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b = curl (u × b) + η Δb

div b = 0

div u = 0

with    the magnetic field,    the velocity field,   the pressure field,   any additional forcing,  

 the kinematic viscosity and  the magnetic diffusivity.

b = B
ρμ

u p f

ν η

Dynamo instability [Larmor 1919]: results from electromagnetic induction by the flow of an electrically conducting fluid. 

Dynamo is defined to take place when  such that (*) has a solution  and ∃ η, b0 b(⋅,0) = b0 lim
t→+∞

∥b(x, t)∥L2 ≠ 0.

The dynamo instability



∂
∂t

u + u ⋅ grad u = − grad p + νΔu + curl b × b + f

div b = 0

div u = 0

with    the magnetic field,    the velocity field,   the pressure field,   any additional forcing,  

 the kinematic viscosity and  the magnetic diffusivity.

b = B
ρμ

u p f

ν η

∂
∂t

b = curl (u × b) + η Δb

Dynamo is defined to take place when  such that (*) has a solution  and ∃ η, b0 b(⋅,0) = b0 lim
t→+∞

∥b(x, t)∥L2 ≠ 0.

The dynamo instability

 is always a (boring) equilibrium!….      …but is it (linearly) stable? 
                                                                  (Unfortunately, when u is “too simple”, the answer is generally yes.) 
b = 0

Dynamo instability [Larmor 1919]: results from electromagnetic induction by the flow of an electrically conducting fluid. 



∂
∂t

u + u ⋅ grad u = − grad p + νΔu + curl b × b + f

div b = 0

div u = 0

with    the magnetic field,    the velocity field,   the pressure field,   any additional forcing,  

 the kinematic viscosity and  the magnetic diffusivity.

b = B
ρμ

u p f

ν η

∂
∂t

b = curl (u × b) + η Δb

Dynamo is defined to take place when  such that (*) has a solution  and ∃ η, b0 b(⋅,0) = b0 lim
t→+∞

∥b(x, t)∥L2 ≠ 0.

The dynamo instability

 is always a (boring) equilibrium!….      …but is it (linearly) stable? 
                                                                  (Unfortunately when u is “too simple”, the answer is generally yes.) 
b = 0

Dynamo instability [Larmor 1919]: results from electromagnetic induction by the flow of an electrically conducting fluid. 



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Stable, magnetic

(dynamo) equilibrium


Stable, non-magnetic 
equilibrium


Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

(Phase space)

∥beq∥2 ≠ 0

beq = 0

Search for subcritical dynamo equilibria



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Stable, magnetic

(dynamo) equilibrium


Stable, non-magnetic 
equilibrium


Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Depending on the 
initial conditions 

…X0

Dynamo 


inst
abil

ity

(Phase space)

∥beq∥2 ≠ 0

beq = 0

Search for subcritical dynamo equilibria



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Unstable equilibrium

(Saddle point)


 

Depending on the 
initial conditions 

…X0

Stable, magnetic

(dynamo) equilibrium


∥beq∥2 ≠ 0

Stable, non-magnetic 
equilibrium


Search for subcritical dynamo equilibria

(Phase space)

beq = 0



Some GAFD motivations: radiative and keplerian dynamos…

Stars: radiative zone magnetism?   
            



Some GAFD motivations: radiative and keplerian dynamos…

Stars: radiative zone magnetism?   
            

Intensity300 G~ 5G

Vega-like 

magnetism


(weak, multipolar fields)

Steady dipoles

(fossil fields)

The “magnetic desert” of Ap-Bp stars [Lignières et al., Proc IAU 2013] 

Same type of stars

Different evolution?



Some GAFD motivations: radiative and keplerian dynamos…

Stars: radiative zone magnetism?   
            

