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V. Experimental Results and Comparison with CFD 
A. PLIF Flow Visualization 

Figures 4 and 5 show a summary of the NO PLIF flow visualization data set obtained in the wind tunnel tests.  They 
compare pitch, roll and yaw jet flows for low tunnel stagnation pressure (Fig. 4) and high tunnel stagnation pressure 
(Fig. 5) cases.  While these results are qualitatively similar to those described in detail in Ref. 11, these images were 
obtained with a slightly different Orion model configuration in a different test entry.  (In the current paper, the Orion 
configuration is 606D and the test number was Test 455).  The main focus of this paper is the comparison between the 
CFD computations and the fluorescence imaging and velocimetry for the yaw jet case.  The experimental results in Figs. 
4 and 5 will therefore only be briefly described. 

 

(a1)  (b1)  

(a2)  (b2)  

(a3)  (b3)  

Figure 4. Isometric views of experimental PLIF volumetric flow visualizations with P0 = 350 psi. Column (a) has 
Pc ~ 45 psi. Column (b) has Pc ~ 132 psi. Figures (a1) and (b1) show the pitch jet; (a2) and (b2) show the roll jet; 
(a3) and (b3) show the yaw jet (note model rotation 90° about the sting in the third row relative to the first two 
rows).  
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High-dimensional Problems

Assumption:  
Although the system is high-dimensional, the dynamics 
evolve on a lower dimensional manifold

grid that spans the entire flow domain and a Lagrangian grid that conforms to the boundary of the blu!
body, enabling accurate representation of the obstacle-fluid interaction. Once generated, only the Eulerian
grid data of the flow field are used; the model is not explicitly informed of the blu! body’s position or shape
and must learn it implicitly from the data.

The dataset provided to the model includes all Eulerian grid points and starts from the stationary
unstable solution and captures the transient dynamics leading to the stable limit cycle every time increment
dt. It includes velocities u and v in the x and y directions, respectively, stacked in a state vector ”. The
dataset is divided into a training and a test sets. In this example, we split the data in half by assigning
even time steps to the training set and odd time steps to the test set, ensuring equal representation of
the transients and the limit cycle in both the training and test sets. This results in an equal split of
50% between the training and test data, while preserving the number of oscillation periods and balancing
the presence of transients and limit cycles in each set. Consequently, the e!ective time interval between
consecutive data points in either set doubles to 2dt. The model is trained using fixed-size look-back windows
and learns to predict multiple future steps in an autoregressive manner as illustrated by Figure 1. During
inference, starting only from the initial condition and the unstable steady state, the model generates the
entire dynamical trajectory by rolling out predictions step by step. In this test case, the VAE projects the
velocity fields onto a four-dimensional latent space and the Transformer predicts the trajectory, as shown
in figure 2. This figure illustrates the evolution from the initial condition (IC), which corresponds to an
unstable fixed point acting as a repeller. This point gives rise to a low dimensional manifold bounded by
the characteristic periodic orbit of the cylinder wake flow, as represented in the identified latent space.

Figure 2: Latent manifold visualization in three di!erent 3D projections with the 4th dimension as a colour gradient.

The flow behaviour is primarily influenced by the Reynolds number Re, which is treated here as the
external variable or parameter ω. The Reynolds number is a dimensionless quantity that characterises the
ratio of inertial forces to viscous forces in a fluid flow and is defined as:

Re =
εUL

µ
, (6)

where ε is the fluid density, U is the characteristic velocity, L is the characteristic length (such as the length
of the blu! body), and µ is the dynamic viscosity of the fluid. For this particular blu! body, when Re

6

2. Parametrised dynamical system

Consider the following equation, which describes a general form of a dynamical system:

dω

dt
= F (ω, ε, t), (1)

where F is a nonlinear operator governing the spatial and temporal evolution of the system. Here, ω denotes
the state variables, and ε represents the parameters influencing the system’s dynamical behaviour. In this
study, the dynamical system is represented by an unsteady, two-dimensional flow past an obstacle. Given
this representation, the above equation can be recast as the incompressible Navier–Stokes equations, which
are given below:

ϑω

ϑt
= →↑p→ (ω ·↑)ω +

1

Re
↑2ω,

↑ · ω = 0.
(2)

Here, ω is the velocity field [u, v]T and p the pressure field. The flow behaviour is primarily influenced by
the Reynolds number Re, which is treated here as the variable model parameter ε, and is defined as,

Re =
ϖUL

µ
, (3)

where ϖ is the fluid density, U is the characteristic velocity, L is the characteristic length (such as the
length of the blu! body), and µ is the dynamic viscosity of the fluid. Even varying the Reynolds number
across a moderate range provokes a qualitatively di!erent dynamical response from the system. Increasing
the Reynolds number can cause the system to bifurcate, resulting in sharper transitions to the onset of
instabilities or di!erent periodic orbits. Previous work have studied the system’s behavioural dependency
to the Reynolds number in the case of a cylinder. Experimental and numerical results exhibit an initial
bifurcation at Re ↓ 48 followed by an instability growth rate linearly dependant to the Reynolds number
[22, 23]. In our experimental set-up, the "Hopf" bifurcation occurs at Re ↓ 60. This is because the obstacle
is an ellipsoid with an aspect ratio greater than one, thereby resembling a symmetric airfoil profile. This
configuration o!ers the advantage of exhibiting a dynamical behavior characterized by a single periodic orbit
over a broader range of Reynolds numbers than with a cylinder for instance. It can be visualized in Figure
1 along the energetic behaviour of our system prior and posterior the bifurcation.

Rec = 60 Re

Figure 1: Hopf bifurcations with latent manifolds at Re = 50 and Re = 90. U velocity field at unstable fixed point and at limit
cycle.

3



08/01/2026 |  New D i rec t ions in  Theore t ica l  Phys ics  |  Ta raneh Sayad i

Approach

7

1. Compression —> 
dimensionality reduction  

2. Dynamics in the lower-
dimensional manifold 

3. Decompression  

grid that spans the entire flow domain and a Lagrangian grid that conforms to the boundary of the blu!
body, enabling accurate representation of the obstacle-fluid interaction. Once generated, only the Eulerian
grid data of the flow field are used; the model is not explicitly informed of the blu! body’s position or shape
and must learn it implicitly from the data.

The dataset provided to the model includes all Eulerian grid points and starts from the stationary
unstable solution and captures the transient dynamics leading to the stable limit cycle every time increment
dt. It includes velocities u and v in the x and y directions, respectively, stacked in a state vector ”. The
dataset is divided into a training and a test sets. In this example, we split the data in half by assigning
even time steps to the training set and odd time steps to the test set, ensuring equal representation of
the transients and the limit cycle in both the training and test sets. This results in an equal split of
50% between the training and test data, while preserving the number of oscillation periods and balancing
the presence of transients and limit cycles in each set. Consequently, the e!ective time interval between
consecutive data points in either set doubles to 2dt. The model is trained using fixed-size look-back windows
and learns to predict multiple future steps in an autoregressive manner as illustrated by Figure 1. During
inference, starting only from the initial condition and the unstable steady state, the model generates the
entire dynamical trajectory by rolling out predictions step by step. In this test case, the VAE projects the
velocity fields onto a four-dimensional latent space and the Transformer predicts the trajectory, as shown
in figure 2. This figure illustrates the evolution from the initial condition (IC), which corresponds to an
unstable fixed point acting as a repeller. This point gives rise to a low dimensional manifold bounded by
the characteristic periodic orbit of the cylinder wake flow, as represented in the identified latent space.

Figure 2: Latent manifold visualization in three di!erent 3D projections with the 4th dimension as a colour gradient.

The flow behaviour is primarily influenced by the Reynolds number Re, which is treated here as the
external variable or parameter ω. The Reynolds number is a dimensionless quantity that characterises the
ratio of inertial forces to viscous forces in a fluid flow and is defined as:

Re =
εUL

µ
, (6)

where ε is the fluid density, U is the characteristic velocity, L is the characteristic length (such as the length
of the blu! body), and µ is the dynamic viscosity of the fluid. For this particular blu! body, when Re

6

2. Parametrised dynamical system

Consider the following equation, which describes a general form of a dynamical system:

dω

dt
= F (ω, ε, t), (1)

where F is a nonlinear operator governing the spatial and temporal evolution of the system. Here, ω denotes
the state variables, and ε represents the parameters influencing the system’s dynamical behaviour. In this
study, the dynamical system is represented by an unsteady, two-dimensional flow past an obstacle. Given
this representation, the above equation can be recast as the incompressible Navier–Stokes equations, which
are given below:

ϑω

ϑt
= →↑p→ (ω ·↑)ω +

1

Re
↑2ω,

↑ · ω = 0.
(2)

Here, ω is the velocity field [u, v]T and p the pressure field. The flow behaviour is primarily influenced by
the Reynolds number Re, which is treated here as the variable model parameter ε, and is defined as,

Re =
ϖUL

µ
, (3)

where ϖ is the fluid density, U is the characteristic velocity, L is the characteristic length (such as the
length of the blu! body), and µ is the dynamic viscosity of the fluid. Even varying the Reynolds number
across a moderate range provokes a qualitatively di!erent dynamical response from the system. Increasing
the Reynolds number can cause the system to bifurcate, resulting in sharper transitions to the onset of
instabilities or di!erent periodic orbits. Previous work have studied the system’s behavioural dependency
to the Reynolds number in the case of a cylinder. Experimental and numerical results exhibit an initial
bifurcation at Re ↓ 48 followed by an instability growth rate linearly dependant to the Reynolds number
[22, 23]. In our experimental set-up, the "Hopf" bifurcation occurs at Re ↓ 60. This is because the obstacle
is an ellipsoid with an aspect ratio greater than one, thereby resembling a symmetric airfoil profile. This
configuration o!ers the advantage of exhibiting a dynamical behavior characterized by a single periodic orbit
over a broader range of Reynolds numbers than with a cylinder for instance. It can be visualized in Figure
1 along the energetic behaviour of our system prior and posterior the bifurcation.

Rec = 60 Re

Figure 1: Hopf bifurcations with latent manifolds at Re = 50 and Re = 90. U velocity field at unstable fixed point and at limit
cycle.

3

2. Parametrised dynamical system

Consider the following equation, which describes a general form of a dynamical system:

dω

dt
= F (ω, ε, t), (1)

where F is a nonlinear operator governing the spatial and temporal evolution of the system. Here, ω denotes
the state variables, and ε represents the parameters influencing the system’s dynamical behaviour. In this
study, the dynamical system is represented by an unsteady, two-dimensional flow past an obstacle. Given
this representation, the above equation can be recast as the incompressible Navier–Stokes equations, which
are given below:

ϑω

ϑt
= →↑p→ (ω ·↑)ω +

1

Re
↑2ω,

↑ · ω = 0.
(2)

Here, ω is the velocity field [u, v]T and p the pressure field. The flow behaviour is primarily influenced by
the Reynolds number Re, which is treated here as the variable model parameter ε, and is defined as,

Re =
ϖUL

µ
, (3)

where ϖ is the fluid density, U is the characteristic velocity, L is the characteristic length (such as the
length of the blu! body), and µ is the dynamic viscosity of the fluid. Even varying the Reynolds number
across a moderate range provokes a qualitatively di!erent dynamical response from the system. Increasing
the Reynolds number can cause the system to bifurcate, resulting in sharper transitions to the onset of
instabilities or di!erent periodic orbits. Previous work have studied the system’s behavioural dependency
to the Reynolds number in the case of a cylinder. Experimental and numerical results exhibit an initial
bifurcation at Re ↓ 48 followed by an instability growth rate linearly dependant to the Reynolds number
[22, 23]. In our experimental set-up, the "Hopf" bifurcation occurs at Re ↓ 60. This is because the obstacle
is an ellipsoid with an aspect ratio greater than one, thereby resembling a symmetric airfoil profile. This
configuration o!ers the advantage of exhibiting a dynamical behavior characterized by a single periodic orbit
over a broader range of Reynolds numbers than with a cylinder for instance. It can be visualized in Figure
1 along the energetic behaviour of our system prior and posterior the bifurcation.

Rec = 60 Re

Figure 1: Hopf bifurcations with latent manifolds at Re = 50 and Re = 90. U velocity field at unstable fixed point and at limit
cycle.

3



08/01/2026 |  New D i rec t ions in  Theore t ica l  Phys ics  |  Ta raneh Sayad i

Intrusive techniques 

8

• Projection techniques  
➡ POD —> linear 
➡ POD-DEIM  
➡ Galerking projection 
➡ Petrov-Galerkin projection with 

hyper-reduction   

• Adaptive projection techniques  
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The discontinuous Galerkin domain decomposition (DGDD) method couples subdomains 
of high-fidelity polynomial approximation to regions of low-dimensional resolution for the 
numerical solution of systems of conservation laws. In the low-fidelity regions, the solution 
is approximated by empirical modes constructed by Proper Orthogonal Decomposition 
and a reduced-order model is used to predict the solution. The high-dimensional model 
instead solves the system of conservation laws only in regions where the solution is 
not amenable to a low-dimensional representation. The coupling between the high-
dimensional and the reduced-order models is then performed in a straightforward manner 
through numerical fluxes at discrete cell boundaries. We show results from application 
of the proposed method to parametric problems governed by the quasi-1D and 2D 
compressible Euler equations. In particular, we investigate the prediction of unsteady flows 
in a converging-diverging nozzle and over a NACA0012 airfoil in presence of shocks. 
The results demonstrate the stability and the accuracy of the proposed method and 
the significant reduction of the computational cost with respect to the high-dimensional 
model.

© 2021 Elsevier Inc. All rights reserved.

