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The Standard Model of Particle Physics 
• open questions 
Introduction to QCD  
Introduction to Lattice QCD 
Two examples 

rare B decay 
muon g-2  

Conclusions and Outlook

``The anomalous magnetic moment of the muon in 
the SM: an update” [T. Aliberti et al, arXiv:2505.21476, Phys. 
Repts. 1143 (2025) 0-157] 

``The anomalous magnetic moment of the muon in 
the SM”: [T. Aoyama et al, arXiv:2006.04822, Phys. Repts. 887 
(2020) 1-166.]

http://flag.itp.unibe.ch/2024/

https://muon-gm2-theory.illinois.edu/

Muon g-2 Theory Initiative

Flavour Lattice Averaging Group

``FLAG Review 2024’’ [S. Aoki at al, FLAG 2024 review, 
arXiv:2411.04268]

https://arxiv.org/abs/2505.21476
https://arxiv.org/abs/2006.04822
http://arxiv.org/abs/arXiv:2411.04268
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The Standard  Model of Particle Physics
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gauge field terms for 
 SU(3)c × SU(2)L × U(1)Y

fermion-gauge boson  
interaction terms

Higgs Yukawa

Higgs-gauge boson 
interactions

Higgs potential: 
self interactions
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The Standard  Model of Particle Physics

3

gauge field terms for 
 SU(3)c × SU(2)L × U(1)Y

fermion-gauge boson  
interaction terms

Higgs Yukawa

Higgs-gauge boson 
interactions

Higgs potential: 
self interactions➠

mass terms + fermion-Higgs interactions: 
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Open Questions

5

[G. Giacomelli et al, AHEP 2013 (2013)] 

Who ordered that?   (Why three generations?) 
origins of fermion masses: Higgs-Yukawa  
-same for quarks, charged leptons, and neutrinos? 
origin of mass hierarchy 
structure of quark and neutrino mixing matrices 
matter — antimatter asymmetry 
Higgs mass  
nature of dark matter 
dark energy

≃ 125 GeV

. . .

Possible answers to these questions generally give rise 
to new particles and new interactions.

https://doi.org/10.1155/2013/464926


A. El-Khadra New Directions, 6-9 Jan 2026

Open Questions in Flavor Physics

6

quark flavor change caused in SM by weak interactions (mediated by charged W boson), and mixing described 
by CKM (Cabibbo, Kobayashi, Maskawa) matrix: 

The CKM matrix is unitary in the SM  ➠  testable relations between CKM elements 
CP violation in quark sector, described by 1 complex phase in CKM matrix: unlikely enough to account for 
matter—anti-matter asymmetry 
Origin of hierarchy cf neutrino mixing (aka PMNS) matrix? 

               neutrino mixing: 
 
 
 

Origin of neutrino masses? CP violation in neutrino sector?  
no charged lepton flavor changing decays in SM ➠ searches for processes such as    
lepton flavor universality, except for effects due to lepton mass differences  

μ → e
me ≪ mμ ≪ mτ
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QCD — SU(3) color

7

Quark confinement:  
quarks are always in bound states 
(a.k.a. hadrons)

Visualizations of Quantumchromodynamics 
(http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/Nobel/)

41 9. Quantum Chromodynamics

Table 9.1: Unweighted and weighted pre-averages of –s(m2

Z) for each sub-
field in columns two and three. The bottom line corresponds to the com-
bined result (without lattice gauge theory) using the ‰

2 averaging method.
The same ‰

2 averaging is used for column four combining all unweighted
averages except for the sub-field of column one. See text for more details.

averages per sub-field unweighted weighted unweighted without subfield
· decays & low Q

2 0.1173 ± 0.0017 0.1174 ± 0.0009 0.1177 ± 0.0013
QQ̄ bound states 0.1181 ± 0.0037 0.1177 ± 0.0011 0.1175 ± 0.0011
PDF fits 0.1161 ± 0.0022 0.1168 ± 0.0014 0.1179 ± 0.0011
e

+
e

≠ jets & shapes 0.1189 ± 0.0037 0.1187 ± 0.0017 0.1174 ± 0.0011
hadron colliders 0.1168 ± 0.0027 0.1169 ± 0.0014 0.1177 ± 0.0011
electroweak 0.1203 ± 0.0028 0.1203 ± 0.0016 0.1171 ± 0.0011
PDG 2023 (without lattice) 0.1175 ± 0.0010 0.1178 ± 0.0005 n/a

