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The dynamo instability

Dynamo instability [Larmor 1919]: results from electromagnetic induction by the flow of an electrically conducting fluid.

0
—b =curl (uxb)+nAb
ot
divb =0
0
—utu gradu = —gradp + vAu+curlbx b+ f
div u =0
with b = —— the magnetic field, u the velocity field, p the pressure field, fany additional forcing,

\/ PH
v the kinematic viscosity and 7 the magnetic diffusivity.

Dynamo is defined to take place when 3 7, b, such that (*) has a solution 5(-,0) = b, and lim ||b(x,?)||;> # O.
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b = 0 is always a (boring) equilibrium!.... ...but is it (linearly) stable?



The dynamo instability

Dynamo instability [Larmor 1919]: results from electromagnetic induction by the flow of an electrically conducting fluid.

0
—b =curl (uxb)+nAb
ot
divb =0
0
Eu u-gradu=—-gradp +vAu+curlbxb+f
div u =0
with b = —— the magnetic field, u the velocity field, p the pressure tield, fany additional forcing,

\/ PH
v the kinematic viscosity and 7 the magnetic diffusivity.

Dynamo is defined to take place when 3 7, b, such that (*) has a solution 5(-,0) = b, and lim ||b(x,?)||;> # O.
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b = 0 is always a (boring) equilibrium!....  ...but is it (linearly) stable?
(Unfortunately when u is “too simple”, the answer is generally yes.)



Search for subcritical dynamo equilibria
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Search for subcritical dynamo equilibria
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Some GAFD motivations: radiative and keplerian dynamos...

Stars: radiative zone magnetism?
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Stars: radiative zone magnetism?

L
L
L
L
L/
L
L
L
L/
L
L
[

v

The “magnetic desert” of Ap-Bp stars [Lignieres et al., Proc |AU 2013]
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Some GAFD motivations: radiative and keplerian dynamos...

The Tayler-Spruit dynamo [Spruit, A&A 2001]

Stars: radiative zone magnetism? | | | T |
simulations from [Petitdemange, M. & Gissinger, Science 2023]:
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Some GAFD motivations: radiative and keplerian dynamos...
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Some GAFD motivations: radiative and keplerian dynamos...
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[From Bugnet PhD thesis 2020]
Keplerian discs dynamos? Need to parametrize magnetic stresses (b.b )
g

in stellar models: ?
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Similar issue with protoplanetary discs:
v (inferred from observations) > v (molecular).
[e.g. Lin & Papaloizou, Ann Rev Astron Astrophys 1995].

—> Understand transport of angular momentum by dynamo magnetic fields?




Some GAFD motivations: the strong branch of the Geodynamo...

ey Farth’s core:

1%
energy [from Roberts 1978] E — 10—15

of dynamo QL2
equilibrium 2 A

2
”beq”z
(conjecture!)

. Ra=177

—> Does the strong branch even exist?
What does it look like?

Could it drive convection for Ra<Ra. ?

Ra
Rayleigh number

(intensity of thermal driving)

beq=0 linearly stable : beq=0 unstable

Ueq=0 linearly stable Ueq=0 linearly unstable




Tracking subcritical (dynamo) equilibria
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Turbulence in shear flows: basin boundaries and minimal seeds
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Turbulence in shear flows: basin boundaries and minimal seeds

by : Reynolds 1883
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Turbulence in shear flows: basin boundaries and minimal seeds

= Reynolds 1883
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Search for subcritical dynamo equilibria

Problem: it is usually difficult to blindly kickstart a (nonlinear) dynamo!
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Search for subcritical dynamo equilibria

Problem: it is usually difficult to blindly kickstart a (nonlinear) dynamo!

Dynamo solution ||b, ||, # O

?

Option 1: time-stepping = (re)start from a previous solution
and follow stable branches

HbeqH2 '\ restart DNS
restart, \ef’rc\. (\‘
¢ ¢
g ¢ A
¢

DNS, start from
random perturb.
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+ Can compute attracting turbulent states statistically steady

- Requires b=0 to become linearly unstable (at affordable p!!)
- The path in parameter space can be complicated




Search for subcritical dynamo equilibria

Problem: it is usually difficult to blindly kickstart a (nonlinear) dynamo!

Dynamo solution ||b, ||, # O

?

° 0
— =0
ot
Option 2: Compute fixed points and use continuation

+ Can compute unstable equilibria!
le.g. Rincon, Ogilvie & Proctor PRL 2007, Deguchi JFM 2019, 2020...]

- Constraining (steady, TW...)
- Requires a good guess for Newton to converge




Method: transient growth optimisation

Remember that dynamo is defined to take place when 3 b, such that (*) has a solution with lim ||b(x,1)|[;> # O.

[——400

Let an initial energy M), a (long-ish) time horizon T, and the set of admissible controls Sy, :
Sy, = {by: x€Q > by(x) €R® : divhy=0 and ||Byll5 = My} .

We address the “dynamo stability question” through the following optimisation problem: find

T

arg max J(by, u,b) := | ||b(x, t)ll% dt,
bOESMO JO

subject to the state equations
ou+u-Vu+Vp—vAu—curlbxb—f=0,
0,b —nAb — curl (uxXb) =0,

divu =0,

(%)
div b = 0,
b(,O) — b()a

+ suitable b.c. foru,bon I



Method: transient growth optimisation

Remember that dynamo is defined to take place when 3 b, such that (*) has a solution with lim ||b(x,1)|[;> # O.