Intensity
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 The Tayler-Spruit dynamo [Spruit, A&A 2001] 
simulations from [Petitdemange, M. & Gissinger, Science 2023]: 

7000 7500 8000 8500 9000
10−6

10−4

time

magnetic energy
kinetic energy

10−2 100

radius r − ri

0

1

2

early Ω-profile
magnetized Ω-profile

[t1]

[t2]

Bϕ = Bc
ϕ

[t1][t2]

(a) (b)
7000 7500 8000 8500 9000

10−6

10−4

time

magnetic energy
kinetic energy

10−2 100

radius r − ri

0

1

2

early Ω-profile
magnetized Ω-profile

[t1]

[t2]

Bϕ = Bc
ϕ

[t1][t2]

(a) (b)

  [
 G

] 
⟨B

φ⟩
10

5

  [
 G

] 
B φ

10
5

   
[

 ] 
⟨Ω

⟩
10

−4
H

zSame parameters

Different initial 

conditions!

Strong magnetism

Turbulent flow

No magnetism

No turbulence

Same type of stars

Different evolution?

Intensity300 G~ 5G

Vega-like 

magnetism


(weak, multipolar fields)

Steady dipoles

(fossil fields)

The “magnetic desert” of Ap-Bp stars [Lignières et al., Proc IAU 2013] 



Some GAFD motivations: radiative and keplerian dynamos…

Stars: radiative zone magnetism?   
            

Introduction 13

FIGURE 1.8: Fréquence de rotation observées dans le cœur (•) et dans l’enveloppe (•) d’étoiles de faible
masse en fonction de leur gravité de surface. La modélisation des fréquences de rotation du cœur des
étoiles pour les différents états évolutifs est ajoutée. NB : naines blanches, MS : séquence principale, SG :
sous-géantes, RGB : étoiles de la branche des géantes rouges, 2nd Clump : étoiles massives sur la branche
asymptotique. Figure réalisée à partir des études suivantes : Ceillier et al. (2012); Kurtz et al. (2014);
Deheuvels et al. (2014, 2015); Saio et al. (2015); Triana et al. (2015, 2017); Di Mauro et al. (2016);
Hermes et al. (2017); Eggenberger et al. (2019a).

2
Nous sommes face à un problème d’ordre de grandeur pour comprendre l’évacuation du
moment cinétique interne des étoiles de faible masse depuis la séquence principale jusqu’à
la phase de brûlage de l’hélium. Un (ou des) processus physique(s) manque(nt) dans la
théorie actuelle du transport de moment cinétique interne des étoiles de faible masse.

1.3.3 Comprendre la dynamique interne des étoiles

Di↵érents processus de transport ont été évoqués pour expliquer la faible rotation interne des géantes rouges.
La circulation méridienne (e.g. Kippenhahn, 1963; Zahn & P., 1992; Maeder & Zahn, 1998; Mathis & Zahn,
2004) qui est à l’origine de rotation di↵érentielle radiale dans l’étoile (Eggenberger et al., 2012a; Marques
et al., 2013; Ceillier et al., 2013) transporte du moment cinétique, de même que la turbulence de cisaillement
(Zahn & P., 1992; Maeder & Meynet, 1996; Talon & Zahn, 1997; Mathis et al., 2004), les modes mixtes
(Belkacem et al., 2015b) et les ondes internes de gravité (Fuller et al., 2015; Pinçon et al., 2017). Cependant,
aucun des processus hydrodynamiques cités ne fonctionne tout du long de l’évolution de l’étoile pour pouvoir
expliquer le transport de moment cinétique de façon générale. Les ondes internes de gravité excitées par la
convection turbulente sont de bons candidats pour expliquer le transport durant la phase des sous-géantes
(Pinçon et al., 2017), mais sont amorties trop fortement pour être e�caces durant la rgb (Fuller et al.,
2014). Le transport par les modes mixtes acoustiques et de gravité est évoqué pour un transport e�cace
durant la rgb (Belkacem et al., 2015a), mais pas pour le transport durant la phase des sous-géantes durant
laquelle le couplage entre les modes acoustiques et les modes de gravité est trop faible (voir chapitre 3).
Les instabilités hydrodynamiques comme l’instabilité de cisaillement (Zahn & P., 1992; Maeder & Meynet,
1996; Talon & Zahn, 1997; Mathis et al., 2004, 2018), de Goldreich-Schubert-Fricke (Barker et al., 2019)
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Nous sommes face à un problème d’ordre de grandeur pour comprendre l’évacuation du
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théorie actuelle du transport de moment cinétique interne des étoiles de faible masse.
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La circulation méridienne (e.g. Kippenhahn, 1963; Zahn & P., 1992; Maeder & Zahn, 1998; Mathis & Zahn,
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théorie actuelle du transport de moment cinétique interne des étoiles de faible masse.
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Nous sommes face à un problème d’ordre de grandeur pour comprendre l’évacuation du
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1.3.3 Comprendre la dynamique interne des étoiles
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[From Bugnet PhD thesis 2020]