1. Introduction

Model order reduction (MOR) is an attractive method to significantly decrease the computational cost associated with 
numerical solutions of parametric problems governed by partial differential equations. It typically consists of a computation-
ally intensive offline training stage where high-fidelity solutions are collected to define a data-driven approximation space 
and a cheap online simulation stage where the data-driven model is exploited to make new predictions.

Perhaps the most common method for obtaining the reduced approximation space is the Proper Orthogonal Decompo-
sition (POD) [1,2] which hierarchically rearranges the subspace spanned by high-fidelity solutions according to an energy 
criterion so that redundant information can be discarded to achieve dimensionality reduction. However, the nature of the 
problem strongly determines the extent to which one can reduce the dimensionality of the approximation space [3]. As 

* Corresponding author.
E-mail addresses: sebastien.riffaud@u-bordeaux.fr (S. Riffaud), michel.bergmann@inria.fr (M. Bergmann), cfarhat@stanford.edu (C. Farhat), 

sjg@stanford.edu (S. Grimberg), iollo@math.u-bordeaux1.fr (A. Iollo).

https://doi.org/10.1016/j.jcp.2021.110336
0021-9991/© 2021 Elsevier Inc. All rights reserved.

Predictive Reduced Order Modeling of Chaotic Multi-scale Problems Using
Adaptively Sampled Projections

Cheng Huang

University of Kansas, Lawrence, KS

Karthik Duraisamy
University of Michigan, Ann Arbor, MI

Abstract

An adaptive projection-based reduced-order model (ROM) formulation is presented for model-order reduc-
tion of problems featuring chaotic and convection-dominant physics. An efficient method is formulated to
adapt the basis at every time-step of the on-line execution to account for the unresolved dynamics. The
adaptive ROM is formulated in a Least-Squares setting using a variable transformation to promote stabil-
ity and robustness. An efficient strategy is developed to incorporate non-local information in the basis
adaptation, significantly enhancing the predictive capabilities of the resulting ROMs. A detailed analysis
of the computational complexity is presented, and validated. The adaptive ROM formulation is shown to
require negligible offline training and naturally enables both future-state and parametric predictions. The
formulation is evaluated on representative reacting flow benchmark problems, demonstrating that the ROMs
are capable of providing efficient and accurate predictions including those involving significant changes in
dynamics due to parametric variations, and transient phenomena. A key contribution of this work is the
development and demonstration of a comprehensive ROM formulation that targets predictive capability in
chaotic, multi-scale, and transport-dominated problems.

1. Introduction

Even though high-performance computing is enabling high-fidelity simulations of complex multi-scale
physics relevant to real engineering systems [1, 2, 3], many practical computations remain intractable. This
is especially true in many-query work flows such as optimization and uncertainty quantification. Projection-
based model-order reduction (MOR) [4, 5, 6] has emerged as a promising avenue to construct reduced-order
models (ROMs) with reduced computational cost by many orders of magnitude in comparison to the full-
order model (FOM) [7, 8, 9]. Typically, the construction of projection-based ROMs includes two major
steps: 1) An offline stage in which a small number of expensive FOM simulations are performed over a
range of target parameters to obtain a low-dimensional subspace that approximates the high-dimensional
FOM solution space; and 2) The online stage which projects the FOM equations onto the low-dimensional
subspace, leading to a set of reduced equations for the ROM. Over the past decade, projected-based ROMs
have been successfully demonstrated in many areas such as flow control [10, 11, 12], aeroelasticity [13, 14],

Email addresses: chenghuang@ku.edu (Cheng Huang), kdur@umich.edu (Karthik Duraisamy)
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Linear reduction  
• DMD 
• Koopman ? 

Nonlinear reduction  
• SSM  
• MZ-formalism

Properties of Immersions for SystemswithMultiple Limit
Setswith Implications toLearningKoopmanEmbeddings ?

Zexiang Liu
a
Necmiye Ozay
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Abstract

Linear immersions (such as Koopman eigenfunctions) of a nonlinear system have wide applications in prediction and control.

In this work, we study the properties of linear immersions for nonlinear systems with multiple omega-limit sets. While

previous research has indicated the possibility of discontinuous one-to-one linear immersions for such systems, it has been

unclear whether continuous one-to-one linear immersions are attainable. Under mild conditions, we prove that any continuous

immersion to a class of systems including finite-dimensional linear systems collapses all the omega-limit sets, and thus cannot

be one-to-one. Furthermore, we show that this property is also shared by approximate linear immersions learned from data as

sample size increases and sampling interval decreases. Multiple examples are studied to illustrate our results.

Key words: Nonlinear Dynamics, Immersion, Koopman Embeddings

1 Introduction

Applied Koopman operator theory has drawn much
attention in recent years due to its potential in the
analysis, prediction, and control of nonlinear systems.
The main idea behind this is fairly straightforward:
As initially shown by [13], a nonlinear system can be
equivalently represented by an infinite-dimensional lin-
ear system whose states consist of observables of the
nonlinear system. If a finite-dimensional invariant sub-
space of this infinite-dimensional linear system is found,
a finite-dimensional linear representation of the non-
linear system, called the Koopman representation, can
be extracted from its basis. This makes prediction and
control for nonlinear systems much easier since existing
theoretical and algorithmic tools established for linear
systems can now be applied to nonlinear systems via
their finite-dimensional linear representations. Com-
pared with local linearization by Taylor expansion, the
Koopman representation can capture global behaviors
of the system [23,8] and thus opens up exciting possi-
bilities in various applications, such as model reduction

?
This research was supported in part by United States

ONR grant N00014-21-1-2431 and AFOSR grant FA9550-

21-1-0289.

and control of PDEs [15,25], prediction of chaotic sys-
tems [6], modeling and control of soft robots [5], and
model predictive control of nonlinear systems [14].

The idea behind Koopman representations and em-
beddings of nonlinear systems in linear (or bilinear,
when there are controls) systems has been a recurring
theme in the control literature, albeit under di↵erent
names. Finite-dimensional embeddings correspond to
finite-dimensional spaces of observables [34]. The Koop-
man representation can be interpreted as the “dual
system” used in linear theory (Kalman duality) and
more generally as the foundation of the duality between
observability of a nonlinear system and controllability
of a (generally infinite-dimensional) system of observ-
ables, the adjoint system. See for example the work in
[31,27,28] on algebraic observability (strong reachability
of the adjoint system, and surjective comorphisms into
cosystems in the first reference) and a brief mention
in Exercise 6.2.10 in the textbook [30]. A very closely
related concept, but for infinite-dimensional linear sys-
tems, is “topological observability”, which amounts to
the exact reachability of a dual system [36].

The primary challenge in applying Koopman operator
theory to prediction and control lies in identifying a suit-
able Koopman representation. This involves finding a

Preprint submitted to Automatica 9 September 2024
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ABSTRACT

We extend the theory of spectral submanifolds (SSMs) to general non-autonomous dynamical systems that are either weakly forced or slowly
varying. Examples of such systems arise in structural dynamics, fluid–structure interactions, and control problems. The time-dependent SSMs
we construct under these assumptions are normally hyperbolic and hence will persist for larger forcing and faster time dependence that are
beyond the reach of our precise existence theory. For this reason, we also derive formal asymptotic expansions that, under explicitly verifi-
able nonresonance conditions, approximate SSMs and their aperiodic anchor trajectories accurately for stronger, faster, or even temporally
discontinuous forcing. Reducing the dynamical system to these persisting SSMs provides a mathematically justified model- reduction tech-
nique for non-autonomous physical systems whose time dependence is moderate either in magnitude or speed. We illustrate the existence,
persistence, and computation of temporally aperiodic SSMs in mechanical examples under chaotic forcing.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0187080

Reduced models for complex physical systems are of growing
interest in various areas of applied science and engineering.
Mathematically justifiable reduction approaches, such as spec-
tral submanifold (or SSM) reduction, seek to identify the internal
dynamics on lower-dimensional, attracting invariant sets in the
phase space of the system. These reduced dynamics then become
viable reduced models for general trajectories that approach the
invariant set and synchronize with its inner motions. SSM reduc-
tion also allows for periodic or quasiperiodic time dependence in
the full system but has been inapplicable to systems with more
general time dependence, such as impulsive, chaotic, or discon-
tinuous forcing. This has hindered applications of SSM reduction
to a number of problems in structural dynamics. Here, we remove
this limitation by extending SSM theory of temporally aperiodic
dynamical systems. We obtain exact results for cases of smooth
small or smooth slow forcing, but find that our formulas for SSM-
reduced dynamics extend to larger and faster forcing in physical
examples, including even discontinuous chaotic forcing.

I. INTRODUCTION

In its simplest form, a spectral submanifold (SSM) of an
autonomous dynamical system is an invariant manifold W(E) that

is tangent to a spectral subspace E of the linearized system at a
fixed point (Haller and Ponsioen1). Classic examples of spectral sub-
manifolds are the stable, unstable, and center manifolds tangent to
spectral subspaces in which the linearized spectrum has eigenval-
ues with purely negative, positive, and zero real parts, respectively.
The stable and unstable manifolds are well known to be unique
and as smooth as the dynamical system, while center manifolds are
non-unique and not all of them are guaranteed to be as smooth
as the dynamical system (Guckenheimer and Holmes2 and Hirsch
et al.3). Near fixed points that only have eigenvalues with nega-
tive and zero real parts, center manifolds attract all trajectories, and
hence the dynamics restricted to it provides a mathematically exact
reduced-order model for the full system (Carr4 and Roberts5).

Dissipative physical systems, however, generically have hyper-
bolic equilibria and hence admit no center manifolds. Instead, near
their stable equilibria, such systems tend to have a set of fastest-
decaying modes that die out quickly, leaving a set of slower decaying
modes to govern the longer-term dynamics. Slow manifolds (i.e.,
SSMs constructed over such slower decaying modes) then replace
center manifolds as targets for mathematically justified model
reduction. Such slow SSMs were first targeted via Taylor expansions
as nonlinear normal modes (NNMs) by Shaw and Pierre.6 These
insightful calculations were then extended by the same authors to
periodically and quasi-periodically forced mechanical systems to

Chaos 34, 043152 (2024); doi: 10.1063/5.0187080 34, 043152-1
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continue to organize the dynamics under the addition of
nonlinear and time-dependent terms in the full system (1).

Let us fix a specific spectral subspace E ¼ Ej1;¼ ;jq
within either

the stable or the unstable subspace. If E is non-resonant (i.e., no
nonnegative, low-order, integer linear combination of the
spectrum of A∣E is contained in the spectrum of A outside E),
then E has infinitely many nonlinear continuations in the system
(1) for ϵ small enough29. These invariant manifolds are of
smoothness class CΣ(E), with the spectral quotient Σ(E) measuring
the ration of the fastest decay exponent outside E to the slowest
decay exponent inside E (see eq. (13) of the Methods section
“Existence of SSMs”). All such manifolds are tangent to E for
ϵ= 0, have the same quasiperiodic time dependence as f1 does
and have a dimension equal to that of E.

Of these infinitely may invariant manifolds, however, there will
be a unique smoothest one, the spectral submanifold (SSM) of E,
denoted W(E,Ωt; ϵ). This manifold is Cr smooth if r > Σ(E) and
can therefore be approximated more accurately than the other
infinitely many nonlinear continuations of E. In particular, SSMs
have convergent Taylor expansions if the dynamical system (1) is
analytic (r= a). Then the reduced dynamics on a slow SSM, Ek,
can be approximated with arbitrarily high accuracy using
arbitrarily high-order Taylor expansions, without ever increasing
the dimension of Ek, see panel (b) of Fig. 2. Such an
approximation for dynamical systems with known governing
equations is now available for any required order of accuracy via
the open-source MATLAB® package SSMTool36. In contrast,
reduced models obtained from projection-based procedures can
only be improved by increasing their dimensions.

The nearby coexisting stationary states in Fig. 2 happen to be
contained in the SSM. In specific examples, however, these states
may also be off the SSM, contained instead in one of the infinitely
many additional nonlinear continuations, ~WðE;Ωt; ϵÞ, of the
spectral subspace E. The Taylor expansion of the dynamics on
~WðE;Ωt; ϵÞ and W(E,Ωt; ϵ) are, however, identical up to order
Σ(E). Therefore, the reduced models we will compute on the SSM
W(E,Ωt; ϵ) also correctly capture the nearby stationary states on
~WðE;Ωt; ϵÞ, as long as the polynomial order of the model stays
below Σ(E). In large physical systems, this represents no
limitation, given that Σ(E)≫ 1.

Embedding SSMs via generic observables. If at least some of the
real parts of the eigenvalues in (2) are negative, then longer-term
trajectory data for system (1) will be close to an attracting SSM, as
illustrated in panel (b) of Fig. 2. This is certainly the case for data
from experiments that are run until a nontrivial, attracting steady
state emerges, see, e.g., in panel (e) of Fig. 1. Measurements of
trajectories in the full phase space, however, are seldom available
from such experiments. Hence, if data about system (1) is only
available from observables, the construction of SSMs and their
reduced dynamics has to be carried out in the space of those
observables.

An extended version of Whitney’s embedding theorem
guarantees that almost all (in the sense of prevalence) smooth
observable vectors yðxÞ ¼ ðy1ðxÞ; ; :::; ypðxÞÞ 2 Rp provide an
embedding of a compact subset C $ WðE;Ωt; ϵÞ of a d-dimen-
sional SSM, W(E,Ωt; ϵ), into the observable space Rp for high
enough p. Specifically, if we have p > 2(d+ ℓ) simultaneous and
independent continuous measurements, y(x), of the p observables,
then almost all maps y : C ! Rp are embeddings of C37, and
hence the top right plot of Fig. 3 is applicable with probability one.

