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2 K. von Klitzing

Figure 1: Typical silicon MOSFET device used for measurements of the xx- and
xy-components of the resistivity tensor. For a fixed source-drain current between
the contacts S and D, the potential drops between the probes P − P and H − H
are directly proportional to the resistivities ρxx and ρxy. A positive gate voltage
increases the carrier density below the gate.

sistor as a function of the gate voltage. Since the electron concentration increases
linearly with increasing gate voltage, the electrical resistance becomes monotoni-
cally smaller. Also the Hall voltage (if a constant magnetic field of e.g. 19.8 Tesla
is applied) decreases with increasing gate voltage, since the Hall voltage is basi-
cally inversely proportional to the electron concentration. The black curve shows
the Hall resistance, which is the ratio of the Hall voltage divided by the current
through the sample. Nice plateaus in the Hall resistance (identical with the trans-
verse resistivity ρxy) are observed at gate voltages, where the electrical resistance
(which is proportional to the longitudinal resistivity ρxx) becomes zero. These ze-
ros are expected for a vanishing density of state of (mobile) electrons at the Fermi
energy. The finite gate voltage regions where the resistivities ρxx and ρxy remain
unchanged indicate, that the gate voltage induced electrons in these regions do not
contribute to the electronic transport- they are localized. The role of localized elec-
trons in Hall effect measurements was not clear. The majority of experimentalists
believed, that the Hall effect measures only delocalized electrons. This assump-
tion was partly supported by theory [3] and formed the basis of the analysis of
QHE data published already in 1977 [4]. These experimental data, available to

Topological Protection 
(Laughlin 1981, Halperin 1982 & Thouless et al. 1982) 

25 Years of Quantum Hall Effect (QHE) 15

Figure 15: Skipping cyclotron orbits (= diamagnetic current) at the boundaries of
a device are equivalent to the edge channels in a 2DEG with finite size.

potential landscape) becomes unoccupied with electrons as sketched in Fig. 14.
The boundary of the unoccupied area is an equipotential line (with an unknown
potential) but the externally measured Hall voltage UH , which is the sum of the
Hall voltages of the upper part of the sample (current I2) and the lower part
(current I1), adds up to the ideal value expected for the filling factor 1 (grey
regions). Eddy currents around the hole with i = 0 will vary the currents I1 and
I2 but the sum is always identical with the external current I.

The quantized Hall resistance breaks down, if electronic states at the Fermi
energy are extended across the whole device. This is the case for a half-filled
Landau level if the simple percolation picture is applied. Such a singularity at
half-filled Landau levels has been observed experimentally [30].

This simple picture of extended and localized electron states indicates, that
extended states always exist at the boundary of the devices. This edge phenomenon
is extremely important for a discussion of the quantum Hall effect in real devices
and will be discussed in more detail in the next chapter. In a classical picture,
skipping orbits as a result of reflected cyclotron orbits at the edge lead to diamag-
netic currents as sketched in Fig 15. Therefore, even if the QHE is characterized
by a vanishing conductivity σxx (no current in the direction of the electric field), a
finite current between source and drain of a Hall device can be established via this
diamagnetic current. If the device is connected to source and drain reservoirs with
different electrochemical potentials (see Fig. 15), the skipping electrons establish
different electrochemical potentials at the upper and lower edge respectively. En-
ergy dissipation appears only at the points (black dots in Fig. 15) where the edge
potentials differ from the source/drain potentials.

R. E. Prange (1990)
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merized ground state for arbitrary values of M
and X (except M =0). The underlying reason is
that the phonon fluctuations induce an effective
electron-electron interaction of such a type that
a CDW ground state is always produced. (That
interaction is ineffective in the case n = 1 for
small coupling because of the Pauli excl.usion
principle ).This is accompanied by pairing of the
spin-up and spin-down electrons. However, this
conclusion is by no means inescapable. Prelim-
inary numerical studies' show that other forms
of the electron-phonon coupling (which induce
longer-range attraction) give a ground state with
superconducting correlations. This has also
been suggested from calculations based on per-
turbation theory. ' The MC method used in this
paper offers the possibility of numerically study-
ing comp1. icated one-dimensional electron-phonon
models (the inclusion of electron-electron inter-
action is straightforward) and thus investigating
the rich variety of ground-state phases for such
systems, without restriction to a perturbative
regime.
One of us (J.H. ) is indebted to D. Scalapino for

raising his interest in this problem and for nu-
merous stimu1. ating discussions. We acknowledge
helpful conversations with S. Kivelson, W. P. Su,

R. Sugar, N. Andrei, S. Shenker, K. Maki,
M. Stone, and particularly J. R. Schrieffer. One
of us (E.F.) thanks the Institute for Theoretical
Physics for its kind hospitality during the summer
of 1981. This work was supported by the National
Science Foundation under Grants No. PHY77-
27084 and No. DMR81-17182.
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Quantized Hall Conductance in a Two-Dimensional Periodic Potential
D. J. Thouless, M. Kohmoto, "' M. P. Nightingale, and M. den Nijs
DePa&ment of Physics, University of Washington, Seattle, Washington 98l95

(Received 30 April 1982)
The Hall conductance of a two-dimensional electron gas has been studied in a uniform

magnetic field and a periodic substrate potential U. The Kubo formula is written in a
form that makes apparent the quantization when the Fermi energy lies in a gap. Explicit
expressions have been obtained for the Hall conductance for both large and small U/S~ .
PACS numbers: 72.15.Gd, 72.20. Mg, 73.90.+b

The experimental discovery by von Klitzing,
Dorda, and Pepper' of the quantization of the Hall
conductance of a two-dimensional electron gas in
a strong magnetic field has led to a number of
theoretical studies of the problem. ' ' lt has been
concluded that a noninteracting electron gas has
a Hall conductance which is a multiple of e'/h if
the Fermi energy lies in a gap between Landau
levels, or even if there are tails of localized
states from the adjacent Landau levels at the Fer-
mi energy. However, it can be concluded from

Laughlin's' argument that the Hall conductance is
quantized whenever the Fermi energy lies in an
energy gap, even if the gap lies within a Landau
level. For example, it is known that if the elec-
trons are subject to a weak sinusoidal perturba-
tion as well as to the uniform magnetic field, with
p=p/q magnetic-flux quanta per unit cell of the
perturbing potential, each Landau level is split
into P subbands of equal weight. ' One might ex-
pect each of these subbands to give a Hall con-
ductance equal to e'/ph, and that is what the clas-
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sical theory of the Hall current suggests, but ae-
eording to Laughlin each subband must carry an
integer multiple of the Hall current carried by
the entire Landau level. This result appears even
more paradoxical when it is realized that p, the
number of subbands, can become arbitrarily large
by an arbitrarily small change of the f1ux density.
This paper contains a calculation of the Hall con-
ductance for such a system, both in the limit of
a weak periodic potential and in the tight-binding-
limit of a strong periodic potential. We have de-
rived explicit expressions for the Hall currents
carried by the various subbands, and show how

the paradox is resolved.
We consider electrons in a potential U(x, y)

which is periodic inx, y with periods a, b, and in
a uniform magnetic induction & perpendicular to
the plane of the electrons. The band structure of
such a system depends critically on p =abeB/k,
which is the number of flux quanta per unit cell.
We take p to be a rational number p/q; the be-
havior for irrational values of p can be deduced
by taking an appropriate limit. We use the Landau
gauge in which the vector potential has compo-
nents (0, eBx). In this gauge the eigenfunctions of
the Schrodinger equation can be chosen to satisfy
the generalized Bloch condition

and are eigenfunctions of a Hamiltonian

1 . 8 2
H(k k ) = —ih—+8k, + —i@ +hk -eBx—+ U'Q y).

2ppg g~ ~
2yyz gy

The components of the velocity operator are then given by @ ' times the partial derivatives of H with
respect to 4„&2.
There are two quite different approaches to the problem of calculating the Hall conductance o H.

Laughlin' and Halperin' have studied the effects produced by changes in the vector potential on the
states at the edges of a finite system. By this technique the quantization of the conductance is made
explicit, but it is not obvious that the result is insensitive to boundary conditions. An alternative ap-
proach is to use the Kubo formula for a bulk two-dimensional conductor. In previous work using this
method' ' it has not been made obvious that an integer value for the conductance must be obtained.
Because of the relation between the velocity operator and the derivatives of H, the Kubo formula can

be written as
ie' ~ ~ (BH/ski) 8(BH/sk, )8 —(BH/Bk, )„q(BH/Bk, )~„+H 2

&~&EF &g B)F (~n —~S)
where A, is the area of the system and &,& ~ are
eigenvalues of the Hamiltonian. This can be re- only change
lated to the partial derivatives of the wave fune- when 0, is eh
tions u, and gives integrand re

by an x-independent phase factor 0
anged by 2~/aq or k, by 2~/b. The
duces to &8/Bk, . The integral is 2i

times the change in phase around the unit cell and
must be an integer multiple of 4~i.
The problem of evaluating this quantum number

remains. We have considered the potential

ie 2 2 Bg+ Ba Ba+ std

g,,»(x + qa, y)exp(- 2~ipy/b —ik,qa) =g,,„,(x,y + b)exp(- ik,b) =(&„,(x,y ), (I)
where k, (modulo 2&/aq) and k, (modulo 2ii/b) are good tluantum numbers. ' We ean now define functions
ii», =g» exp(-ik, x -ik, y) which satisfy the generalized periodic boundary conditions

a, , (x+qa, y)e """'=&0»(xiy + ) =&k,»&iy) i (2)

where the sum is over the occupied electron sub-
bands and the integrations are over the unit cells
in ~ and 4 space. The integral over the k-space
unit cell has been converted to an integral around
the unit ce11 by Stokes's theorem. For nonover-
lapping subbands g is a single-valued analytic
function everywhere in the unit cell, which ean

U(x,y) =U, cos( &2x/a)+U, e s(o2vy/b),

both in the limit of a weak periodic potential (I&l
«Ii~, ) and in the tight-binding limit of a strong
periodic potential. In the weak-potential limit
the wave function can be written as a superposi-
tion of the nearly degenerate Landau functions in
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Feynman’s vision: RG & Turbulence  

The next great era of awakening of human intellect may well produce a 
method of understanding the qualitative content of equations. Today 
we cannot. Today we cannot see that the water flow equations contain 
such things as the barber pole structure of turbulence that one sees 
between rotating cylinders. Today we cannot see whether Schrödinger’s 
equation contains frogs, musical composers, or morality—or whether it 
does not.  

5 
http://www.feynmanlectures.caltech.edu/II_41.html Scientific American 

Topology turns some complicated problems into simple ones



tum well, as shown in the right column,
the opposite ordering occurs due to in-
creased thickness d of the HgTe layer.
The critical thickness dc for band inver-
sion is predicted to be around 6.5 nm.

The QSH state in HgTe can be de-
scribed by a simple model for the E1
and H1 subbands2 (see the box on page
36). Explicit solution of that model
gives one pair of edge states for d > dc in
the inverted regime and no edge states
in the d < dc, as shown in  figure 3b. The
pair of edge states carry opposite spins
and disperse all the way from valence
band to conduction band. The crossing
of the dispersion curves is required 
by TR symmetry and cannot be re-
moved—it is one of the topological sig-
natures of a QSH insulator.

Less than one year after the theo-
retical prediction, a team at the Univer-
sity of Würzburg led by Laurens
Molenkamp observed the QSH effect in
HgTe quantum wells grown by molec-
ular-beam epitaxy.3 The edge states
provide a direct way to experimentally
distinguish the QSH insulator from the
trivial insulator. The two edge states of
the QSH insulator act as two conduct-
ing 1D channels, which each contribute
one quantum of conductance, e2/h. That
perfect transmission is possible be-
cause of the principle of antireflection
explained earlier. In contrast, a trivial
insulator phase is “really” insulating,
with vanishing conductance. Such a
sharp conductance difference between
thin and thick quantum wells was ob-
served experimentally, as shown in
 figure 3c.