νeff =
⟨brbφ⟩
r∂r⟨Ω⟩ = ?

Need to parametrize magnetic stresses
 in stellar models:

Keplerian discs dynamos?

Similar issue with protoplanetary discs:
     (inferred from observations)  (molecular).                                                                                           
[e.g. Lin & Papaloizou, Ann Rev Astron Astrophys 1995].

νeff ≫ ν

—> Understand transport of angular momentum by dynamo magnetic fields? 



Earth’s core:  

 E = ν
ΩL2 ≈ 10−15 ; Ra = ??13.3 Onset of dynamo action: bifurcation diagrams and numerical models 369

Figure 13.9 Anticipated bifurcation diagram for the geodynamo, characterised by
a weak-field branch (AB) and a strong-field branch (CD); A2 represents the square
of the field amplitude, and the arrows indicate the direction of field evolution from
any point. The strong field branch will always be attained from a seed field at
sufficiently large Rayleigh number. [After Roberts 1979.]

13.3.1 Numerical models

Numerical simulations can retain all the terms in the governing equations and seek
to approach equilibrium in different parameter ranges, particularly where the Ek-
man number E is small. This is challenging, because the limit E → 0 relevant to the
geodynamo introduces a wide range of time-scales and length-scales. It is crucial
in this limit to verify that inertial and viscous effects are indeed small in the solu-
tions that are realised. A useful approach is to construct bifurcation diagrams for
various choices of the governing dimensionless parameters, the different branches
on these diagrams reflecting different dominant force balances.

Since the first numerical models of dynamo action (Zhang & Busse 1988, 1989;
Glatzmaier & Roberts 1995), many regions of parameter space have been ex-
plored, allowing the construction of phase (or ‘regime’) diagrams. Three regimes
of dynamo action have been identified (Dormy et al. 2018): weak-dipolar (WD),
fluctuating-multipolar (FM) and strong-dipolar (SD); the first two of these were
described by Kutzner & Christensen (2002) and Christensen & Aubert (2006) (Fig-
ure 13.10). The regime WD (circles on the figure) is characterised by a dominant
axial dipole, while the regime FM (diamonds) at larger R̃a/R̃ac is multipolar, with
a fluctuating dipole component.

The WD regime has been recognised since the early days of numerical modelling
and is often presented as if relevant to the geodynamo; however it is now known

Rayleigh number 

(intensity of thermal driving)

energy

of  dynamo 

equilibrium




(conjecture!)


∥beq∥2
2

ueq=0 linearly stable


beq=0 linearly stable


ueq=0 linearly unstable


beq=0 unstable


[from Roberts 1978]

—> Does the strong branch even exist? 
What does it look like? 

Could it drive convection  for Ra<Rac ?   

Some GAFD motivations: the strong branch of the Geodynamo…



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Stable, magnetic

(dynamo) equilibrium


Stable, non-magnetic 
equilibrium


Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Depending on the 
initial conditions 

…X0

Dynamo 


inst
abil

ity

∥beq∥2 ≠ 0

beq = 0

Tracking subcritical (dynamo) equilibria



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Shear turbulence

Laminar parallel 
shear flow

Turbulence in shear flows: basin boundaries and minimal seeds

Hagen 1839,  
Poiseuille 1840

Reynolds 1883

Re

u2



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Shear turbulence

Laminar parallel 
shear flow

Unstable equilibrium

“Edge state”


 

Turbulence in shear flows: basin boundaries and minimal seeds

Hagen 1839,  
Poiseuille 1840

Reynolds 1883

Re

u2

[Toh & Itano JPSJ 2001, 

Skufca, Yorke & Eckhardt PRL 2006, 

Schneider, Eckhardt & Yorke PRL 2007, 

Duguet, Willis & Kerswell JFM 2008…]



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Shear turbulence

Laminar parallel 
shear flow

Unstable equilibrium

“Edge state”


 

(All parameters 
are fixed.)

