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PRELUDE

• Arithmetic progression:

Year Location

2009 London

2012 Santa Barbara

2015 Kyoto

(2017 Kyoto)

2018 Edinburgh
... ?
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PRELUDE

• 0+1 SYM at large N and appropriately low temperature is dual to a quantum gravity

(string) theory in a semiclassical regime.

• This allows for the first principle tests of a theory of quantum gravity.

• A little ‘rant’

This is not the theory of quantum gravity.

However it is well defined and allows for computation.

In principle any quantum gravity questions may be addressed – for example, emergence

of spacetime (and black hole information loss)
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PRELUDE

• Quenched simulations were performed in ’04, then supersymmetry added in ’07, ’08.

• By now we have beautiful data confirming the thermodynamics of black holes is observed.
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Monte Carlo String/M-Theory Collaboration

Berkowitz, Hanada, Ishiki, Rinaldi, Simasaki, Vranas ‘16

where a

0

and b

0

are known by exact calculations to be approximately 7.41 and �5.77
respectively. We group the coe�cients at a fixed order in N into the functions Ei(T ).
On the gauge-theory side of the duality, these functions should be reproduced by our
coe�cients ei0 reported in Tab. 1.

In this section we will present a variety of fits comparing our extrapolated values in
Tab. 1 to these forms and we will summarize our findings in the next section. At each
temperature, we have access to the continuum large-N behavior (E

0

through e

00

) and the
1/N2 correction (E

1

through e

10

) independently. This allows us to fit the di↵erent orders
of N2 in (5.1) separately.

5.1 SUGRA at Low Temperatures

Figure 8. Our best fits of E0 to the data points e00 shown as black diamonds, including the
first two/three/four terms as a cyan dotted line/blue solid line/purple dot-dot-dashed line with 1�
error bands. We also show the result from Ref. [12] and Ref. [11] results as green dashed and red
dot-dashed lines, respectively. The SUGRA result is shown in black.

First, let us confirm that our continuum and large-N data are consistent with the
SUGRA prediction, in that they reproduce the SUGRA calculation of the leading coe�cient
a

0

= 7.41. The agreement between D0-brane quantum mechanics and SUGRA is our main
result. Checking the value of a

0

against lattice simulations is a non-trivial task and is
usually hindered by numerical results with large error bars or with undefined systematic
errors.

We fit the O �

N

0

�

coe�cients, including the leading-order coe�cient known from su-
pergravity. We perform two fits of E

0

to e

00

, fitting a

0

and a

1

, including or excluding a

2

.
We exclude the T = 1.0 data point, because the assumption T ⌧ 1 is certainly broken
there. In Fig. 8 we show the best fits of E

0

(T ), together with previous estimates of the
same function and the SUGRA result.

The fit that excludes a
2

struggles to capture the full behavior of the data, and in the
best case (fitting to T  0.8) produces a

0

= 6.2 ± 0.2, substantially di↵erent from the
supergravity result, and a

1

= �3.8± 0.3. However, this can be understood as a systematic
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Gauged or ungauged?   (Maldacena, Milekhin ’18)

Berkowitz, Hanada, Rinaldi, Vranas ‘18
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Figure 4: [Upper] Large-N and continuum Ẽgauged ⌘ ��1/3Egauged and Ẽungauged ⌘
��1/3Eungauged as functions of T̃ ⌘ ��1/3T . The former is a fit to data in Ref. [11], and
it is compared with the leading order supergravity solution, shown as a dashed black line.
[Lower] Large-N and continuum �Ẽ ⌘ Ẽungauged � Ẽgauged vs T̃ . Two ungauged energy
are shown to asses systematic errors: one which includes L = 8 points in the continuum
extrapolation and one that does not. At T̃ = 0.45, the ungauged simulations have not been
performed at L = 8 because of numerical instabilities related to the flat direction. We also
show some representative functional forms to guide the eye.
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BMN deformation

Lattice:   Asano, Filev, Kovacik, O’Connor ‘18

Gravity:  Costa, Greenspan, Penedones, Santos ’14
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Figure 5. The left figure shows data for the two observed phase transitions. The green points are
the observed values of the Myers transition and the dark blue points are the Polyakov transition,
both were measured for N = 8 and ⇤ = 24. The blue curve is the large µ expansion of the critical
temperature to 3 loops. The red line is the gauge gravity prediction and the purple curve is the Padé
approximant obtained from the large mass expansion.
The figure on the right shows our extrapolation of the critical temperature of the Myers transition
from the observed values for N = 4, 5, 6, 8 and N = 11 for µ = 2.0 and ⇤ = 24. We use a quadratic
extrapolation (green), given by 0.36�2.17x2 and quartic (red) given by 0.35�1.09x2�15.26x4, which
gives T

c

(1) = 0.35± 0.01.

become a problem especially when approaching the continuum limit, a limit involving sending

⇤ to infinity.