From two to three dimensions
From figure 3b we see that the 2D topo-
logical insulator has a pair of 1D edge
states crossing at momentum k = 0.
Near the crossing point, the dispersion
of the states is linear. That’s exactly the
dispersion one gets in quantum field
theory from the Dirac equation for a
massless relativistic fermion in 1D, and
thus that equation can be used to de-
scribe the QSH edge state. Such a pic-
ture can be simply generalized to a 3D
topological insulator, for which the sur-
face state consists of a single 2D mass-
less Dirac fermion and the dispersion
forms a so-called Dirac cone, as illus-
trated in  figure 4. Similar to the 2D case, the crossing point—
the tip of the cone—is located at a TR-invariant point, such
as at k = 0, and the degeneracy is protected by TR symmetry.

Liang Fu and Kane predicted4 that the alloy Bi1−xSbx
would be a 3D topological insulator in a special range of x,
and with angle-resolved photoemission spectroscopy
(ARPES) Zahid Hasan and coworkers at Princeton University
observed the topological surface states in that system.5 How-
ever, the surface states and the underlying mechanism turn
out to be extremely complex. In collaboration with Zhong

Fang’s group at the Chinese Academy of Sciences, the two of
us predicted that Bi2Te3, Bi2Se3, and Sb2Te3, all with the lay-
ered structure in  figure 4a, are 3D topological insulators,
whereas a related material, Sb2Se3, is not.6

As in HgTe, the nontrivial topology of the Bi2Te3 family
is due to band inversion between two orbitals with opposite
parity, driven by the strong spin–orbit coupling of Bi and Te.
Due to such similarity, that family of 3D topological insula-
tors can be described by a 3D version of the HgTe model (see
the box). First-principle calculations show that the materials
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Figure 3. Mercury telluride quantum wells are two-dimensional topological 
insulators. (a) The behavior of a mercury telluride–cadmium telluride quantum
well depends on the thickness d of the HgTe layer. Here the blue curve shows the
potential-energy well experienced by electrons in the conduction band; the red
curve is the barrier for holes in the valence band. Electrons and holes are trapped
laterally by those potentials but are free in the other two dimensions. For quan-
tum wells thinner than a critical thickness dc ≃ 6.5 nm, the energy of the lowest-
energy conduction subband, labeled E1, is higher than that of the highest-
energy valence band, labeled H1. But for d > dc, those electron and hole bands
are inverted. (b) The energy spectra of the quantum wells. The thin quantum well
has an insulating energy gap, but inside the gap in the thick quantum well are
edge states, shown by red and blue lines. (c) Experimentally measured resistance
of thin and thick quantum wells, plotted against the voltage applied to a gate
electrode to change the chemical potential. The thin quantum well has a nearly
infinite resistance within the gap, whereas the thick quantum well has a quan-
tized resistance plateau at R = h/2e2, due to the perfectly conducting edge states.
Moreover, the resistance plateau is the same for samples with different widths,
from 0.5 µm (red) to 1.0 µm (blue), proof that only the edges are conducting.

Topological Insulators 
(2019 Breakthrough Prize in Fundamental Physics) 

In the quantum world, atoms and their electrons can
form many different states of matter, such as crystalline solids,
magnets, and superconductors. Those different states can 
be classified by the symmetries they spontaneously break—
translational, rotational, and gauge symmetries, respectively,
for the examples above. Before 1980 all states of matter in 
condensed-matter systems could be classified by the principle 
of broken symmetry. The quantum Hall (QH) state, discovered
in 1980,1 provided the first example of a quantum state that has
no spontaneously broken symmetry. Its behavior depends only
on its topology and not on its specific geometry; it was topo-
logically distinct from all previously known states of matter.

Recently, a new class of topological states has emerged,
called quantum spin Hall (QSH) states or topological insula-
tors (see PHYSICS TODAY, January 2008, page 19). Topologically
distinct from all other known states of matter, including QH
states, QSH states have been theoretically predicted and ex-
perimentally observed in mercury telluride quantum wells,2,3
in bismuth antimony alloys,4,5 and in Bi2Se3 and Bi2Te3 bulk

crystals.6–8 QSH systems are insulating in the bulk—they have
an energy gap separating the valence and conduction bands—
but on the boundary they have gapless edge or surface states
that are topologically protected and immune to impurities or
geometric perturbations.9–12 Inside such a topological insula-
tor, Maxwell’s laws of electromagnetism are dramatically al-
tered by an additional topological term with a precisely quan-
tized coefficient,12 which gives rise to remarkable physical
effects. Whereas the QSH state shares many similarities with
the QH state, it differs in important ways. In particular, QH
states require an external magnetic field, which breaks time-
reversal (TR) symmetry; QSH states, in contrast, are TR invari-
ant and do not require an applied field.

From quantum Hall to quantum spin Hall 
In a one-dimensional world, there are two basic motions: for-
ward and backward. Random scattering can cause them to
mix, which leads to resistance. Just as we have learned from
basic traffic control, it would be much better if we could spa-

tially separate the counterflow directions
into two separate lanes, so that random
collisions could be easily avoided. That
simple traffic control mechanism turns
out to be the essence of the QH effect.1

The QH effect occurs when a strong
magnetic field is applied to a 2D gas of
electrons in a semiconductor. At low tem-
perature and high magnetic field, elec-
trons travel only along the edge of the
semiconductor, and the two counterflows
of electrons are spatially separated into
different “lanes” located at the sample’s
top and bottom edges. Compared with a
1D system with electrons propagating in
both directions, the top edge of a QH bar
contains only half the degrees of freedom.
That unique spatial separation is illus-
trated in  figure 1a by the symbolic equa-
tion “2 = 1 [forward mover] + 1 [backward
mover]” and is the key reason why the
QH effect is topologically robust. When
an edge-state electron encounters an im-
purity, it simply takes a detour and still
keeps going in the same direction 
(figure 1), as there is no way for it to turn

© 2009 American Institute of Physics, S-0031-9228-1001-020-3 January 2010 Physics Today 33

The quantum spin
Hall effect and 
topological insulators
Xiao-Liang Qi and Shou-Cheng Zhang

In topological insulators, spin–orbit coupling and time-reversal symmetry combine to form a novel
state of matter predicted to have exotic physical properties.

Xiao-Liang Qi is a research associate at the Stanford Institute for Materials and Energy Science and Shou-Cheng Zhang is a professor of
physics at Stanford University in Stanford, California. 

feature

Spinless 1D chain Spinful 1D chain

2 = 1 + 1 4 = 2 + 2

Quantum Hall Quantum spin Hall

Figure 1. Spatial separation is at the heart of both the quantum Hall (QH) and
the quantum spin Hall (QSH) effects. (a) A spinless one-dimensional system has
both a forward and a backward mover. Those two basic degrees of freedom are
spatially separated in a QH bar, as illustrated by the symbolic equation
“2 = 1 + 1.”  The upper edge contains only a forward mover and the lower edge
has only a backward mover. The states are robust: They will go around an impu-
rity without scattering. (b) A spinful 1D system has four basic channels, which
are spatially separated in a QSH bar: The upper edge contains a forward mover
with up spin and a backward mover with down spin, and conversely for the
lower edge. That separation is illustrated by the symbolic equation “4 = 2 + 2.”

Qi and Zhang 
 (2010).

that can give only binary values of 0 or 1: a Z2 classification
that defines trivial and nontrivial insulators. For materials
with inversion symmetry, a powerful algorithm developed
by Fu and Kane4 can be easily integrated into electronic struc-
ture calculations to numerically evaluate the topological
band invariant. However, since all insulators in nature are
necessarily interacting, it is important to have a general def-
inition of topological insulators that is valid for interacting
systems and is experimentally measurable. Both problems
were solved with the topological field theory,12 which can be
generally defined for all insulators, with or without inter -
actions. In the noninteracting case, both definitions agree.
Surprisingly, the topological field theory can be explained 
in terms of elementary concepts in undergraduate-level 
electromagnetism.

Inside an insulator, the electric field E and the magnetic
field B are both well defined. In a Lagrangian-based field the-
ory, the insulator’s electromagnetic response can be described
by the effective action S0 = 1/8π ∫d3xdt(ϵE2 − 1/µ B2), with ϵ the
electric permittivity and µ the magnetic permeability, from
which Maxwell’s equations can be derived. The integrand de-
pends on geometry, though, so it is not topological. To see that
dependence, one can write the action in terms of Fµν, the 4D
electromagnetic field tensor: S0 = 1/16π ∫d3xdtFµνFµν. The im-
plied summation over the repeated indices µ and ν depends
on the metric tensor—that is, on geometry. (Indeed, it is that
dependence that leads to the gravitational lensing of light.)

There is, however, another possible term in the action of
the electromagnetic field:

where α = e2/ħc ≈ 1/137 is the fine-structure constant, θ is a pa-
rameter, and ϵµνρτ is the fully asymmetric 4D Levi-Civita ten-
sor. Unlike the Maxwell action, Sθ is a topological term—it
depends only on the topology of the underlying space, not
on the geometry. Written using the field tensor, the term is 
independent of the metric.

Since the E field is invariant under TR, whereas the B
field changes sign, Sθ naively breaks TR symmetry. For a pe-
riodic system, however, there are two values of θ, namely
θ = 0 or θ = π, that preserve the TR symmetry.12 One can easily
understand that conclusion by an analogy. If we have a 1D
ring with a magnetic flux inside, a general value of the flux
Φ would break the TR symmetry. However, for two special
values of the flux, Φ = 0 or Φ = hc/2e, an electron’s wavefunc-
tion changes its phase by 0 or πwhen the electron circles the
ring either clockwise or counterclockwise, and TR symmetry
is maintained.

If we integrate out all the microscopic fermionic degrees
of freedom to obtain the effective action Sθ, all nonmagnetic
insulators in the universe would fall into two distinct topo-
logical classes, described by effective topological field theories
with θ = 0 or with θ = π. Unlike ϵ and µ, the physically meas-
urable θparameter is universally quantized, with the two pos-
sible values defining the topologically trivial and nontrivial
insulators, respectively—the Z2 classification again.

Such classification is valid for a periodic system. For a
real solid with a finite boundary, a topological insulator is in-
sulating only in the bulk; it has an odd number of gapless
Dirac cones on the surface that describe conducting surface
states. If we uniformly cover the surface with a thin ferro-
magnetic film, an insulating gap also opens up on the bound-
ary; the TR symmetry is preserved in the bulk but broken 
on the surface. The last identity of the equation above for 
Sθ shows that the bulk topological term is in fact a total 

Sθ =

=

d xdt3
E · B ≡

d xdt3 ∂μ(% A Aμυρτ
υ ρ τ∂ ),

d xdt % F F3
μυρτ

μυ ρτθα

θ α

θα
4π2

2π 4π

32π2∫
∫

∫
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Figure 4. In three-dimensional topologi-
cal insulators, the linearly dispersing edge
states of figure 3b become surface states
described by a so-called Dirac cone.
(a) The crystal structure of the 3D topolog-
ical insulator Bi2Te3 consists of stacked
quasi-2D layers of Te-Bi-Te-Bi-Te. The ar-
rows indicate the lattice basis vectors. The
surface state is predicted to consist of a
single Dirac cone.6 (b) Angle-resolved 
photoemission spectroscopy maps the 
energy states in momentum space. Spin-
dependent ARPES of the related com-
pound Bi2Se3 reveals that the spins (red) of
the surface states lie in the surface plane
and are perpendicular to the momentum.7
(c) This ARPES plot of energy versus
wavenumber in Bi2Te3 shows the linearly
dispersing surface-state band (SSB) above
the bulk valence band (BVB). The dashed
white line indicates the Fermi level. The
blue lines meet at the tip of the Dirac
cone.8