αs(mZ
2) = 0.1180 ± 0.0009

August 2023
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Figure 9.5: Summary of determinations of –s as a function of the energy scale Q compared to
the running of the coupling computed at five loops taking as an input the current PDG average,
–s(m2

Z) = 0.1180 ± 0.0009. Compared to the previous edition, numerous points have been updated
or added.

that the weighted averages are rather close to the unweighted ones. However, the uncertainties
become significantly smaller. This approach may be too aggressive as it ignores the correlations
among the data, methods, and theory ingredients of the various determinations. We feel that the
uncertainty of ±0.0005 is an underestimation of the true error. We also note that in the unweighted
combination the estimated uncertainty for each sub-field is larger than the spread of the results as
given by the standard deviation. In the weighted fit this crosscheck fails in four out of six cases.

The last several years have seen clarification of some persistent concerns and a wealth of new
results at NNLO, providing not only a rather precise and reasonably stable world average value
of –s(m2

Z), but also a clear signature and proof of the energy dependence of –s in full agreement

31st May, 2024

Asymptotic freedom:  
coupling strength decreases at higher 
energies (shorter distances)
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QCD:
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Asymptotic freedom  ➠ perturbation theory for high-energy (aka “hard scattering”) 
                                         processes. 
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Quark model view QCD view

… a strongly interacting 
many-body bound state

Need a nonperturbative method for QCD: Lattice Field Theory

uu

d

u u

d

u u

d

Inside the proton…

QCD:
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Asymptotic freedom  ➠ perturbation theory for high-energy (aka “hard scattering”) 
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QCD + QED

Quarks carry electric charge, so interact with photons:  

Examples:  Deep inelastic scattering 
 e + p → X + e

 e− + e+ → hadrons
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QCD + QED

Quarks carry electric charge, so interact with photons:  

Examples:  Deep inelastic scattering 
 e + p → X + e

 e− + e+ → hadrons

u u

d

This means that the quarks inside a 
hadron can also exchange photons, 
etc… 

➠ QCD + QED: nonperturbative structure 
(distribution of electric charges)  

➠ QED effects are small:  
➠ must be included for 

precision at < 1 %

<latexit sha1_base64="feZIDI/xwwh8X5OGSUH+PO94Zbk=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkqi0noRil48VrAf0JQy2W7apZtN2N0IJebgX/HiQRGv/g1v/hu3bQ7a+mDg8d4MM/P8mDOlHefbWlpeWV1bL2wUN7e2d3btvf2mihJJaINEPJJtHxTlTNCGZprTdiwphD6nLX90M/FbD1QqFol7PY5pN4SBYAEjoI3Usw894PEQ8BX2AgkkdbPUPa9mPbvklJ0p8CJxc1JCOeo9+8vrRyQJqdCEg1Id14l1NwWpGeE0K3qJojGQEQxox1ABIVXddHp/hk+M0sdBJE0Jjafq74kUQqXGoW86Q9BDNe9NxP+8TqKDy27KRJxoKshsUZBwrCM8CQP3maRE87EhQCQzt2IyBJODNpEVTQju/MuLpHlWdivlyt1FqXadx1FAR+gYnSIXVVEN3aI6aiCCHtEzekVv1pP1Yr1bH7PWJSufOUB/YH3+AIEHlSU=</latexit>
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(CPEP particle physics chart)

The Role of QCD in Flavor Physics

Many other weak decay processes of hadrons, e.g. 

p

n ν̄e
e−

e−
Example:  Nuclear beta-decay 

Quarks carry weak charge, so interact with   bosons:  W & Z

W

µ+

Bs
µ�

K0

ū

d

⇡�

s̄
W

µ+

⌫µ

�md(s)