In practice, we may not have access to p > 2(d+ ℓ) independent
observables and hence cannot invoke Whitney’s theorem. In that
case, we invoke the Takens delay embedding theorem38, which
covers observable vectors built from p uniformly sampled,
consecutive measured instances of a single observable. More
precisely, if s(t) is a generic scalar quantity measured at times Δt
apart, then the observable vector for delay-embedding is formed
as yðtÞ ¼ sðtÞ; sðt þ ΔtÞ; :::; s t þ ðp& 1ÞΔt

! "! "
2 Rp. We discuss

the embedding, M0 $ Rp, of an autonomous SSM, W(E,Ωt0; 0),
in the observable space Rp in more detail in the Methods
section “Embedding the SSM in the observable space”.

Data-driven extended normal forms on SSMs. Once the
embedded SSM,M0, is identified in the observable space, we seek
to learn the reduced dynamics on M0. An emerging requirement
for learning nonlinear models from data has been model
sparsity4, without which the learning process would be highly
sensitive. The dynamics on M0, however, is inherently non-
sparse, which suggests that we learn its Poincaré normal form39

Fig. 2 Linear vs. nonlinear model reduction. a Reduction of linear dynamics via Galerkin projection. The slowest spectral subspace, E1= E1 (green), and the
modal subspace, E2 (black), span together the second slowest spectral subspace, E2= E1⊕ E2. The full dynamics (red curve) can be projected onto E1 to
yield a reduced slow model without transients. Projection of the full dynamics onto E2 (blue curve) yields a reduced model that also captures the slowest
decaying transient. Further, faster-decaying transients can be captured by projections onto slow spectral subspaces, Ek, with k > 1. b Reduction of
nonlinearizable dynamics via restriction to spectral submanifolds (SSMs) in the ϵ= 0 limit of nonlinear, non-autonomous systems forced with ℓ

frequencies. An SSM, W(E,Ωt; 0), is the unique, smoothest, nonlinear continuation of a nonresonant spectral subspace E. Specifically, the slowest SSM,
W(Ek,Ωt; 0) (green), is the unique, smoothest, nonlinear continuation of the slowest spectral subspace, Ek. Nonlinearizability of the full dynamics follows if
isolated stationary states coexist on at least one of the SSMs. The time-quasiperiodic SSMs for ϵ > 0, denotedW(E,Ωt; ϵ), are not shown here but they are
OðϵÞCr-close to the structures shown, as discussed by29.

ARTICLE NATURE COMMUNICATIONS | https://doi.org/10.1038/s41467-022-28518-y

4 NATURE COMMUNICATIONS | ����� ����(2022)�13:872� | https://doi.org/10.1038/s41467-022-28518-y | www.nature.com/naturecommunications

M. Cenedese, J. Axås, B. Bäuerlein, K. Avila and G. Haller. Data-driven modeling 
and prediction of non-linearizable dynamics via spectral submanifolds. Nature 
Communications, 13 (2022) 872. 

Linear reduction  
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• Koopman ?  

Nonlinear reduction  
• SSM  
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Figure 1: Schematic diagram of the Mori–Zwanzig formalism. The Hilbert space H con-
tains all possible observables which are functions of the initial conditions of the physical-
space variables �0. The subspace Hg is linearly spanned by the set of selected observables
Span({gi}

M
i=1). We define the functions gi(t) parametrized by time t to be gi(t)��0 := gi��t,

noting that �(t) are functions of the initial condition �0. At time t = 0, the vector
g (0) = [g1(0), . . . , gM(0)]T is exactly the vector of the basis {gi}

M
i=1 and thus, g (0) is in

Hg. As the nonlinear dynamics evolves, g (t) does not necessarily stays invariantly in Hg;
in other words, g (t) is not necessarily a linear combination of {gi}

M
i=1. Mori’s projection op-

erator P projects g(t) into Hg. The image is termed as gk(t), which is a linear combination

of {gi}
M
i=1 and gk(t) satisfies Eq. (23).

3.3 Geometric interpretation of the GLE

The GLE describe the exact evolution of g(t) in H. Figure 1 illustrates a schematic diagram
of the dynamics of g(t) in the space H. Because the GLE (22) is linear, the observables
g(t) can be decomposed into two components: g(t) = gk (t) + g? (t). We define the parallel
component gk (t) as the general solution of the linear system and satisfies

ġk (t) = M · gk (t)�

Z t

0

K (t� s) · gk (s) ds, (23a)

gk (0) = g (0) . (23b)

Because (23) is linear, it is clear that gk(t) is just linear combination of the initial observables,

i.e., we can always express gk(t) =
PM

i=1 ↵i(t)gi(0) with some time-dependent coe�cients
↵i(t). Then, for any t � 0,

�
gk (t)

�
i
2 Hg, i = 1 . . .M . The orthogonal component g? (t) is

the particular solution of the linear system with the driven force F(t) and satisfies

ġ? (t) = M · g? (t)�

Z t

0

K (t� s) · g? (s) ds+ F(t), (24a)

g? (0) = 0. (24b)

Recall that the orthogonal dynamics (F(t))i 2 Hḡ, i = 1 . . .M . Then, again due to the
linearity of (24), the orthogonal component (g?(t))i 2 Hḡ, for any time t � 0.

The geometric representation in Fig. 1 illustrates the closure problem in the Hilbert
space: to evolve the exact g(t), one needs to provide the orthogonal dynamics F(t). Solving
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• Choice of observables: A nonlinear autoencoder provides a data-driven approach to
finding the key observables for best approximation of the Koopman operator. This
enables the resolved observables to learn the dominant energy observables which
minimises the contribution of the unknown noise term in GLE. Further, this relaxes the
requirement of a priori knowledge of the system while providing a suitable coordinate
transformation into an approximate Koopman invariant subspace.

• Predictability: It is highly challenging to obtain finite linear approximations for a chaotic
system [28]. These linear models fail to achieve good long-term predictions and require
large number of observables to unfold the dynamics further [15] defeating the purpose of
a ROM. Through the Mori-Zwanzig formalism we provide a memory correction term to
provide longer predictability.

Organization. §2 presents the relevant background theory, briefly discussing model-order
reduction, Koopman formalism, and Mori-Zwanzig decomposition. §3 provides the details of
the proposed MZ-AE algorithm. §4 sets up the numerical experiments and discusses the results
obtained. Finally §6, provides conclusions and a discussion on future work.

2. Background theory
This section lays down the mathematical background building up to the framework proposed
in this work. We start with Poincare’s state space view of the dynamical system in order to
set up the operator theoretic method of Koopman. Subsequently, we motivate our approach
from the reduced order model perspective since we seek a low-dimensional representation of
the infinite Koopman operator. Finally, we discuss the Mori-Zwanzig decomposition of the
observable dynamics and provide a rationale for the proposed MZ-AE framework to close the
finite Koopman approximation for nonlinear autoencoders.

(a) Data-driven model order reduction
We consider an autonomous dynamical system evolving on a smooth manifold M✓RN ,

d�(t)
dt

= S(�(t)), �(0) =�0, (2.1)

where �(t)2M is a N ⇥ 1 dimensional state vector or phase-space vector which characterises the
state of the system at any time t2 T =R. The evolution operator S :D(M)!M is a continuously
differentiable map, where D(M) is the domain of S. The dynamical system has an associated flow
T :M⇥ R!M defined as,

T (�0, t) =�0 +

Z t

0
S(�(⌧))d⌧ =�(t). (2.2)

For practical purposes, we are specifically interested in a discrete autonomous dynamical system
sampled at fixed time step �t,

�n+1 =T�(�n), n2 Z, (2.3)

where �n =�(n�t) and T� is the discrete map for the flow T . The evolution operator S is
referred to as full order model (FOM) which is typically characterised by non-linearity and the
phase-space variables (�) exhibit high dimensionality. These properties make it prohibitively
expensive to obtain the solution for the system and only limited insights can be gained into the
inherent system dynamics. To address this, we seek an accurate and amenable ROM for a tractable
number of relevant quantities u(�)2Rr such that r⌧N .

A data-driven ROM extracts this low-dimensional representation of the full-order model from
the data snapshots. This is done by projecting onto a data-driven expansion basis as in Proper
Orthogonal Decomposition (POD) [29]. In this method the basis functions (or modes) are ranked
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identity,

etL =

Z t

0
e(t�s)L

PLesQLds+ etQL, (2.11)

on the unresolved dynamics QLĝ(�0) within equation (2.10). Then, using equation (2.8), we
obtain the governing equation which represents the exact evolution of the observable ĝ(�0, t),

@
@t

ĝ(�0, t) =PLĝ(�0, t)| {z }
Markov

+

Z t

0
PLesQL

QLĝ(�0, t� s)ds

| {z }
Memory

+ etQL
QLĝ(�0)| {z }
Noise

. (2.12)

This expression is a formal rewriting of equation (2.8) for resolved observables. It decomposes
the dynamics in infinite-dimensional Hilbert space into a resolved part (Markov term), an
unresolved part (noise term), and the interaction between them (memory term). The first term
which accounts for the resolved dynamics relies solely on their instantaneous values, hence it
is referred to as the Markov term (M=PL). The third term F(t) =QLetQLĝ(�0), incorporates
the dynamics of the observables in the unresolved subspace. In literature, it is referred to as the
noise term due to its resemblance to the Langevin noise in Langevin equations. It is apparent
that the memory term corresponds to a convolution in time of observables in the past ĝ(t� s)

through a kernel ⌦(s) =PLesQL
QL, in which we recognize part of the noise term F(s). This

dependence of memory term on noise term is refered to as Generalised Fluctuation Dissipation
(GFD) relation. Consequently, the memory term accounts for the interaction of the resolved and
unresolved observables. Equation (2.12) also shows that, given a linear projection operator, the
convolution term is in principle linear with respect to the past measurements ĝ(�0, t� s) and
that the noise term is orthogonal to P (since PQ= 0). Using the above notations, we rewrite
equation (2.12) in a simplified form as

@
@t

ĝ(�0, t) =Mĝ(�0, t) +

Z t

0
⌦(s)ĝ(t� s)ds+ F(t). (2.13)

This equation is the final result of the Mori-Zwanzig formalism and is often referred to as the
Generalised Langevin Equation. It gives the exact linear evolution of the resolved observables,
and consequently the non-linear evolution of the phase-space variables. This equation is not
completely closed since, the dynamics of unresolved observables, i.e., the noise term is unknown.
This term is often modeled as noise or is neglected. However, the contribution of the noise term
can be minimized by carefully choosing the resolved observables. This choice is often dependent
on the a priori understanding of the dynamics, which is generally not available for many complex
dynamical systems. Therefore this work proposes to use a data-driven method to extract optimal
observables which minimises the noise contribution and thereby enhances the prediction-in-time
of the resolved observables.

(i) Discrete Generalised Langevin Equation

Since the data for the dynamical systems is often available in discrete format, we are interested in
the discrete counterpart of equation (2.13). For the discrete system (2.3), the Koopman operator
takes the form

K�gn = g(T�(�n)) = gn+1, (2.14)

where gn = g(�n). For an approximate finite-dimensional representation of the Koopman
operator, we follow the derivations from [8,36], and obtain the discrete GLE for resolved
observables (ĝ) by induction,

ĝn+1 =M�ĝn +
nX

k=1

⌦�(k)ĝn�k + Fn, (2.15)

where the Markov term M� =PK�, the memory kernel ⌦�(k)ĝn�k =K
n�k
� PK�Fk�1 and

Fn = [QK�]n+1ĝ0. Here, the Markov term is the projection of infinte dimensional Koopman
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Abstract

A theoretical framework which unifies the conventional Mori–Zwanzig formalism
and the approximate Koopman learning of deterministic dynamical systems from noise-
less observation is presented. In this framework, the Mori–Zwanzig formalism, devel-
oped in statistical mechanics to tackle the hard problem of construction of reduced-
order dynamics for high-dimensional dynamical systems, can be considered as a natu-
ral generalization of the Koopman description of the dynamical system. We next show
that similar to the approximate Koopman learning methods, data-driven methods can
be developed for the Mori–Zwanzig formalism with Mori’s linear projection operator.
We have developed two algorithms to extract the key operators, the Markov and the
memory kernel, using time series of a reduced set of observables in a dynamical sys-
tem. We have adopted the Lorenz ‘96 system as a test problem and solved for the
above operators. These operators exhibit complex behaviors, which are unlikely to be
captured by traditional modeling approaches in Mori–Zwanzig analysis. The nontriv-
ial Generalized Fluctuation Dissipation relationship, which relates the memory kernel
with the two-time correlation statistics of the orthogonal dynamics, was numerically
verified as a validation of the solved operators. We present numerical evidence that
the Generalized Langevin Equation, a key construct in the Mori–Zwanzig formalism,
is more advantageous in predicting the evolution of the reduced set of observables than
the conventional approximate Koopman operators.
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How does this all translate into an ML architecture? 
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Compression/decompression 
• PCA —> Linear  
• AE / VAE  —> nonlinear 

2. Parametrised dynamical system

Consider the following equation, which describes a general form of a dynamical system:

dω

dt
= F (ω, ε, t), (1)

where F is a nonlinear operator governing the spatial and temporal evolution of the system. Here, ω denotes
the state variables, and ε represents the parameters influencing the system’s dynamical behaviour. In this
study, the dynamical system is represented by an unsteady, two-dimensional flow past an obstacle. Given
this representation, the above equation can be recast as the incompressible Navier–Stokes equations, which
are given below:

ϑω

ϑt
= →↑p→ (ω ·↑)ω +

1

Re
↑2ω,

↑ · ω = 0.
(2)

Here, ω is the velocity field [u, v]T and p the pressure field. The flow behaviour is primarily influenced by
the Reynolds number Re, which is treated here as the variable model parameter ε, and is defined as,

Re =
ϖUL

µ
, (3)

where ϖ is the fluid density, U is the characteristic velocity, L is the characteristic length (such as the
length of the blu! body), and µ is the dynamic viscosity of the fluid. Even varying the Reynolds number
across a moderate range provokes a qualitatively di!erent dynamical response from the system. Increasing
the Reynolds number can cause the system to bifurcate, resulting in sharper transitions to the onset of
instabilities or di!erent periodic orbits. Previous work have studied the system’s behavioural dependency
to the Reynolds number in the case of a cylinder. Experimental and numerical results exhibit an initial
bifurcation at Re ↓ 48 followed by an instability growth rate linearly dependant to the Reynolds number
[22, 23]. In our experimental set-up, the "Hopf" bifurcation occurs at Re ↓ 60. This is because the obstacle
is an ellipsoid with an aspect ratio greater than one, thereby resembling a symmetric airfoil profile. This
configuration o!ers the advantage of exhibiting a dynamical behavior characterized by a single periodic orbit
over a broader range of Reynolds numbers than with a cylinder for instance. It can be visualized in Figure
1 along the energetic behaviour of our system prior and posterior the bifurcation.