Waves of Topological Origin in Classical Systems 

this disturbance—in the same direction as before—and emerge
undisturbed on the other side. Remarkably, the excitation tra-
verses the defect region without scattering backward or into the
bulk. As before, the resilience of the edge modes suggests these
edge states are topological in character.
To analyze the origin of these effects, we return to an ideal

coupled gyroscope model. For simplicity, we represent the dis-
placement of the tip of the gyroscope from equilibrium as
ψ → δx + iδy. In this form, the linearized version of Eq. 1 is
iðdψ=dtÞ= ðℓ2=IωÞF, where F→Fx + iFy is the complex repre-
sentation of the interaction force and the complex phase, i, arises
from the cross-product. Accordingly, the linearized equation of
motion for each site in the gyroscopic metamaterial is

i
dψp

dt
=Ωgψp +

1
2

X

q∈n.n.ðpÞ

h!
Ω+

ppψp +Ω+
pqψq

"

+ e2iθpq
!
Ω−

ppψp*+Ω−
pqψq*

"i
,

[2]

where p is the site label, q the neighboring sites, θpq is the spring
bond angle, and Ω±

pj =− ℓ2
Iω ð∂Fpk=∂xjk ± ∂Fp⊥=∂xj⊥Þ are determined

from gradients of the force on p, Fp, parallel and perpendicular

to the line connecting the equilibrium positions of the gyroscopes.
In the case of the interactions being provided by springs, Ω±

pq =
kℓ2=Iω=Ωk, where k is the spring constant.
Symmetries often play a fundamental role in characterizing a

system’s topological behavior; in the case of the gyroscopic ma-
terials, broken time-reversal symmetry is a natural starting point.
We note that the linearized equation of motion bears remarkable
similarity to the Schrödinger equation for the wavefunction of an
electron in a tight-binding model. Thus, by analogy, we may
analyze the breaking of temporal symmetry using the “time-
reversal” operation in quantum mechanics: t→ − t, ψ →ψp. For
gyroscopes, conjugating ψ mirrors their displacement in the y
axis; applying the complete time-reversal operation to a single
gyroscope leaves the equation of motion unchanged. Similarly,
for a network of gyroscopes Eq. 2 is invariant under this oper-
ation only if the coefficient e2iθpq is real (up to a global rotation),
and breaks the symmetry otherwise. Thus, crucially, we see that
the breaking of time-reversal symmetry depends on distribution
of bond angles in the lattice, and not simply the response of
individual gyroscopes.
The geometric origin of the time-reversal symmetry breaking

can also be seen in the case of gyroscopes connected by springs,

F

A

B C

D

E

Fig. 2. Demonstration of robustness of edge modes in experiment. (A) A picture of the experimental system as viewed from below. (B) The edge of the
experimental lattice from the side, showing the construction of the individual gyroscopes as well as the fixed magnets around the edge that provide the
lateral confinement. (C) The calculated histogram of normal mode frequencies for an array of 54 gyroscopes arranged in a honeycomb lattice (no disorder) is
shown. The frequencies range from 0.7 to 2.5 Hz. (D–F) A comparison of calculated normal modes in an ideal magnetic-gyroscope network (Left) as measured
in an experimental system (Right). For each system a mode is shown in (D) the optical band, (E) the band gap, and (F) the acoustic band. Disorder has a strong
effect on bulk mode profiles. However, the gap mode profiles correspond much more closely to the ideal modes in shape, orientation, and phase of the
gyroscope orbits.
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The concept of topological order, originally discovered in
condensed matter physics1–10, has recently inspired
scientists working in many branches of physics and

engineering to look for topologically nontrivial states in several
fields of interest. Topological states have been discovered in two-
dimensional and three-dimensional materials, at the basis of the
quantum Hall effect (QHE), quantum spin Hall effect and
topological insulators. These concepts have also inspired photonic
analogues, such as photonic crystals11–16, arrays of silicon-ring
resonators17,18, bianisotropic metamaterials19 and chiral
waveguides20,21, opening exciting new directions in optics. The
inherent robustness against local defects15 and disorder22,
provided by the topological nature of these phenomena, has
allowed overcoming common rules of wave scattering and
interference in topological insulators and their analogues. As an
example, the edge states supported by these structures can
seamlessly flow around sharp bends and defects, avoiding
backscattering15,17–20 and inspiring interesting functionalities
for topologically protected optical components.

In condensed matter, topological states of matter are inherently
related to time-reversal symmetry. In the particular case of
QHE1,10, as well as for its photonic analogue realized in
magnetically biased photonic crystals8–11,16, time-reversal
symmetry is suitably broken to realize one-way nonreciprocal
edge modal dispersion19. In this case, propagation is allowed only
in one particular propagation direction, making backscattering
impossible. In fermionic systems with time-reversal symmetry, a
form of topological protection can still arise. This is due to
Kramer’s theorem, which ensures the existence of time-reversal
partner edge states with their electron spin being locked to the
propagation direction, and therefore no backscattering can occur
in absence of spin-flip processes23,24. In bosonic and classical
systems, the latter class of protection is not available, but some
restricted protection can be still achieved based on spatial or
internal symmetries (for example, duality in electromagnetics),
provided that a conserved pseudo-spin, odd under time-reversal
symmetry, may be judiciously engineered19. Genuine topological
protection for bosons and classical waves, however, is only
possible in nonreciprocal systems with broken time-reversal
symmetry. Since acoustic waves do not significantly interact with
an external magnetic bias, topological order for sound has not
been explored to date. In this paper, on the contrary, we show
that these recent advances in quantum physics may be extended
to acoustic systems using angular-momentum bias, dramatically
expanding our ability to tailor acoustic waves.

While throughout the past centuries we have mastered the
manipulation of sound propagation and scattering, perfecting
musical instruments, music halls and whispering galleries,
it is still challenging to break the inherent symmetry with
which sound travels in space. Nonreciprocal acoustic response
in magneto-elastic materials has been explored in ref. 25,
but no experimental confirmation of large magnetic-based
nonreciprocity or isolation has been demonstrated to date, due
to the inherently weak coupling between magnetic and acoustic
effects. An alternative approach to break time-reversal symmetry
and achieve nonreciprocity has been recently suggested26. It has
been shown that the effects of a magnetostatic bias may be
replaced by the application of angular momentum, or rotational
motion, in suitably designed acoustic resonators, leading to
nonreciprocal response and giant isolation, and providing the
foundations for a new class of nonreciprocal acoustic devices—
acoustic circulators. On the basis of this discovery, here we
introduce a new approach to topological order in periodic
acoustic systems biased with angular momentum, where time-
reversal symmetry is broken by rotational motion. We apply these
concepts to demonstrate that topologically nontrivial states with
strong robustness can be obtained in acoustic lattices with broken
time-reversal symmetry.

More specifically, here we study an acoustic system mimicking
a magnetically biased graphene lattice, as schematically shown in
Fig. 1a. A graphene layer constitutes a well-established platform
to realize topological order in condensed matter systems27. Its
hexagonal lattice supports a Dirac point whose inherent time-
reversal symmetry may be broken, for example, by an applied
magnetic bias, to reveal Landau levels separated by bandgaps that
support topologically protected edge states28,29. In our acoustic
analogue geometry, the graphene-like lattice is formed by a
planar periodic array of subwavelength acoustic resonators
interconnected by hollow tubes to form a hexagonal lattice30.
The resonators are formed by two hard-walled coaxial cylinders,
with the inner space filled by air. As the air starts flowing, with
moderate velocity as discussed in the following, the imparted
angular momentum can break time-reversal symmetry, and
realize the analogue of a magnetically biased graphene layer for
sound.

Results
Infinite diatomic lattice. When disconnected from the lattice,
each acoustic resonator in Fig. 1a supports two, clockwise and
counterclockwise, lowest order modes, with no modulation in the
vertical z-direction, and with eigenfrequencies oþ /" corre-
sponding to l¼±1 angular momentum26. If the medium inside
the resonators is stationary, these modes are degenerate, that is,
oþ ¼o" ; however, as soon as an angular momentum bias in the
form of air rotation is applied to the resonators, the degeneracy is
lifted by the amount Do¼oþ "o" ¼ vair/D, where vair is the
fluid velocity and D is a parameter associated with the resonator
geometry26.

When the resonators are connected in the hexagonal lattice
of Fig. 1a, the clockwise and counterclockwise modes couple,
forming a complex acoustic band structure. We apply a first-
principle approach based on the direct solution of the equations
of sound propagation in moving media to find modes and band
structure for this system, as detailed in Methods. In parallel, we
also developed an analytical model based on coupled-mode
theory and the scattering matrix formalism31, outlined in the
Methods section, which agrees well with the full-wave modelling
performed with COMSOL Multiphysics. While all calculations
presented in this section are obtained under the assumption of a
constant air velocity inside the resonators, we have also
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Figure 1 | Diatomic lattice forming an acoustic analogue of graphene.
(a) Lattice with two rotated Y-junctions (A and B, respectively) per unit cell
(shaded region). (b) One unit cell of the lattice modelled in COMSOL
Multiphysics, with acoustic pressure distribution shown in colour for one of
the Dirac modes of interest. The grey arrows indicate the direction of
airflow in the resonators. Structure dimensions are: inner and outer radius
of the cavity are Rin¼ 5.08 cm and Rout¼9.21 cm, respectively, height of the
cavity H¼4.45 cm.
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field points in the azimuthal direction, with component
vθ ¼ −½Ωr21=ðr22 − r21Þ%rþ ½Ωr21r22=ðr22 − r21Þ%ð1=rÞ, where
r is measured from the origin at the axis of the cylinder.
This angular velocity is equal to Ω at radius r ¼ r1, and
zero at radius r ¼ r2.
The propagation of sound waves in the presence of such

a steady-state nonhomogenous velocity background is
described in Refs. [21,22]. Assuming that the viscosity

and heat flow are negligible, the waves obey a “sound
master equation”

1

ρ
∇ · ρ∇ϕ − ð∂t þ ~v0 · ∇Þ 1c2 ð∂t þ ~v0 ·∇Þϕ ¼ 0; ð1Þ

where ρ is the fluid density, c is the speed of sound, and
~v0 is the background fluid velocity (i.e., the Couette flow
distribution in the region of r1 < r < r2 and stationary
fluid in the region of r > r2, where r is measured
from the center of each unit cell). The relation between
the velocity potential ϕ and the sound pressure p is
p ¼ ρð∂t þ ~v0 · ∇Þϕ.Wemodel the surface of each cylinder
as an impenetrable hard boundary by setting ~n ·∇ϕ ¼ 0,
where ~n is the surface normal vector. We restrict our
attention to time-harmonic solutions with frequency ω
and neglect second order terms as j~v0=cj2 ≪ 1. With a
change of variables Ψ ¼ ffiffiffi

ρ
p

ϕ the master equation can be
rewritten as

½ð∇− i~AeffÞ
2 þ Vðx; yÞ%Ψ ¼ 0; ð2Þ

where the effective vector and scalar potentials are

~Aeff ¼ −ω~v0ðx; yÞ
c2

; ð3Þ

Vðx; yÞ ¼ − 1

4
j∇ ln ρj2 − 1

2
∇2 ln ρþ ω2

c2
: ð4Þ

Evidently, Eq. (2) maps onto the Schrödinger equation for a
spinless charged quantum particle in nonuniform vector and
scalar potentials. For nonzero Ω, the inner boundary of the
Couette flow contributes positive effective magnetic flux,
and the rest of the Couette flow contributes negative
effective magnetic flux; the net magnetic flux, integrated
over the entire unit cell, is zero. The acoustic system thus
behaves like a “zero field quantum Hall” system [23] and is
periodic in the unit cell.
It is worth mentioning that a similar approach to

construct an effective magnetic vector potential for classical
wave propagation has been discussed by Berry and
colleagues [24,25]. These authors showed that an irrota-
tional (“bathtub”) fluid vortex exhibits a classical wave
front dislocation effect, analogous to the Aharanov-Bohm
effect. Here, we advance this insight by applying the flow
model to a PC context, so that the effective magnetic vector
potential gives rise to a topologically nontrivial acoustic
band structure.
From Eq. (1), we can calculate the acoustic band

structures using the finite element method. For simplicity,
we assume the fluids involved are air. The results, with
Ω ¼ 0 and Ω ≠ 0, are shown in Fig. 1(b) (the lattice
constant a is set as 0.2 m). For Ω ¼ 0 [red curves in
Fig. 1(b)], the acoustic band structure exhibits a pair of
Dirac points at the corner of the hexagonal Brillouin zone,