Emin

Minimal “seed”

for transition laminar -> turbulent

[Pringle & Kerswell PRL 2010, Cherubini et al. PRE 2010,

Duguet Brandt & Larsson PRE 2010, 

Pringle, Wilis & Kerswell, JFM 2012,


Vavaliaris et al. PRF 2020…]

 

Turbulence in shear flows: basin boundaries and minimal seeds

Hagen 1839,  
Poiseuille 1840

Reynolds 1883

Re

u2

Emin

[Toh & Itano JPSJ 2001, 

Skufca, Yorke & Eckhardt PRL 2006, 

Schneider, Eckhardt & Yorke PRL 2007, 

Duguet, Willis & Kerswell JFM 2008…]
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Dynamo solution


Stable, non-magnetic 
equilibrium


∥beq∥2 ≠ 0

beq = 0

Search for subcritical dynamo equilibria

                  Problem: it is usually difficult to blindly kickstart a (nonlinear) dynamo!

? Dynamo 


inst
abil

ity

                  Option 0 : luck (or accident) 



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Dynamo solution


Stable, non-magnetic 
equilibrium


beq = 0

?

μ

∥beq∥2 restart DNS
restart, etc.

DNS, start from 

random perturb.

                  Option 1: time-stepping = (re)start from a previous solution  
and follow stable branches 

+ Can compute attracting turbulent states statistically steady 

- Requires b=0 to become linearly unstable (at affordable !!) 
- The path in parameter space can be complicated

μ

Search for subcritical dynamo equilibria

                  Problem: it is usually difficult to blindly kickstart a (nonlinear) dynamo!

∥beq∥2 ≠ 0



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Dynamo solution


Stable, non-magnetic 
equilibrium


beq = 0

?
                  Option 2: Compute fixed points and use continuation 

+ Can compute unstable equilibria!  
[e.g. Rincon, Ogilvie & Proctor PRL 2007, Deguchi JFM 2019, 2020…] 

- Constraining (steady, TW…) 
- Requires a good guess for Newton to converge

Search for subcritical dynamo equilibria

                  Problem: it is usually difficult to blindly kickstart a (nonlinear) dynamo!

∂
∂t

= 0

∥beq∥2 ≠ 0



Let an initial energy , a (long-ish) time horizon T, and the set of admissible controls : 

  

We address the “dynamo stability question” through the following optimisation problem: find 

     

subject to the state equations 

 

                      

                                                         

                                                         

                                                         

                               + suitable b.c. for  on .

M0 SM0

SM0
= {b0 : x ∈ Ω ↦ b0(x) ∈ R3 : div b0 = 0 and ∥b0∥2

2 = M0} .

arg max
b0∈SM0

J(b0, u, b) := ∫
T

0
∥b(x, t)∥2

2 dt,

∂tu + u ⋅ ∇u + ∇p − νΔu − curl b × b − f = 0,
∂tb − ηΔb − curl (u × b) = 0,

div u = 0,
div b = 0,

b(⋅,0) = b0,
u, b Γ

Method: transient growth optimisation

Remember that dynamo is defined to take place when  such that (*) has a solution with .∃ b0 lim
t→+∞

∥b(x, t)∥L2 ≠ 0

( ⋆ )



Fix the parameters ( ). Fix . 

Fix . Determine the nonlinear ‘optimal seed’   

Integrate up to   the system , using  , until an equilibrium is reached. 

If the equilibrium is a dynamo: decrease  and start over.  
If not: keep faith, increase  and start over.  

The ‘minimal dynamo seed’ corresponds to the smallest-energy  that  
initiates a dynamo transition. 
 