Rec = 60 Re

Figure 1: Hopf bifurcations with latent manifolds at Re = 50 and Re = 90. U velocity field at unstable fixed point and at limit
cycle.
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identity,

etL =

Z t

0
e(t�s)L

PLesQLds+ etQL, (2.11)

on the unresolved dynamics QLĝ(�0) within equation (2.10). Then, using equation (2.8), we
obtain the governing equation which represents the exact evolution of the observable ĝ(�0, t),

@
@t

ĝ(�0, t) =PLĝ(�0, t)| {z }
Markov

+

Z t

0
PLesQL

QLĝ(�0, t� s)ds

| {z }
Memory

+ etQL
QLĝ(�0)| {z }
Noise

. (2.12)

This expression is a formal rewriting of equation (2.8) for resolved observables. It decomposes
the dynamics in infinite-dimensional Hilbert space into a resolved part (Markov term), an
unresolved part (noise term), and the interaction between them (memory term). The first term
which accounts for the resolved dynamics relies solely on their instantaneous values, hence it
is referred to as the Markov term (M=PL). The third term F(t) =QLetQLĝ(�0), incorporates
the dynamics of the observables in the unresolved subspace. In literature, it is referred to as the
noise term due to its resemblance to the Langevin noise in Langevin equations. It is apparent
that the memory term corresponds to a convolution in time of observables in the past ĝ(t� s)

through a kernel ⌦(s) =PLesQL
QL, in which we recognize part of the noise term F(s). This

dependence of memory term on noise term is refered to as Generalised Fluctuation Dissipation
(GFD) relation. Consequently, the memory term accounts for the interaction of the resolved and
unresolved observables. Equation (2.12) also shows that, given a linear projection operator, the
convolution term is in principle linear with respect to the past measurements ĝ(�0, t� s) and
that the noise term is orthogonal to P (since PQ= 0). Using the above notations, we rewrite
equation (2.12) in a simplified form as

@
@t

ĝ(�0, t) =Mĝ(�0, t) +

Z t

0
⌦(s)ĝ(t� s)ds+ F(t). (2.13)

This equation is the final result of the Mori-Zwanzig formalism and is often referred to as the
Generalised Langevin Equation. It gives the exact linear evolution of the resolved observables,
and consequently the non-linear evolution of the phase-space variables. This equation is not
completely closed since, the dynamics of unresolved observables, i.e., the noise term is unknown.
This term is often modeled as noise or is neglected. However, the contribution of the noise term
can be minimized by carefully choosing the resolved observables. This choice is often dependent
on the a priori understanding of the dynamics, which is generally not available for many complex
dynamical systems. Therefore this work proposes to use a data-driven method to extract optimal
observables which minimises the noise contribution and thereby enhances the prediction-in-time
of the resolved observables.

(i) Discrete Generalised Langevin Equation

Since the data for the dynamical systems is often available in discrete format, we are interested in
the discrete counterpart of equation (2.13). For the discrete system (2.3), the Koopman operator
takes the form

K�gn = g(T�(�n)) = gn+1, (2.14)

where gn = g(�n). For an approximate finite-dimensional representation of the Koopman
operator, we follow the derivations from [8,36], and obtain the discrete GLE for resolved
observables (ĝ) by induction,

ĝn+1 =M�ĝn +
nX

k=1

⌦�(k)ĝn�k + Fn, (2.15)

where the Markov term M� =PK�, the memory kernel ⌦�(k)ĝn�k =K
n�k
� PK�Fk�1 and

Fn = [QK�]n+1ĝ0. Here, the Markov term is the projection of infinte dimensional Koopman
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Dynamics in the latent space 
• Neural ODEs [1] 
• ESN [2]  
• LSTM [3] 
• Transformers 
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• Choice of observables: A nonlinear autoencoder provides a data-driven approach to
finding the key observables for best approximation of the Koopman operator. This
enables the resolved observables to learn the dominant energy observables which
minimises the contribution of the unknown noise term in GLE. Further, this relaxes the
requirement of a priori knowledge of the system while providing a suitable coordinate
transformation into an approximate Koopman invariant subspace.

• Predictability: It is highly challenging to obtain finite linear approximations for a chaotic
system [28]. These linear models fail to achieve good long-term predictions and require
large number of observables to unfold the dynamics further [15] defeating the purpose of
a ROM. Through the Mori-Zwanzig formalism we provide a memory correction term to
provide longer predictability.

Organization. §2 presents the relevant background theory, briefly discussing model-order
reduction, Koopman formalism, and Mori-Zwanzig decomposition. §3 provides the details of
the proposed MZ-AE algorithm. §4 sets up the numerical experiments and discusses the results
obtained. Finally §6, provides conclusions and a discussion on future work.

2. Background theory
This section lays down the mathematical background building up to the framework proposed
in this work. We start with Poincare’s state space view of the dynamical system in order to
set up the operator theoretic method of Koopman. Subsequently, we motivate our approach
from the reduced order model perspective since we seek a low-dimensional representation of
the infinite Koopman operator. Finally, we discuss the Mori-Zwanzig decomposition of the
observable dynamics and provide a rationale for the proposed MZ-AE framework to close the
finite Koopman approximation for nonlinear autoencoders.

(a) Data-driven model order reduction
We consider an autonomous dynamical system evolving on a smooth manifold M✓RN ,

d�(t)
dt

= S(�(t)), �(0) =�0, (2.1)

where �(t)2M is a N ⇥ 1 dimensional state vector or phase-space vector which characterises the
state of the system at any time t2 T =R. The evolution operator S :D(M)!M is a continuously
differentiable map, where D(M) is the domain of S. The dynamical system has an associated flow
T :M⇥ R!M defined as,

T (�0, t) =�0 +

Z t

0
S(�(⌧))d⌧ =�(t). (2.2)

For practical purposes, we are specifically interested in a discrete autonomous dynamical system
sampled at fixed time step �t,

�n+1 =T�(�n), n2 Z, (2.3)

where �n =�(n�t) and T� is the discrete map for the flow T . The evolution operator S is
referred to as full order model (FOM) which is typically characterised by non-linearity and the
phase-space variables (�) exhibit high dimensionality. These properties make it prohibitively
expensive to obtain the solution for the system and only limited insights can be gained into the
inherent system dynamics. To address this, we seek an accurate and amenable ROM for a tractable
number of relevant quantities u(�)2Rr such that r⌧N .

A data-driven ROM extracts this low-dimensional representation of the full-order model from
the data snapshots. This is done by projecting onto a data-driven expansion basis as in Proper
Orthogonal Decomposition (POD) [29]. In this method the basis functions (or modes) are ranked
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identity,

etL =

Z t

0
e(t�s)L

PLesQLds+ etQL, (2.11)

on the unresolved dynamics QLĝ(�0) within equation (2.10). Then, using equation (2.8), we
obtain the governing equation which represents the exact evolution of the observable ĝ(�0, t),

@
@t

ĝ(�0, t) =PLĝ(�0, t)| {z }
Markov

+

Z t

0
PLesQL

QLĝ(�0, t� s)ds

| {z }
Memory

+ etQL
QLĝ(�0)| {z }
Noise

. (2.12)

This expression is a formal rewriting of equation (2.8) for resolved observables. It decomposes
the dynamics in infinite-dimensional Hilbert space into a resolved part (Markov term), an
unresolved part (noise term), and the interaction between them (memory term). The first term
which accounts for the resolved dynamics relies solely on their instantaneous values, hence it
is referred to as the Markov term (M=PL). The third term F(t) =QLetQLĝ(�0), incorporates
the dynamics of the observables in the unresolved subspace. In literature, it is referred to as the
noise term due to its resemblance to the Langevin noise in Langevin equations. It is apparent
that the memory term corresponds to a convolution in time of observables in the past ĝ(t� s)

through a kernel ⌦(s) =PLesQL
QL, in which we recognize part of the noise term F(s). This

dependence of memory term on noise term is refered to as Generalised Fluctuation Dissipation
(GFD) relation. Consequently, the memory term accounts for the interaction of the resolved and
unresolved observables. Equation (2.12) also shows that, given a linear projection operator, the
convolution term is in principle linear with respect to the past measurements ĝ(�0, t� s) and
that the noise term is orthogonal to P (since PQ= 0). Using the above notations, we rewrite
equation (2.12) in a simplified form as

@
@t

ĝ(�0, t) =Mĝ(�0, t) +

Z t

0
⌦(s)ĝ(t� s)ds+ F(t). (2.13)

This equation is the final result of the Mori-Zwanzig formalism and is often referred to as the
Generalised Langevin Equation. It gives the exact linear evolution of the resolved observables,
and consequently the non-linear evolution of the phase-space variables. This equation is not
completely closed since, the dynamics of unresolved observables, i.e., the noise term is unknown.
This term is often modeled as noise or is neglected. However, the contribution of the noise term
can be minimized by carefully choosing the resolved observables. This choice is often dependent
on the a priori understanding of the dynamics, which is generally not available for many complex
dynamical systems. Therefore this work proposes to use a data-driven method to extract optimal
observables which minimises the noise contribution and thereby enhances the prediction-in-time
of the resolved observables.

(i) Discrete Generalised Langevin Equation

Since the data for the dynamical systems is often available in discrete format, we are interested in
the discrete counterpart of equation (2.13). For the discrete system (2.3), the Koopman operator
takes the form

K�gn = g(T�(�n)) = gn+1, (2.14)

where gn = g(�n). For an approximate finite-dimensional representation of the Koopman
operator, we follow the derivations from [8,36], and obtain the discrete GLE for resolved
observables (ĝ) by induction,

ĝn+1 =M�ĝn +
nX

k=1

⌦�(k)ĝn�k + Fn, (2.15)

where the Markov term M� =PK�, the memory kernel ⌦�(k)ĝn�k =K
n�k
� PK�Fk�1 and

Fn = [QK�]n+1ĝ0. Here, the Markov term is the projection of infinte dimensional Koopman

Observable space :

7

royalsocietypublishing.org/journal/rspa
P

roc
R

S
oc

A
0000000

..................................................................

identity,

etL =

Z t

0
e(t�s)L

PLesQLds+ etQL, (2.11)
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2. Parametrised dynamical system

Consider the following equation, which describes a general form of a dynamical system:

dω

dt
= F (ω, ε, t), (1)

where F is a nonlinear operator governing the spatial and temporal evolution of the system. Here, ω denotes
the state variables, and ε represents the parameters influencing the system’s dynamical behaviour. In this
study, the dynamical system is represented by an unsteady, two-dimensional flow past an obstacle. Given
this representation, the above equation can be recast as the incompressible Navier–Stokes equations, which
are given below:

ϑω

ϑt
= →↑p→ (ω ·↑)ω +

1

Re
↑2ω,

↑ · ω = 0.
(2)

Here, ω is the velocity field [u, v]T and p the pressure field. The flow behaviour is primarily influenced by
the Reynolds number Re, which is treated here as the variable model parameter ε, and is defined as,

Re =
ϖUL

µ
, (3)

where ϖ is the fluid density, U is the characteristic velocity, L is the characteristic length (such as the
length of the blu! body), and µ is the dynamic viscosity of the fluid. Even varying the Reynolds number
across a moderate range provokes a qualitatively di!erent dynamical response from the system. Increasing
the Reynolds number can cause the system to bifurcate, resulting in sharper transitions to the onset of
instabilities or di!erent periodic orbits. Previous work have studied the system’s behavioural dependency
to the Reynolds number in the case of a cylinder. Experimental and numerical results exhibit an initial
bifurcation at Re ↓ 48 followed by an instability growth rate linearly dependant to the Reynolds number
[22, 23]. In our experimental set-up, the "Hopf" bifurcation occurs at Re ↓ 60. This is because the obstacle
is an ellipsoid with an aspect ratio greater than one, thereby resembling a symmetric airfoil profile. This
configuration o!ers the advantage of exhibiting a dynamical behavior characterized by a single periodic orbit
over a broader range of Reynolds numbers than with a cylinder for instance. It can be visualized in Figure
1 along the energetic behaviour of our system prior and posterior the bifurcation.

Rec = 60 Re

Figure 1: Hopf bifurcations with latent manifolds at Re = 50 and Re = 90. U velocity field at unstable fixed point and at limit
cycle.