FIG. 1 (color online). A two-dimensional acoustic topological
insulator and its band structure. (a) Triangular acoustic lattice
with lattice constant a. a ¼ 0.2 m in the following calculation.
Inset: unit cell containing a central metal rod of radius r1 ¼ 0.2a,
surrounded by an anticlockwise circulating fluid flow (flow
direction indicated by red arrows) in a cylinder region of radius
r2 ¼ 0.4a. (b) Band structures of the acoustic lattice without the
circulating fluid flow (red curves, Ω ¼ 2π × 0 rad=s) and with
fluid flow (blue curves, Ω ¼ 2π × 400 rad=s). In the gapped
band structure, the bands have Chern number '1 (blue labels).
Left inset: enlarged view of Dirac cone. Right lower inset: the
first Brillouin zone. (c) Frequency splitting as a function of the
angular velocity of the cylinder in each unit cell. The degeneracy
at the Dirac point with frequency ω0 ¼ 0.577 × 2πca=a (992 Hz)
is removed for Ω ≠ 0.
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We calculate the edge band structure by using a unit cell that is
periodic in the x direction but finite in the y direction, ending with two
‘zig-zag’ edges (infinite in the x direction). The zig-zag edge is one of
three typical edge terminations of the honeycomb lattice; the other two
are the ‘armchair edge’ and the ‘bearded edge’. Note that the presence
of chiral edge states can be derived using the bulk–edge correspond-
ence principle by calculating the Chern number4,5,17,29. In our sample
(see Fig. 1a), the top and bottom edges are zig-zag edges and the right
and left edges are armchair edges. The band structure of the zig-zag
edge is presented in Fig. 2a for the case where the waveguides are not
helical (R 5 0). There are two sets of states, one per edge. Their disper-
sion curves are flat and completely coincide (that is, they are degenerate
with one another), residing between kx 5 2p/3a and kx 5 4p/3a, occu-
pying one-third of kx space, where a 5 15

ffiffiffi
3
p

mm is the lattice constant.
The Floquet band structure when the lattice is helical with R 5 8mm is
shown in Fig. 2b. Here, the edge states are no longer degenerate, but
now have opposite slopes. Specifically, the transverse group velocity

(i.e., the group velocity in the (x–y) plane) on the top edge is now
directed to the right, and on the bottom edge to the left, corresponding
to clockwise circulations. However, there are no edge states whatsoever
circulating in the anti-clockwise direction. Hence, the edge states pre-
sented in Fig. 2b are the topologically protected edge states of a Floquet
topological insulator. The lack of a counter-propagating edge state on a
given edge directly implies that any edge-defect (or disorder) cannot
backscatter, as there is no backwards-propagating state available into
which to scatter, contrary to the case of R 5 0, where there are multiple
states into which scattering is possible. This is the essence of why topo-
logical protection occurs. The transverse group velocity (for brevity, we
henceforth drop ‘transverse’) of these edge states has a non-trivial
dependence on the helix radius, R. For small R, the group velocity of
the edge states increases, but eventually it reaches a maximum and
decreases again. Before the group velocity crosses zero, the Chern
number is calculated to be 21 (indicating the presence of a clockwise
edge state, as seen in Fig. 2b). However, after the group velocity crosses

kx
ky

Bandgap

b

c d

a
15 15 μm

x

y
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ky

Figure 1 | Geometry and band structure of honeycomb photonic Floquet
topological insulator lattice. a, Microscope image of the input facet of the
photonic lattice, showing honeycomb geometry with ‘zig-zag’ edge
terminations on the top and bottom, and ‘armchair’ terminations on the left
and right sides. Scale bar at top right, 15mm. The yellow ellipse indicates the
position and shape of the input beam to this lattice. b, Sketch of the helical
waveguides. Their rotation axis is in the z direction, with radius R and period

Z. c, Band structure (b versus (kx, ky)) for the case of non-helical waveguides
comprising a honeycomb lattice (R 5 0). Note the band crossings at the Dirac
point. d, Bulk band structure for the photonic topological insulator: helical
waveguides with R 5 8mm arranged in a honeycomb lattice. Note the bandgap
opening up at the Dirac points (labelled with the red, double-ended arrow),
which corresponds to the bandgap in a Floquet topological insulator.
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Figure 2 | Dispersion curves of the edge states, highlighting the unique
dispersion properties of the topologically protected edge states for helical
waveguides in the honeycomb lattice. a, Band structure of the edge states on the
top and bottom of the array when the waveguides are straight (R 5 0). The
dispersion of both top and bottom edge states (red and green curves) is flat,
therefore they have zero group velocity. The bands of the bulk honeycomb lattice

are drawn in black. b, Dispersion curves of the edge states in the Floquet topological
insulator for helical waveguides with R 5 8mm: the band gap is open and the edge
states acquire non-zero group velocity. These edge states reside strictly within the
bulk band gap of the bulk lattice (drawn in black). c, Group velocity (slope of green
and red curves) versus helix radius, R, of the helical waveguides comprising the
honeycomb lattice. The maximum occurs at R 5 10.3mm.
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The (Continuous) Fluid Earth System?



CPT = I Theorem and Coriolis Force 
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Objections Raised

• Too Simple (single component) 
• No Lattice (no compact Brillouin zone) 
• Bulk - interface correspondence?



Venaille and Delplace, “Wave topology brought to the coast,” PRR 3, 043002 (2021)



Wave Tank Experiments by Satoshi Sakai (Kyoto University) 
http://gfd-dennou.org/library/gfd_exp/exp_e/exp/kw/1/res.htm

http://gfd-dennou.org/library/gfd_exp/exp_e/exp/kw/1/res.htm
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Using these in (7) we find that v vanishes throughout if wo

make

l =
2ள

(14);
cr

and with this value for / in (12), we find, by (7),

« = H^
୿-'y cos (mx-at) . . (15):

(16),

and using (14) and (13) we find

from which we infer that the velocity of propagation of waves is

the same for the same period as in a fixed canal. Thus the

influence of rotation is confined to the effect of the factor e-2i»m/or.y.

Many interesting results follow from the interpretation of this

factor with different particular suppositions as to the relation

between the period of the oscillation

^૲^,

period of the rota-

૲ l and the time required to travel at the velocity ૲ across
a) / m

the canaL The more approximately nodal character of the tides

on the north coast of the English Channel than on the south or

French coast, and of the tides on the west or Irish side of the

Irish Channel than on the east or English side, is probably to bo

accounted for on the principle represented by this factor, taken

into account along with frictional resistance, in virtue of which the

tides of the English Channel may be roughly represented by more

powerful waves travelling from west to east, combined with less

powerful waves travelling from east to west, and those of the

southern part of the Irish Channel by more powerful waves tra-

. veiling from south to north combined with less powerful waves

travelling from north to south. The problem of standing oscillations

in an endless rotating canal is solved by the following equations૲

h = H {୿-'" cos (mx
-
at)
-
t?v (cos mx + at)}

o = 0

« =

H^-{c-'»
cos (mx-at) + & cos (mx-at)} } -(17)
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Topological Protection of Geophysical Waves

Pierre Delplace, J. B. Marston, Antoine Venaille

January 31, 2017

Symmetries and topology are central to an understanding of physics. Under very general assumptions,
quantum field theories remain unchanged under the combined discrete operations of charge conjugation
(C), parity reflection (P), and time reversal (T), CPT [22]. Topology explains the precise quantiza-
tion of the Hall e↵ect [12, 6, 23] and the protection of surface states in topological insulators against
scattering from non-magnetic impurities or bumps [7]. Following the discovery of quantum spin
Hall e↵ect [8, 9, 2, 11], states of matter with di↵erent topological properties have been classified
according to the discrete symmetries of the system [21, 10]. Recently topologically protected edge
excitations have been found in artificial lattice structures that support classical waves of various
types [14, 18, 4, 16, 24, 27, 28, 29, 19]. However discrete symmetries and topology have so far played
little role in the fluid dynamics of oceans and atmospheres. Here we show that, as a consequence
of the rotation of the Earth that breaks time reversal symmetry, equatorially trapped Kelvin and
Yanai waves [15, 13] emerge as topologically protected edge modes in the rotating shallow water
model. The non-trivial topology of Kelvin and Yanai waves is manifest through their wave function;
previously dispersion relations alone have received most attention. In agreement with the bulk-
edge correspondence, their origin results from the non-trivial global structure of the bulk Poincaré
modes encoded through the first Chern number of value ±2, while geostrophic modes remain topo-
logically trivial. Wave functions enable us to calculate the first Chern number of a rotating shallow
water model and to show that its value of 2 accords with the theory of bulk-edge correspondence.
Thus the oceans and atmospheres of Earth and other rotating planets naturally share fundamental
properties withrealize the physics of topological insulators, even in the absence of an underlying
lattice. As equatorially trapped Kelvin waves in the Pacific ocean are an important component of
El Niño Southern Oscillation and Madden-Julian Oscillation, our results demonstrate the topology
plays an unexpected role in Earth’s climate system. We anticipate that other geophysical waves
will be topologically protected against perturbations from topography or nonlinear interactions.

A minimal model for equatorial waves is given by the rotating shallow water equations [5, 25],
which describes the dynamics of a thin layer of fluid on a two-dimensional manifold, characterized
by free interface at height h(x, t) and a two-dimensional velocity field u(x, t) in the tangent plane

@th+r · (hu) = 0 , (1)

@tu+ u ·ru = �grh� f n̂⇥ u. (2)

The Coriolis parameter f = 2⌦ · n̂ is twice the projection of the planet rotation vector on the local
vertical axis n̂.
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Topological Origin Protection of Geophysical Waves

Pierre Delplace, J. B. Marston, Antoine Venaille

February 5, 2017

Symmetries and topology are central to an understanding of physics. Under very general assumptions,
quantum field theories remain unchanged under the combined discrete operations of charge conjugation
(C), parity reflection (P), and time reversal (T), CPT [?]. Topology explains the precise quantiza-
tion of the Hall e↵ect [?, ?, ?] and the protection of surface states in topological insulators against
scattering from non-magnetic impurities or bumps [?]. Following the discovery of quantum spin
Hall e↵ect [?, ?, ?, ?], states of matter with di↵erent topological properties have been classified
according to the discrete symmetries of the system [?, ?]. Recently topologically protected edge
excitations have been found in artificial lattice structures that support classical waves of various
types [?, ?, ?, ?, ?, ?, ?, ?, ?]. However discrete symmetries and topology have so far played little
role in the fluid dynamics of oceans and atmospheres. Here we show that, as a consequence of the
rotation of the Earth that breaks time reversal symmetry, equatorially trapped Kelvin and Yanai
waves [?, ?] emerge as topologically protected edge modes in the rotating shallow water model. The
non-trivial topology of Kelvin and Yanai waves is manifest through their wave function; previously
dispersion relations alone have received most attention. In agreement with the bulk-edge corre-
spondence, their origin results from the non-trivial global structure of the bulk Poincaré modes
encoded through the first Chern number of value ±2, while geostrophic modes remain topologically
trivial. Wave functions enable us to calculate the first Chern number of a rotating shallow water
model and to show that its value of 2 accords with the theory of bulk-edge correspondence. Thus
the oceans and atmospheres of Earth and other rotating planets naturally share fundamental prop-
erties withrealize the physics of topological insulators, even in the absence of an underlying lattice.
As equatorially trapped Kelvin waves in the Pacific ocean are an important component of El Niño
Southern Oscillation and Madden-Julian Oscillation, our results demonstrate the topology plays an
unexpected role in Earth’s climate system. We anticipate that other geophysical waves will be that
other geophysical waves will be topologically protected against perturbations from topography or
nonlinear interactions. [This last sentence may be misleading: are we sure that topology
really protects the fluid waves against perturbations ?]