In practice we find that the direct observable (4.2) behaves better numerically. For

the BMN model we implement (4.1) directly using pseudo fermions following the strategy

discussed in section 4.2 of [30] and used in [35]. We also, for completeness, observe the BMN

Ward identity analogue of (4.3).

The observables we follow are then: E as defined in (4.1),

Myers =

⌧
i

3N�

Z
�

0
d⌧✏

rst

Tr(XrXsXt)

�
, (4.5)

h|P |i =
⌧

1

N
|Tr (exp [i�A]) |

�
, (4.6)

R2
ii

=

⌧
1

N�

Z
�

0
d⌧ Tr(XiXi)

�
(no sum on i). (4.7)

The energy and specific heat of the system, which due to supersymmetry, should both

decrease to zero as T approaches zero, are given by

N2E = hHi = �@
�

lnZ and C = h(H � hHi)2i = @2
�

lnZ � 0. (4.8)

We see, furthermore, that E must be a monotonic function of T . This proves especially useful

in the simulations as tracking the energy as a function of T was a crucial clue in identifying

– 10 –

See Denjoe’s talk later…..
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PRELUDE

• We may also consider 1+1 SYM (and 2+1 etc...)

• Again thermodynamics is predicted from dual black holes and may be tested

• From lattice perspective it is convenient to wrap the spatial direction into a circle – ie.

the thermal 1+1 SYM lives on a Euclidean 2-torus.

There is now a rich phase structure connected to a very interesting gravitation system,

Kaluza-Klein theory, which is in the topic of this talk....
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PLAN

• Some review;

– Black holes in Kaluza-Klein theory

– Black holes dual to 1+1 SYM

• Recent developments

• Adding string charge in Kaluza-Klein theory

• New predictions for 1+1 SYM
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BLACK HOLES IN KALUZA-KLEIN THEORY

• Consider Kaluza-Klein theory – pure gravity in d+1 dimensions with asymptotics

M

1,d�1 ⇥ S

1, there the circle has size L.

For now take d = 4.

• For large black holes, radius � L, we expect black holes to behave as 4-d ones; an exact

solution is the homogeneous black string (/uniform black string);

ds

2
= �

⇣
1� r0

r

⌘
dt

2
+

⇣
1� r0

r

⌘�1

dr

2
+ r

2
d⌦

2
(2) + dz

2

• For small black holes, radius ⌧ L, we expect black holes to behave as 5-d ones; an

approximate solution is the localized black hole;

ds

2 ' �
✓
1� ⇢

2
0

⇢

2

◆
dt

2
+

✓
1� ⇢

2
0

⇢

2

◆�1

d⇢

2
+ ⇢

2
d⌦

2
(3)









9

BLACK HOLES IN KALUZA-KLEIN THEORY

• Gregory and Laflamme showed that homogeneous black strings become linearly un-

stable if their radius is small compared to L, ie. r0 < 0.876

L

2⇡ .

• The metric perturbation takes the form; �g
µ⌫

(t, r, z) ⇠ h

µ⌫

(r)e

⌦(k)t
cos (kz)

⌦(k) > 0, real for all k r0 < 0.876

Hence it is associated to breaking translation invariance on the circle.

• The onset of the instability implies an exactly marginal (ie. static) linear perturbation –

this lifts to the non-linear theory, and generates a new branch of inhomogeneous black

strings (/non-uniform black string).



Stable Unstable

Marginal
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BLACK HOLES IN KALUZA-KLEIN THEORY

• Using numerical methods the interplay between these 3 distinct classes of solution has

been elucidated;



Data from Headrick-Kitchen-TW ‘10

Adding 1 extra dimension
Topology change

• Kol conjectured branches join via cone geometry
• The local geometry is a particular cone, determined by the

symmetries (cf. critical phenomena)

Topology change
• It was conjectured [ Kol ] that the localized black holes and

inhomogeneous black strings join in the moduli space of static
solutions.