3

Transformer 

grid that spans the entire flow domain and a Lagrangian grid that conforms to the boundary of the blu!
body, enabling accurate representation of the obstacle-fluid interaction. Once generated, only the Eulerian
grid data of the flow field are used; the model is not explicitly informed of the blu! body’s position or shape
and must learn it implicitly from the data.

The dataset provided to the model includes all Eulerian grid points and starts from the stationary
unstable solution and captures the transient dynamics leading to the stable limit cycle every time increment
dt. It includes velocities u and v in the x and y directions, respectively, stacked in a state vector ”. The
dataset is divided into a training and a test sets. In this example, we split the data in half by assigning
even time steps to the training set and odd time steps to the test set, ensuring equal representation of
the transients and the limit cycle in both the training and test sets. This results in an equal split of
50% between the training and test data, while preserving the number of oscillation periods and balancing
the presence of transients and limit cycles in each set. Consequently, the e!ective time interval between
consecutive data points in either set doubles to 2dt. The model is trained using fixed-size look-back windows
and learns to predict multiple future steps in an autoregressive manner as illustrated by Figure 1. During
inference, starting only from the initial condition and the unstable steady state, the model generates the
entire dynamical trajectory by rolling out predictions step by step. In this test case, the VAE projects the
velocity fields onto a four-dimensional latent space and the Transformer predicts the trajectory, as shown
in figure 2. This figure illustrates the evolution from the initial condition (IC), which corresponds to an
unstable fixed point acting as a repeller. This point gives rise to a low dimensional manifold bounded by
the characteristic periodic orbit of the cylinder wake flow, as represented in the identified latent space.

Figure 2: Latent manifold visualization in three di!erent 3D projections with the 4th dimension as a colour gradient.

The flow behaviour is primarily influenced by the Reynolds number Re, which is treated here as the
external variable or parameter ω. The Reynolds number is a dimensionless quantity that characterises the
ratio of inertial forces to viscous forces in a fluid flow and is defined as:

Re =
εUL

µ
, (6)

where ε is the fluid density, U is the characteristic velocity, L is the characteristic length (such as the length
of the blu! body), and µ is the dynamic viscosity of the fluid. For this particular blu! body, when Re
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3

an optimal transport–based metric provides a smoother assessment. This choice is further supported by a
study, that has analyzed the relationship between di!erent distance metrics and phase-shifted signals [31].

...

...

...

Figure 3: ROM uncertainty evaluation through ensemble generation ω. The ensemble mean (prediction) is denoted ω̄ and the
ensemble variance (uncertainty) by ω̃.

Regarding the uncertainty quantification (UQ), it is computed as the variance of the stochastically
sampled ensemble drawn from the latent coordinate distributions, as illustrated in Figure 3 for an ensemble
of size N . The variance is then averaged over the entire forecast window to obtain a scalar value associated
with each Reynolds number configuration. The general UQ evaluation framework is described in detail
in [15]. Importantly, the model error and its estimated uncertainty are expected to be correlated. This
correlation serves as a crucial sanity check for both our uncertainty quantification strategy and our error
evaluation metric.

Figure 4: Kinetic energy prediction vs ground truth (validation set).

After training, the model is given only the initial condition and the associated Reynolds value, and uses
auto-regression to forecast the entire dynamical window. It is possible to qualitatively assess the model’s
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Training Samples

Rec = 60 Re

Figure 5: Inferred and true kinetic energy signals in the in-distribution and out-of-distribution training
dataWe should modify the Figure and make the energy Figures more obvious ...

To test whether the performance of UP-ROM extends to a larger dimensional parameter space, the
aspect ratio of the blu↵ body was added as a second parameter. The aspect-ratio, as defined in Figure 6,
characterizes the shape of the blu↵ body and significantly influences the flow behaviour. An aspect-ratio
smaller than 1 indicates that the obstacle is taller than wide, creating a stronger disruption in the flow. This
increased blockage leads to earlier vortex shedding and a bifurcation occurring at a lower Reynolds number.
In contrast, an aspect-ratio greater than 1 corresponds to an elongated body, similar to an airfoil, which
disturbs the flow less significantly. In this case, the onset of vortex shedding and bifurcation is delayed,
occurring at a higher Reynolds number due to the more streamlined geometry. This e↵ect is illustrated in
Figure 6, where di↵erent aspect ratios result in distinct flow regimes, even though the Reynolds number
remains unchanged.

a

b

Aspect-ratio

Figure 6: Aspect ratio definition (a) and u velocity field at Re = 50 for aspet-ratio � = 1.5 (b), and � = 0.75 (c).

Performance with a two-variable parameterisation (Re,�) can be visualised using a pointwise scaled
MSE, as shown in Figure 7, which ensures that each grid point is equally weighted in the evaluation. The
scaled MSE, computed on test data, is obtained locally using the magnitude of local variations. The resulting
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Figure 5: Application of BIA algorithm to flow around the cylinder, identifying four main clusters (yellow/purple/green/blue)
(left), representation of the x-coordinate velocity (center), evolution of the total kinetic energy of the flow over time with red
dot marking the time instant for each row (right). Each row represents a specific time instance: t = 0.25 [s] (first row), t = 2.5
[s] (second row), t = 5 [s] (third row), t = 10 [s] (fourth row).

This also highlights the importance of the Lagrangian framework. As the region with the identified dynamics
changes spatially, Dynamic BIA is able to adapt the movement of each cluster. While the BIA algorithm of
the previous section assigns the whole region behind the cylinder to one cluster, the Lagrangian framework
is able to distinguish the near separation from the following wake behind a cylinder, and reconstruct the
movement of this cluster. Finally, the clusters behind the cylinder settle into a smaller bubble when the
limit cycle is established and can follow the correct oscillations according to the Strouhal number of the
shedding.

At this stage, we observe notable di↵erences in the clusters identified by the Eulerian and Lagrangian
versions of the algorithm, even when considering systems operating in the limit cycle regime, as shown
in Figures 4 and 6, respectively. These discrepancies can be attributed to the inherent nature of the two
algorithms in representing the underlying dynamics. The Eulerian approach focuses on the dynamics as
observed from fixed spatial locations, thereby capturing the accumulation of system behavior over the entire
time horizon. This method, however, struggles to distinguish distinct fluid structures, such as recirculation
bubbles or vortex dynamics, since these regions undergo similar dynamical behaviors at di↵erent time
instants, leading to their identification as similar clusters. Essentially, in the Eulerian frame, spatial regions
that experience identical or closely related dynamics during di↵erent periods are grouped together, obscuring
any transient or localized phenomena that may be of interest.

In contrast, the Lagrangian approach tracks individual fluid particles or regions as they move through
the domain, which enables a more precise identification of specific dynamical behaviors. For example, the
recirculation bubble, which undergoes distinct evolutionary patterns over time, is more accurately captured
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are given below:
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↑ · ω = 0.
(2)

Here, ω is the velocity field [u, v]T and p the pressure field. The flow behaviour is primarily influenced by
the Reynolds number Re, which is treated here as the variable model parameter ε, and is defined as,

Re =
ϖUL

µ
, (3)

where ϖ is the fluid density, U is the characteristic velocity, L is the characteristic length (such as the
length of the blu! body), and µ is the dynamic viscosity of the fluid. Even varying the Reynolds number
across a moderate range provokes a qualitatively di!erent dynamical response from the system. Increasing
the Reynolds number can cause the system to bifurcate, resulting in sharper transitions to the onset of
instabilities or di!erent periodic orbits. Previous work have studied the system’s behavioural dependency
to the Reynolds number in the case of a cylinder. Experimental and numerical results exhibit an initial
bifurcation at Re ↓ 48 followed by an instability growth rate linearly dependant to the Reynolds number
[22, 23]. In our experimental set-up, the "Hopf" bifurcation occurs at Re ↓ 60. This is because the obstacle
is an ellipsoid with an aspect ratio greater than one, thereby resembling a symmetric airfoil profile. This
configuration o!ers the advantage of exhibiting a dynamical behavior characterized by a single periodic orbit
over a broader range of Reynolds numbers than with a cylinder for instance. It can be visualized in Figure
1 along the energetic behaviour of our system prior and posterior the bifurcation.

Rec = 60 Re

Figure 1: Hopf bifurcations with latent manifolds at Re = 50 and Re = 90. U velocity field at unstable fixed point and at limit
cycle.
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Transformer

Figure 1: UP-dROM architecture with q the look-back window

dynamics. Similar to how Large Language Models (LLMs) use attention to capture long-range dependencies
and contextual relationships in sequential data, transformers in this context exploit time-dependent struc-
tures in latent space. This allows the model to generalise e!ectively, handle non-linearities and adapt to
di!erent time scales, thereby increasing robustness and predictive power.

2.3. Model training

Transformer and autoencoderare trained together to promote a symbiotic relationship between the two
elements, thus fostering an organic modal representation. The total loss is calculated considering a prediction
horizon h and a lookback window q. The appendix provides further details on the selection of hyperparam-
eters across di!erent test cases, which were chosen through grid search to balance computational e”ciency
and model accuracy. The loss function is defined as:

L =
ω

m
(

m∑

k=0

→εn→q:n↑DE(εn→q:n)→+ϑ.KLD)+
1

m

m∑

k=0

→zn+1:n+h↑ẑn+1:n+h→+
1

m

m∑

k=0

→εn+1:n+h↑D(ẑn+1:n+h)→.

(3)
where E is the encoding process, D the decoding process, KLD the Kullback-Leibler divergence and ẑ the
latent variables. In addition, ω and ϑ are regularisation coe”cients. The first term of this loss promotes
a mirroring process between encoder and decoder, similar to a classical projection. The Kullback-Leibler
divergence term is related to the use of the VAE and is explained in Section 4.

2.4. Validation of UP-dROM – application to flow around a cylinder

The model is validated by predicting the evolution of flow around a blunt object, specifically a cylinder.
The flow dynamics are governed by the incompressible Navier-Stokes equations :

↓ · u = 0 (4)

ϖu

ϖt
= ↑↓p↑ (u ·↓)u+

1

Re
↓2u (5)

Where u is the velocity field, p is the pressure, and Re is the Reynolds number. The data are generated using
a solver based on the Immersed Boundary Method [36]. This solver utilises two grids: a regular Eulerian
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•  Distribution is computed using Kullback-Leiber Divergence (KLD) assuming Gaussian distribution
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an optimal transport–based metric provides a smoother assessment. This choice is further supported by a
study, that has analyzed the relationship between di!erent distance metrics and phase-shifted signals [31].

...

...

...

Figure 3: ROM uncertainty evaluation through ensemble generation ω. The ensemble mean (prediction) is denoted ω̄ and the
ensemble variance (uncertainty) by ω̃.

Regarding the uncertainty quantification (UQ), it is computed as the variance of the stochastically
sampled ensemble drawn from the latent coordinate distributions, as illustrated in Figure 3 for an ensemble
of size N . The variance is then averaged over the entire forecast window to obtain a scalar value associated
with each Reynolds number configuration. The general UQ evaluation framework is described in detail
in [15]. Importantly, the model error and its estimated uncertainty are expected to be correlated. This
correlation serves as a crucial sanity check for both our uncertainty quantification strategy and our error
evaluation metric.

Figure 4: Kinetic energy prediction vs ground truth (validation set).

After training, the model is given only the initial condition and the associated Reynolds value, and uses
auto-regression to forecast the entire dynamical window. It is possible to qualitatively assess the model’s

6

newly available full-state data can be used to retrain the model, using the following loss function to improve
the forecast:

→g̃(Xt→1)↑Xa

t
→2 . (6)

Here, Xa denotes the mean of the analysis ensemble, defined as

Xa =
1

N

N∑

i=1

ωa

i
↓ Rm.

Previous studies that combine assimilated data with machine learning have proposed alternative loss func-
tions that explicitly account for the inherent uncertainty of the Kalman filter. For instance, [17] introduced
a weighted loss that penalizes confident errors more heavily than uncertain ones. Their loss function is
defined as:

→g̃(Xt→1)↑Xa

t
→2,P→1

k
, where →x→2,P→1

k
= x↑P→1

k
x. (7)

In this formulation, Pk acts as the surrogate model error covariance matrix, so that more uncertain states
(with larger variance) receive smaller weights in the loss. However, this approach requires computing the
inverse of a high-dimensional covariance matrix at each training step, which incurs a prohibitive computa-
tional cost. Furthermore, Section 6.1 illustrates that, due to the architecture of our model, there is no need
to account for aleatoric uncertainties arising from the Kalman filter, meaning that it does not need to be
embedded in the loss through the computation of the error covariance. Therefore, we adopt the simpler
quadratic distance given in Equation 6.

5.2. Data Assimilation at Re = 140

The model generates a forecast for Reynolds number 140. We assume that the predicted uncertainty
serves as a good proxy for the actual error, which justifies the use of an Ensemble Kalman filter (EnKF).

We position 64 sensors, distributed between U and V, not necessarily evenly, to maximize the modal
information captured about the system’s overall state, as detailed in Appendix A.2. The 64 high-fidelity
observations correspond to 1% of the system’s total number of spatial dimensions. Figure 13 shows the
location of the sensors overlaid on the mean uncertainty of both velocity fields. Logically, they are positioned
downstream of the obstacle and in the wake of the uncertainty, thereby concentrating the added knowledge
of the system’s state in the region most prone to error.

(a) Sensor locations for U velocity field, repre-
sented on the average U uncertainty

(b) Sensor locations for V velocity field, repre-
sented on the average V uncertainty

Figure 13: Sensor placement computed for both velocity fields represented upon their respective mean field.