<latexit sha1_base64="xuxTSBIMebkMKbFdaWfEfDFkmUg=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoj5YZEXVZqqDLCvYBnbZkMmkbmmSGJCOUoV/hxl9x40IRt+LOvzF9LLT1QOBwzr3cnONHjCrtON9WamFxaXklvZpZW9/Y3LK3d6oqjCUmFRyyUNZ9pAijglQ01YzUI0kQ9xmp+f2rkV97IFLRUNzrQUSaHHUF7VCMtJHadj7wbhDnKFdqOdDTIbxuJUf5IfR43DqGnojbhh2eQI8FoVZtO+sUnDHgPHGnJAumKLftLy8IccyJ0JghpRquE+lmgqSmmJFhxosViRDuoy5pGCoQJ6qZjGMN4YFRAtgJpXlCw7H6eyNBXKkB980kR7qnZr2R+J/XiHXnsplQEcWaCDw51IkZNPFHHcGASoI1GxiCsKTmrxD3kERYmyYzpgR3NvI8qZ4W3POCe3eWLZamdaTBHtgHOeCCC1AEt6AMKgCDR/AMXsGb9WS9WO/Wx2Q0ZU13dsEfWJ8/4TedWA==</latexit>

d�(B0 ! D⇤�µ+⌫µ), . . .
<latexit sha1_base64="LQsEl4DVncxP9YqvnOUGTA/njx8=">AAACAnicbVDNS8MwHE3n15xfVU/iJTiECTJaEfU45sXjBPcBaylpmm5hSVqSVBhlePFf8eJBEa/+Fd78b8y2HnT6SODx3u9H8l6YMqq043xZpaXlldW18nplY3Nre8fe3euoJJOYtHHCEtkLkSKMCtLWVDPSSyVBPGSkG46up373nkhFE3GnxynxORoIGlOMtJEC+6BZawYKejqBHs/MOTmFHosSrQK76tSdGeBf4hakCgq0AvvTixKccSI0Zkipvuuk2s+R1BQzMql4mSIpwiM0IH1DBeJE+fkswgQeGyWCcSLNFRrO1J8bOeJKjXloJjnSQ7XoTcX/vH6m4ys/pyLNNBF4/lCcMWgCT/uAEZUEazY2BGFJzV8hHiKJsDatVUwJ7mLkv6RzVncv6u7tebXRLOoog0NwBGrABZegAW5AC7QBBg/gCbyAV+vRerberPf5aMkqdvbBL1gf30ywlhs=</latexit>

B(Bs ! µµ), . . .

�
�
K+ ! `+⌫`(�)

�
= (known)⇥ (1 + �`EM)⇥ |Vus|2 ⇥ f2

K+

…

<latexit sha1_base64="SQLBDaxwDrbvuvkf5PVMQ9f6U0A=">AAACAHicbVBNSwMxFHxbv2r9qnrw4CVYBE9lV0Q9FvXgsYK1he6yZNNsG5pklyQrlKUX/4oXD4p49Wd489+YtnvQ1oHAMPMeLzNRypk2rvvtlJaWV1bXyuuVjc2t7Z3q7t6DTjJFaIskPFGdCGvKmaQtwwynnVRRLCJO29HweuK3H6nSLJH3ZpTSQOC+ZDEj2FgprB7chBr5JkE+5Rz5MkN+HwuBw2rNrbtToEXiFaQGBZph9cvvJSQTVBrCsdZdz01NkGNlGOF0XPEzTVNMhrhPu5ZKLKgO8mmAMTq2Sg/FibJPGjRVf2/kWGg9EpGdFNgM9Lw3Ef/zupmJL4OcyTQzVJLZoTjjyAaetIF6TFFi+MgSTBSzf0VkgBUmxnZWsSV485EXycNp3Tuve3dntcZVUUcZDuEITsCDC2jALTShBQTG8Ayv8OY8OS/Ou/MxGy05xc4+/IHz+QNhDZWj</latexit>

Ds ! `⌫�
<latexit sha1_base64="3lB+BQnp6ljBY7sf6GsinOCmB48=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNRl0Y0LFxXsBZpQJtPTduhkEmYmQgl9Dje+ihsXirgTN76N0zaKtv4w8PGfczhz/iDmTGnH+bRyC4tLyyv51cLa+sbmlr29U1dRIinUaMQj2QyIAs4E1DTTHJqxBBIGHBrB4HJcb9yBVCwSt3oYgx+SnmBdRok2Vtt2vWvT3CHtAHs6wqX4CH879AcPsWcYOMeeSNp20Sk7E+F5cDMookzVtv3udSKahCA05USpluvE2k+J1IxyGBW8REFM6ID0oGVQkBCUn05OG+ED43RwN5LmCY0n7u+JlIRKDcPAdIZE99VsbWz+V2slunvup0zEiQZBp4u6CccmhHFOuMMkUM2HBgiVzPwV0z6RhGqTZsGE4M6ePA/147J7WnZvToqViyyOPNpD+6iEXHSGKugKVVENUXSPHtEzerEerCfr1XqbtuasbGYX/ZH18QVRXZ6N</latexit>