• The local geometry is a particular cone, determined by the
symmetries (cf. critical phenomena)

Stability
• The inhomogeneous black string [ Figueras-Murata-Reall ] and part

of localized branch are thought to be unstable.

stable

unstable



Inhomogeneous Strings

Localized Black Holes

Localized Black
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BLACK HOLES IN KALUZA-KLEIN THEORY

• Since the inhomogeneous black holes have lower area that the unstable uniform ones, they

cannot be an endpoint of the GL instability.

• The endpoint is believed to be the localized black holes, but this appears to involve a

topology changing dynamics which violated cosmic censorship.

(Also occurs in asymptotically flat settings for black rings – see Pau Figueras’s talk)



Lehner, Pretorius ’11
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BLACK HOLES DUAL TO 1+1 SYM

• Consider 1+1 SYM with coupling g

YM

. Put this at temperature T = 1/�.

• At large N we work with � = Ng

2
YM

and define a (dimensionless) coupling; r
�

= �

p
�

• Holography states;

1+1 SYM is dual to IIB string theory with N units of D1 brane charge and appropriate

asymptotics (also at temperature T ).

• Decoupling limit;

For N ! 1 with r

�

� 1 this is described by supergravity a black hole.
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BLACK HOLES DUAL TO 1+1 SYM

• Now in addition put the theory on a circle size L

YM

.

• We may now define two (dimensionless) couplings;

r

L

= L

YM

p
� and r

�

= �

p
�

• The dual spacetime has a spatial direction wrapped on an S

1 of size L

YM

.

• The decoupling limit again requires; N ! 1 with r

�

� 1

• However to be described by IIB gravity we also need r

�

⌧ r

2
L

This ensures strings winding the circle are heavy.

• However (via T-duality) there is another (partially overlapping) different IIA gravity

description if r
L

⌧ r

�

...
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BLACK HOLES DUAL TO 1+1 SYM

• IIA gravity description;

For N ! 1 with r

�

� 1 with r

L

⌧ r

�

we have 10-d supergravity black holes.

• Remarkably by a simple solution generating technique in fact these black holes are given

by (9+1)-dimensional Kaluza-Klein black holes with a circle L ⇠ ↵

0

LY M
.

• The KK black hole solutions now are transformed to near extremal black holes, with good

thermodynamics.

There is a ‘simple’ map between the thermodynamics of the KK theory and SYM.
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BLACK HOLES DUAL TO 1+1 SYM

• The GL instability indicates a large N 1st order phase transition between the localized

and homogeneous phases for r

2
L

⇠ r

�

.

• The interpretation; a stringy winding mode in the original IIB theory has become light,

and in this IIA can be seen as a supergravity d.o.f.

• Order parameter; the eigenvalue distribution of the spatial Wilson loop

• The large L

YM

behaviour is governed by the homogeneous black string – this is T-duality

invariant, and exists in both the IIA and IIB descriptions.

• However as L
YM

gets smaller, then L gets bigger leading to the black holes to localization

on the circle.

• This accounts for the transition to 0+1 SYM behaviour as L

YM

! 0.
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RECENT DEVELOPMENTS - GRAVITY

• Some time ago Catterall, Joseph and I simulated 1+1 SYM for N = 3, 4.

Interestingly at that time we knew from gravity the transition was 1st order but only

partially had the gravitational solutions.

The lattice simulations were too crude to really see the large N phase transition.

• The 9+1 KK inhomogeneous black strings and localized black holes were finally con-

structed in [ Figueras, Murata, Reall ’12 ; Dias, Santos, Way ’17 ]

Predicted transition; r2
L

= 2.45r

�

in gravity regime r

�

� 1.

• Beautiful work by Kalisch et al confirmed a conjecture by Kol that there is critical be-

haviour near the topology transition; can this be seen on the lattice?
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FIG. 4: Left panel: Phase diagram of thermal phases of SYM(1+1) on a circle S1 in the microcanonical ensemble. �� gives
the entropy di↵erence between a given thermal phase and the uniform phase with the same energy ". Right panel: Phase
diagram of thermal phases of (1+1)-dimensional SYM on a circle S1 in the canonical ensemble. �f gives the free energy
di↵erence between a given thermal phase and the uniform phase with the same energy ". In these diagrams the horizontal
(dashed red) line describes the uniform thermal phase. The orange points represents the nonuniform thermal family and the
blue points describes the localised thermal phase. The magenta dashed line represents the perturbative results for localised
black holes.

all the way up (and even beyond) the first order phase transition point. This is best illustrated in Figs. 4: the
perturbative prediction is represented by the magenta dashed line and it essentially agrees with the numerical curve.
This tests our numerical results and concludes that we can use the perturbative results (42) for the localized SYM
phase well beyond what would be expected. This strong agreement may be due in part to the high powers within the
perturbative expansion.

