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1. Turbulence why its everywhere and why its difficult
2. Simple picture for 3D turbulence, 2D turbulence (self-organization)

3D turbulence + rotation
4.   What is the puzzle? (self-organization into 2D structures)
5.   The role of waves (self-organization + wave turbulence)
6.   Explaining the energy partition between 3D and 2D modes
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Turbulence: I know it when I see it

Visualization of turbulence 
(temperature gradient in a cloud)

Mellado JFM (2010).



The control parameter: Reynolds number

Inertia: Flow rate increases with increasing U, L

Friction:

𝑅𝑒 =
𝑈𝐿

𝜈

L
Viscosity, fluid property:     𝜈 [𝑚2]/ 𝑠𝑒𝑐

UL

U

𝜕𝑡𝒖 + 𝒖 ⋅ 𝛁𝒖 = −𝛁𝑝 + 𝑅𝑒−1∇2𝒖, 
𝛁 ⋅ 𝒖 = 𝟎

Navier-Stokes



The control parameter: Reynolds number

Inertia: Advection – non-linear effect

Friction:
L

U

Loss of kinetic energy

𝜕𝑡𝒖 + 𝒖 ⋅ 𝛁𝒖 = −𝛁𝑝 + 𝑅𝑒−1∇2𝒖,  𝛁 ⋅ 𝒖 = 𝟎

𝑅𝑒 =
𝑈𝐿

𝜈



Loss of kinetic energy

The control parameter: Reynolds number

Inertia: Advection – non-linear effect

Friction:
L

U

Increasing non-linearity 𝜕𝑡𝒖 + 𝒖 ⋅ 𝛁𝒖 = −𝛁𝑝 + 𝑅𝑒−1∇2𝒖, 
𝛁 ⋅ 𝒖 = 𝟎

𝑅𝑒 =
𝑈𝐿

𝜈



Typical Re is large!

Inertia:   Advection – non-linear effect

Friction:

 𝑅𝑒 =
𝑈𝐿

𝜈
∼ 104

L

Loss of kinetic energy U

Water:  𝜈 = 10−6 m2

s
 



Turbulent Jet

Turbulence across systems and scales

Turbulence in dust clouds

Wake behind a ship 

Turbulence in rivers and clouds

Turbulent mixing

Image from: Majchrzak et al, 
Energies  (2023).

Fully developed turbulence = limit of  𝑅𝑒 → ∞ 



Statistical mechanics of flow fields

Velocity time series at a point

Sreenivasan (1991)

Arneodo et al (1997)

Velocity spatial variation at a given time



Statistical theory of Turbulence? 

• Strongly interacting (highly non-linear, 𝑅𝑒 → ∞)

• Driven far from equilibrium (fluxes play a key role)  

• Long range interactions (sound waves equilibrate pressure)

𝜕𝑡𝒖 + 𝒖 ⋅ 𝛁𝒖 = −𝛁𝑝 + 𝑅𝑒−1∇2𝒖 + 𝒇, 
𝛁 ⋅ 𝒖 = 𝟎



Crash course on 3D turbulence

Importance  of conservation laws:

Kinetic energy conserved without 
driving and viscosity

Euler equation:     𝜕𝑡𝒖 + 𝒖 ⋅ 𝛁𝒖 = −𝛁𝑝, 
                                                   𝛁 ⋅ 𝒖 = 𝟎