⇤b ! (p,⇤c,⇤) `⌫

�MK , ✏K h⇡⇡(I=2)|H
�S=1

|K0
i

h⇡⇡(I=0)|H
�S=1

|K0
i

<latexit sha1_base64="wNh6Bg8Bwbj8vvj+vf56CTt7r4A=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpiGVGpLosuhHcVLAP6LQlk2ZqaJIZkoxQhv6BG3/FjQtF3Lp159+YaWehrQcCh3Pu5eYcP2JUacf5tnILi0vLK/nVwtr6xuaWvb3TUGEsManjkIWy5SNFGBWkrqlmpBVJgrjPSNMfXqV+84FIRUNxp0cR6XA0EDSgGGkj9ezDm64DPR1CL6LdE+gRxrrH0BNxL6Ww5A0Q5+ioZxedsjMBnCduRoogQ61nf3n9EMecCI0ZUqrtOpHuJEhqihkZF7xYkQjhIRqQtqECcaI6ySTPGB4YpQ+DUJonNJyovzcSxJUacd9McqTv1ayXiv957VgHF52EiijWRODpoSBm0ORPy4F9KgnWbGQIwpKav0J8jyTC2lRYMCW4s5HnSeO07FbKlduzYvUyqyMP9sA+KAEXnIMquAY1UAcYPIJn8ArerCfrxXq3PqajOSvb2QV/YH3+AN9lmrM=</latexit>

K0 ! ⇡�`+⌫`(�)

D0 ! ⇡�µ+⌫µ

<latexit sha1_base64="R6k+oLYuYl5wlDnrKqndbGt/l68=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEsSRS0WVRFy4r2Ac0aZhMJ+3QySTMQyihCzf+ihsXirj1I9z5N07bLLT1wMDhnHu5c06YMiqV43xbS8srq2vrhY3i5tb2zq69t9+UiRaYNHDCEtEOkSSMctJQVDHSTgVBcchIKxxeT/zWAxGSJvxejVLix6jPaUQxUkYK7NJN14GeSqCX0u4p9GLdPYEe14FhgV12Ks4UcJG4OSmDHPXA/vJ6CdYx4QozJGXHdVLlZ0goihkZFz0tSYrwEPVJx1COYiL9bBpiDI+M0oNRIszjCk7V3xsZiqUcxaGZjJEayHlvIv7ndbSKLv2M8lQrwvHsUKQZNKEnjcAeFQQrNjIEYUHNXyEeIIGwMr0VTQnufORF0jyruNXK+V21XLvK6yiAEjgEx8AFF6AGbkEdNAAGj+AZvII368l6sd6tj9nokpXvHIA/sD5/AG4jlrU=</latexit>

<latexit sha1_base64="ouK3W4Y6tGofpXLoHQjPKwbMzKI=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEQSwzItVlUReCmwr2AZ3pkEnTNjTJDElGKENx46+4caGIW7/CnX9j2s5CWw8EDufcy805Ycyo0o7zbeUWFpeWV/KrhbX1jc0te3unrqJEYlLDEYtkM0SKMCpITVPNSDOWBPGQkUY4uBr7jQciFY3EvR7GxOeoJ2iXYqSNFNh7120HejqCt+0T6PGkfQw9kQSGBXbRKTkTwHniZqQIMlQD+8vrRDjhRGjMkFIt14m1nyKpKWZkVPASRWKEB6hHWoYKxIny00mEETw0Sgd2I2me0HCi/t5IEVdqyEMzyZHuq1lvLP7ntRLdvfBTKuJEE4Gnh7oJgybyuA/YoZJgzYaGICyp+SvEfSQR1qa1ginBnY08T+qnJbdcKt+dFSuXWR15sA8OwBFwwTmogBtQBTWAwSN4Bq/gzXqyXqx362M6mrOynV3wB9bnD62Flbo=</latexit>

D0 ! K�µ+⌫µ



A. El-Khadra New Directions, 6-9 Jan 2026

The role of (lattice) QCD in flavor physics
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�md(s)
…

Experiment vs. SM theory:

(experiment) = (known) x (CKM factors) x (had. matrix element)

example:

Two main purposes: 
combine experimental measurements with 
LQCD results to determine SM parameters. 
confront experimental measurements with 
SM theory using LQCD inputs. 