ν, η, . . . T

M0 bopt(M0) = arg max
b0∈SM0

J .

t ≫ T ( ⋆ ) b0 = bopt(M0)

M0
M0

bopt

Remember that dynamo is defined to take place when  such that (*) has a solution with .∃ b0 lim
t→+∞

∥b(x, t)∥L2 ≠ 0

(No guarantee of global extremum!)

Method: transient growth optimisation

Important point: we do not place any assumption on b0, its symmetries, or the mechanisms at play… 

Linear (kinematic) dynamo optimisations:  
[Willis PRL 2012, Chen, Herreman & Jackson JFM 2015]… 



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Emin

Dynamo equilibrium
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[Mannix, Ponty & M., PRL 2022]

Minimal 

dynamo seed

Spatial domain ,   .  Ω̃ = T3 f = sin(x)cos(y)cos(z)ex − cos(x)sin(y)cos(z)ey

Taylor-Green flow 

(non magnetic)


Taylor-Green flow: from minimal seed to dynamo equilibrium - with P. Mannix & Y. Ponty
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[Ponty et al. PRL 2007]
beq = 1

τ ∫
t1+τ

t1
b dt Using CUBBY code 

[Ponty et al. PRL 2005]



« Quasi-Keplerian » plane Couette flow: simplified local model of Keplerian flow.

=

Ω(r) ∝ r− 3
2

2d ≪ r

r

2d

Quasi-Keplerian PCF: from minimal seed to dynamo equilibrium - with P. Mannix & Y. Ponty

Hydro: linearly stable… [Lezius & Jonhston, JFM 1976]
Planar base flow: linearly stable to dynamo…    [Zeldovich, Sov. Phys JETP 1956]

BUT
Unstable, steady MHD equilibrium found via homotopy method (assuming MRI dynamo)!  [Rincon, Ogilvie & Proctor, PRL 2007]

Find stable (but possibly unsteady/turbulent) equilibrium?



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Emin

[Mannix, Ponty & M., PRL 2022]

Quasi-keplerian 

Couette flow 

(non magnetic)


magnetic lines
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dynamo seed
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rapidly amplifies Bx…

Step 2: Large-scale Bx  
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to MRI

Step 3: Nonlinear interactions 
replenish Bx

Dynamo equilibrium (attracting)

Quasi-Keplerian PCF: from minimal seed to dynamo equilibrium - with P. Mannix & Y. Ponty

Using DEDALUS code 
[Burns et al., Phys Rev Res 2020]
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Emin

Dynamo equilibrium (attracting)

[Mannix, Ponty & M., PRL 2022]
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Quasi-Keplerian PCF: from minimal seed to dynamo equilibrium - with P. Mannix & Y. Ponty

Using DEDALUS code 
[Burns et al., Phys Rev Res 2020]



Etat stable 1
 ex: pas de dynamo (B=0),
           confinement en mode L,….

Etat stable 2
 ex: dynamo (B=0),
     confinement en mode H,…

Emin

Subcritical baroclinic 
instability


Minimal 

SBI seed

Quasi-Keplerian

shear 


(2D, stably stratified)


Subcritical baroclinic instability: from minimal seed to turbulent state - with Y. Ponty

[Lesur & Papaloizou, A&A 2010]

(In prep…)
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A&A 513, A60 (2010)
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Fig. 2. Evolution of the vorticity in the fiducial case. Top row has a baroclinic term with Ri = −0.01. Bottom row has no baroclinicity. We show
t = 10 (left), t = 100 (middle), t = 500 (right).
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Fig. 3. Vorticity map for Ri = −0.02 (left) and Ri = −0.16 (right) at t = 500. As already shown by the spectra, small scales are dominant for
larger |Ri|.