FIG. 5: Convergence of DeTurck norm (left) and entropy (right) for localised black holes at y0 = 5/2. Note the log scale
indicating exponential convergence.

Finally, let us demonstrate the convergence of our numerical method. In the left panel of Fig. 5, we plot the

Gravity prediction

Dias, Santos, Way ’17

=
r2L
r�



Kalisch, Ansorg  ’15, ’16;  Kalisch, Mockel, Ammon ‘17
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Figure 6: Spatial embedding of the horizons of different localized black hole and non-
uniform black string solutions. For illustration the embeddings are shifted along the
X-axis. The outer embeddings correspond to solutions far away from the transition,
while the inner ones correspond to solutions very close to it.

the point of view of the black string, its horizon shrinks at the boundaries of the
compact dimension until it is about to pinch-off. Note that the solutions which
are closest to the phase transition, corresponding to embeddings four and five
in figure 6, can hardly be distinguished. We refer to the region where the poles
of the localized black hole are about to merge or the black string is about to
pinch-off as the critical region.

In fact, we can only observe a difference between black strings and black holes
in the critical region if we magnify it as in figure 7. Both, the localized black hole
horizons and the non-uniform black string horizons, locally converge to straight
lines, when approaching the transit solution.7 This was part of the conjecture
of Kol, namely that the two branches meet at a singular transit solution, which
is locally given by the double-cone metric [22], see also appendix B for a short
review. The predicted D-dependent opening angle of the horizon of the transit
solution, see equation (44), is nicely approached from both types of solutions.
However, there seems so be a qualitative difference in how the double-cone
geometry is approached. In D = 6 the double-cone geometry appears to be
an envelope for both the localized black hole as the non-uniform black string
horizons, whereas for D = 5 this is only true for the black strings. The horizons
of the localized solutions in D = 5 are slightly crossing the double-cone horizon.

7For non-uniform black strings this was already shown in [12].
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Kalisch, Ansorg  ’15, ’16;  Kalisch, Mockel, Ammon ‘17
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Figure 3: Temperature T , entropy S and mass M as a function of the relative tension
n. The solid lines represent the localized black hole branch while the dashed lines
correspond to the non-uniform black strings (uniform black strings have n/nGL =
1). All variables are normalized by their corresponding value of a marginal unstable
uniform black string at the Gregory-Laflamme point. The regions where the curves
approach each other are magnified and displayed at the right hand side.
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Figure 4: Phase diagram in the microcanonical ensemble: entropy S as a function of the
mass M . The solid red line represents the localized black hole branch while the dashed
green line corresponds to the non-uniform black strings. The thin black line represents
the uniform black strings. All variables are normalized by their corresponding value
of a marginal unstable uniform black string at the Gregory-Laflamme point. In the
inset we display the region around the transit solution (appropriately magnified and
rotated which results in the different scales on the axes of the inset).
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RECENT DEVELOPMENTS - 1+1 SYM

• Quenched study of 1+1 SYM, [ Hanada, Romatschke ’16 ]

• Recently Catterall, Jha, Schaich and I had another go, [ Catterall, Jha, Schaich, TW ’17 ]

This used a reduction of a 3+1 code, and a supersymmetric lattice construction due to [

Kaplan, Unsal ’05 ]

In fact the Euclidean simulations are on a ’skewed’ torus, but nonetheless the same

phenomena occur, and in the gravity limit, it is again described by these KK black holes.