Lattice QCD
parameterize the MEs in 
terms of form factors, decay 
constants, bag parameters, ...
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Lattice Quantum Field Theory

13

xi xf x

ti

tf

t

Feynman’s Path Integral in Quantum Mechanics

xk = x(tk),  x0 = xi, xN = xf

For efficient numerical computation:  
use Euclidean time   so that   t → it eiS → e−S

⟨xf |e−iH(tf−ti) |xi⟩ = ∫ 𝒟x(t) eiS

∫ 𝒟x(t) = lim
N→∞

N

∏
k=0

∫ dxk

[see also Creutz & Freedman, Annals Phys. 132 (1981) 427; 
G.P. Lepage, hep-lat/0506036]

https://doi.org/10.1016/0003-4916(81)90074-9
http://arxiv.org/abs/hep-lat/0506036
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Integrals are evaluated 
numerically using Monte 
Carlo methods. 
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x(t)

t

time lattice

N dimensions

QFT

f(x)
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x

space-time lattice

N4 dimensions

324 → 1444
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L 

a 

x 

discrete Euclidean space-time (spacing a) 
derivatives ➙ difference operators, etc… 
finite spatial volume (L) 
finite time extent (T) 

LQCD =
X

f

 ̄f (D/+mf ) f +
1

4
trFµ⌫F

µ⌫

adjustable parameters 

lattice spacing:  

finite volume, time:    

quark masses (mf): 
tune using hadron masses  
extrapolations/interpolations

a ➙ 0

L ➙ ∞, T > L

MH,lat = MH,exp

mf ➙ mf,phys mud ms mc mb

a (fm) 

L 
a (fm) 

L 

Ken Wilson

Mike Creutz

L 

a 

x Lattice QCD Introduction
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...of lattice spacing, chiral, heavy quark, and finite volume effects is based on Effective Field Theory 
(EFT) descriptions of QCD  ➙ ab initio

systematic error analysis

L 

a 

x Lattice QCD Introduction

•finite a:  
Symanzik EFT                              Asymptotic Freedom & Renormalizability 
  

•  light quark masses:  
Chiral Perturbation Theory        Chiral Symmetry & Spontaneous Symmetry Breaking 
  

•  heavy quarks:  
HQET                                           Heavy Quark symmetry 
  

•  finite L:  
finite volume EFT                        Confinement & S-matrix

➠

➠

➠

➠
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...of lattice spacing, chiral, heavy quark, and finite volume effects is based on Effective Field 
Theory (EFT) descriptions of QCD  ➙ ab initio 

  

•  finite a: Symanzik EFT 
• light quark masses: Chiral Perturbation Theory 
• heavy quarks: HQET 
• finite L: finite volume EFT

systematic error analysis

L 

a 

x Lattice QCD Introduction

FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c

 mh  5m0
c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC nf = 2+1+1

In practice:  
stability and control over systematic errors depends 
on the lattice action(s) employed, underlying 
simulation parameters (available computational 
resources), analysis choices, … 



A. El-Khadra New Directions, 6-9 Jan 2026 17

L 

a 

x Lattice QCD Introduction

generate gluon field configurations according to  
➠ statistical errors 
Compute correlation functions functions (usually 2, 3,4-pt functions), 
 e.g.  