For a simulation at Reynolds number Re = 140, we run the Kalman filter with algorithm 1, using the
observations from the identified sensors, and we evaluate the performance of the Kalman filter in reducing
forecast error over both time (Figure 14) and space (Figure 15). The error that is considered here is the
quadratic distance since Kalman filter analysis minimizes a quadratic distance-based cost function.
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Figure II.12: Schematic representation of sequential EnKF. When observations yj (green
crosses) become available, an ensemble of forcasted states qf (blue rectangles and ellipses)
are updated through the analysis step to produce the assimilated ensemble q

a (red
rectangles and ellipses). Dashed curves represent individual ensemble member trajectories,
and ellipses represent ensemble spread.

II.3.2.c Deterministic Ensemble Kalman Filter (DEnKF)

Standard EnKF described above is not the only variation of ensemble-based KF. Other
versions exists, such as Square Root Ensemble Kalman Filter (Sqrt-EnKF) [140, 142] or
Deterministic Ensemble Kalman Filter (DEnKF) [144], which use di!erent techniques to
update the ensemble members without explicitly perturbing the observations. These
approaches can help reduce sampling errors and improve numerical stability by directly
updating the ensemble mean and ensuring the correct ensemble spread.

In the Deterministic Ensemble Kalman Filter (DEnKF) the ensemble mean and
perturbation matrices are updated separately according to

q
a
j = q

f
j +Kj(yj → Hq

f
j ), Q̃

a

j = Q̃
f

j →
1

2
KjHQ̃

f

j . (II.47)

In the "rst expression, we dropped the ↑̂ notation for the sake of simplicity so that qa
j and

q
f
j actually refer to the mean assimilated and forecast states, respectively, while the matrix

Kj corresponds to Kalman gain

Kj = C
f
qq|jH

T
(Cyy +HC

f
qq|jH

T
)
→1. (II.48)

The so-updated ensemble is then propagated in time to the next observation time j + 1,
and the above two-step procedure is repeated until the end of the considered time horizon.
Compared to the standard EnKF, the analysis scheme (II.47) avoids the need of arti"cially
perturbing the observations yj for each ensemble member [347], while being simpler than
ensemble square-root "lters [141] and exhibiting similar performances as the latter ones
[144].

Raphaël Villiers – 52 – ONERA - P prime

Villiers et al. 2025
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ensemble variance (uncertainty) by ω̃.

Regarding the uncertainty quantification (UQ), it is computed as the variance of the stochastically
sampled ensemble drawn from the latent coordinate distributions, as illustrated in Figure 3 for an ensemble
of size N . The variance is then averaged over the entire forecast window to obtain a scalar value associated
with each Reynolds number configuration. The general UQ evaluation framework is described in detail
in [15]. Importantly, the model error and its estimated uncertainty are expected to be correlated. This
correlation serves as a crucial sanity check for both our uncertainty quantification strategy and our error
evaluation metric.

Figure 4: Kinetic energy prediction vs ground truth (validation set).

After training, the model is given only the initial condition and the associated Reynolds value, and uses
auto-regression to forecast the entire dynamical window. It is possible to qualitatively assess the model’s

6

6 DA results (1st moment)

The model generates a forecast for Reynolds 140. Figure 9 compares the spatial
distributions of mean error and mean uncertainty.

Figure 9: Comparison of uncertainty and error across the spatial domain.

By examining the flow field at di!erent snapshots, we observe a strong spa-
tial correlation between the error and uncertainty, as illustrated in Figure 10.
This correlation is expected to be leveraged by the Kalman filter during data
assimilation.

Figure 10: U velocity field, its uncertainty, and error at di!erent time steps.

For a simulation at Reynolds number Re = 140, we evaluate the performance
of the Kalman filter in reducing forecast error over both time (Figure 11) and
space (Figure 12, 13).

12
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ABSTRACT

We present a data-driven and interpretable approach for reducing the dimensionality of chaotic systems using spectral submanifolds (SSMs).
Emanating from fixed points or periodic orbits, these SSMs are low-dimensional inertial manifolds containing the chaotic attractor of the
underlying high-dimensional system. The reduced dynamics on the SSMs turn out to predict chaotic dynamics accurately over a few Lya-
punov times and also reproduce long-term statistical features, such as the largest Lyapunov exponents and probability distributions, of the
chaotic attractor. We illustrate this methodology on numerical data sets including delay-embedded Lorenz and Rössler attractors, a nine-
dimensional Lorenz model, a periodically forced Duffing oscillator chain, and the Kuramoto–Sivashinsky equation. We also demonstrate the
predictive power of our approach by constructing an SSM-reduced model from unforced trajectories of a buckling beam and then predicting
its periodically forced chaotic response without using data from the forced beam.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0179741

In high-dimensional systems, inertial manifolds containing the
low-dimensional chaotic attractor play a significant role in
understanding and predicting chaotic behaviors. Such low-
dimensional, attracting inertial manifolds contain the essential
dynamics of the system and, therefore, offer a tool for model
reduction. We construct such inertial manifolds as spectral sub-
manifolds (SSMs) emanating from an unstable steady state and
develop SSM-reduced models on them. SSM-reduced models of
chaotic systems give accurate short-term predictions and simul-
taneously reproduce long-term statistical properties. We fur-
ther demonstrate the predictability of such SSM-reduced models
on several numerical data sets including the delay-embedded
Lorenz and Rössler attractors, forced Duffing oscillator chain,
the Kuramoto–Sivashinsky equation, and a periodically forced
buckling beam.

I. INTRODUCTION

Chaos is ubiquitous in a variety of systems, varying from
the double pendulum to turbulent flows.1–3 Most of these chaotic

systems are high-dimensional but their chaotic dynamics take place
in low-dimensional attractors. The dynamics within these strange
attractors provides an ideal reduced model for the full system, as
long as appropriate localized coordinates can be constructed along
the attractor. This typically requires the construction of a smooth,
low-dimensional manifold into which the attractor is properly
embedded.

Based on Whitney’s4 and Takens’s5 embedding theorems, sev-
eral algorithms have been developed for attractor reconstruction
and for learning appropriate coordinates near those attractors from
delay-embedded data.6–8 In general, a higher embedding dimension
preserves more information at the cost of increasing system dimen-
sionality. To infer the optimal embedding dimension and delay
embedding time lag, using average mutual information (AMI)9 and
the false nearest neighbor (FNN) method10 has become a standard
practice. For high-dimensional time series, the dimensionality of the
measurements is typically higher than that of the intrinsic system
dynamics, requiring dimensional reduction for system identification
and modeling.

For this purpose, it is customary to first perform model
reduction and then fit a low-dimensional chaotic model in the

Chaos 34, 033140 (2024); doi: 10.1063/5.0179741 34, 033140-1
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FIG. 12. Manifold fitting error for different SSM dimensions, as functions of
the SSM fitting order. From this figure, we fit a d = 8 dimensional SSM with a
K = 3rd order expansion to the 1024-dimensional input data, which gives an
invariance error 0.35% for the test set.

1024 segments, generate trajectories with the time step 0.25, and dis-
card the first 100 time units to get trajectories close to the attractor.
The training set which is generated for the time length 1.25 × 105

contains approximately 5 × 105 data points. In this example, we only
test the short-term predictability of the SSM-reduced model and
therefore generate a short test set for a 100 time interval.

For SSMLearn, computing the parametrization of an SSM
requires solving the implicit minimization in Eq. (15), which can be
computationally demanding for high-dimensional systems. There-
fore, we turn to the fastSSM algorithm,70 which significantly
reduces the computational cost when the observable space dimen-
sion is high. The fastSSM algorithm calculates the tangent space
of the SSM by singular value decomposition and the manifold
parametrization via explicit polynomial regression. As a result, the
computational cost scales linearly with the input data dimension.
We refer to Ref. 70 for a detailed discussion.

To estimate the SSM dimension from data, we plot the man-
ifold fitting error as a function of the SSM dimension and SSM
polynomial expansion order as shown in Fig. 12. When we increase
the SSM dimension to eight, there is a significant drop in manifold
fitting error. This indicates the chaotic attractor of the system can
be captured by an inertial manifold with a dimensionality of at least
eight. Therefore, we fit an eight-dimensional SSM with a third order
polynomial expansion to the 1024-dimensional trajectory data. The
invariance error of the manifold fitting is 0.35% for the test data. The
estimated dimension d = 8 agrees with the estimations in Refs. 71
and 69 and other model reduction results on inertial manifolds.24,72

After obtaining the data in 8D reduced coordinates, we per-
form the kNN algorithm with k = 9 to make forecasts for the test
trajectory. The forecasting quality and the validity range of each
prediction depend on the amount of training data used and the indi-
vidual initial condition of the test trajectory. We only illustrate one

FIG. 13. Test trajectory and its prediction by the SSM-reduced model with system
size L = 22. The top two plots are the velocity u = u(x, t) and its prediction
ũ = ũ(x, t) for the time interval (0, 90). The SSM prediction resembles the real
chaotic flow pattern but gradually diverges from it. The bottom two plots show the
pointwise prediction error and the time evolution of the normalized trajectory error.

of the SSM prediction results in Fig. 13. In general, the normal-
ized trajectory errors reach 0.5 between 10 and 60 time intervals.
A detailed analysis of Lyapunov exponents and average predictabil-
ity for this infinite-dimensional example is beyond the scope of the
present paper.

F. Periodically forced finite-element beam

In our final and most complex example, we use data-driven
model reduction to a mixed-mode SSM to identify a low-order
model for the chaotic attractor of a periodically forced buckling
beam. The nonlinear finite-element model we use for a von Kár-
mán beam is a second-order approximation of the kinematics of a
beam, taking into account the deformation of the cross-section for
both bending and stretching. We specifically adopt here the finite-
element MATLAB code developed in Ref. 73 and the same buckling
beam setting as in Ref. 37. The boundary condition of the beam is

FIG. 14. Dynamic buckling of a pinned–pinned von Kármán beam, with the
subsequent addition of a time-periodic vertical load at its midpoint.
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What is the ultimate goal of these models ? 

- Image reconstruction ?  
- Acceptable dynamical/statistical behaviour 
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Decompose the process into two steps : (scale separation)

I. Large scales —> predicted by ROM        (FORECAST) 

II. Small scales —> Stochastic closure        (Closure)
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and illustrated in figure 1b.
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(a) U and V velocity fields (b) Kinetic energy

Figure 1: Velocity fields and corresponding kinetic energy signal.

The energy cascade, central to Kolmogorov and Richardson’s turbulence theories, is based on decom-
posing the flow’s energy into structures of di!erent sizes or, equivalently, into di!erent frequencies, also
referred to as wavenumbers. Larger structures correspond to lower wavenumbers and typically carry more
energy. Our approach relies on separating these scales under the assumption that there exists a dichotomy
between large coherent structures and the smaller eddies into which they break down. The spatial distribu-
tion of these structures, or more precisely their distribution across wavenumbers, is obtained by applying
the two-dimensional (2D) Fourier transform to the field, denoted as:

U(x, y) →↑ Û(m,n) = F2D[U ](m,n)

where the transform is defined as:

F(m,n) =

∫ →

↑→

∫ →

↑→
U(x, y) e↑j2ω(mx+ny)

dx dy.

Here, m and n are the spatial frequencies (or wavenumbers) in the x- and y-directions, respectively. The
quantity |F(m,n)| represents the magnitude spectrum of the kinetic energy field K. It provides the dis-
tribution of wavenumbers at any given timestep. The time-averaged spectrum is shown in Figure 2 on a
logarithmic scale.

Figure 2: Time-averaged energy spectrum displayed on a logarithmic scale.
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U(x, y) →↑ Û(m,n) = F2D[U ](m,n)

where the transform is defined as:

F(m,n) =

∫ →

↑→

∫ →

↑→
U(x, y) e↑j2ω(mx+ny)

dx dy.

Here, m and n are the spatial frequencies (or wavenumbers) in the x- and y-directions, respectively. The
quantity |F(m,n)| represents the magnitude spectrum of the kinetic energy field K. It provides the dis-
tribution of wavenumbers at any given timestep. The time-averaged spectrum is shown in Figure 2 on a
logarithmic scale.

Figure 2: Time-averaged energy spectrum displayed on a logarithmic scale.

4

and illustrated in figure 1b.

kt =
1

2NxNy

NxNy∑

d=1

(
u
2
d,t + v

2
d,t

)
(2)

(a) U and V velocity fields (b) Kinetic energy

Figure 1: Velocity fields and corresponding kinetic energy signal.

The energy cascade, central to Kolmogorov and Richardson’s turbulence theories, is based on decom-
posing the flow’s energy into structures of di!erent sizes or, equivalently, into di!erent frequencies, also
referred to as wavenumbers. Larger structures correspond to lower wavenumbers and typically carry more
energy. Our approach relies on separating these scales under the assumption that there exists a dichotomy
between large coherent structures and the smaller eddies into which they break down. The spatial distribu-
tion of these structures, or more precisely their distribution across wavenumbers, is obtained by applying
the two-dimensional (2D) Fourier transform to the field, denoted as:
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The filter reduces the spatial complexity and fine-scale features of the flow that pose challenges for a
Reduced Order Model (ROM) to accurately capture [42, 43]. The e!ects of the filter on the velocity fields
and kinetic energy are illustrated in Figures 5a, 5b, and 5c, respectively.
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The filtered data resulting from this process will be used to train the dynamic Reduced-Order Model
(ROM) described in the next section.