A minimal model for equatorial waves is given by the rotating shallow water equations [?, ?], which
describes the dynamics of a thin layer of fluid on a two-dimensional manifold, characterized by free
interface at height h(x, t) and a two-dimensional velocity field u(x, t) in the tangent plane

@th+r · (hu) = 0, (1)

@tu+ (u ·r)u = �grh� f n̂⇥ u. (2)
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Abstract
The rotation of the earth breaks time-reversal and parity 
symmetries in an opposite sense north and south of the 
equator, leading to a topological origin for certain 
atmospheric and oceanic equatorial waves. Away from the 
equator the shallow water and stably-stratified primitive 
equations show that Poincaré-gravity waves have nontrivial 
topology as evidenced by a phase singularity in frequency-
wavevector space. This non-trivial topology then predicts, 
via the principle of bulk-boundary correspondence, the 
existence of two equatorial waves, the Kelvin and Yanai 
waves. To verify the existence of these topological 
properties, we examine ERA5 reanalysis data to study cross-
correlations between the wind velocity and geopotential 
height in the mid-latitude stratosphere at the 50 hPa level, 
and find the expected vortex and anti-vortex in the phase of 
the correlations at the frequencies of the Poincaré-gravity 
waves. These results demonstrate a new way to deepen 
understanding of waves in the stratosphere, and this 
approach provides a new tool for investigating waves in 
other components of the climate system.

Topology
Topology makes complicated problems simple.  
The Hedgehog or Hairy Ball theorem is a simple 
example:

Poincaré and Planetary Waves in the Stratosphere

Waves in the Troposphere (500hPa)

Power spectra 
from Ref.  [1]

(1) Poincaré-gravity waves have non-trivial topology in wavevector space. 
Planetary waves have only trivial topology.

(2) By the principle of bulk-boundary correspondence this nontrivial 
topology predicts the existence of equatorial Kelvin and Yanai waves that 
are seen in power spectra of the stratosphere [1].  

(3) Topology in wavevector space is a robust new tool for geophysical fluid 
dynamics.


See the related poster:  “Topology of rotating stratified flows with and 
without background shear” presented by Ziyan Zhu.

• Rotation of the earth breaks time-reversal symmetry, leading to the 
eastward propagating equatorial Kelvin and Yanai waves.


• Bulk-boundary correspondence predicts the existence of these 
waves from the non-trivial topology of Poincaré-gravity waves [2].


• Topological vortices in real space are familiar.  The vortices we 
study here, by contrast, live in wavevector space.  

Figures from: @minutephysics

https://www.youtube.com/
watch?v=B4UGZEjG02s

We use ERA5 reanalysis data for wind and 
geopotential height at 50hPa (in the stratosphere), 
sampled 4 times daily. We reduce the resolution to 

 latitude x  longitude. The domain we choose is 
25 N - 65 N and all longitudes. 
1∘ 2.5∘

∘ ∘

The reanalysis data is processed by following these 
steps:

• Apply a high-frequency filter to remove yearly 

and semi-yearly cycles.

• Cut the time series into overlapping 128 day 

segments and remove linear trend from each. 

• Taper the latitude and time dimensions with a 

Tukey window to avoid spectral contamination. 

• Apply a 3-D Fourier tranform to frequency-

wavevector space. 

•  Multiply v by the complex conjugate of h to obtain 

the cross-correlation. 

• Select a specific frequency (resulting in a 2-D 

complex field in -  space) and then apply a 2D 
moving Gaussian window in wavevector space.


• Visualize the phase of the cross-correlation with a 
quiver plot.  The magnitude is indicated by a color 
scale.

kx ky

Consider the linearized rotating shallow water equations in the 
f-plane approximation:

• We introduce a gauge-invariant topological invariant defined in 
wavevector space:    See [3].


• For Poincaré-gravity waves (with  and ) it 
is straightforward to show that the normal modes have



This has phase vortex or antivortex at the origin in wavevector 
space with a winding number of 1 or -1 (see green contour below). 


• For planetary waves, however,  , and the 
winding number vanishes as the contour cannot cross the zero 
region.

Ξ(kx, ky) = v(kx, ky) ⋅ h*(kx, ky)
kx = q cos ϕ ky = q sin ϕ

Ξ±(kx, ky) = ± Hf0(ky ∓ ikx) = ± Hf0qe±i(ϕ−π/2)

Ξ0(kx, ky) = igf0kx

Poincaré waves exhibit a vortex or antivortex centered 
at the origin in wavevector space (green circle).

Planetary waves have a domain wall that separates 
regions with zero winding number.

Conclusions
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��� Chapter �. Linear Dynamics at Low Latitudes

Fig. �.� Dispersion relation for
equatorial waves, as given by
(�.��), for � = 0, 1, 2, 3. �e
upper group of curves are grav-
ity waves, given approximately
by (�.��). �e lower group with� < 0 are westward propagating
planetary waves, given approxi-
mately by (�.��). Also shown are
the Yanai wavewith� = 0, satisfy-
ing (�.��), and the eastward prop-
agating Kelvin wave (the ‘� = −1’
wave) satisfying � = �� for � ≥ 0.
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From (�.��) the maximum planetary wave frequency occurs when �2 = (2� + 1)�/� and gives�2pmax = ��/[4(2� + 1)]. �e ratio of these two frequencies is�gmin�pmax
= 2(2� + 1), (�.��)

giving a value of six for� = 1 and two for� = 0 (a case we considermore below). Note that this
ratio is independent of the values of the physical parameters � and �. Although the gap is distinct, it
is not as large as the corresponding gap atmidlatitudes, which may be an order ofmagnitude or
more.

Special values of �
In addition to the limiting cases at low and high frequency, there are two other cases in which we
can readily solve the dispersion relation, namely when� = 0 and the Kelvin wave case, as follows.

�. �e case with � = 0. �e resulting waves are known as Yanai waves, and these are antisym-
metric across the equator.� From (�.��a) the dispersion relation simpli�es to�� = −�� or �� = − 1�� + ��. (�.��a,b)

or dimensionally � = −�� , � = −�� + �� . (�.��a,b)

�e case � = −�/� is non-physical, for it represents a gravity wavemoving westward. Such
wave growswithout bound as |�| increases away from the equator, aswe demonstrate explicitly
in the discussion on Kelvinwaves below. �e physically realizable case, (�.��b) has the explicit
dispersion relation � = ��2 ± 12��2�2 + 4��. (�.��)

Again it is useful to consider limiting cases, as follows.

[Geoff Vallis, Atmospheric and Oceanic Fluid Dynamics  (notes for a 2nd ed.)]
Matsuno 1966 and Longuet-Higgins 1968.

f > 0

f < 0

Shallow Water Waves Near Equator 

The question of why the equator supports a uni-directional wave, the Kelvin 
wave, is interesting scientifically and important mathematically. I have asked 
the question myself and been unsatisfied with my own answer, as well as the 
answer of atmosphere / ocean scientists. 
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Convectively Coupled Equatorial Waves: Kiladis & Wheeler (1999)
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that can give only binary values of 0 or 1: a Z2 classification
that defines trivial and nontrivial insulators. For materials
with inversion symmetry, a powerful algorithm developed
by Fu and Kane4 can be easily integrated into electronic struc-
ture calculations to numerically evaluate the topological
band invariant. However, since all insulators in nature are
necessarily interacting, it is important to have a general def-
inition of topological insulators that is valid for interacting
systems and is experimentally measurable. Both problems
were solved with the topological field theory,12 which can be
generally defined for all insulators, with or without inter -
actions. In the noninteracting case, both definitions agree.
Surprisingly, the topological field theory can be explained 
in terms of elementary concepts in undergraduate-level 
electromagnetism.

Inside an insulator, the electric field E and the magnetic
field B are both well defined. In a Lagrangian-based field the-
ory, the insulator’s electromagnetic response can be described
by the effective action S0 = 1/8π ∫d3xdt(ϵE2 − 1/µ B2), with ϵ the
electric permittivity and µ the magnetic permeability, from
which Maxwell’s equations can be derived. The integrand de-
pends on geometry, though, so it is not topological. To see that
dependence, one can write the action in terms of Fµν, the 4D
electromagnetic field tensor: S0 = 1/16π ∫d3xdtFµνFµν. The im-
plied summation over the repeated indices µ and ν depends
on the metric tensor—that is, on geometry. (Indeed, it is that
dependence that leads to the gravitational lensing of light.)

There is, however, another possible term in the action of
the electromagnetic field:

where α = e2/ħc ≈ 1/137 is the fine-structure constant, θ is a pa-
rameter, and ϵµνρτ is the fully asymmetric 4D Levi-Civita ten-
sor. Unlike the Maxwell action, Sθ is a topological term—it
depends only on the topology of the underlying space, not
on the geometry. Written using the field tensor, the term is 
independent of the metric.

Since the E field is invariant under TR, whereas the B
field changes sign, Sθ naively breaks TR symmetry. For a pe-
riodic system, however, there are two values of θ, namely
θ = 0 or θ = π, that preserve the TR symmetry.12 One can easily
understand that conclusion by an analogy. If we have a 1D
ring with a magnetic flux inside, a general value of the flux
Φ would break the TR symmetry. However, for two special
values of the flux, Φ = 0 or Φ = hc/2e, an electron’s wavefunc-
tion changes its phase by 0 or πwhen the electron circles the
ring either clockwise or counterclockwise, and TR symmetry
is maintained.

If we integrate out all the microscopic fermionic degrees
of freedom to obtain the effective action Sθ, all nonmagnetic
insulators in the universe would fall into two distinct topo-
logical classes, described by effective topological field theories
with θ = 0 or with θ = π. Unlike ϵ and µ, the physically meas-
urable θparameter is universally quantized, with the two pos-
sible values defining the topologically trivial and nontrivial
insulators, respectively—the Z2 classification again.

Such classification is valid for a periodic system. For a
real solid with a finite boundary, a topological insulator is in-
sulating only in the bulk; it has an odd number of gapless
Dirac cones on the surface that describe conducting surface
states. If we uniformly cover the surface with a thin ferro-
magnetic film, an insulating gap also opens up on the bound-
ary; the TR symmetry is preserved in the bulk but broken 
on the surface. The last identity of the equation above for 
Sθ shows that the bulk topological term is in fact a total 

Sθ =

=

d xdt3
E · B ≡

d xdt3 ∂μ(% A Aμυρτ
υ ρ τ∂ ),

d xdt % F F3
μυρτ

μυ ρτθα

θ α

θα
4π2

2π 4π

32π2∫
∫

∫
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Figure 4. In three-dimensional topologi-
cal insulators, the linearly dispersing edge
states of figure 3b become surface states
described by a so-called Dirac cone.
(a) The crystal structure of the 3D topolog-
ical insulator Bi2Te3 consists of stacked
quasi-2D layers of Te-Bi-Te-Bi-Te. The ar-
rows indicate the lattice basis vectors. The
surface state is predicted to consist of a
single Dirac cone.6 (b) Angle-resolved 
photoemission spectroscopy maps the 
energy states in momentum space. Spin-
dependent ARPES of the related com-
pound Bi2Se3 reveals that the spins (red) of
the surface states lie in the surface plane
and are perpendicular to the momentum.7
(c) This ARPES plot of energy versus
wavenumber in Bi2Te3 shows the linearly
dispersing surface-state band (SSB) above
the bulk valence band (BVB). The dashed
white line indicates the Fermi level. The
blue lines meet at the tip of the Dirac
cone.8

Qi and Zhang 
 (2010)



Quasi-Biennial Oscillation (QBO) 
in the Stratosphere 

Baldwin (2001)



ERA5 Reanalysis Data at 20km height from 25N to 65N 

Non-trivial topology found!