Extract observables, such as hadron masses, energies, hadronic matrix elements, …. from 
correlation functions, e.g. via spectral decomposition 
 

Repeat for all gauge field ensembles, parameters ( ) 
➠ extrapolate/interpolate to physical point in continuum and infinite volume 
➠ systematic errors 

det(D/ + m) e−S

mf, a, L, …

Steps of a lattice QCD calculation:
<latexit sha1_base64="0cVrjIxKi0LIDkZKQkJ9/HsCduw="></latexit>

hOi ⇠
Z

DU det(D/+m) O(U) e�S

<latexit sha1_base64="x+8KTAioyVozKW0QUK6flP8mC0k="></latexit>

C⇡(t) =
X

x

h⇡(x, t)⇡†(0, 0)i
<latexit sha1_base64="pp8M66P8cl7T/mhErmxBfGoYvTg=">AAACDnicbVA7SwNBEN6LrxhfUUubxRCITbgTjTZC0MYygnlA7gxzm71kye7dsbsnhiO/wMa/YmOhiK21nf/GzaPQxIGF7zHD7Hx+zJnStv1tZZaWV1bXsuu5jc2t7Z387l5DRYkktE4iHsmWD4pyFtK6ZprTViwpCJ/Tpj+4GvvNeyoVi8JbPYypJ6AXsoAR0Ebq5ItuzEoPR/gCuz7I1I0VGxnu9kAIuDsdc0M7+YJdtieFF4EzAwU0q1on/+V2I5IIGmrCQam2Y8faS0FqRjgd5dxE0RjIAHq0bWAIgiovnZwzwkWjdHEQSfNCjSfq74kUhFJD4ZtOAbqv5r2x+J/XTnRw7qUsjBNNQzJdFCQc6wiPs8FdJinRfGgAEMnMXzHpgwSiTYI5E4Izf/IiaByXnUq5cnNSqF7O4siiA3SISshBZ6iKrlEN1RFBj+gZvaI368l6sd6tj2lrxprN7KM/ZX3+AD9vmwA=</latexit>

⇡(x) =  ̄(x)�5 (x)

<latexit sha1_base64="9+RYFtZNBnG3EFOIGZEBl5VAmls="></latexit>

C⇡(t) =
X

n

|h⇡|ni|2
⇣
e�Ent + e�En(T�t)

⌘
➠

<latexit sha1_base64="R4WvI8fqUN346r/vYW8mG44699Y=">AAAB/3icbZBPS8MwGMbT+W/Of1XBi5fgEDyM0YpMj0MvXoQJbhPWUtI03cLSpCSpMOoOfhUvHhTx6tfw5rcx23rQzQcCP573fXnfPGHKqNKO822VlpZXVtfK65WNza3tHXt3r6NEJjFpY8GEvA+RIoxy0tZUM3KfSoKSkJFuOLya1LsPRCoq+J0epcRPUJ/TmGKkjRXYBzeBl9KaV4PxFKDHIqFVYFedujMVXAS3gCoo1ArsLy8SOEsI15ghpXquk2o/R1JTzMi44mWKpAgPUZ/0DHKUEOXn0/vH8Ng4EYyFNI9rOHV/T+QoUWqUhKYzQXqg5msT879aL9PxhZ9TnmaacDxbFGcMagEnYcCISoI1GxlAWFJzK8QDJBHWJrKKCcGd//IidE7rbqPeuD2rNi+LOMrgEByBE+CCc9AE16AF2gCDR/AMXsGb9WS9WO/Wx6y1ZBUz++CPrM8fWleVDw==</latexit>

M⇡, f⇡, . . .



A. El-Khadra New Directions, 6-9 Jan 2026 18

• free parameters in (lattice) QCD Lagrangian require experimental inputs 
• bare quark masses, : fixed with exp. measured hadron masses, e.g.,   
• lattice spacing in physical units (scale setting):    (or   or …)  ➠  

mud, ms, mc, mb Mπ, MK, MDs
, MBs

fπ fK MΩ αs

ρ K K∗ η φ N Λ Σ Ξ ∆ Σ
∗

Ξ
∗ Ωπ η′ ω0

500

1000

1500

2000

2500

(M
eV

)

D, B D
*, B

*

D s
,B s D s

* ,B s
*

Bc Bc
*

© 2013 Andreas Kronfeld/Fermi Natl Accelerator Lab.

B mesons offset by -4000 MeV

A. Kronfeld (Annu. Rev. Part. & Nucl. Sci, arXiv:1203.1204, updated)

• all other quantities are pre/post 
dictions that can be compared 
to experiment.  