3. Filtered dynamics

3.1. Model architecture

We employ a Variational Autoencoder (VAE) to identify a reduced latent space onto which the dynamics
are learned by a Transformer, leveraging recent advances in embedded memory and attention mechanisms
[13, 14]. The Mori-Zwanzig formalism and Takens’ theorem [44, 45, 46] emphasize the importance of incor-
porating a memory term to e!ectively account for the influence of the unobserved, orthogonal subspace on
the set of observables learned through the VAE projection. Additionally, Gupta et al. [10] demonstrate the
limitations of using a purely Markovian representation for rolling out dynamics within a finite, invariant
Koopman space. Our architecture, illustrated in Figure 6, is the same used in [16].
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Figure 1: Velocity fields and corresponding kinetic energy signal.

The energy cascade, central to Kolmogorov and Richardson’s turbulence theories, is based on decom-
posing the flow’s energy into structures of di!erent sizes or, equivalently, into di!erent frequencies, also
referred to as wavenumbers. Larger structures correspond to lower wavenumbers and typically carry more
energy. Our approach relies on separating these scales under the assumption that there exists a dichotomy
between large coherent structures and the smaller eddies into which they break down. The spatial distribu-
tion of these structures, or more precisely their distribution across wavenumbers, is obtained by applying
the two-dimensional (2D) Fourier transform to the field, denoted as:

U(x, y) →↑ Û(m,n) = F2D[U ](m,n)

where the transform is defined as:

F(m,n) =
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Here, m and n are the spatial frequencies (or wavenumbers) in the x- and y-directions, respectively. The
quantity |F(m,n)| represents the magnitude spectrum of the kinetic energy field K. It provides the dis-
tribution of wavenumbers at any given timestep. The time-averaged spectrum is shown in Figure 2 on a
logarithmic scale.

Figure 2: Time-averaged energy spectrum displayed on a logarithmic scale.
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The filtered data resulting from this process will be used to train the dynamic Reduced-Order Model
(ROM) described in the next section.

3. Filtered dynamics

3.1. Model architecture

We employ a Variational Autoencoder (VAE) to identify a reduced latent space onto which the dynamics
are learned by a Transformer, leveraging recent advances in embedded memory and attention mechanisms
[13, 14]. The Mori-Zwanzig formalism and Takens’ theorem [44, 45, 46] emphasize the importance of incor-
porating a memory term to e!ectively account for the influence of the unobserved, orthogonal subspace on
the set of observables learned through the VAE projection. Additionally, Gupta et al. [10] demonstrate the
limitations of using a purely Markovian representation for rolling out dynamics within a finite, invariant
Koopman space. Our architecture, illustrated in Figure 6, is the same used in [16].
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dynamics. Similar to how Large Language Models (LLMs) use attention to capture long-range dependencies
and contextual relationships in sequential data, transformers in this context exploit time-dependent struc-
tures in latent space. This allows the model to generalise e!ectively, handle non-linearities and adapt to
di!erent time scales, thereby increasing robustness and predictive power.

2.3. Model training

Transformer and autoencoderare trained together to promote a symbiotic relationship between the two
elements, thus fostering an organic modal representation. The total loss is calculated considering a prediction
horizon h and a lookback window q. The appendix provides further details on the selection of hyperparam-
eters across di!erent test cases, which were chosen through grid search to balance computational e”ciency
and model accuracy. The loss function is defined as:

L =
ω

m
(

m∑

k=0

→εn→q:n↑DE(εn→q:n)→+ϑ.KLD)+
1

m

m∑

k=0

→zn+1:n+h↑ẑn+1:n+h→+
1

m

m∑

k=0

→εn+1:n+h↑D(ẑn+1:n+h)→.

(3)
where E is the encoding process, D the decoding process, KLD the Kullback-Leibler divergence and ẑ the
latent variables. In addition, ω and ϑ are regularisation coe”cients. The first term of this loss promotes
a mirroring process between encoder and decoder, similar to a classical projection. The Kullback-Leibler
divergence term is related to the use of the VAE and is explained in Section 4.

2.4. Validation of UP-dROM – application to flow around a cylinder

The model is validated by predicting the evolution of flow around a blunt object, specifically a cylinder.
The flow dynamics are governed by the incompressible Navier-Stokes equations :

↓ · u = 0 (4)

ϖu

ϖt
= ↑↓p↑ (u ·↓)u+

1

Re
↓2u (5)

Where u is the velocity field, p is the pressure, and Re is the Reynolds number. The data are generated using
a solver based on the Immersed Boundary Method [36]. This solver utilises two grids: a regular Eulerian

5

progresses, as shown in Figure 7. The figure displays the mean trajectory alongside confidence intervals
defined by the standard deviation ω of the ensemble. We also represent the true test trajectory to better
evaluate the two statistical moments of the generated ensemble.

Figure 7: Comparison of predicted and true trajectories for both flow fields at a given time. The plot also shows an ensemble

of sampled trajectories generated by the ROM at di!erent locations. The solid red line represents the ROM mean prediction,

the dashed black line indicates the true (test) trajectory, and the shaded areas denote the ±ω and ±3ω confidence intervals.

Figure 7 also includes two snapshots of the velocity fields u and v, taken 100 timesteps after the initial
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The energy cascade, central to Kolmogorov and Richardson’s turbulence theories, is based on decom-
posing the flow’s energy into structures of di!erent sizes or, equivalently, into di!erent frequencies, also
referred to as wavenumbers. Larger structures correspond to lower wavenumbers and typically carry more
energy. Our approach relies on separating these scales under the assumption that there exists a dichotomy
between large coherent structures and the smaller eddies into which they break down. The spatial distribu-
tion of these structures, or more precisely their distribution across wavenumbers, is obtained by applying
the two-dimensional (2D) Fourier transform to the field, denoted as:

U(x, y) →↑ Û(m,n) = F2D[U ](m,n)

where the transform is defined as:

F(m,n) =

∫ →

↑→

∫ →

↑→
U(x, y) e↑j2ω(mx+ny)

dx dy.

Here, m and n are the spatial frequencies (or wavenumbers) in the x- and y-directions, respectively. The
quantity |F(m,n)| represents the magnitude spectrum of the kinetic energy field K. It provides the dis-
tribution of wavenumbers at any given timestep. The time-averaged spectrum is shown in Figure 2 on a
logarithmic scale.

Figure 2: Time-averaged energy spectrum displayed on a logarithmic scale.
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The filter reduces the spatial complexity and fine-scale features of the flow that pose challenges for a
Reduced Order Model (ROM) to accurately capture [42, 43]. The e!ects of the filter on the velocity fields
and kinetic energy are illustrated in Figures 5a, 5b, and 5c, respectively.
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Figure 5: E!ect of low-pass filter on velocity fields and kinetic energy.

The filtered data resulting from this process will be used to train the dynamic Reduced-Order Model
(ROM) described in the next section.

3. Filtered dynamics

3.1. Model architecture

We employ a Variational Autoencoder (VAE) to identify a reduced latent space onto which the dynamics
are learned by a Transformer, leveraging recent advances in embedded memory and attention mechanisms
[13, 14]. The Mori-Zwanzig formalism and Takens’ theorem [44, 45, 46] emphasize the importance of incor-
porating a memory term to e!ectively account for the influence of the unobserved, orthogonal subspace on
the set of observables learned through the VAE projection. Additionally, Gupta et al. [10] demonstrate the
limitations of using a purely Markovian representation for rolling out dynamics within a finite, invariant
Koopman space. Our architecture, illustrated in Figure 6, is the same used in [16].
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di!erent time scales, thereby increasing robustness and predictive power.
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elements, thus fostering an organic modal representation. The total loss is calculated considering a prediction
horizon h and a lookback window q. The appendix provides further details on the selection of hyperparam-
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where E is the encoding process, D the decoding process, KLD the Kullback-Leibler divergence and ẑ the
latent variables. In addition, ω and ϑ are regularisation coe”cients. The first term of this loss promotes
a mirroring process between encoder and decoder, similar to a classical projection. The Kullback-Leibler
divergence term is related to the use of the VAE and is explained in Section 4.

2.4. Validation of UP-dROM – application to flow around a cylinder

The model is validated by predicting the evolution of flow around a blunt object, specifically a cylinder.
The flow dynamics are governed by the incompressible Navier-Stokes equations :

↓ · u = 0 (4)
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= ↑↓p↑ (u ·↓)u+
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Where u is the velocity field, p is the pressure, and Re is the Reynolds number. The data are generated using
a solver based on the Immersed Boundary Method [36]. This solver utilises two grids: a regular Eulerian
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Figure 8: Probability density functions (PDFs) for fields U and V.

Finally, the Wasserstein distances for U and V are 0.0081 and 0.0269, respectively, indicating strong
statistical agreement between the generated and reference distributions. This confirms the conclusion that,
for both fields U and V , even if a particular trajectory deviates from the true one pointwise, it still adheres
to the underlying statistical distribution from which the true fields are drawn.

4. Gaussian process regression - probabilistic small-scale closure

This second part describes the second identified task of the work: enhancing the fidelity of a reduced-
order model acting on filtered flow fields by adopting a Gaussian process regression (GPR) framework. The
advantage of Gaussian processes is that exact inference can be performed using matrix operations. It is
also worth noting that the hyperparameters controlling the form of the Gaussian process are sparse and
can be estimated directly from the data [48]. This results in a lightweight model that enables fast training
as well as quasi real-time closure and inference. The objective is to establish a probabilistic mapping from
low-dimensional filtered representations to full-resolution flow fields.

We would like to emphasize that this method can be applied consecutively to virtually any low-fidelity
data, whether generated by a machine learning model or numerical simulations such as URANS, or similar.
The method introduced in Section 3 is independent of the methodology presented here and merely serves as
a necessary underlying dynamical model for low-fidelity data.

4.1. Gaussian Process

A Gaussian Process (GP) defines a distribution over functions, defined as

f(x) → GP(m(x),K(x, x→)),

where m(x) is the mean function (typically centred to 0), and K(x, x→) is a positive-definite continuous
covariance (kernel) function. Given training data D = {(xi, yi)}Ni=1, where yi = f(xi)+ωi, and ωi → N (0,ε2

ω ),
we assume ȳi = 0. The true underlying function f is unknown, and ε

2
ω is a hyperparameter representing

observation noise variance.
Let X = [x1, . . . , xN ]↑ ↑ RN↓d be the input matrix, and Y = [y1, . . . , yN ]↑ ↑ RN↓1 the corresponding

output vector. The kernel matrix KXX ↑ RN↓N encodes pairwise similarities between training inputs, given

K(xi, xj |ϑ) = ε
2 exp

(
↓ 1

2l2
↔xi ↓ xj↔2

)
, (3)

where ϑ = {ε2
, l} are the hyperparameters of the model; the output variance ε

2 and the length-scale l. The
length-scale l controls the smoothness of the function, The output variance ε

2 determines the typical scale
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Therefore, the system’s state at time t can be approximated by a combination of the three identified
POD modes, with

ω̂t → atε̂1 + btε̂2 + ctε̂3,

for the filtered and, with
ωt → ϑtε1 + ϖtε2 + ϱtε3,

for the full-state data, respectively.
We aim to then learn a mapping, such that

f : (at, bt, ct) ↑↓ (ϑt,ϖt, ϱt).

Rather than learning a deterministic function, we place a prior over f :

f ↔ GP(0,K).

As a result, given the training data D, we infer a posterior over functions

p(f | D, a, b, c).

The key advantage of Gaussian process regression (GPR) over classical regression methods is its inherently
probabilistic formulation. By sampling from the predictive distribution y

→ ↔ f
→, GPR produces an ensemble

of outputs whose statistical properties are consistent with the underlying distribution of the flow. The
associated variance naturally quantifies model confidence, providing not only pointwise predictions, but
also credible intervals around them. This uncertainty-aware modelling approach is in line with the latest
developments in turbulence modelling, where the focus is increasingly on learning statistical representations
of the flow rather than deterministic trajectories.

5. Full model prediction

As illustrated in the previous section, the Gaussian Process are trained to map filtered data to full-scale
Direct Numerical Simulation (DNS) data. During inference, the Gaussian Process predicts full-scale data
from the set of filtered trajectories generated by the dynamical Reduced Order Model (ROM), establishing
an end-to-end data pipeline where the input is the filtered initial condition and the output is the generated
full-scale trajectories, as illustrated in figure 11.
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• Closure is independent of the dynamics. 
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for the full-state data, respectively.
We aim to then learn a mapping, such that

f : (at, bt, ct) ↑↓ (ϑt,ϖt, ϱt).

Rather than learning a deterministic function, we place a prior over f :

f ↔ GP(0,K).

As a result, given the training data D, we infer a posterior over functions

p(f | D, a, b, c).

The key advantage of Gaussian process regression (GPR) over classical regression methods is its inherently
probabilistic formulation. By sampling from the predictive distribution y

→ ↔ f
→, GPR produces an ensemble

of outputs whose statistical properties are consistent with the underlying distribution of the flow. The
associated variance naturally quantifies model confidence, providing not only pointwise predictions, but
also credible intervals around them. This uncertainty-aware modelling approach is in line with the latest
developments in turbulence modelling, where the focus is increasingly on learning statistical representations
of the flow rather than deterministic trajectories.

5. Full model prediction

As illustrated in the previous section, the Gaussian Process are trained to map filtered data to full-scale
Direct Numerical Simulation (DNS) data. During inference, the Gaussian Process predicts full-scale data
from the set of filtered trajectories generated by the dynamical Reduced Order Model (ROM), establishing
an end-to-end data pipeline where the input is the filtered initial condition and the output is the generated
full-scale trajectories, as illustrated in figure 11.
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Make use of the existing coherence —> dimensionality reduction

Figure 11: Data pipeline

We performed Gaussian process regression using three POD modes, since these encapsulate 98% of
the total energy in both the filtered and full-scale datasets. Better results could arguably be achieved by
considering more modes, albeit at a higher training cost, without modifying the implementation. Figure 12
shows the Gaussian process regression of the three reduced manifold variables in both the training and test
sets.