Rossby 
Waves

TOPOLOGY OF ROTATING STRATIFIED FLUIDS WITH … PHYSICAL REVIEW RESEARCH 5, 033191 (2023)

FIG. 10. Same as Fig. 9 but for a Rossby mode in the absence of shear but with the sinusoidal Coriolis parameter Eq. (28) with f0 = −1
(left) and f0 = 1 (right), ! f = 0.5, " = 10π , and Ly → ∞.

winding number of the positive (negative) frequency Poincaré
mode and a vortex (antivortex) corresponds to a winding
number ±1 [61]. Thus !C+ = −2 for f0 > 0 and !C− = 2
for f0 < 0, in agreement with the Chern numbers found for
the f plane [1]. By bulk-interface correspondence [10,59], the
difference in the number of prograde- and retrograde-moving
edge modes at the equatorial interface where f changes signs
equals the change in the Chern number {!C+,!C0,!C−},
consistent with the two modes of topological origin local-
ized near each equator. The localized Yanai and Kelvin
waves in Fig. 2(a) thus have their origin in topology, just
as they do for the shallow water equations using an f -plane
approximation [1].

C. Sinusoidal horizontal shear

Next, we find the winding number of the Poincaré modes
in the shallow water equations subjected to the sinusoidal
horizontal shear. Figure 11 shows the phase of $±(k) for
U0 = 0.3 and constant Coriolis parameter f0 = ±1 showing

qualitatively similiar vortices as those in Fig. 9. Again the
positive frequency Poincaré modes exhibit a vortex for f0 > 0
and an anti-vortex for f0 < 1 at the origin in wave-vector
space (the phase singularity is absent for the planetary modes).
The change in the winding number of 2 is consistent with
the number of edge modes seen in the spectrum [Figs. 2(b)
and 2(c)]. This result suggests that the localized Kelvin and
Yanai modes that traverse the gap between Rossby modes and
the bulk Poincaré modes have a topological origin like the
equatorial modes in the absence of shear. This is the main
result of the paper, and we note that the result also holds in
perturbation theory with the 9×9 linear wave operator, as the
perturbative corrections to the wave function do not alter the
winding number. The appearance of Kelvin and Yanai waves
along the equators shown in Sec. III A is thus consistent with
the persistence of the bulk-interface correspondence in the
presence of shear.

Finally, we study the phase of the gauge-invariant quan-
tity $±(k) for the linearized primitive equations with and

FIG. 11. Same as Fig. 9 but for the lowest positive frequency Poincaré modes as indicated by the direction of the arrows for the case of
sinusoidal horizontal shear U0 = 0.3 within the f -plane approximation for f0 = −1 (left) and f0 = 1 (right) with Ly → ∞. Colors represent
normalized magnitude |$| in arbitrary units.
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(a) (b)

FIG. 8. Numerical calculation of the bulk eigenfrequencies for the spatially varying Coriolis parameter. (a) Diagonalization of the 69×69
wave-vector space linear wave operator. (b) DEDALUS with Ny = 23 for ! f = 0.5, f0 = 1, and L = 4π . Black dotted lines in (a) and solid lines
in (b) represent the frequency of Poincaré modes in the f -plane approximation with f0 = 1: ω = ±

√
k2

x + f 2
0 . Colors in (b) indicate proximity

to the two oppositely oriented equators.

with DEDALUS [Fig. 8(b)] and confirm that there are no Kelvin
or Yanai waves.

B. Gauge invariant phase

We proceed to calculate the topological index of the bands
by searching for singularities in the phase of the frequency
eigenfunctions in wave-vector space. The eigenfunctions have
gauge freedom, as the phase of the three components can be
rotated together by an arbitrary amount φ(k) at each point in
wave-vector space:

%±,0(k) → eiφ(k)%±,0(k). (30)

As mentioned previously in Sec. II, we remove the gauge
redundancy by multiplying the v component of the Poincaré
modes by the complex conjugate of the η component, η∗(k) =
η(−k),

'±(k) ≡ v±(k) η±(−k), (31)

leaving only the internal phase difference between the
two amplitudes. Figure 9 depicts the argument of '±(k),
tan−1(Re(')/Im(')), of the positive Poincaré modes as a

function of kx and ky for the spatially varying Coriolis pa-
rameter of Eq. (28), where the eigenmodes are obtained
by diagonalizing the 69×69 linear operator. The positive
Poincaré bands exhibit, respectively, a vortex (winding num-
ber 1) and an antivortex (winding number −1) centered at
the origin in wave-vector space where the phase cannot be
uniquely defined for positive and negative f0, respectively.
The difference in the winding number between the two bands
equals 2. The difference in the winding number for either
Poincaré band changes by 2 going between the two hemi-
spheres. The planetary waves have no vortex as expected
(Fig. 10).

By virtue of the single valuedness of '±(k), the winding
number must be integer valued and thus topological in char-
acter. Unlike the calculation of the Chern number, which is
found by integrating the Berry curvature over wave-vector
space, no integrals are required for the calculation of the
winding number, and the noncompact nature of wave-vector
space for continuous fluids does not cloud its interpretation.

The Chern number equals the negative of the total winding
within a closed domain, so !C = ν− − ν+, where ν± is the

FIG. 9. Arrows representing argument of '±(k) = v±(k)η±(−k) of the lowest positive frequency Poincaré modes as indicated by the
direction of the arrows, in the absence of shear but with the sinusoidal Coriolis parameter Eq. (28) with f0 = −1 (left) and f0 = 1 (right),
! f = 0.5, ) = 10π , and Ly → ∞. The x and y components of the arrow represent the real and imaginary parts of '±(k). The length of the
arrows is rescaled to be equal. Colors represent normalized magnitude |'| in arbitrary units. Going in the clockwise direction, the arrows along
the black circle smoothly wind by a phase of 2π , suggesting a winding number of 1.
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numbers equal to +1 appear at frequencies larger in magnitude than 1 CPD , consistent with the278

theoretical expectation for Poincaré waves. At lower frequencies there are no vortices; instead a

F��. 5. The cross-correlation h⌘(Æ:;a) |E(Æ:;a)i for the spring season (March, April, May) obtained from ERA5

data for the region 25�N-65�N at 50 hPa. Subplots are at di�erent frequencies a. Colors represent the magnitude

|h⌘(Æ:;a) |E(Æ:;a)i | on a linear scale with white = zero, and arrows indicate the complex-value of h⌘(Æ:;a) |E(Æ:;a)i.

270

271

272

279

topologically-trivial domain wall appears in qualitative agreement with the prediction for Rossby280

waves, with the phase reversing by 180� upon passing through zonal wavenumber : = 0.281

There are some small seasonal variations in the patterns of the Poincaré waves (Fig. 6). We284

note that the vortex center is o�set slightly from the origin in wavevector space. The o�set could285

be explained by the mean background state flow which varies with season but further investigation286

is required. Lower down in the lower troposphere at 850 hPa the Rossby wave pattern persists as287

expected but the high-frequency patterns are no longer coherent (Fig. 7). The atmosphere is not288
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a. Reanalysis Data205

In order to measure winding numbers the velocity and geopotential height fields (D, E, ⌘) should208

satisfy two conditions. First, the region to be studied should be several deformation lengths away209

from the equator to ensure that the waves are not strongly influenced by equatorially-trapped waves.210

In the language of topological physics this is the “bulk” region. Second the data sampling interval211

should be short enough to resolve signals with a frequency of up to 2 CPD. Following Pahlavan et al.212

(2021) who diagnosed the equatorial Kelvin and Yanai waves as well as Poincaré-gravity waves in213

spectral analysis of the stratosphere, we use ERA5 reanalysis data (Hersbach et al. 2020) at the 50214

hPa level. Reanalysis data underestimates wave strength (Kim and Alexander 2015) but topology215

is robust against changes in strength. We sample the horizontal components of the velocity and216

the geopotential heights at 6-hour intervals over the period of 1981 to 2020. The spatial domain217

ranges from 25�N to 65�N across all longitudes with a horizontal resolution of 0.25�, as shown in218

Fig. 3. We note that at a latitude of less than 30� there are Poincaré-gravity waves of frequency219

less than 1 CPD but this does not a�ect our bulk analysis.

F��. 3. The geographic area studied in this paper. Arrows indicate the mean wind at 50 hPa and the color is

the mean geopotential height averaged over the 40 year period from 1981 to 2020.

206

207

220

b. Data Processing221

To work with a manageable data set size, we first reduce the spatial resolution by interpolating222

the variables to a coarser resolution of 1� in latitude and 2.5� in longitude. As the Poincaré-gravity223

waves that we wish to study have long wavelengths this reduction in resolution does not a�ect224

the analysis. Next we remove the seasonal signals from the data by first applying a low-pass225

boxcar filter with a window of 182 days (half of a year) in the time dimension to isolate the226
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Madden-Julian Oscillation (MJO) 

Matthews 
(2008)
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Figure 3. Arrows representing argument of Ξ(k) = v̂(k) ∗ ŵ∗(k) with λ = 1 (a) and λ = −1 (b). The x and
y components of the arrow represent the real and imaginary parts of Ξ(k). The length of the arrows is rescaled
to be equal. Colours represent normalized magnitude |Ξ(k)| in arbitrary units. Other parameters are Pr = 1,
α = 0.5, kz = 1 + 0.5i.

either not well defined or equals zero. Under the hydrostatic approximation, the problem
transforms into a two-dimensional counterpart of the one that explains the topological
origin of equatorial waves (Delplace et al. 2017). Finally, an eigenvector-dependent
winding number is introduced to visualize the topological nature of the fluid. Our
conclusions hold within the specific constraints of our model, which include no-slip
boundary conditions at the top/bottom surface, and smooth walls on the sides. However,
it should be noted that we do not provide a direct proof of the explicit connection
between the non-zero Chern number and robust edge modes, although we can invoke the
Atiyah–Patodi–Singer index theorem (Fukaya, Onogi & Yamaguchi 2017; Yu, Wu & Xie
2017) to support our claims, as is common in typical condensed matter physics articles. We
acknowledge deeper exploration is needed to clarify this bulk-boundary correspondence,
which will extend our conclusions to more general boundary conditions.

Topological invariants are mathematical quantities that remain unchanged under
continuous deformations of a system. They can both qualitatively describe the topological
properties of a system (determining whether the robust sidewall states exist or not), and
quantitatively describe the system’s proximity to topological phase transitions, in other
words, the robustness level of the sidewall states. As the system parameters are tuned,
the topological invariants may change abruptly at certain critical points, signalling the
occurrence of a topological phase transition. The size of the energy gap, which is closely
related to the topological invariants, can provide a concrete metric for this proximity
(Xia et al. 2009). A larger energy gap indicates that the system is further away from the
critical point, while a smaller gap suggests the system is closer to the transition and more
susceptible to the emergence of interesting topological phenomena.

With the conclusions drawn from topology, we can avoid the secondary dynamical
details and better understand the fundamental influencing factors of the problem. In our
example, we suggested that the key factors for the existence of robust sidewall modes
are the presence of rotation and stratification, rather than the heat distribution, whether
the stratification is stable, or whether the boundaries are flat, etc. This is what previous
numerical calculations and analytical derivations could not achieve.
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Robust wall states in rapidly rotating
Rayleigh–Bénard convection

Benjamin Favier1,† and Edgar Knobloch2

1Aix-Marseille Univ, CNRS, Centrale Marseille, IRPHE, Marseille, France
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We show, using direct numerical simulations with experimentally realizable boundary
conditions, that wall modes in Rayleigh–Bénard convection in a rapidly rotating
cylinder persist even very far from their linear onset. These nonlinear wall states
survive in the presence of turbulence in the bulk and are robust with respect to
changes in the shape of the boundary of the container. In this sense, these states
behave much like the topologically protected states present in two-dimensional chiral
systems even though rotating convection is a three-dimensional nonlinear driven
dissipative system. We suggest that the robustness of this nonlinear state may provide
an explanation for the strong zonal flows observed recently in experiments and
simulations of rapidly rotating convection at high Rayleigh number.

