiRR({k}) = gz[ > TimBun({k} 1105 Kkt Titim)

l;éi,k

. 3 X B ) |
‘|‘ Z Zlm Z Il(/ Blm I'm ({k},ll’fﬁkl,mU k’ilma T'ilm kkl’m’a Tkl’m’)] |

11¢Z k lQ#Z k
mi1#t, k. moFik

g2 1%
ngk RR({k}) S Z]kB({k},{j}é;fa ijT)TZ]kT) Qf:?k B/u/({k}[ﬂ{:fa Z]kT?T’LJkT)}
L 17k
Sabc L "y R Sabed L
= e kg Tabed — kg

Sad T Sbd T Sed



A “minimal” subtraction procedure at NNLO

® Divide the phase space through sector functions
® ldentify counterterms through IRC kernels
® Counterterms written as sum of terms

® Phase space reparametrized differently for each term of the sum

2 5 SNENG
= p; = (ki + km + k1) = (Kimi + Tremi)
S@kRR Blm,l’m’ term

T —— e ———

pi = (ki + ks + k1) = (Kimntr + Trmtr)*

SIS ,\;}
(P59, %' 8') ]

A 2({k}) = d®n({k} 1 1pponr> Kitms Titm, Kt Pt §d@1 )

P2y, 2, ¢)dP,



A “minimal” subtraction procedure at NNLO

® Divide the phase space through sector functions
® ldentify counterterms through IRC kernels
® Counterterms written as sum of terms

® Phase space reparametrized differently for each term of the sum

- p? = (ki + km + k)% = (kimi + Tremi)?
S, RR |Blm e /term| B . (—l .

pi = (ki + ks + k1) = (Kimntr + Trmtr)*

I ————————————

dq)n_|_2({]€}) P dq)n({k}llmklm’a ]_f’ilma ’Filma ]%kl’?n’a rfkl’m’)dq)l (p?, Y, =, ¢)dq)1(pza y/7 2/7 ¢/)

SszR | Blm term‘ ka(l—Szk)RR

——————————

a,b,c,d=1,k,l,m a,b,c,d=1,9,k,r
p2 — (k + kb =+ k + kd)Q — (Eabcd - rabcd)Q
d®,+2({k}) = dP ({k}¢;§¢d, abeds Tabed dq)z(p ,y Ze _




A “minimal” subtraction procedure at NNLO

® Divide the phase space through sector functions

® ldentify counterterms through IRC kernels

® Counterterms written as sum of terms

® Phase space reparametrized differently for each term of the sum

2ka-ky = v yp

Ui, e = 2 (A=A e

2kp-ke = (1—y’)(1—2’)yp2,

2% kg = (

2ka-ka = (1-y) |y (1=2)(1-2) + 222 (1-20')\/y 2/ (1=2)2(1-2) | p°
(

1—y) :y’zl(l—z) + (1-2")z + 2 (1—2:13’)\/y’z’(l—z’)z(l—z)} p°

2kp-kq =

/dCI)g(pQ;y,z,¢,y’,z’,a? = Gy (p*)*~ 2€/d$ /dy /dz /dy/dz (11—

[y'2'(1—y')?(1— 2 )21 —y)’ (1 —2)] y1—y)(1—1y)



A “minimal” subtraction procedure at NNLO

® Divide the phase space through sector functions

® ldentify counterterms through IRC kernels

® Counterterms written as sum of terms

® Phase space reparametrized differently for each term of the sum

® Integrate analytically each term after getting rid of the sector functions

WE T
k4,175, k
D Sk RRWiju= ) SixRR
WE) i,k>1
k4,141, k
Y Cijk (1=Sit)RR Wijr = »  Cijr (1-Si;—Si—Sjk) RR
z,j;éi. 1,7>1