POD modes

Figure 12: Gaussian Process Regression training and testing. Can we improve this figure? It’s a bit blurred.

The model performance is evaluated using several metrics that quantify the accuracy of predictions and
the quality of uncertainty estimates on the test set. We use the relative L1 error, the relative L2 error, the
PICP introduced in 3.2 for a Confidence Interval (CI) of ±ω and ±3ω and the CRPS. They are documented
in Table 2.
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reduced-order model (ROM). Since no ground truth is available for this specific trajectory, the quality of
the reconstruction is assessed by comparing the physical characteristics of the generated full-scale flow with
those of the DNS data. What do you mean by ground truth? DNS is that, no?.

In particular, the Gaussian Process successfully reconstructed the lost frequencies caused by filtering, cap-
turing the complex and intricate patterns within the flow. This is evident from the average log-spectrogram
shown in Figure 16, which closely matches that of the original flow. Additionally, the kinetic energy in
Figure 17 confirms that the smaller eddies in the reconstructed flow correspond well to those in the original
data.

Figure 16: Time averaged log-spectrograms : Full scale Direct Numerical Simulation (left), filtered data (middle) and GP
predictions (right)

Figure 17: Full scale Direct Numerical Simulation (left), filtered data (middle) and GP predictions (right)

5.2. Comparison to alternative ML architectures

We compare the performance of our model against state-of-the-art probabilistic machine learning pre-
dictors, namely the Variational Autoencoder (VAE) and Di!usion models. This choice is motivated by
the remarkable capabilities of these statistical distribution emulators, particularly in image generation and
hyper-resolution tasks. In this context the multi-scale closure task is performed using these ML architec-
tures. Appendix 7 provides the implementation details for each architecture, along with further justification
for their selection as benchmarks.

The results for both the VAE and the di!usion model are summarized over the test set in Table 3. It
should be noted, however, that although the di!usion model demonstrates state-of-the-art performance in
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Figure 14: Averaged energy spectrograms

The combination of the Reduced Order Model (ROM) and the Gaussian Process (GP) enables the
generation of new trajectories that, while potentially deviating from the ground truth, remain statistically
consistent with the underlying dynamics. At any given snapshot in time, the GP is capable of reconstructing
missing or unresolved flow structures, such as small-scale eddies, as illustrated in Figure 15.

(a) True flow (b) Flow predicted by the ROM (c) Flow predicted by the ROM & GP

Figure 15: Energy at a snapshot T = 120

5.1. Evaluation on long term predictions

To ensure that our framework remains stable when making long-horizon predictions, we assess whether
the statistical properties of the generated flow are preserved over time. Specifically, we compare the proba-
bility density functions (PDFs) of the predicted full-scale flow with those of the validation set.

The validation set consists of 500 snapshots, while the ROM+GP framework generates a trajectory of
1600 snapshots. Figure 16 displays the kinetic energy roll-out computed on a downsampled 64 → 64 grid
(reduced to 64 values via spatial averaging). We compare the histogram of each 400 snapshots slice alongside
the reference PDF from the validation set. We recall that both the ROM and the GP were trained on the
first 400 snapshots of the filtered DNS or full-resolution DNS, respectively.
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Moments should match not images!
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Figure 16: Kinetic energy over a dynamical rollout of 1600 snapshots. The data distribution for each
400-snapshot interval is compared with the PDF of the validation set.

Figure 17: Wasserstein distance between the energy density of the validation set and that of the predicted
flow, computed over consecutive 200-snapshot intervals.

This result demonstrates that the statistical properties of the flow remain stable throughout the forecasting
window. Despite evolving over a time horizon significantly longer than the training window, the model maintains
both spatial and temporal complexity without substantial statistical degradation.

5.2. Comparison to alternative ML architectures

We compare the performance of our GPR-based model against state-of-the-art probabilistic machine learning
predictors, namely the Variational Autoencoder (VAE) and Di!usion models. This choice is motivated by the
remarkable capabilities of these statistical distribution emulators, particularly in image generation and hyper-
resolution tasks. In this context the multi-scale closure task is performed using these ML architectures. Appendix A.2
provides the implementation details for each architecture, along with further justification for their selection as
benchmarks.

The results for both the VAE and the di!usion model are summarized over the test set in Table 3. Both were
trained on the same flow resolution as the GP and with identical train and test sets.

The Gaussian process outperforms these two baselines for both the first and second moment metrics on test
set. It should be noted, however, that although the di!usion model demonstrates state-of-the-art performance in
image generation and does not rely on any prior assumptions about the data structure, its training and inference
costs are notably high. Specifically, generating a single image requires numerous denoising steps (1000 in our
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Probabilistic weather forecasting with 
machine learning

Ilan Price1,2 ✉, Alvaro Sanchez-Gonzalez1,2, Ferran Alet1,2, Tom R. Andersson1,2, 
Andrew El-Kadi1, Dominic Masters1, Timo Ewalds1, Jacklynn Stott1, Shakir Mohamed1, 
Peter Battaglia1 ✉, Remi Lam1 ✉ & Matthew Willson1 ✉

Weather forecasts are fundamentally uncertain, so predicting the range of probable 
weather scenarios is crucial for important decisions, from warning the public about 
hazardous weather to planning renewable energy use. Traditionally, weather forecasts 
have been based on numerical weather prediction (NWP)1, which relies on physics- 
based simulations of the atmosphere. Recent advances in machine learning (ML)- 
based weather prediction (MLWP) have produced ML-based models with less forecast 
error than single NWP simulations2,3. However, these advances have focused primarily 
on single, deterministic forecasts that fail to represent uncertainty and estimate risk. 
Overall, MLWP has remained less accurate and reliable than state-of-the-art NWP 
ensemble forecasts. Here we introduce GenCast, a probabilistic weather model with 
greater skill and speed than the top operational medium-range weather forecast in 
the world, ENS, the ensemble forecast of the European Centre for Medium-Range 
Weather Forecasts4. GenCast is an ML weather prediction method, trained on decades 
of reanalysis data. GenCast generates an ensemble of stochastic 15-day global forecasts, 
at 12-h steps and 0.25° latitude–longitude resolution, for more than 80 surface and 
atmospheric variables, in 8 min. It has greater skill than ENS on 97.2% of 1,320 targets 
we evaluated and better predicts extreme weather, tropical cyclone tracks and wind 
power production. This work helps open the next chapter in operational weather 
forecasting, in which crucial weather-dependent decisions are made more accurately 
and e#ciently.

Every day, people, governments and other organizations around the 
world rely on accurate weather forecasts to make many key decisions—
whether to carry an umbrella, when to flee an approaching tropical 
cyclone, how to plan the use of renewable energy in a power grid, or 
how to prepare for a heatwave. But forecasts will always have some 
uncertainty, because we can only partially observe the current weather, 
and even our best weather models are imperfect. The highly non-linear 
physics of weather means that small initial uncertainties and errors 
can rapidly grow into large uncertainties about the future5. Making 
important decisions often requires knowing not just a single prob-
able scenario but the range of possible scenarios and how likely they 
are to occur.

Traditional weather forecasting is based on numerical weather pre-
diction (NWP) algorithms, which approximately solve the equations 
that model atmospheric dynamics. Deterministic NWP methods map 
the current estimate of the weather to a forecast of how the future 
weather will unfold over time. To model the probability distribution of 
different future weather scenarios6,7, weather agencies increasingly rely 
on ensemble forecasts, which generate several NWP-based forecasts, 
each of which models a single possible scenario4,8–11. ENS of the Euro-
pean Centre for Medium-Range Weather Forecasting (ECMWF)4 is the 
state-of-the-art NWP-based ensemble forecast in the broader Integrated 

Forecast System of the ECMWF and will subsume their deterministic 
forecast, HRES, going forward12.

ENS satisfies several key desiderata of a probabilistic weather model. 
First, its ensemble members represent sharp and spectrally realistic 
individual weather trajectories, as opposed to some summary statis-
tic such as a conditional mean. Second, it produces skilful and cali-
brated marginal forecast distributions (forecasts of the weather at a 
given place and time), which is important for many day-to-day users 
of weather forecasts. Third, it captures the aspects of the joint spatio-
temporal structure of the forecast distribution that are crucial for 
probabilistic modelling of large-scale phenomena such as cyclones 
and for applications such as forecasting distributed energy generation. 
Nonetheless, ENS—along with other NWP-based ensemble forecasts—is 
still prone to errors, is slow to run and is time-consuming to engineer.

Recent advances in machine learning (ML)-based weather prediction 
(MLWP) have been shown to provide greater accuracy and efficiency 
than NWP for non-probabilistic forecasts2,3,13–18. Rather than forecast-
ing a single weather trajectory, or a distribution of trajectories, these 
methods have largely focused on forecasting the mean of the probable 
trajectories, with relatively little emphasis on quantifying the uncer-
tainty associated with a forecast. They are typically trained to minimize 
the mean squared error (MSE) of their predictions and as a result tend 
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• Advances has been made regarding AI-driven ROMs 
– Specially in domains with access to big data
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End-to-end data-driven weather prediction

Anna Allen1,11 ✉, Stratis Markou2,11 ✉, Will Tebbutt2,9, James Requeima3, Wessel P. Bruinsma4, 
Tom R. Andersson5,10, Michael Herzog6, Nicholas D. Lane1, Matthew Chantry7, 
J. Scott Hosking5,8 & Richard E. Turner2,8 ✉

Weather prediction is critical for a range of human activities, including transportation, 
agriculture and industry, as well as for the safety of the general public. Machine 
learning transforms numerical weather prediction (NWP) by replacing the numerical 
solver with neural networks, improving the speed and accuracy of the forecasting 
component of the prediction pipeline1–6. However, current models rely on numerical 
systems at initialization and to produce local forecasts, thereby limiting their 
achievable gains. Here we show that a single machine learning model can replace  
the entire NWP pipeline. Aardvark Weather, an end-to-end data-driven weather 
prediction system, ingests observations and produces global gridded forecasts and 
local station forecasts. The global forecasts outperform an operational NWP baseline 
for several variables and lead times. The local station forecasts are skilful for up to ten 
days of lead time, competing with a post-processed global NWP baseline and a state- 
of-the-art end-to-end forecasting system with input from human forecasters. End- 
to-end tuning further improves the accuracy of local forecasts. Our results show that 
skilful forecasting is possible without relying on NWP at deployment time, which will 
enable the realization of the full speed and accuracy bene!ts of data-driven models. 
We believe that Aardvark Weather will be the starting point for a new generation of 
end-to-end models that will reduce computational costs by orders of magnitude and 
enable the rapid, a"ordable creation of customized models for a range of end users.

Numerical weather prediction (NWP) systems are vital for creating 
weather forecasts required by emergency agencies, transport provid-
ers, agriculture, energy providers and the general public. Since the 
first numerical forecasts were produced in the 1950s, which required 
24 h to compute a single-day single-variable forecast on a 700-km 
grid7, NWP systems have undergone a remarkable transformation. 
Modern systems predict a wide range of variables at lead times of up 
to 15 days, which is the theoretical limit of medium-range weather 
forecasting predictability8. These systems consist of an intricate series 
of models of different components of Earth’s atmosphere, building 
on decades of research in Earth observation, data assimilation, fluid 
dynamics and statistical post-processing and requiring purpose-built 
supercomputers to run.

Generating a modern weather forecast begins with the acquisition 
of observations from a multitude of sources, including remote sens-
ing instruments, in situ observations, radar systems, radiosondes and 
aircraft data9. Some of these data are processed to generate derived 
products, such as atmospheric motion vectors and surface winds. 
Raw data and the resulting processed products are fed into a data 
assimilation system, which combines these with an initial guess from 
the previous forecast to generate a global approximation of the cur-
rent state of the atmosphere. This approximation is then used as an 
initial state for a forecasting system that integrates the equations of 
fluid mechanics and thermodynamics to output predictions at future 
lead times. Finally, the resulting predictions from the forecasting 

system are used for downstream tasks, for example, to generate local 
forecasts. This step may consist of statistical post-processing and 
running higher-resolution regional NWP models. Each stage of this 
pipeline consists of several numerical models chained together, 
resulting in an intricate workflow10 that is challenging to iterate on 
and improve and requires purpose-built supercomputers to run. 
This motivates the development of fast, lightweight and customiz-
able alternatives.

With end-to-end machine learning revolutionizing several fields by 
replacing complex human-designed workflows, it has been suggested 
that a data-driven model may one day replace the entire NWP pipeline11. 
This will be transformational for weather prediction, reducing compu-
tational costs, removing bias from inflexible aspects of NWP systems 
and enabling fast prototyping and optimization for specific tasks. 
However, this has not been attempted so far, with studies focusing on 
applying machine learning to the easiest components of the pipeline. 
For example, machine learning models have been shown to outperform 
their operational state-of-the-art counterparts to replace the numerical 
solver in the forecasting component1,2,4–6,12, deriving variables from raw 
satellite data in pre-processing13–15 and post-processing forecast data 
in the downstream stages16,17. Work on replacing the most challenging 
component, the assimilation system, remains at the stage of devel-
oping initial prototypes3,18–23. Therefore, the vision of an end-to-end 
data-driven solution remains aspirational, with conventional NWP 
systems being essential for all forms of operational forecasting.
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• When applied to engineering applications  
– Data is scarce comparatively —> data-assimilation 
– Stochastic approach for complex systems 
– Taking advantage of prior physical knowledge 

A change in perspective is necessary ! 