• Also [ Kadoh, Giguere 17 ] reported results (not on a circle) in a conference proceeding.
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Figure 8. The points show the (r
L

, r
�

) positions of the SU(12) spatial deconfinement transitions for six aspect ratios 8 � ↵ � 3/2
(from left to right), determined from our lattice calculations of the Wilson line susceptibility (cf. Fig. 6). The three

N
symbols

mark the ensembles whose Wilson line eigenvalue phase distributions we show in Figs. 5, 7 and 13 (from bottom to top; the
point for Fig. 10 lies outside the range of the plot). The solid lines show the expected transitions sketched in Fig. 1: the
BQM deconfinement transition at high temperature and the low-temperature Gregory–Laflamme transition. The dashed lines
indicate constant aspect ratios 1/2  ↵  4 from top to bottom.

expected transitions sketched in Fig. 1. The error bars in this figure are the full widths at half maximum of the
susceptibility peaks like those shown in the right panel of Fig. 6, considering gauge group SU(12) and a fixed lattice
size for each aspect ratio ↵. We have checked that alternate determinations of the transition produce consistent
results. These include identifying the transition as the r

�

for which P
L

= 0.5, motivated by Ref. [8], and using a
large-N generalization [81] of the separatrix introduced for SU(3) by Ref. [82].

For ↵ & 4 we find the transition occurs at high temperatures r
�

⌧ 1, and nicely agrees with the deconfinement
transition behavior predicted by the high-temperature BQM limit we discussed in Sec. IIIA. Unfortunately, the error
bars increase significantly as we approach transitions occurring at lower temperatures (and smaller ↵) where we
expect the dual gravitational prediction (37) to apply. We do not obtain usable susceptibility peaks for ↵  1 and
cannot conclusively determine the order of the transition for any ↵. Given their large uncertainties, our results are
certainly consistent with the low-temperature behavior predicted by holography, though we are not yet able to test
this prediction with great accuracy. There are also systematic uncertainties to be considered. We expect the most
significant systematic effects to be those arising from working with gauge group SU(12) and a fixed lattice size for
each aspect ratio ↵ rather than extrapolating to the large-N continuum limit. While the mild discretization artifacts
and N dependence shown in Fig. 6 give us confidence that these systematic effects will not qualitatively change our
results, we are not yet in a position to meaningfully quantify them. Carrying out controlled extrapolations to the
limits of N ! 1 and infinitely large lattices is a central goal for future generations of lattice calculations.

To summarize, our numerical results for the phase diagram of the two-dimensional SYM system are consistent with
the expectations from holography. We see a phase where the eigenvalues of the spatial Wilson line are uniformly
distributed around the unit circle, as expected for a spatially confined phase. This is separated by a transition from
a spatially deconfined phase with localized eigenvalue distribution. We now study the thermodynamics of the system
at low temperatures in both of these phases, comparing to the predictions from the dual gravity theory.

C. D1-phase thermodynamics

In Fig. 9 we show the bosonic action density versus t for ↵ = 2 lattice sizes 16 ⇥ 8 and 24 ⇥ 12 with gauge groups
SU(12) and SU(16). From the discussion above, the temperature range shown in the figure lies below the spatial
deconfinement transition temperature t

c

' 1.2. Hence we expect the system should be spatially confined. In the
low-temperature limit t ! 0, we expect it to be described by the gravity D1 phase given in Eq. (33).13 This is
corroborated by our lattice results, which lie close to the D1-gravity prediction at low temperatures, t . 0.4.

In a manner similar to the well-studied case of supersymmetric quantum mechanics, this system becomes unstable
for very low temperatures, and hence our calculations do not extend all the way down to t . 1/N . The origin

13 Eq. (33) applies directly since ↵, � lie in the fundamental domain.

Catterall, Jha, Schaich, TW  ’17
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Figure 9. Bosonic action density versus dimensionless temperature t for 16 ⇥ 8 and 24 ⇥ 12 lattices (aspect ratio ↵ = 2) with
gauge groups SU(12) and SU(16). All points are results of µ2 ! 0 extrapolations. For sufficiently small t our results are
consistent with the D1-phase gravity prediction, without significant sensitivity to N or the lattice size.

Figure 10. Distributions of Wilson line eigenvalue phases, as in Fig. 5, for 24 ⇥ 12 lattices at t ⇡ 0.33 with µ2 ⇡ 0.007. The
extended distributions, which become more uniform as N increases, correspond to the D1 phase of the gravity dual.

of this instability is well understood and is discussed in Ref. [80]. The scalar potential terms (50) and (54) help
stabilize our numerical calculations, but still do not allow access to arbitrarily low temperatures. We then need to
extrapolate µ2 ! 0 to remove the soft-Q-breaking effects of these terms (with c2

W

= µ2), which produces the results
shown in Fig. 9. Simple linear µ2 ! 0 extrapolations generally have good quality with small �2/d.o.f.; we include a
representative example in Appendix C (Fig. 15). Figure 10 shows extended distributions for the Wilson line eigenvalue
phases on 24 ⇥ 12 lattices at t ⇡ 0.33 (with µ2 ⇡ 0.007), which become more uniform as N increases. This behavior
supports our conclusion that the system is spatially confined in this region of the phase diagram, corresponding to
the gravity D1 phase.