𝑅𝑒 =
𝑈𝐿

𝜈
≫ 1



Crash course on 3D turbulence

𝑙

Kinetic 
Energy 

Injection 
scale

system scale

Small scales

𝑅𝑒 =
𝑈𝐿

𝜈
≫ 1



Crash course on 3D turbulence
system scale

𝑙

𝑅𝑒𝑙 =
𝑈𝑙𝑙

 𝜈
≫ 1

Energy conserving 
interactions

𝑅𝑒 =
𝑈𝐿

𝜈
≫ 1

Kinetic 
Energy 

Injection 
scale

Small scales



Crash course on 3D turbulence

𝑙

Small scales

Domain scale

𝑅𝑒𝑙 =
𝑈𝑙𝑙

 𝜈
≫ 1

Energy conserving 
interactions

Π𝑘
𝐸

Flux of Energy

𝑅𝑒 =
𝑈𝐿

𝜈
≫ 1

Kinetic 
Energy 

injection 
scale



Crash course on 3D turbulence

𝑙

Small scales

system scale

Π𝑘
𝐸 = ϵ

Flux of Energy

Finite viscous dissipation

𝜕𝑡𝒖 + 𝒖 ⋅ 𝛁𝒖 = −𝛁𝑝 + 𝑅𝑒−1∇2𝒖, 

Decreasing 
Reynolds number

𝑅𝑒𝑙 =
𝑈𝑙𝑙

 𝜈

𝑅𝑒𝑙𝜈
=

𝑈𝑙𝜈
𝑙𝜈

 𝜈
≈ 1

𝑅𝑒 =
𝑈𝐿

𝜈
≫ 1

Energy injection 
rate = ϵ 

Energy dissipation 
rate = ϵ



Crash course on 3D turbulence

𝑙

Small scales

system scale

Π𝑘
𝐸 = ϵ

Flux of Energy

Finite viscous dissipation

𝜕𝑡𝒖 + 𝒖 ⋅ 𝛁𝒖 = −𝛁𝑝 + 𝑅𝑒−1∇2𝒖, 

Decreasing 
Reynolds number

𝑅𝑒𝑙 =
𝑈𝑙𝑙

 𝜈

𝑅𝑒𝑙𝜈
=

𝑈𝑙𝜈
𝑙𝜈

 𝜈
≈ 1

𝑅𝑒 =
𝑈𝐿

𝜈
≫ 1

Energy injection 
rate = ϵ 

Energy dissipation 
rate = ϵ

“UV cutoff”
𝑅𝑒 → ∞: 𝑘𝜈 → ∞



Flavors of turbulence?

3D turbulence: small scales get 
generated from larger scales 

“mixing”

Direct cascade of 
energy

Three dimensions



Flavors of turbulence?

3D turbulence: small scales get 
generated from larger scales 

“mixing”

2D turbulence: large scale flows 
are generated from small scale 

turbulence
“self-organization”

Inverse cascade of 
energy

Two dimensions

Direct cascade of 
energy

Three dimensions



Flavors of turbulence?

3D turbulence: small scales get 
generated from larger scales 

“mixing”

2D turbulence: large scale flows 
are generated from small scale 

turbulence
“self-organization”