Key words: convection in cavities, rotating flows

1. Introduction

In recent years there has been considerable interest in the so-called topologically
protected states on account of their robustness with respect to system perturbations.
These states, originally discovered in the context of two-dimensional semiconductors,
take the form of a unidirectional current along the boundary. This current persists
under system perturbations, including defects and changes in the boundary, its
persistence guaranteed by topological arguments. Other examples include two-
dimensional chiral materials (Tsai et al. 2005; Nash et al. 2015; Soni et al. 2019),
isostatic lattices in two dimensions (Kane & Lubensky 2014) and photonic systems
(Khanikaev & Shvets 2017). Recently it was observed that similar arguments apply
to equatorial shallow-water waves and used to confirm the presence of two types
of low-frequency eastward-propagating equatorially trapped waves, Kelvin and Yanai
waves, separating bulk waves at higher positive and negative frequencies (Delplace,
Marston & Venaille 2017; Tauber, Delplace & Venaille 2019). The theory predicts

† Email address for correspondence: favier@irphe.univ-mrs.fr

c� The Author(s), 2020. Published by Cambridge University Press 895 R1-1
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Robust wall states in rapidly rotating RBC
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FIGURE 6. Vertical velocity in the mid-plane z = 0.5 for a cylinder with a barrier. The
Rayleigh number increases from (a) to (c): (a) Ra = 5 ⇥ 107, (b) Ra = 5 ⇥ 108 and (c) Ra =
2 ⇥ 109. Parameters are � = 1.5, E = 10�6 and Pr = 1.

value, i.e. in the strongly nonlinear regime. The robustness of these states can also be
demonstrated by perturbing the geometry of the domain. This has already been done
in other similar systems (Dasbiswas, Mandadapu & Vaikuntanathan 2018; Souslov
et al. 2019) and was in fact suggested in the very early studies of wall modes in
rotating convection by Liu & Ecke (1999); see Vasil, Brummell & Julien (2008) for
a related study of drifting states in a domain of square cross-section.

In this section, we return to the parameters used in § 3. However, the cylinder is
now truncated and we introduce a rectangular barrier of length � /2 and thickness
� /20 along a diameter with one end attached to the circular sidewall (see figure 6).
Like the rest of the sidewall, the barrier is no-slip and insulating. The barrier
breaks the rotation invariance of the system and introduces four discontinuities in
the curvature of the sidewall. One might therefore expect that this change in the
geometry of the domain will result in a drastic change in the nature of the wall state.
This is not the case. As shown in figures 6 and 7, for Ra = 5 ⇥ 107, Ra = 5 ⇥ 108 and
Ra = 2 ⇥ 109, the wall state persists, in both its weakly nonlinear and fully nonlinear
forms. More surprisingly, the drift frequency is the same as in the case without the
barrier for all three Rayleigh numbers, as shown in figure 3(a). This is even more
surprising when one notices that the wavelength of the wall state is comparable with
the length of the barrier and larger than its thickness. As seen in figure 6, the wall
mode simply wraps itself around the obstacle, following the same retrograde drift as
in the case without a barrier, although its wavelength and frequency along the barrier
are both slightly larger than around the rest of the cylinder (see figure 7a). Moreover,
the presence of the corners appears to be responsible for increased shedding of
cyclonic disturbances. Despite this, the zonal flow discussed earlier is barely modified
by the presence of the barrier (see figure 7b), and its average in a direction tangential
to the boundary exhibits the same nested cyclonic–anticyclonic structure along all
boundaries. Nevertheless, the amplitude of the zonal flow is very slightly reduced, a
fact confirmed in figure 3(b) by a reduction in its volume average, here performed
over the left half of the cylinder only. Finally, as in the case without a barrier, the
wall mode survives the onset of the bulk mode and remains visible in instantaneous
visualizations of the vertical velocity at the mid-plane even in the presence of bulk
turbulence (figure 6c).

6. Conclusions

In this paper, we have explored the nonlinear dynamics of convective wall modes
in a rapidly rotating right circular cylinder. These modes appear at lower Rayleigh
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Possible Equatorial Kelvin Waves in Jovian Atmosphere 
(seen by New Horizons and Voyager 2)





Electromagnetic Waves in Magnetized Plasmas 

 

 

 
A successful demonstration of topological waves in plasmas would have significant impact on basic plasma 
physics and link to the growing field of topological insulators.  It would also likely spur both experimental 
follow-on and a search for other topological waves in plasmas.  Because of the ability to easily vary 
properties such as the density and magnetic field, plasmas may offer a tunable medium for topological 
waves. 
 
As topological waves are also important for geophysical and astrophysical fluids [1, 11], advances on this 
front in plasma science will spur activity across fields, lead to opportunities for interdisciplinary 
collaborations (such as this one), and attract a broader user base for the BaPSF. 
 
 
Scientific Rationale 
Theory suggests that a topological surface wave could exist at the boundary of a plasma and vacuum.  This 
candidate mode is an RF electromagnetic wave, which for typical parameters would have a frequency of a 
few GHz.  To our knowledge, this mode has not been experimentally observed in laboratory plasma.  
Calculations for homogeneous plasmas indicate nontrivial Chern numbers in the plasma band structure, 
suggesting topological phase [12-14]. 
 
To describe a wave that occurs at such high frequencies, a cold plasma with stationary ions is a reasonably 
good model.  Keeping only the electron motion, the linearized equations for a magnetized cold plasma are: 
  

!"
#$%
#& = −%(* + ," × ./) 

1/2/
#*
#& = ∇ × . − 2/4 
#.
#& = −∇ × * 

 
where 4 = −5(6)%$" is the current density and 5(6) is the background plasma density, which can include 
radially varying density profiles.   
 
In recent (unpublished) work, using the spectral code Dedalus [15] we have solved the radial eigenfunction 
equation in cylindrical geometry for modes ~%89:;8<=>?8@A, and we have computed the spectrum for LAPD 
parameters.  We find that the candidate topological mode can exist in regimes achievable on LAPD.  Our 
calculation accounts for the radial variation of the plasma density in LAPD, which can have a significant 
quantitative effect compared to an idealized sharp interface. 
 
Figure 1 shows the spectrum for waves with frequency B(!) at a given C>.  Within the bulk vacuum or 
plasma, there is a gap in the spectrum of modes.  A unidirectional mode (in green) crosses this gap; this is 
a signature of a topological wave.  The mode is localized to the plasma-vacuum interface (the other mode 
crossing the gap in purple is spatially separated and is related to a boundary condition).  Hence, this mode 
is protected against scattering — there are no other modes of the same frequency to scatter into.  
Furthermore, simplified simulations reveal the possibility that the waves are protected against defects (See 
Figure 2).  We propose to test this protection.  [To do: add picture of eigenmode radial variation; make font 
bigger] 
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FIG. 2. Spectrum of an inhomogeneous magnetized plasma.
Here, ckz/!p0 = 0.8 and � = 0.5. (a) Plasma density as a
function of radius. (b) Nonzero components of GPP electric
field at azimuthal mode number m = �8 . (c) Spectrum as a
function of m, where color corresponds to the mode centroid
of the energy in the electric field. The GPP dispersion relation
is indicated and crosses the bandgap. There is another mode
(not shown) in the numerical solution which is localized to
the inner wall and stems from the artificial conducting-wall
boundary condition.

FIG. 3. Spectrum for various magnetic field strengths � =
|⌦e|/!p0. Other parameters and color scale are as in Fig. 2.

be comparable to the wavelength. For certain choices
of plasma density and magnetic field, the wave prop-
agates in a gapped frequency range and thus may be
able to serve as a protected probe of plasma in tokamaks
and other plasma devices. We have shown that such pa-
rameter regimes are achievable in present-day cylindrical
plasma devices, such as the Large Plasma Device at the

Basic Plasma Science Facility. Laboratory experiments
to confirm the existence of this topological edge mode
are therefore in reach. Properties of the wave that can
be predicted and compared with measurements include
the frequency, dispersion relation, radial localization, and
polarization. Such experiments could confirm the first
controlled observation of a wave of topological origin in
a gaseous plasma.
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Abstract

Abstract

Topology in condensed matter physics

Topology - shapes that cannot be continuous deformed into each other

Berry connection

Berry curvature

Topological invariant (e.g., 
the number of holes on a 

surface)

M. Z. Hasan and C. L. Kane, Rev. Mod. Phys., Vol. 82, No. 4

Bulk-boundary correspondence - requires broken symmetry

1. Calculate the bulk 
topological invariant


2. If the topological 
invariant changes at 
the boundary, 
topologically 
protected boundary 
modes exist.

The number of boundary modes = the change in the topological invariant
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Topology of primitive equations

Wave localization

Summary

Rossby planetary mode

The Large Plasma Device (LAPD)

W− = 1 W+ = − 1

• Continuum media support waves of non-trivial topology

• Magnetized plasmas with a sharp density gradient are theorized to support localized 

topological waves

• Experimentally observed localized waves (topological?) 

Brillouin zone:

Parker, Marston, Tobias, Zhu, PRL 124 (19), 195001
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• Gap Chern number: 

kz = k*z

Single electron equation of motion + Maxwell’s equations:

σ = 0.5, ckz /ωp = 0.8

Theoretical predictions for gaseous plasmon polariton (GPP)
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Electric field probe

Spectra for various magnetic fields

The experiment

• Launch a wave from a high-frequency antenna 
(fixed frequency, up to 3 GHz, broadband in kz) 


• Density profile measurements: Langmuir probe 
and interferometer


• Measure the electric field response using high-
frequency probes (one reference, one moving)


• Sweep different frequencies to observe 
localization
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Goals: 
• Create a density profile with a sharp gradient 

along the edge 

• Observe wave localization 

• Observe helical propagation

Challenges: 
• RF hardware

• How to create the right density profile

• How to decouple topological waves with 

drift waves (or other localized waves) 

• How do you know if a wave is topological?
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Figure 4.15: (a) 2-D and (b) 3-D simulations of the TLCW excited at a zigzagged interface. The
source was turned on at t = 0, and the field strength was plotted at |t⌦| = 400.
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Figure 4.16: (a) 2-D and (b) 3-D simulations of the TLCW excited on a circular interface. The
source was turned on at t = 0, and the field strength was plotted at |t⌦| = 900.

4.5 Conclusions and discussion

This chapter studied the topology and topological surface waves in cold magnetized plasma with

immobile ions. Linear waves in cold plasma are found to be topologically non-trivial because of

their non-zero Chern numbers. The topological phase diagram is established, and a necessary
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Theorem 3.2 (Discrete spectrum). If symbol H(x, kx, ky) satisfies the common gap condition in

[�g, g], for every ↵ > 0, there exists ✏0 > 0 such that for every ✏ < ✏0, operator Ĥ(x, ✏@x, ky) has:

1. discrete spectrum in [�g+↵, g�↵] that depends continuously on ky and ✏ when |ky| < 1+↵;

2. no spectrum in [�g + ↵, g � ↵] when 1 + ↵ < |ky| < 2.

The discrete spectrum in the operator Ĥ(x, ✏@x, ky) includes the topological modes we are

interested in. As ky goes from �2 to +2, some modes go from the lower branches to the upper

branch, and some go inversely. Those modes are called the spectral flow, i.e., flowing between the

two branches on the two sides of the spectral gap. For any ↵ and ✏ < ✏0, let nin be the number of

modes at ky = �2 whose eigenvalue ! < 0; nout be the number of modes at ky = 2 with ! < 0.

Because Theorem 3.2 guarantees a discrete spectrum and excludes a continuous one, the number

of modes in the spectral gap shall always be countable. We can define a spectral flow index nsf by

counting the number of upward-going modes as

nsf
.
= nin � nout 2 Z. (3.25)

In a spectral gap of H(x, kx, ky), the “tra�c rules” of the spectrum of operator Ĥ(x, ✏@x, ky) can

be sketched in Fig. 3.9.
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Figure 3.9: Demonstration of the “tra�c rules” of the spectrum of operator Ĥ in a bulk spectral
gap. (a) nsf = +1; (b) nsf = �2. The discrete modes are depicted in black and red curves following
Theorem 3.2. The spectral flows are highlighted in red.