[I——4+00

Fix the parameters (v,7,...). Fix T.

. . . . Li ki tic) d timisations:
Fix M,,. Determine the nonlinear ‘optimal seed’ b, (M,) = arg max J. mgar( nematic) dynamo optimisations
P DoESu, [Willis PRL 2012, Chen, Herreman & Jackson JFM 2015]...

Integrate up to > T the system ( x ), using by = b,,(M,) , until an equilibrium is reached.

It the equilibrium is a dynamo: decrease M|, and start over.

I not: keep faith, increase M, and start over.

The ‘'minimal dynamo seed’ corresponds to the smallest-energy b . that

opt
initiates a dynamo transition.

(No guarantee of global extremum!)

Important point: we do not place any assumption on b0, its symmetries, or the mechanisms at play...



Taylor-Green flow: from minimal seed to dynamo equilibrium - with P. Mannix & Y. Ponty
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Using CUBBY code
[Ponty et al. PRL 2005]
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Quasi-Keplerian PCF: from minimal seed to dynamo equilibrium - with P. Mannix & Y. Ponty
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« Quasi-Keplerian » plane Couette flow: simplified local model of Keplerian flow.

Hydro: linearly stable... [Lezius & Jonhston, JFM 1976]

Planar base flow: linearly stable to dynamo... [Zeldovich, Sov. Phys JETP 1956]
BUT
Unstable, steady MHD equilibrium found via homotopy method (assuming MRI dynamo)! [Rincon, Ogilvie & Proctor, PRL 2007 ]

Find stable (but possibly unsteady/turbulent) equilibrium?



Quasi-Keplerian PCF: from minimal seed to dynamo equilibrium - with P. Mannix & Y. Ponty
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Quasi-Keplerian PCF: from minimal seed to dynamo equilibrium - with P. Mannix & Y. Ponty

D

Using DEDALUS code

e

[Burns et al., Phys Rev Res 2020]
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Subcritical baroclinic instability: from minimal seed to turbulent state - with Y. Ponty

5 Subcritical baroclinic
instability

[Lesur & Papaloizou, A&A 2010]

vorticity
map
l.
Minimal
SBI seed
(In prep...)
Emin
N\ v Quasi-Keplerian
O <— shear
Using SNOOPY code /'7 N (2D, stably stratified)
[Lesur & Longaretti A&A 2005] \




Subcritical baroclinic instability: from minimal seed to turbulent state - with Y. Ponty

5 Subcritical baroclinic
instability
[Lesur & Papaloizou, A&A 2010]
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Earth’s core: toward the strong branch of the Geodynamo - with C. Skene & S. Tobias

A first step: kickstart the subcritical solution from the numerical Geodynamo benchmark of [Christensen et al. 2001].

Christensen et al. 2001: « ...because non-magnetic convection is found
stable against small magnetic perturbations [at these parameters] and
because the dynamo solutions seem to have only a small basin of
attraction, the initial state is of some concern. »

the initial velocity is zero and the initial temperature is

7 roli n 210A
= —— — I
ro J17920%
x (1 — 3x% 4+ 3x% — x6) sin® 0 cos 4¢ 9)

where 6 is the colatitude, ¢ the longitude, and x =
2r — ri — ro. This describes a conductive state with a
perturbation of harmonic degree and order four super-
imposed. The amplitude is set to A = 0.1. In case 1,
the initial magnetic field is for ri <r <r,:

Boussinesgqg MHD, unstably stratitied

5 ri
. . , B, =2 (8ry —6r —2-1 | cos® (10)
No-slip BC for velocity u, temperature T fixed 8 ( e "3)
on &~ (unstably stratified) 5 4\
By = 5 (9r —8ro — 5 | siné (11)

matching with potential magnetic field for B on &= By = Ssin(r(r — r;)) sin 26. (12)




Geodynamo benchmark: dynamical landscape - with C. Skene & S. Tobias
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Geodynamo benchmark: dynamical landscape - with C. Skene & S. Tobias
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Geodynamo benchmark: dynamical landscape - with C. Skene & S. Tobias
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Geodynamo benchmark: dynamical landscape - with C. Skene & S. Tobias
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Geodynamo benchmark: dynamical landscape - with C. Skene & S. Tobias
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Geodynamo benchmark: dynamical landscape - with C. Skene & S. Tobias
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Relative equilibria (travelling waves), computed using
a Newton hookstep method. [Willis 2019a,b]
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Some conclusions

Optimal control can identify stable, subcritical, possibly elusive magnetic equilibria.
't also identifies “minimal” dynamo seeds triggering nonlinear dynamo instability.

No prior assumptions (symmetries, time-dependency, dynamo mechanism...) are required,
although for the purpose of finding a “minimal” dynamo seed, the choice of cost functional

matters (finite target time!).

The minimal seeds-edge scenario of transition to turbulence in shear flows seems relevant for

subcritical dynamo transition.

The identified states could be used as initialisation steps for continuation along branches!
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