Direct cascade of 
energy

3D

Thin fluid layer:
Xia et al, Nat. Phys. 2011

𝑧

Time evolution

𝑥

𝑦

Thin layer ~ 2D



Crash course on 2D turbulence

𝑍 =
1

2
∫ ∇ × 𝑢 2 𝑑2𝑥 = ∫ 𝑘2𝐸𝑘𝑑𝑘

Two conserved quantities in absence of forcing and dissipation

Enstrophy

Energy 𝐸 =
1

2
∫ (𝑢 ⋅ 𝑢) 𝑑2𝑥 = ∫ 𝐸𝑘𝑑𝑘

𝑧

Thin layer
2D incompressible
flow 

Conservation of angular momentum (per 
mass) in z direction for fluid elements



Crash course on 2D turbulence

Π𝑘
𝑍

Enstrophy Flux

𝐸 = ∫ 𝐸𝑘𝑑𝑘 𝑍 = ∫ 𝑘2𝐸𝑘𝑑𝑘

Small scales

system scale

Π𝑘
𝐸

Energy Flux

Energy injection 
rate = ϵ 

Enstrophy 
injection rate = 

ϵ/𝑙𝑓
2 

system scale

Forcing scale
𝑙𝑓



Crash course on 2D turbulence

Π𝑘
𝑍

Enstrophy Flux

𝐸 = ∫ 𝐸𝑘𝑑𝑘 

𝑍 = ∫ 𝑘2𝐸𝑘𝑑2𝑥

Small scales

system scale

Π𝑘
𝐸

Energy Flux

Energy injection 
rate = ϵ 

Enstrophy 
injection rate = ϵ

/𝑙𝑓
2 

system scale

𝑘2𝐸𝑘𝐸𝑘

Positive definite

Forcing scale
𝑙𝑓

𝑘𝜈 → ∞UV cutoff



Crash course on 2D turbulence

Π𝑘
𝑍

Enstrophy Flux

𝐸 = ∫ 𝐸𝑘𝑑𝑘 

𝑍 = ∫ 𝑘2𝐸𝑘𝑑𝑘

Small scales

system scale

Π𝑘
𝐸

Energy Flux

Energy injection 
rate = ϵ 

Enstrophy 
injection rate = ϵ

/𝑙𝑓
2 

system scale

Large k: Π𝑘
𝑍 ∼ 𝑘2Π𝑘

𝐸

𝑘2𝐸𝑘𝐸𝑘

Forcing scale
𝑙𝑓

𝑘𝜈 → ∞UV cutoff



Crash course on 2D turbulence

Π𝑘
𝑍

Enstrophy Flux

𝐸 = ∫ 𝐸𝑘𝑑𝑘 

𝑍 = ∫ 𝑘2𝐸𝑘𝑑2𝑥

Small scales

system scale

Π𝑘
𝐸

Energy Flux

Energy injection 
rate = ϵ 

Enstrophy 
injection rate = ϵ

/𝑙𝑓
2 

system scale

Π𝑘
𝑍 ≈ 𝑘2Π𝑘

𝐸

𝑘2𝐸𝑘𝐸𝑘

Π𝑘
𝐸 → 0, 𝑘 → ∞

Forcing scale
𝑙𝑓

𝑘

Large k: 



Crash course on 2D turbulence

Π𝑘
𝑍= ϵ/𝑙𝑓

2
Enstrophy Flux

𝐸 = ∫ 𝐸𝑘𝑑𝑘 

𝑍 = ∫ 𝑘2𝐸𝑘𝑑2𝑥

Energy injection 
rate = ϵ 

Enstrophy 
injection rate = ϵ

/𝑙𝑓
2 

system scale

Π𝑘
𝐸 → 0, 𝑘 → ∞

Π𝑘
𝐸

Energy Flux
Π𝑘

𝑍

Enstrophy dissipation rate
ϵ/𝑙𝑓

2

Small scales

system scale

Π𝑘
𝐸

Forcing scale
𝑙𝑓



Double cascade in 2D turbulence

Π𝑘
𝑍= ϵ/𝑙𝑓

2
Enstrophy Flux

𝐸 = ∫ 𝐸𝑘𝑑𝑘 

𝑍 = ∫ 𝑘2𝐸𝑘𝑑2𝑥

Energy injection 
rate = ϵ 

Enstrophy 
injection rate = ϵ

/𝑙𝑓
2 

system scale

Inverse cascade

Small scales

system scale

Π𝑘
𝐸

Π𝑘
𝐸

Energy Flux
Π𝑘

𝑍

Enstrophy dissipation rate
ϵ/𝑙𝑓

2

Direct cascade

Small scales

Π𝑘
𝐸

Forcing scale
𝑙𝑓



Double cascade in 2D turbulence
𝐸 = ∫ 𝐸𝑘𝑑𝑘 

𝑍 = ∫ 𝑘2𝐸𝑘𝑑2𝑥

𝒌

Large scales
IR cutoff

Small scales
UV cutoff

Forcing 
scale

Inverse 
cascade

Direct 
cascade

𝑳−𝟏 𝒍𝝂
−𝟏𝒍𝒇

−𝟏

𝒁

K
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𝑧

Thin layer

Double cascade in 2D turbulence
𝐸 = ∫ 𝐸𝑘𝑑𝑘 

𝑍 = ∫ 𝑘2𝐸𝑘𝑑2𝑥

𝐷𝑍 = Π𝑍 = ϵ/𝑙𝑓
2

𝐷𝐸 = 𝑙𝜈
2/𝑙𝑓

2𝜖 → 0

Small scale 
dissipation rate: 

ϵ

Energy injection 
rate

Slow dissipation at 
large scale

Energy gets 
accumulated at 

k~1/L

𝒌

Kraichnan 1967

Large scales
IR cutoff

Small scales
UV cutoff

Forcing 
scale

Inverse 
cascade

Direct 
cascade

𝑳−𝟏 𝒍𝝂
−𝟏𝒍𝒇

−𝟏

𝒁

K
in
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 e
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𝑧

Thin layer

Self-organization of 2D turbulence
𝐸 = ∫ 𝐸𝑘𝑑𝑘 

𝑍 = ∫ 𝑘2𝐸𝑘𝑑2𝑥

Slow dissipation at 
large scale

“Condensate” = 
large amplitude 

flow

𝒌

Large scales
IR cutoff

Small scales
UV cutoff

Forcing 
scale

Inverse 
cascade

Direct 
cascade

𝑳−𝟏 𝒍𝝂
−𝟏𝒍𝒇

−𝟏

𝒁

K
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𝑧

Thin layer

Self-organization of 2D turbulence
𝐸 = ∫ 𝐸𝑘𝑑𝑘 

𝑍 = ∫ 𝑘2𝐸𝑘𝑑2𝑥

“Condensate” = large amplitude 
flow

Inverse energy transfer: from 
turbulence to condensate

Energy dissipation: via condensate
(in this talk quantified by Re)