3.3. Influence of thermal diffusion

The importance of thermal cooling and thermal diffusion was
already pointed out by Petersen et al. (2007b). To check this de-
pendancy in our local model, we have considered several simula-
tions with Ri = −0.01, varying Pe from Pe = 20 to Pe = 16 000.
The resulting enstrophy evolution is presented for several of
these runs in Fig. 6. Looking at the snapshots of the vorticity
field for these simulations, we find the SBI approximatively for
50 ≤ Pe ≤ 8000. Assuming a typical vortex size l ∼ 0.25 (see e.g.
Fig. 2), these Peclet numbers correspond to thermal diffusion
times 3 S −1 ≤ τdiff ≤ 500 S −1 over the vortex size, with an opti-
mum found for τdiff $ 10 S −1 (Pe = 250). Note that the cooling
time used by Petersen et al. (2007b) lies typically in this range
of values.

3.4. Instability mechanism

Since the flow is subcritically unstable, no linear analysis can
capture this instability entirely. As shown by Johnson & Gammie
(2005a), an ensemble of shearing waves in a baroclinic flow is
subject to a transient growth with an amplification going asymp-
totically like1 |Ri|t1−4Ri for |Ri| % 1 when µ = ν = 0, the waves
being ultimately decaying when µ > 0 or ν > 0. However, this
tells us little to nothing about the nonlinear behaviour of such a
flow. Indeed, it is known that barotropic Keplerian flows undergo
arbitrarily large transient amplifications (see e.g. Chagelishvili
et al. 2003), but subcritical transitions are yet to be found in
that case (Hawley et al. 1999; Lesur & Longaretti 2005; Ji et al.
2006). In the SBI case, the subcritical transition happens only for
negative Ri as shown above, in flagrant contradiction with the
linear amplification described by Johnson & Gammie (2005a).

1 Note that the amplification occurs independently of the sign of Ri,
as already mentioned by Johnson & Gammie (2005a).
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Using SNOOPY code 
[Lesur & Longaretti A&A 2005]
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3.3. Influence of thermal diffusion

The importance of thermal cooling and thermal diffusion was
already pointed out by Petersen et al. (2007b). To check this de-
pendancy in our local model, we have considered several simula-
tions with Ri = −0.01, varying Pe from Pe = 20 to Pe = 16 000.
The resulting enstrophy evolution is presented for several of
these runs in Fig. 6. Looking at the snapshots of the vorticity
field for these simulations, we find the SBI approximatively for
50 ≤ Pe ≤ 8000. Assuming a typical vortex size l ∼ 0.25 (see e.g.
Fig. 2), these Peclet numbers correspond to thermal diffusion
times 3 S −1 ≤ τdiff ≤ 500 S −1 over the vortex size, with an opti-
mum found for τdiff $ 10 S −1 (Pe = 250). Note that the cooling
time used by Petersen et al. (2007b) lies typically in this range
of values.

3.4. Instability mechanism

Since the flow is subcritically unstable, no linear analysis can
capture this instability entirely. As shown by Johnson & Gammie
(2005a), an ensemble of shearing waves in a baroclinic flow is
subject to a transient growth with an amplification going asymp-
totically like1 |Ri|t1−4Ri for |Ri| % 1 when µ = ν = 0, the waves
being ultimately decaying when µ > 0 or ν > 0. However, this
tells us little to nothing about the nonlinear behaviour of such a
flow. Indeed, it is known that barotropic Keplerian flows undergo
arbitrarily large transient amplifications (see e.g. Chagelishvili
et al. 2003), but subcritical transitions are yet to be found in
that case (Hawley et al. 1999; Lesur & Longaretti 2005; Ji et al.
2006). In the SBI case, the subcritical transition happens only for
negative Ri as shown above, in flagrant contradiction with the
linear amplification described by Johnson & Gammie (2005a).

1 Note that the amplification occurs independently of the sign of Ri,
as already mentioned by Johnson & Gammie (2005a).
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How to disrupt a Keplerian flow WITHOUT magnetic fields?
——> on-going PhD Clément Mariot

[Lesur & Papaloizou, A&A 2010]



Boussinesq MHD,  unstably stratified

No-slip BC for velocity , temperature   fixed 
on  (unstably stratified)

u T
7±

matching with potential magnetic field for  on  B 7±

Ω
Christensen et al. 2001: « …because non-magnetic convection is found 

stable against small magnetic perturbations [at these parameters] and 
because the dynamo solutions seem to have only a small basin of 

attraction, the initial state is of some concern. »

A first step: kickstart the subcritical solution from the numerical Geodynamo benchmark of [Christensen et al. 2001].