Next, in Fig. 11 we show our corresponding bosonic action density results for ↵ = 1 lattice sizes 8 ⇥ 8 and 16 ⇥ 16.
We compare our results to the D1-phase gravity prediction, and see reasonable agreement for t . 0.4. At slightly
larger t ' 0.5 we observe unusual sensitivity to the lattice size and to N . We suspect that the uncertainties on some
of these µ2 ! 0 extrapolated results may be underestimated. Figure 8 suggests that for ↵ = 1 the deconfinement
transition occurs around t

c

' 0.47, and at the nearby t ⇡ 0.46 we observe unusually long autocorrelations for the
SU(12) 16 ⇥ 16 ensembles with larger µ2 & 0.003. Some of the SU(12) 16 ⇥ 16 µ2 ! 0 extrapolations around t ' 0.5
also produce unusually large 2 . �2/d.o.f. . 4. Future calculations with larger N and larger lattice sizes, as needed to
quantify systematic uncertainties and enable controlled extrapolations to the large-N continuum limit, should clarify
this behavior. Since the deconfinement transition occurs at quite large t, we do not expect our results for t > t

c

to
be well described by the gravity D0-phase behavior, and indeed they are not. In order to see the gravity D0-phase
behavior emerge at low temperature we need to consider smaller ↵ < 1 so that the transition occurs at t

c

⌧ 1.
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Figure 11. Bosonic action density versus dimensionless temperature t for 8 ⇥ 8 and 16 ⇥ 16 lattices (aspect ratio ↵ = 1) with
gauge groups SU(9), SU(12) and SU(16). All points are results of µ2 ! 0 extrapolations and for low temperatures t < 0.4
our results are in reasonable agreement with the D1-phase gravity prediction (solid curve). The points around t ' 0.5 show
unusual sensitivity to the lattice size and to N . This may be related to the nearby transition around t

c

' 0.47 (cf. Fig. 8),
which might lead to underestimated uncertainties.
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Figure 12. Bosonic action density versus dimensionless temperature t for 6⇥ 12 and 8⇥ 16 lattices (aspect ratio ↵ = 1/2) with
gauge groups SU(9), SU(12) and SU(16). All points are results of µ2 ! 0 extrapolations. For sufficiently small t our results
are consistent with the D0-phase gravity prediction.

D. D0-phase thermodynamics

The final numerical results we present consider our smallest aspect ratio ↵ = 1/2. Recall from Table I that this
lattice geometry is actually equivalent to a rectangular (�0 = 0) torus with ↵0 = 1/

p
3, so that r0

�

=
p

3r
�

/2. In Fig. 12
we plot the bosonic action density for N = 9, 12 and 16 from 6 ⇥ 12 and 8 ⇥ 16 lattices. Again the points shown are
results of µ2 ! 0 extrapolations. From Fig. 8 we expect the system to be spatially deconfined for the low temperature
range 0.25 . t . 0.5 shown here. Eventually at very low temperatures, presumably around t ' 0.12, it should confine,
but we are not yet able to probe such a low temperature regime. The dashed curve is the low-temperature gravity
prediction from the (spatially deconfined) D0 phase, Eq. (38), which is indeed consistent with the data for t . 0.35.
Figure 13 shows intermediate distributions for the Wilson line eigenvalue phases on 8 ⇥ 16 lattices at t ⇡ 0.46 (with
µ2 ⇡ 0.004), which become more compact as N increases. This behavior supports our conclusion that the system is
spatially deconfined in this region of the phase diagram, consistent with the dual gravity approaching the D0 phase
in the large-N limit over this temperature range.

VI. CONCLUSIONS

We have studied two-dimensional SYM with maximal supersymmetry compactified on a flat but skewed torus in
which an anti-periodic boundary condition is imposed on the fermion fields wrapping one of the cycles. The theory
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Figure 1: The energy density minus pressure normalized by N2. The left figure focuses on the low temper-
ature region of the right figure.