A “minimal” subtraction procedure at NNLO

® Divide the phase space through sector functions

® ldentify counterterms through IRC kernels

® Counterterms written as sum of terms

® Phase space reparametrized differently for each term of the sum

® Integrate analytically each term after getting rid of the sector functions

72 — dP5 S;. RR + dP5C,:.(1—S,;:; —S;.—S.:.)RR
J J J
1,k#1 Z,I;J>>jz

, / do\” 7" / doY T

w u 1

| - -

\ /dcbz SRR = 92[ 2 Bim /dcbzzlmz > 2 Bimim
1+, k l#i,k 'k

mi,k M7,k m’ £ k

——— —— —




A “minimal” subtraction procedure at NNLO

® Divide the phase space through sector functions

® ldentify counterterms through IRC kernels

® Counterterms written as sum of terms

® Phase space reparametrized differently for each term of the sum

® Integrate analytically each term after getting rid of the sector functions

72 — dP5 S;. RR + dP5C,:.(1—S,;:; —S;.—S.:.)RR
J J J
1,k#1 Z,I;J>>jz

i P;.
/dcbzcijk RR =G, {B/d@z LA

Sijk

| —




A “minimal” subtraction procedure at NNLO

® Divide the phase space through sector functions

® ldentify counterterms through IRC kernels

® Counterterms written as sum of terms

® Phase space reparametrized differently for each term of the sum

® Integrate analytically each term after getting rid of the sector functions

6,J 70
k#i,l7#5,k
Z S; RR Wi = Z S.RR Z Wi, Wi sectors match with
i, i i kti NLO sectors for RV
ki, 170,k 14,k
Z (_323( S RR kal Z C’LJ 7, S])RR Z [Wk[w] —|-W[@'j]k —I‘Z Wkl]
z',.j;éz" 1,7 >1 k#1,9 [#2,7,k

Similar for I(12)



Proof of concept

® Tr Cr NNLO contribution to the total cross section for eTe™ — q@

Just contributions from the radiation of a q’(j’pair

® Known exact NNLO results:  Hamberg, van Neerven, Matsuura 1991
Gehrmann De Ridder, Gehrmann, Glover 0403057

Ellis, Ross, Terrano 1980

_E 2_|_@ _|_ _%C _Hﬂ-2+7541
18" " B4 9 >3 o7 324

(57 3)+ (Ferae 7))

g \2 p2\NT4 2 1/ 7, 19 100 7 , 109
dd :B(—)Tc FAlZ 22t 2 N O) | 1
/ 1 RV R F( )[363+62+6 7" - 5 + 9 (3 57" + 5

2T



Proof of concept

® We integrate the known limits S;xRR and C;;,RR

/d(I)Q SikRR 477@“ 26 2T Z By, /d(I)Q Szlskm + SimSkl — Sikslm)
l,m=1 zk SZl =+ Skl)(szm T Skm)

2\ 2¢€
Qs " gl 9 38 131 , 2948
:B( )Tc . (LA e N Wkl Bt
o) " E F<s> [ 3¢3 9€2+e(187T o7 ) T ST e

i 2T it Azt (2 —21)2 i
/d(IDQCiijR:(87Ta;‘,u(2)6)2B/d<I>2 RCF[— ki AHHEZZ)T L 26)(Zz+zk—8k)]

SijkSik SikSiky Zi T 2k

2\ 2¢€
u 1 31 1/1 ., 889 31 , 23941
_B( )TC - s it e e 5
o) F<s> [ 3e3 18e2+e(27T 108 C3 2" T 648

Catani, Grazzini 9908523

® And we get the 2-unresolved integrated counterterm:

1(2) = /d(I)Q {534 -+ (_3134(1 — S34) + (_3234(1 — S34)} RR

2\ 2€
Y 1 14 1/11 ., 4925 122 74 12149
_B( )T(J il = SR S ol L ees) e _ ek
on) " F F(s) [ 3¢3 9€2+6<187T 54 g &t 324



Proof of concept

® From the explicit expression of RV se get for [(R’Y)

ag 2T ]
I®V) = SZ28) e, Siza) R+ [d®1 Cy34(1 — Szq)) R+ [dP1 Cypz4)(1 — Spzq) R
2w 3 € ]
2\€ }
o B[4 2 1/ 7., 20 0. 7
E TRC Sl (OSSR (PR B )
(27r) RF(S>[363+62+6<9”+3 B G

® Analytical cancellation of poles in the subtracted VV.:

1 44 4

2 2
VV +1® L [(®’Y) _ p (%) T Sgg P B Pl
i 9 9 3 S
® NNLO corrections with the subtraction . \if — 0.35
0} — 0 @
NNLO —OnLo ( S) TRCF(1.40806 + 0.00040)
016 27T
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Leading Outlook

® Complete the distributions

® Complete the computation of final state counterterms
Next-to-Leading Outlook
® Compute counterterms with initial state hadrons
Next-to-Next-to-Leading Outlook

® Consider the massive case

Still work in progress ...



Back-up slides



Sector Wik
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- [Sicjk] and [Cz‘j Ckl] disappear from the subtraction procedure
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Many subtraction methods available at NNLO

® Antenna subtraction Gehrmann De Ridder, Gehrmann, Glover, Heinrich, et al.

® STRIPPER (Sector-improved residue subtraction)
Czakon, Mitov, et al.; Boughezal, Caola, Melnikov, Petriello, et al.

® Colourful subtraction Del Duca, Duhr, Kardos, Somogyi, Troscanyi, et al.
® gqT-slicing Catani, Grazzini, et al.
® N-jettiness slicing Boughezal, Petriello, et al.
® Projection to Born Cacciari, Salam, Zanderighi, et al.
® Sector decomposition Anastasiou, Binoth, et al.

~ g_prescription Frixione, Grazzini