7+

7−

=

Earth’s core: toward the strong branch of the Geodynamo - with C. Skene & S. Tobias



Initial condition from benchmark  [Christensen et al. 2001], 
amplitude rescaled  - - - > no dynamo

NON-MAGNETIC 

EQUILIBRIUM


∥b(t)∥2
2

∥u(t)∥2
2

Geodynamo benchmark: dynamical landscape - with C. Skene & S. Tobias

Using DEDALUS code 
[Burns et al., Phys Rev Res 2020]



Initial condition from benchmark  [Christensen et al. 2001], 
amplitude rescaled  - - - > no dynamo

Same amplitude, but structure optimised

DYNAMO
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∥b(t)∥2
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∥u(t)∥2
2

On nonlinear transitions, minimal seeds and exact solutions for the geodynamo A PREPRINT

(a) Meridional slice of the radial com-
ponent of the magnetic field.

(b) Meridional slice of the radial com-
ponent of the current.

(c) Equatorial slice of the latitudinal component of
the magnetic field.

(d) Meridional slice of the radial com-
ponent of the magnetic field.

(e) Meridional slice of the radial com-
ponent of the current.

(f) Equatorial slice of the latitudinal component of
the magnetic field.

(g) Meridional slice of the radial com-
ponent of the magnetic field.

(h) Meridional slice of the radial com-
ponent of the current.

(i) Equatorial slice of the latitudinal component of
the magnetic field.

Figure 5: Top: Slices of an example of optimal seed obtained with the total magnetic energy cost functional, with
Topt = 0.2 and M0 = 344. Middle: Slices of the optimal seed obtained with the axisymmetric magnetic energy cost
functional with Topt = 0.2 and M0 = 344. Bottom: Slices of the optimal seed obtained with the axisymmetric magnetic
energy cost functional with Topt = 0.4 and M0 = 162.

12

Geodynamo benchmark: dynamical landscape - with C. Skene & S. Tobias

[Skene, M., Tobias, JFM 2025]

Using DEDALUS code 
[Burns et al., Phys Rev Res 2020]



Minimal-amplitude* seed for dynamo action
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ponent of the magnetic field.

(h) Meridional slice of the radial com-
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(i) Equatorial slice of the latitudinal component of
the magnetic field.

Figure 5: Top: Slices of an example of optimal seed obtained with the total magnetic energy cost functional, with
Topt = 0.2 and M0 = 344. Middle: Slices of the optimal seed obtained with the axisymmetric magnetic energy cost
functional with Topt = 0.2 and M0 = 344. Bottom: Slices of the optimal seed obtained with the axisymmetric magnetic
energy cost functional with Topt = 0.4 and M0 = 162.
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Geodynamo benchmark: dynamical landscape - with C. Skene & S. Tobias

[Skene, M., Tobias, JFM 2025]

Using DEDALUS code 
[Burns et al., Phys Rev Res 2020]



Same with slightly reduced amplitude

Minimal-amplitude* seed for dynamo action
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Figure 5: Top: Slices of an example of optimal seed obtained with the total magnetic energy cost functional, with
Topt = 0.2 and M0 = 344. Middle: Slices of the optimal seed obtained with the axisymmetric magnetic energy cost
functional with Topt = 0.2 and M0 = 344. Bottom: Slices of the optimal seed obtained with the axisymmetric magnetic
energy cost functional with Topt = 0.4 and M0 = 162.
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Some conclusions

No prior assumptions (symmetries, time-dependency, dynamo mechanism…) are required, 
although for the purpose of finding a “minimal” dynamo seed, the choice of cost functional 
matters (finite target time!). 

The minimal seeds-edge scenario of transition to turbulence in shear flows seems relevant for 
subcritical dynamo transition. 

The identified states could be used as initialisation steps for continuation along branches!

Optimal control can identify stable, subcritical, possibly elusive magnetic equilibria. 
It also identifies “minimal” dynamo seeds triggering nonlinear dynamo instability.
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