However, we should note that this is actually the result within rather limited parameters: at
fixed lattice sizes and fixed N, without the effect of the complex phase of the pfaffian. Since the
deviation from the large N limit starts from the term of the order of 1/N2 and we take N = 12, our
results are mostly saturated with respect to the large N extrapolation within a few percent statistical
errors. In addition, although the effect of the complex phase should be included in the result, it was
not serious in one dimensional case [2], [7], [9] and Fig. 1 could be actually considered to imply
that the duality is valid and the phase effect is negligible.

The most serious thing that changes the observation in this section is the effect of the finite
lattice spacing. At fixed physical temperature Teff, the (physical) lattice spacing is given by aλ 1/2 =
1/(NtTeff). For the temperature around Teff = 0.4 with Nt = 8, the lattice spacing could not be small
enough. We have to take the continuum limit from further lattice simulations by using different
lattice sizes to determine the final result.

5. Conclusion

In this paper, we have studied the duality between two dimensional N = (8,8) SYM and the
black 1-branes solution in type IIB gravitational theory by comparing ε − p of both theories. We
have estimated it of the thermal SYM from the numerical simulations of the Sugino lattice action
with two exact supersymmetries. The obtained ε − p reproduces the theoretical prediction of the
gravitational theory and implies that the duality holds in this case.

This result is obtained for N = 12 and at fixed lattice sizes (Nt ,Nx) = (8,16),(8,32) without
including the phase effect of the pfaffian. These limitations should be taken into account when the
result is quoted. However, the large N extrapolation could not be serious since N = 12 is large
enough for ε− p with a few percent statistical errors. In addition, the effect of the phase could be
much smaller than that of the lattice spacing as was true in one dimensional case. The effect of the
finite lattice spacing becomes larger and larger as temperature decreases with fixed Nt . The lattice
simulations with different Nt are running and the final result after taking the continuum limit will
be presented in another paper.

5

Kadoh + Giguere  ’17
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ADDING STRING CHARGE IN KALUZA-KLEIN THEORY

• Now consider again 5-d KK theory; but consider black holes carrying string-like charge,

electrically charged under a 3 form field strength F(3).

L =

Z
d

5
x

p
g

�
R� F(3) ^ ?F(3)

�

• Consider entropy of fixed L, mass M and charge q ensemble.

• Homogeneous string;

ds

2
= �

⇣
1� r0

r

⌘
dt

2
+

dr

2

�
1� r0

r

� ⇣
1� q

2

3r0r

⌘
+ r

2
d⌦

2
(2) +

✓
1� q

2

3r0r

◆
dz

2

?F(3) = q⌦(2)

• For fixed L, q we have solutions for r0 � q/

p
3
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ADDING STRING CHARGE IN KALUZA-KLEIN THEORY

• BUT there cannot be localized solutions! They cannot carry the charge.

• What about the Gregory Laflamme instability? And where does it go?

• The strings are stabilized by the charge for q > q

max

= 0.457

L

2⇡ up to their extremal limit.

• But for 0  q < q

max

we find two marginal points with instability for r

GL1 < r0 < r

GL2 .

Thus ‘thick’ and near extremal black strings are stable.
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ADDING STRING CHARGE IN KALUZA-KLEIN THEORY

• Inhomogeneous black strings emerge from the marginal points; [ Kudoh, Miyamoto ’06 ]

(for D � 6)

Their motivation was to show the charge could stabilize inhomogeneous black strings.

• The picture we find (in D = 5) is that these inhomogeneous extend from r

GL1 to r

GL2 .

• Various behaviours are possible – we have computed these using Gubser’s perturbative

approach and also using a non-linear pde numerical approach.

[ work with Krai Cheamsawat ]



4 Combining perturbative and nonperturbative approach

As pointed out in section 5.4 that perturbative calculation at fixed r
+

can only see the

phase structure near one GL point at LGL = 2⇡/kc, in this section we show that perturba-

tive result actually agree with nonperturbative approach when we apply it near both GL

points. To see whether both approaches agree with each other or not, we consider �
(5d)
2

,

M
1

, T
1

and S
1

data as shown in section 5.4.

