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Collisional vs. Collisionless
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Distribution gets mixed, linearly and nonlinearly, in (r,v) phase space: 7Y
[Nastac+2025]

_Y

Fundamental question: To what (universal?) state(s) does a collisionless system (want to) relax?

Non-Maxwellian distributions are routinely measured (solar wind, cosmic rays...),
typically tlat-tops with tight tails or “fat” high-energy power-laws tails...
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What do we know of relaxation constrained in this way?
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What do we know of relaxation constrained in this way?

v" In an open system, f(r,v)will release energy until it’s in “ground state” fg(r, v)

[Gardner 1963: “restacked” distribution with the same waterbag content]
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Collisionless Relaxation
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What do we know of relaxation constrained in this way?

v" In an open system, f(r,v)will release energy until it’s in “ground state” fg(r, v)
[Gardner 1963: “restacked” distribution with the same waterbag content]

v" In a closed system that is well-mixed (=lots of fluctuations, so stirred or unstable),
coarse-grained f(r,v) will relax to maximise entropy of the “hyper kinetic” pdf
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Lynden-Bell’s Violent Relaxation

Does this work? For many years, people thought not: e.g,, a single waterbag ought to 5=
relax to a Fermi distribution (because exclusion principle operates in phase space),
which i1s a Maxwellian when non-degenerate. This does not happen (at late times).
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Lynden-Bell’s Violent Relaxation
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relax to a Fermi distribution (because exclusion principle operates in phase space),
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Lynden-Bell’s Violent Relaxation

Does this work? For many years, people thought not: e.g., a single waterbag ought to
relax to a Fermi distribution (because exclusion principle operates in phase space),
which 1s a Maxwellian when non-degenerate. This does not happen (at late times).

Why not? Incomplete mixing (constrained phase space hard to navigate)?
Lack of universality/dependence on initial conditions?
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In fact, 6f = f — f becomes highly fine-scaled, so eventually feels collisions
and breaks phase-volume conservation! — “Iurbulent ammnesia™
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“Collisionless” Relaxation

Does this work? For many years, people thought not: e.g., a single waterbag ought to

relax to a Fermi distribution (because exclusion principle operates in phase space),
which 1s a Maxwellian when non-degenerate. This does not happen (at late times).

Why not? Incomplete mixing (constrained phase space hard to navigate)?
Lack of universality/dependence on initial conditions?

In fact, 6f = f — f becomes highly fine-scaled, so eventually feels collisions
and breaks phase-volume conservation! —“I'urbulent ammesia”
Effect of this: f — f and p(n) is renewed [Ewart, Hosking 2025
...and the system remixes to Lynden-Bell maximum entropy with new constraints.
The process repeats “adiabatically” because f(r,v) relaxes slightly faster (~ Tdyn)
than p(n) conservation is broken (~ Tdyn log V') [Ewart+2025, Nastac+2025,2020]
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In fact, 6f = f — f becomes highly fine-scaled, so eventually feels collisions
and breaks phase-volume conservation! — “Iurbulent ammnesia™
Effect of this: f — f and p(n) is renewed [Ewart, Hosking 2025
...and the system remixes to Lynden-Bell maximum entropy with new constraints.
The process repeats “adiabatically” because f(r, V) relaxes slightly faster (~ Tdyn)

than p(n) conservation is broken (~ Tdayn log V') [Ewart+2025, Nastac+2025,2026]
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“Under the Hood”: Phase-Space Cascade
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In fact, 6f = f — f becomes highly fine-scaled, so eventually feels collisions
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Universal Fluctuation Spectrum
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In fact, 6f = f — f becomes highly fine-scaled, so eventually feels collisions
and breaks phase-volume conservation! — “Turbulent amnesia”
Effect of this: f — f and p(n) is renewed [Ewart, Hosking 2025
...and the system remixes to Lynden-Bell maximum entropy with new constraints.
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Nonthermal Death
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In fact, 6f = f — f becomes highly fine-scaled, so eventually feels collisions
and breaks phase-volume conservation! — “Turbulent amnesia”
Effect of this: f — f and p(n) is renewed [Ewart, Hosking 2025
...and the system remixes to Lynden-Bell maximum entropy with new constraints.
The process repeats “adiabatically” because f(r,v) relaxes slightly faster (~ Tdyn)
than p(n) conservation is broken (~ Tdyn log V') [Ewart+2025, Nastac+2025,2020]

Where does this “cycle of violent relaxations” take the system?