𝒌

Large scales
IR cutoff

Small scales
UV cutoff

Forcing 
scale

Inverse 
cascade

Direct 
cascade

𝑳−𝟏 𝒍𝝂
−𝟏𝒍𝒇

−𝟏

𝒁

K
in

et
ic

 e
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g
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r 
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“condensate”

Statistical description?
 

Perturbative self-consistent approach
(strong mean flow, weak fluctuations)

“quasi-linear” treatment for steady state

Self-organization of 2D turbulence

𝑧

𝑈

Review on of such approaches: Marston, J. B., and S. M. Tobias. Ann. Rev. Fluid Mechanics (2023)
Connections with 



“condensate”

Statistical description?
 

Perturbative self-consistent approach
(strong mean flow, weak fluctuations)

“quasi-linear” treatment for steady state

Can use hierarchical approach for mean flow operator: 
“small” viscosity, scale –separation, PT symmetry

Self-organization of 2D turbulence

𝑧

𝑈

AF, Herbert, PRL 2018
Svirsky, Herbert, AF, PRL 2023, Svirsky, AF, PRL 2025

Laurie, et al, PRL 2014
Kolokolov, Lebedev PRE 2016
Woillez, Bouchet. EPL 2017
AF Phys. Fluids, 2017



Rotation: self-organization of 3d flow
(deep layer)?

Rotating 3D flows :    Ω ∥  Ƹ𝑧

Energy piles up in 2D  large scales

(2D = z invariant)



Ω ∥  Ƹ𝑧

Condensates in 3d rotating flow



What does rotation do? 

Ω ∥  Ƹ𝑧

Coriolis force: Waves
Inertial Waves

𝜔𝑘
𝑠 = 2Ωs

𝑘𝑧

𝑘

𝒉𝑘
𝑠 𝑒𝑖𝜔𝑘

𝑠 𝑡+𝑖𝒌⋅𝒙

𝑠 = ±1



Wave turbulence 

Yet another class of turbulence….

 



Wave turbulence 

Yet another class of turbulence….

Main idea we will need: in wave dominated regime

Interactions are restricted to resonant ones:

 
𝜔𝑘 + 𝜔𝑝 + 𝜔𝑞 = 0

(Oscillating factor in front of interaction averages to zero otherwise)



Rotating turbulence waves + 2d modes

3D waves cannot transfer energy to/from 2D modes
through exact resonances

2D modes 𝑘𝑧 = 0 

 have zero frequency: 𝜔𝑘
𝑠 = 2Ωs

𝑘𝑧

𝑘
𝑠 = ±1

Greenspan 1969, Smith & Waleffe 1999  
Shavit et. al 2024



Inverse cascade in Rotating turbulence

3D waves cannot transfer energy to/from 2D modes through exact 
resonances

3d and 2d decouple….
Answer: inverse cascade due to energy injected into 2D



Ω ∥  Ƹ𝑧

Energy injected in 3d reaches 2d!



Puzzles:

• Why is energy transfer directionally from 3d to 2d?

• How can waves transfer energy to 2d modes?



Our focus:

Use 3D small-scale stochastic forcing, scale 𝑙𝑓

Consider steady state with condensate

Varying parameters:

𝑅𝑜 ∝
1

Ω
, 𝑅𝑒 ,

𝐿𝑦

𝑙𝑓
 ,

𝐿𝑧

𝑙𝑓
 ,

𝐿𝑥

𝑙𝑓

Numerical simulations:

256 × 512 × 256Using hyper-viscosity, 

𝐿𝑦/𝑙𝑓 = 10



Energy in 2d:

𝑅𝑜 ∝
1

Ω
, 𝑅𝑒Increasing rotation

Gome, AF arXiv:2512.05253, arXiv:2509.18323



Puzzles:

• Why is energy transfer directional from 3d to 2d?

• How can waves transfer energy to 2d modes?

• Quantitative: how much energy is transferred to 2D with varying 
parameters?