AH,NUS � AH,US

AH,US
= �5d

2

�4.

with �
(5d)
2

as a function of q2/3r2

+

as plotted in Fig.4 can be mapped to �
(5d)
2

as a function

of r
+

then it is straightforward to obtain �
(5d)
2

at r
+

= r
+,small and r

+

= r
+,large which

corresponds to GL1 and GL2 point at each q, the same can be done to M
1

, T
1

, S
1

as plotted

in Fig.3.
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(a) At q = 0.31 : arrows are perturbative result
shown in term of parametric plot (M = MGL(1 +
M1�

2), �AH = AH,GL�
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2 �4) from � = 0 to 0.7

expanded away from GL1 and GL2. Locally near
both GL points, �AH / (M�MGL)2. Especially,
perturbative result agrees very well with nonper-
turbative result near GL2.

0.5 1.0 1.5 2.0 2.5 3.0 3.5
λ

20

40

60

80

100

120

140
AH

GL1

GL2

(b) Distance from GL points of result shown in the
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until �pert = 0.7 in perturbative expansion M =
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2 �4

pert, they
actually reach the point at �nonpert ' 0.95 from
GL1 and �nonpert ' 1.3 with the definition of
nonuniformity �nonpert used in eqn.(3.17).

Figure 17: Comparing nonperturbative and perturbative result.

From Fig.18, there is a disagreement between the definition of distance from GL points

parametrised by �, this is because in perturbative expansion as shown in section 5.4 there is

no prescription of how to define � in the first place, since it can be any sensible dimensionless

number such as Rmax/Rmin � 1, etc. moreover, it can be degenerate up to redefinition

� ! const.� + O(�3)[21]. Using the agreement between nonperturbative and perturbative

result in the region where Einstein-DeTurck method work well (0.31 . q . 0.42), we can

then use the perturbative result to obtain the global picture of phase diagram in the region

of q where Einstein-DeTurck method can partially construct the nonuniform branch due

– 17 –

q

L/2⇡
= 0.31



4.3 Putting all data together

From our result shown so far in three regions of q, namely low q (0 < q  0.481q⇤),

intermediate q (0.481q⇤ < q < 0.998q⇤) and high q (0.998q⇤  q < q⇤). We combine

them together and get the global picture of behaviour of nontuniform string branch at fixed

circle length as charge of black string changed. The schematic picture is shown in Fig.23

and 24.
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Figure 22: Behaviour of nonuniform charged string as charge varies. The scale shown in

this picture is not realistic, it is exaggerated for better visualisation.
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Figure 23: Schematic picture of phase diagram in microcanonical ensemble in q,M -plane:

solid line is 1st order phase transition and dashed line is 2nd order phase transition. When

q > q⇤ uniform string is absolutely stable and nonuniform string disappears from the phase

diagram.
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For small q Presumably become similar to uncharged localised solutions
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For large q
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ADDING STRING CHARGE IN KALUZA-KLEIN THEORY

• We infer that stable inhomogeneous solutions are found for any q > 0 and presumably

form the end point of the GL instability.

• Presumably for q ! 0 the inhomogeneous charged strings ‘limit’ to the localized solutions

with flux tubes connecting them.

• Thus any non-zero string charge appears to change the picture of cosmic censorship

violation – is this violation really what we would call generic?
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NEW PREDICTIONS FOR 1+1 SYM

• Considering 11-d black membranes, with electric membrane charge, wrapped on a circle

size L is analogous – we see the same behaviour, ie. homogeneous and inhomogeneous

solutions related by GL instability.

• Using a trick related to the solution generating technique earlier we can relate this to 1+1

SYM.

• Boosting on the 11-circle and then reducing on it gives IIA black strings carrying D0 and

NS 3-form electric field strength.

• Now T-dualizing to IIB theory gives a 10-d sugra solution, with D1 charge wrapping a

circle size L

YM

⇠ 1
L

but now also carrying momentum on this circle.
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NEW PREDICTIONS FOR 1+1 SYM

• This then provides the holographic description of 1+1 SYM on a circle in the usual way;

Hence in the Lorentzian setting adding momentum to a finite energy plasma on a circle

may result in a rich phase structure.

Presumably there is no longer a compactly supported eigenvalue distribution?

• Can we see this in SYM? For example at high temperature limit could dynamical simu-

lations perhaps see similar phase structure?
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SUMMARY

• The structure of black holes with one direction compactified to a circle is a fascinating

system.

• We are still learning about its structure, and its implications for cosmic censorship and

holography.

• There is now a fascinating interplay between two numerical and exotic fields – black hole

solutions and lattice SYM.