In the long run, everything is dead (“cold”, degenerate):

5f =0 N o E S E (we don’t know if this state is universal,
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Maximum Entropy is Minimum Energy
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In fact, 6f = f — f becomes highly fine-scaled, so eventually feels collisions
and breaks phase-volume conservation! — “Turbulent amnesia”
Effect of this: f — f and p(n) is renewed [Ewart, Hosking 2025
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..but E must be conserved! — in fact, ground state converges to maximunmr-entropy state!
(max entropy = min energy — fundamental principle of “collisionless” statistical mechanics?)
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...but E must be conserved! — in fact, ground state converges to maximumr-entropy state!

(max entropy = min energy — fundamental principle of “collisionless” statistical mechanics?)
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There are long-lived “non-degenerate” transient states with £ > Eq .
In this limit, particle-energy distribution develops a universal high-energy tail:

fle)ioe ¢ 2

(which follows from universal p(n); Ewart+2023)
(interesting because of observed power-law tails in solar wind, cosmic rays)
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= 0on-degenerate” transient states with £ > Eg .
ergy distribution develops a universal high-energy tail:

fle)ioe ¢ 2

(which follows from universal p(n); Ewart+2023)
observed power-law tails in solar wind, cosmic rays)

Proceedings of the National Academy of Scienced of the United States of America
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the system stay
in this “hot” state?

[Ewart+2025]

> =

Ak

ergy distribution develops a unives

fele) oce™® .
(which follows from universal p(n); Ewart+2023)
observed power-law tails in solar wind, cosmic rays)

Proceedings of the National Academy of Sciences of the United States of America



How and why doe
the system stay
in this “hot” state?
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It stays hot by storing some of its

= energy in long-lived structures,
& phase-space holes in plasmas,
collapsed halos in gravity. .
They have their own dynamics, and stop the system
from rearranging itself into a minimum-energy state.

Proceedings of the National Academy of Scienced of the United States of America
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& It stays hot by storing some of its
AT energy in long-lived structures,
phase-space holes in plasmas, j
This is what clumping  collapsed halos in gravity. -
cold dark matter does  They have their own dynamics, and s system

(“cosmological turbulence”)

from rearranging itself into a minimum-encrgy state.



Knowns and (Known) Unknowns

v" Lynden-Bell’s violent relaxation to maximum-entropy state subject to
phase-space volume conservation (“Casimirs’”) appears to work on dynamical times.

v" Chaotic dynamics lead to a turbulent cascade of fstrophy towards small scales
in phase space (constant-flux, Batchelor-like). This leads to
— universal fluctuation spectrum |Ex|? o< k7204 | |ny |2 oc k=24
superseding the thermal-noise spectrum in turbulent systems;
— breaking of Casimirs on~ Tayn log N time scale (“turbulent amnesia”),
whereupon Lynden-Bell state adapts “adiabatically” to renewed constraints.
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Knowns and (Known) Unknowns

v" Lynden-Bell’s violent relaxation to maximum-entropy state subject to
phase-space volume conservation (“Casimirs’”) appears to work on dynamical times.
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superseding the thermal-noise spectrum in turbulent systems;
— breaking of Casimirs on~ Tdayn 108V time scale (“turbulent amnesia”),
whereupon Lynden-Bell state adapts “adiabatically” to renewed constraints.

v" In the long run, Casimirs change so as to bring the minimum-energy
(Gardner-restacked) state in alignment with the maximume-entropy state,
making the latter degenerate (statistically “cold”).

D. Hosking
Application of these ideas to fluid systems /

(stratified atmospheres, fusion plasmas)
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Knowns and (Known) Unknowns

v" Lynden-Bell’s violent relaxation to maximum-entropy state subject to

phase-space volume conservation (“Casimirs’”) appears to work on dynamical times.

v" Chaotic dynamics lead to a turbulent cascade of fstrophy towards small scales
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in phase space (constant-flux, Batchelor-like). This leads to

— universal fluctuation spectrum |Ej|? o< k24D |ny |2 oc k24
superseding the thermal-noise spectrum in turbulent systems;

— breaking of Casimirs on~ Tayn log N time scale (“turbulent amnesia”),
whereupon Lynden-Bell state adapts “adiabatically” to renewed constraints.
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In the long run, Casimirs change so as to bring the minimume-energy
(Gardner-restacked) state in alignment with the maximume-entropy state,
making the latter degenerate (statistically “cold”).

Is there a unzversal shape of 1this frozen equilibrinm? D. Hosking
How to calculate the “collisionless collision integral” (EXT) for time evolution of the distribution?
(hence how to treat non-equiltbrium systems with drive and transport)

Long transient states: long-live structures (holes, halos) keep the system “hot” r ‘
’

This leads to maximum-entropy states featuring a power-law tail fe(e) ox e R

How to predict hole/ halo dynamics, survival time, and E/Ec ?
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