𝑅𝑜 ∝
1

Ω
, 𝑅𝑒 ,

𝐿𝑦

𝑙𝑓
 ,

𝐿𝑧

𝑙𝑓
 ,

𝐿𝑥

𝑙𝑓



Our focus:
Use 3D small-scale stochastic forcing, scale 𝑙𝑓

Consider steady state with condensate

Numerical simulations:

256 × 512 × 256Using hyper-viscosity, 

𝑙𝑓/𝐿 ≪ 1

Analytical theory:
• Observables: condensate amplitude, 

3D-2D energy transfer

• Quasi-linear treatment (perturbative) + scale 
separation  

• Wave turbulence: restricted by resonances 

𝐿𝑦/𝑙𝑓 = 10

Gome, AF arXiv:2512.05253, arXiv:2509.18323



Quantitative theory for amplitude 

𝑅𝑜 ∝
1

Ω
, 𝑅𝑒

𝑈′ 2 ≡ ∫ 𝜕𝑦𝑈′ 2
𝑑𝑦/𝐿𝑦 



Puzzles:

• Why is energy transfer directional from 3d to 2d?

• How can waves transfer energy to 2d modes?

• Quantitative: how much energy is transferred to 2D with varying 
parameters?

𝑅𝑜 ∝
1

Ω
, 𝑅𝑒 ,

𝐿𝑦

𝑙𝑓
 ,

𝐿𝑧

𝑙𝑓
 ,

𝐿𝑥

𝑙𝑓



Conservation laws in 3d (+ rotation )?
ϵ

Π𝑘
𝐸

Flux of Energy

Helicity is conserved:

𝐻𝑘 = k Ek
+ − kEk

−

𝐻 =  ∫ 𝑢 ⋅ ∇ × 𝑢 d2x

Fourier:

Negative helicity 
modesPositive helicity 

modes



Π𝑘
𝐻

Helicity Flux

𝐸 = ∫ 𝐸𝑘𝑑3𝑘 = ∫ (𝐸𝑘
++𝐸𝑘

−)𝑑3𝑘

𝐻 = ∫ 𝑘(𝐸𝑘
+ − 𝐸𝑘

−)𝑑3𝑘

Small scales

system scale

Π𝑘
𝐸

Energy Flux

Energy injection 
rate = ϵ 

Helicity injection 
rate 

system scale

Can have: Π𝑘
𝐻 ≈ 𝑘(Π𝑘

𝐸+
− Π𝑘

𝐸−
)

Forcing scale
𝑙𝑓

Helicity conservation does not generically lead to 
self-organization

Chen, Chen, and Eyink. POF (2003).



Rotation: Waves carry sign-definite helicity

Ω ∥  Ƹ𝑧

Inertial Waves

𝜔𝑘
𝑠 = 2Ωs

𝑘𝑧

𝑘

𝒉𝑘
𝑠 𝑒𝑖𝜔𝑘

𝑠 𝑡+𝑖𝒌⋅𝒙

𝑠 = ±1

Carry sign definite 
helicity

𝑠 = ±1

Helicity plays an important role: 
Buzzicotti, PRF (2018).
Clark Di Leoni. PRF (2020)



2d Condensate - 3d waves interactions

Fast rotation, interactions restricted close to resonant:

Waves: 𝜔𝑝
𝑠 + 𝜔𝑞

𝑠′ ≈ 0 𝜔𝑘
𝑠 = 2Ωs

𝑘𝑧

𝑘
𝑠 = ±1

𝜔𝑘 + 𝜔𝑝 + 𝜔𝑞 = 0

2D: 𝜔𝑘 = 0 3D



2d Condensate - 3d waves interactions

Fast rotation, interactions restricted close to resonant:

Waves: 

1. Only same helicity waves interact!

𝜔𝑝
𝑠 + 𝜔𝑞

𝑠 ≈ 0 𝜔𝑘
𝑠 = 2Ωs

𝑘𝑧

𝑘
𝑠 = ±1

𝑠 = 𝑠′



2d Condensate - 3d waves interactions

Fast rotation, interactions restricted close to resonant:

Waves: 

1. Only same helicity waves interact!

2. 2d Condensate is large scale

𝜔𝑝
𝑠 + 𝜔𝑞

𝑠 ≈ 0 𝜔𝑘
𝑠 = 2Ωs

𝑘𝑧

𝑘
𝑠 = ±1

Waves helicity is (approx.) 
conserved

𝑠 = 𝑠′



2d Condensate - 3d waves interactions

Fast rotation, interactions restricted close to resonant:

Waves: 𝜔𝑝
𝑠 + 𝜔𝑞

𝑠 ≈ 0 𝜔𝑘
𝑠 = 2Ωs

𝑘𝑧

𝑘
𝑠 = ±1

Waves helicity is (approx.) 
conserved

Only same helicity 
waves interact

𝐻+, 𝐻− of the waves 
conserved separately



2d Condensate - 3d waves interactions

Waves helicity is (approx.) 
conserved

Only same helicity 
waves interact

Finite amount of wave energy cannot go to very small 
scales  + advection: (positive but vanishing energy flux to small scales)

Transfer from 3d to 2d condensate 

𝐻+ = ∫ k Ek
+𝑑𝑘 , 𝐻− = −∫ kEk

−dk    conserved for waves



2d Condensate - 3d waves interactions

Waves helicity is (approx.) 
conserved

Only same helicity 
waves interact

Finite amount of wave energy cannot go to very 
small scales  + advection: 

Transfer from 3d to 2d condensate

𝐻𝑘
+ = k Ek

+,  Hk
− = kEk

− conserved for waves 

Argument for general large 
scale 2D mode 



Puzzles:

• Why is energy transfer directional from 3d to 2d?

• How can waves transfer energy to 2d modes?

• Quantitative: how much energy is transferred to 2D with varying 
parameters?

𝑅𝑜 ∝
1

Ω
, 𝑅𝑒 ,

𝐿𝑦

𝑙𝑓
 ,

𝐿𝑧

𝑙𝑓
 ,

𝐿𝑥

𝑙𝑓

Emergent conservation law



Puzzles:

• Why is energy transfer directional from 3d to 2d?

• How can waves transfer energy to 2d modes?

• Quantitative: how much energy is transferred to 2D with varying 
parameters?

All the energy goes to the 
condensate?



Puzzles:

• How can waves transfer energy to 2d modes?

• Quantitative: how much energy is transferred to 2D with varying 
parameters?

All the energy goes to the 
condensate?



2d Condensate - 3d waves interactions

Fast rotation, interactions restricted close to resonant:

Waves: 𝜔𝑘
𝑠 = 2Ωs

𝑘𝑧

𝑘
𝑠 = ±1𝜔𝑝

𝑠 + 𝜔𝑞
𝑠′ < 𝑈′ =

1

𝜏𝑈 



Puzzles:

• How can waves transfer energy to 2d modes?

• Quantitative: how much energy is transferred to 2D with varying 
parameters?

2D-3D Interactions are not 
exactly resonant!

𝜔𝑝
𝑠 + 𝜔𝑞

𝑠′ < 𝑈′ =
1

𝜏𝑈 



Puzzles:

• How can waves transfer energy to 2d modes?

• Quantitative: how much energy is transferred to 2D with varying 
parameters?

𝜔𝑝
𝑠 + 𝜔𝑞

𝑠′ < 𝑈′ =
1

𝜏𝑈 



2d Condensate - 3d waves interactions

Fast rotation, interactions restricted close to resonant:

Waves: 𝜔𝑝
𝑠 + 𝜔𝑞

𝑠′ < 𝑈′ =
1

𝜏𝑈 

3D-2D interactions are selected if they are 
within this tolerance



2d Condensate - 3d waves interactions

Fast rotation, interactions restricted close to resonant:

Waves: 𝜔𝑘
𝑠 = 2Ωs

𝑘𝑧

𝑘
𝑠 = ±1

Energy balance for condensate:

𝜈𝑈′2 = 𝜖 𝑇3𝐷−2𝐷

𝑈′

Ω

𝜔𝑝
𝑠 + 𝜔𝑞

𝑠′ < 𝑈′ =
1

𝜏𝑈 

Energy dissipation rate by 
condensate Energy transfer rate 

from 3D to 
condensate

Total energy 
injection rate



Relevant observable and parameter:

𝑅𝑜 ∝
1

Ω
, 𝑅𝑒 Inspired by: Kolokolov, et. al. PRF 2020, Parfenyev, et al. POF (2021).