Finally, the spectral flow indices equal topological indices by the following theorem by Faure.
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Figure 4.9: Demonstration of a bulk frequency gap and the TLCW. The parameters are the same
as Fig. 4.7(c). The blue (red) curve that transits from top-left (bottom-left) to bottom-right (top-
right) is the spectral flow. The TLCW is defined as the red and blue curves in the bulk frequency
gap �!bulk, which is depicted as the orange shadow region.

When the frequencies of surface and bulk waves overlap, they can easily transit from one to the

other and are hard to distinguish. Therefore, we exclude part of the spectral flow whose frequency

overlaps with the bulk waves from the definition of the TLCW. This restriction simplifies the

discussion concerning topological robustness.

Because we defined TLCW as the spectral flow in the bulk frequency gap, a natural question

is, in what frequency range does the TLCW exist when kz varies? This can be estimated by

analyzing the frequency of the envelope of the bulk waves. We denote the frequencies of the first

and second branches of bulk waves by !1[!p(x), ky; kz] and !2[!p(x), ky; kz], respectively. In each

region, !p(x) = !p1,2. The frequency gap is between the top of the first branch maxky(!1) and the

bottom of the second branch minky(!2). Using this property, we obtain the possible frequency gap

in each region, which can be written as

min
kz

✓
max
ky

(!1)

◆
< ! < max

kz

✓
min
ky

(!2)

◆
. (4.29)

Therefore, the common range given by the inequality above from the two regions !p1,2 determines

the frequency range of possible TLCW. In other words, we need to solve inequality (4.29) when

80

Yichen Fu & Hong Qin

Topological Langmuir–Cyclotron Wave



Topological Modes in Stellar Oscillations

Armand Leclerc1 , Guillaume Laibe1,2 , Pierre Delplace3, Antoine Venaille3, and Nicolas Perez3
1 Univ Lyon, Univ Lyon1, ENS de Lyon, CNRS, Centre de Recherche Astrophysique de Lyon, UMR5574, F-69230, Saint-Genis-Laval, France

guillaume.laibe@ens-lyon.fr
2 Institut Universitaire de France, France

3 ENS de Lyon, CNRS, Laboratoire de Physique (UMR CNRS 5672), F-69342 Lyon, France
Received 2022 July 20; revised 2022 September 29; accepted 2022 October 3; published 2022 November 23

Abstract

Stellar oscillations can be of topological origin. We reveal this deep and so far hidden property of stars by
establishing a novel parallel between stars and topological insulators. We construct an Hermitian problem to derive
the expression of the stellar acoustic–buoyant frequency S of nonradial adiabatic pulsations. A topological analysis
then connects the changes of sign of the acoustic–buoyant frequency to the existence of Lamb-like waves within
the star. These topological modes cross the frequency gap and behave as gravity modes at low harmonic degree ℓ
and as pressure modes at high ℓ. S is found to change sign at least once in the bulk of most stellar objects, making
topological modes ubiquitous across the Hertzsprung–Russell diagram. Some topological modes are also expected
to be trapped in regions where the internal structure varies strongly locally.

Unified Astronomy Thesaurus concepts: Asteroseismology (73); Astrophysical fluid dynamics (101)

1. Introduction

Stars are opaque. Fortunately, deformations of the stellar
surface depend on their interiors (Cowling 1941; Ledoux &
Walraven 1958; Unno et al. 1979; Gough 1993; Christensen-
Dalsgaard et al. 1996; Aerts et al. 2010) and as such, aster-
oseismology is the Rosetta Stone for inferring details of stellar
structures (Christensen-Dalsgaard et al. 1996; Aerts et al.
2010). Stellar spectra consist principally of low-frequency
gravity (g-) modes and high-frequency pressure (p-) modes,
defining two bands separated by a finite interval of frequencies,
also referred as a gap. The stellar spectrum may also be enri-
ched by additional branches, such as surface wave modes
confined in the outer regions. In recent years, a novel type of
waves propagating in stratified compressible fluids has been
discovered. This so-called Lamb-like wave fills the gap
between the p and the g band. Although this mode bears
similarities with the Lamb wave (Lamb 1911; Iga 2001), it is
confined around peculiar values specific of the stratification
profile, and not at the boundaries. The key point is that these
waves have been postulated using arguments from topology
(Perrot et al. 2019). Modes in the original spatially homo-
geneous system can be predicted from the analysis of the
topological invariant of a simpler dual wave problem with

constant coefficients. Similar topological approaches were
developed in condensed matter since the eighties and flourished
across all field of physics, including fluid dynamics and plasma
over the last few years (Hasan & Kane 2010; Delplace et al.
2017; Shankar et al. 2022; Parker 2021).
The Lamb wave has been detected in the atmosphere, but

the Lamb-like wave is hardly expected to propagate on Earth,
neither in the atmosphere nor in oceans. Stars were specu-
lated to provide favorable conditions for it to propagate
(Perrot et al. 2019). However, this study lacked the treatment
of self-gravity, spherical geometry, and variations of sound
speed, three critical processes as we shall show. We therefore
adapt tools that have been originally developed by the
topological insulator community to study the seminal case
of adiabatic perturbations of a nonrotating, nonmagnetic,
stably stratified stellar fluid neglecting gravity perturbations
(Cowling’s approximation Cowling 1941). The physical
quantities are first rescaled to express the evolution of linear
perturbations under the form of a Schrödinger-like wave
equation

( )¶ = Y Yi , 1t

where

and the perturbation vector contains rescaled velocities, den-
sity, and pressure

( ˜ ˜ ˜ ˜ ˜ ) ( )= QY u v w p, , , , . 2
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1

when S changes sign somewhere in the bulk. The surface-
gravity wave is present in the spectrum when peculiar bound-
ary conditions are enforced at the surface, namely Poisson’s
boundary conditions

( )¶ =p
g
c

w. F1t
s

We lead numerical experiments in plane-parallel geometry,
with the z-direction being stratified, and the x-direction being
invariant by translation. We note z2 the top of the medium, and
z1 the bottom. The average localization of a normalized mode
Ψ= (v, w, Θ, p) is the average position of its energy

¯ ·òº Y YYz dz z ,
z

z

1

2
*

since the sum of kinetic and potential energy of the mode
is Ψ · Ψ*.

In Figure 7, we show that if the Lamb-like is trapped suffi-
ciently far away from the top surface, it does not hybrid with the
surface-gravity wave. In Figure 8, we show that if they overlap,
they hybrid into a single zero-node mode. We also show the
eigenfunctions of the density of the perturbation of a few modes.
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Topological plasma oscillations in the solar tachocline
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We study the properties of plasma oscillations in the solar tachocline using shallow-water mag-
netohydrodynamic equations. These oscillations are expected to correlate with solar activity. We
find new qualitative features in the equatorial spectrum of magnetohydrodynamic oscillations as-
sociated with magneto-Rossby and magneto-Yanai waves. By studying this spectrum in terms of
band theory, we find that magneto-Kelvin and magneto-Yanai waves are topologically protected.
This highlights the important role of these two classes of waves, as robust features of the plasma
oscillation spectrum, in the interpretation of helioseismological observations.
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I. INTRODUCTION

In recent decades, helioseismology has revealed the in-
ternal rotation profile of the Sun. The inner radiative
zone is rigidly rotating, while the outer convective zone
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has a non-trivial di↵erential profile [1, 2]. Between the
two zones is a thin layer - the solar tachocline - which
marks the transition from rigid to di↵erential rotation
[3, 4]. This layer is composed of a radiative part and an
overshoot part deep in the convective zone at a distance
of about 70% of the solar radius and with a thickness of
less than 5% of the solar radius (see Fig. 1) [5]. Current
observations suggest that the tachocline does not change
significantly in thickness or position with time [6], while
hosting strong toroidal magnetic fields [7]. The dynamics
of the solar tachocline is a subject of intense study (see
[8] for a review).

Figure 1: Schematic picture of the Sun depicting the
tachocline lying in between the radiative interior and

the convective zone. Also displayed are three
background variables which are used to describe the
tachocline as a shallow water problem. These are the
angular velocity ⌦0 of the radiative interior, the height
of the tachocline layer h0 and the magnitude B0 of the

non-uniform toroidal magnetic field.

The influence of the tachocline on solar activity is not
yet fully understood, but it has been argued that it may

ar
X

iv
:2

40
1.

07
62

2v
1 

 [a
str

o-
ph

.S
R]

  1
5 

Ja
n 

20
24

Topological plasma oscillations in the solar tachocline

Ruben Lier,1, 2, ⇤ Richard Green,1, † Jan de Boer,1, 2, ‡ and Jay Armas1, 2, §

1
Institute for Theoretical Physics, University of Amsterdam, 1090 GL Amsterdam, The Netherlands

2
Dutch Institute for Emergent Phenomena (DIEP),

University of Amsterdam, 1090 GL Amsterdam, The Netherlands

We study the properties of plasma oscillations in the solar tachocline using shallow-water mag-
netohydrodynamic equations. These oscillations are expected to correlate with solar activity. We
find new qualitative features in the equatorial spectrum of magnetohydrodynamic oscillations as-
sociated with magneto-Rossby and magneto-Yanai waves. By studying this spectrum in terms of
band theory, we find that magneto-Kelvin and magneto-Yanai waves are topologically protected.
This highlights the important role of these two classes of waves, as robust features of the plasma
oscillation spectrum, in the interpretation of helioseismological observations.

CONTENTS

I. Introduction 1

II. Magnetic shallow water equations 2

III. Equatorial spectrum with toroidal magnetic
fields 3
A. The magneto-Kelvin solution 4
B. The quantum harmonic oscillator solutions 4

IV. Topology of plasma oscillations 6

V. Discussion 7

References 8

A. Derivation of the shallow water
magnetohydrodynamics equations 10

B. Comparison with earlier literature 11

C. Equatorial spectrum with constant magnetic
fields 12

D. f-plane, Berry curvature and topological
insulators 12
1. f-plane approximation and Berry curvature 12
2. Equatorial spectrum in the f-plane

approximation 14
3. Topological insulators 15

I. INTRODUCTION

In recent decades, helioseismology has revealed the in-
ternal rotation profile of the Sun. The inner radiative
zone is rigidly rotating, while the outer convective zone

⇤ r.lier@uva.nl
† rich.s.green@gmail.com
‡ J.deBoer@uva.nl
§ j.armas@uva.nl

has a non-trivial di↵erential profile [1, 2]. Between the
two zones is a thin layer - the solar tachocline - which
marks the transition from rigid to di↵erential rotation
[3, 4]. This layer is composed of a radiative part and an
overshoot part deep in the convective zone at a distance
of about 70% of the solar radius and with a thickness of
less than 5% of the solar radius (see Fig. 1) [5]. Current
observations suggest that the tachocline does not change
significantly in thickness or position with time [6], while
hosting strong toroidal magnetic fields [7]. The dynamics
of the solar tachocline is a subject of intense study (see
[8] for a review).

Figure 1: Schematic picture of the Sun depicting the
tachocline lying in between the radiative interior and

the convective zone. Also displayed are three
background variables which are used to describe the
tachocline as a shallow water problem. These are the
angular velocity ⌦0 of the radiative interior, the height
of the tachocline layer h0 and the magnitude B0 of the

non-uniform toroidal magnetic field.

The influence of the tachocline on solar activity is not
yet fully understood, but it has been argued that it may

ar
X

iv
:2

40
1.

07
62

2v
1 

 [a
str

o-
ph

.S
R

]  
15

 Ja
n 

20
24



Topology 
Quantum Physics 
Geophysical Fluid  

Dynamics

Foundations
Fundamental 

Science

Climate Dynamics 
(ENSO, MJO,  

QBO, etc.) 

Planetary  
Superrotation 

Solar Physics 
& Plasmas

Broad 
Impacts

Climate Change 

Planetary  
& Exoplanetary  

Science 

Space Weather 
&  

Magnetically  
Confined Fusion

Topological Geophysical / Astrophysical Fluid Dynamics



What new waves of topological  
origin are waiting to be discovered?