• quark masses and couplings, 
:  

➠ inputs to perturbative QCD 
calculations

mf, αs

L 

a 

x (Lattice) QCD inputs
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a (selective) view of the history: LQCD for Flavor 

19

1973 — Kobayashi & Maskawa        — Gross, Politzer, Wilczek Asymptotic Freedom
1974 — Wilson’s Confinement of quarks:  gauge theory on space-time lattice

1977 — Discovery of beauty ( )Υ
1979 — Creutz’s Monte Carlo study of quantized SU(2) gauge theory
1981 — Hamber & Parisi; Weingarten; Hasenfratz et al: first quenched LQCD calculations of hadron masses

1984-1985 — Cabbibo, Martinelli, Petronzio; Brower et al; Bernard et al: Weak Matrix Elements

1989 — Sharpe review at Lattice 1989 conference on Weak Matrix Elements

2003 — First lattice QCD simulations that include realistic sea quark effects

…

1971 and 1974  — Discovery of charm ( )J/ψ

1987 — Duane, Kennedy, Pendleton, Roweth: Hybrid Monte Carlo algorithm 
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2003-2005: first ``realistic” lattice QCD results

20

2

the finite volume of our lattice (2.5 fm across). Unstable
hadrons, like the ρ and the φ, are constantly fluctuating
into on-shell or nearly on-shell decay products that can
easily propagate to the boundaries of the lattice; simi-
lar problems afflict multihadron states. Consequently we
focus here on hadrons that are at least 100MeV below
decay threshold or have negligible widths (J/ψ, Υ. . . );
and we restrict our attention to hadronic masses, and to
hadronic matrix elements that have at most one hadron
in the initial and final states. These are the “gold-plated”
calculations of LQCD— calculations that must work if
LQCD is to be trusted at all.

Unambiguous tests of LQCD are particularly impor-
tant with staggered quarks. These discretizations have
the unusual property that a single quark field ψ(x) cre-
ates four equivalent species or “tastes” of quark. “Taste”
is used to distinguish this property, a lattice artifact,
from true quark flavor. A quark vacuum polarization
loop in such formalisms contributes four times what it
should. To remove the duplication, the quark determi-
nant in the path integral is replaced by its fourth root.
This construction introduces nonlocalities that are poten-
tially worrisome, but much is known about the formalism
that is reassuring: for example,

• perturbation theory, which governs the theory’s
short-distance behavior, is correct to all orders;

• phenomena, such as π0 → 2γ, connected with chi-
ral anomalies are correctly handled (because the
relevant (taste-singlet) currents are only approxi-
mately conserved);

• the CP violating phase transition that occurs when
mu +md < 0 does not occur in this formalism, but
the real world is neither in this phase nor near it;

• the nonperturbative quark loop structure is cor-
rect up to short-distance taste-changing interac-
tions, which are perturbative; these interactions
are suppressed by a2αs and can be systematically
removed [9]; or they can be removed after the
simulation using modified chiral perturbation the-
ory [10, 11].

To press further requires nonperturbative studies. The
tests we present here are among the most stringent non-
perturbative tests ever of a staggered quark formalism
(and indeed of LQCD).

The gluon configurations that we used, together with
the raw simulation data for pions and kaons, were pro-
duced by the MILC collaboration; heavy-quark propaga-
tors came from the HPQCD collaboration. The lattices
have lattice spacings of approximately a = 1/8 fm and
a = 1/11 fm. The simulations employed an O(a2) im-
proved staggered-quark discretization of the light-quark
action [4], a “tadpole-improved” O(a2αs) accurate dis-
cretization of the gluon action [12], an O(a2, v4) improved

fπ

fK

3MΞ − MN

2MBs
− MΥ

ψ(1P − 1S)

Υ(1D − 1S)

Υ(2P − 1S)

Υ(3S − 1S)

Υ(1P − 1S)

LQCD/Exp’t (nf = 0)

1.110.9

LQCD/Exp’t (nf = 3)

1.110.9

FIG. 1: LQCD results divided by experimental results for
nine different quantities, without and with quark vacuum po-
larization (left and right panels, respectively). The top three
results are from our a = 1/11 and 1/8 fm simulations; all
others are from a = 1/8 fm simulations.

lattice version of NRQCD for b quarks [13], and the Fer-
milab action for c quarks [14]. Several valence u/d quark
masses, ranging from ms/2 to ms/8, were needed for ac-
curate extrapolations, as were sea u/d masses ranging
between ms/2 and ms/6. Only u, d and s quark vacuum
polarization was included; effects from c, b and t quarks
are negligible (< 1%) here.