Most energy reaches condensate:

𝑅𝑜𝜖 = 𝑅𝑜 × 𝑅𝑒1/2

𝑅𝑜 ∝
1

Ω
, 𝑅𝑒

𝑈′ ∼
𝜖

𝜈

𝑙𝑓

2𝐿𝑦
< 𝑅𝑜𝜖 ≪

8𝑙𝑓

𝐿𝑥
:

𝑅𝑜𝜖 = 𝑅𝑜 × 𝑅𝑒1/2



2d Condensate - 3d waves interactions

Fast rotation, interactions restricted to same helicity:

Waves: 
𝜔𝑝

𝑠 + 𝜔𝑞
𝑠 ≪ 𝑈′ 𝜔𝑝

𝑠 ∝ s Ω𝑠 = ±1

Becomes too restrictive as  𝑈
′

Ω
 decreases 

 
(finite detuning, if the condensate time scale is slow, interaction 

averages out to zero)

1

𝜏𝑈
∼ 𝑈′ ∼

𝜖

𝜈
≪

2𝜋

𝐿𝑦
𝜕𝑝𝑦

𝜔𝑝
𝑠 𝜈𝑈′2 = 𝑇3𝐷−2𝐷

𝑈′

Ω



Gradual 3D-2D decoupling for high rotation:

𝑅𝑜𝜖 = 𝑅𝑜 × 𝑅𝑒1/2

𝑅𝑜 ∝
1

Ω
, 𝑅𝑒

𝑅𝑜𝜖 = 𝑅𝑜 × 𝑅𝑒1/2

1

𝜏𝑈
∼ 𝑈′ ≪ 𝜔𝑝

𝑠 + 𝜔𝑞
𝑠 , Ro𝜖 <

lf

2Ly

For more and more modes:



2d Condensate - 3d waves interactions

Interactions restricted close to resonant:

Waves: 

If the frequencies are sufficiently small this condition is not 
restrictive even for             …

𝜔𝑝
𝑠 + 𝜔𝑞

𝑠′ ≈ 0 𝜔𝑘
𝑠 = 2Ωs

𝑘𝑧

𝑘
𝑠 = ±1

𝜔𝑝
𝑠 + 𝜔𝑞

−𝑠 ≈ 2𝜔𝑝
𝑠 ≪ 1/𝑈′

𝑠 ≠ 𝑠′

𝜔𝑝
𝑠 + 𝜔𝑞

𝑠′ < 𝑈′ =
1

𝜏𝑈 



2d Condensate - 3d waves interactions

Interactions restricted close to “resonant”:

Waves: 

Wave energy is transferred to smaller scales, frequencies decrease, this 
condition becomes less restrictive…

A sector of waves with interactions mixing positive and negative 
helicity waves appears, which extracts energy from the condensate.

𝜔𝑘
𝑠 = 2Ωs

𝑘𝑧

𝑘
𝑠 = ±1

𝜔𝑝
𝑠 + 𝜔𝑞

−𝑠 ≈ 2𝜔𝑝
𝑠 ≪ 1/𝑈′

𝜔𝑝
𝑠 + 𝜔𝑞

𝑠′ < 𝑈′ =
1

𝜏𝑈 



The condensate shear rate tunes the size of the conserving/non 
conserving sectors, such that energy balance is satisfied.

Inverse and direct transfers co-exist

Wave-helicity mixing 
interactions are present

Wave-helicity mixing 
interactions are present 𝑅𝑜𝜖 >∼

8𝑙𝑓

𝐿𝑥
:



Increasing Reynolds number? Flux loop

𝜈𝑈′2 = 𝜖𝑇3𝐷−2𝐷
𝑈′

Ω
 → 0 , 𝑈′ ∼ Ω

𝑇3𝐷−2𝐷 ∼ 𝑅𝑜𝜖
−2

Asymptotic state: transfer 
to/from waves almost balanced

Seshasayanan 2018
𝑈′ ∼ Ω



Decreasing rotation: lose the helicity 
conserving sector

The scaling with 𝑅𝑜𝜖  is eventually lost, as modes become unrestricted by rotation



Summary

• 2d large scale flow gets energy from 3d waves due to 
(approximate) separate conservation of each sign of the helicity 
for the waves

• For fast enough rotation the condensate decorrelates from the 
waves (gradually)

• For slow enough rotation, mixed helicity sign interactions are 
allowed for some waves, and those extract energy from the 
condensate 

Thank you!



Take home messages

• Role of conservation laws…

• Waves alter interactions             can generate new conservation 
laws

• Finite time-scale separation gives rise to a rich transitional 
region
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