To test LQCD, we first tuned its five parameters to
make the simulation reproduce experiment for five well-
measured quantities. The five parameters are the bare
u and d quark masses, which we set equal, the bare s,
c and b masses, and the bare QCD coupling. There are
no further free parameters once these are tuned.

Setting mu = md simplifies our analysis, and has a
negligible effect (< 1%) on isospin-averaged quantities.
We tuned the u/d, s, c, and b masses to reproduce mea-
sured values of m2

π, 2m2
K − m2

π, mDs
, and mΥ, respec-

tively. In each case the experimental quantity is approxi-
mately proportional to the corresponding parameter, and
approximately independent of the other parameters.

Rather than tune the bare coupling, one normally sets
the coupling in LQCD to a particular value, and deter-
mines the lattice spacing a in its place (after the simu-
lation). We adjusted the lattice spacing to make the Υ-
Υ′ mass difference agree with experiment. We chose this
mass difference since it is almost independent of all quark
masses, including, in fact, the b mass [15]. We could
equally well have chosen, instead, any of the nine test
quantities discussed below, with similar results.

Having tuned all free parameters in the simulation,
we then computed a variety of experimentally accessible

based on simulations with three flavors of sea quarks ( ):nf = 2 + 1

Quenched QCD full  QCD

C. Davies et al [HPQCD, MILC, Fermilab Lattice, 
hep-lat/0304004, 2004 PRL]
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simulation using modified chiral perturbation the-
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(and indeed of LQCD).
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lattice version of NRQCD for b quarks [13], and the Fer-
milab action for c quarks [14]. Several valence u/d quark
masses, ranging from ms/2 to ms/8, were needed for ac-
curate extrapolations, as were sea u/d masses ranging
between ms/2 and ms/6. Only u, d and s quark vacuum
polarization was included; effects from c, b and t quarks
are negligible (< 1%) here.

To test LQCD, we first tuned its five parameters to
make the simulation reproduce experiment for five well-
measured quantities. The five parameters are the bare
u and d quark masses, which we set equal, the bare s,
c and b masses, and the bare QCD coupling. There are
no further free parameters once these are tuned.

Setting mu = md simplifies our analysis, and has a
negligible effect (< 1%) on isospin-averaged quantities.
We tuned the u/d, s, c, and b masses to reproduce mea-
sured values of m2

π, 2m2
K − m2

π, mDs
, and mΥ, respec-

tively. In each case the experimental quantity is approxi-
mately proportional to the corresponding parameter, and
approximately independent of the other parameters.

Rather than tune the bare coupling, one normally sets
the coupling in LQCD to a particular value, and deter-
mines the lattice spacing a in its place (after the simu-
lation). We adjusted the lattice spacing to make the Υ-
Υ′ mass difference agree with experiment. We chose this
mass difference since it is almost independent of all quark
masses, including, in fact, the b mass [15]. We could
equally well have chosen, instead, any of the nine test
quantities discussed below, with similar results.

Having tuned all free parameters in the simulation,
we then computed a variety of experimentally accessible

based on simulations with three flavors of sea quarks ( ):nf = 2 + 1

Quenched QCD full  QCD

C. Davies et al [HPQCD, MILC, Fermilab Lattice, 
hep-lat/0304004, 2004 PRL]

Predictions from Lattice QCD A.S. Kronfeld

as discussed in Ref. [16], is the second largest (largest) systematic on fD+ ( fDs). A few days after
our paper was posted on the arXiv, CLEO-c announced its new measurement [17]

fD+ = 223±17±3 MeV, (3.2)

based on 47± 8 events. At the 1-σ level, the agreement between Eqs. (3.1) and (3.2) is fine. One
should keep in mind that the experiment actually determines |Vcd | fD+ . CLEO-c [17] assumes that
|Vcd |= |Vus| and uses a recent average of |Vus| from semileptonic K decay.

It is interesting to look at the nf dependence of fDs , shown in Fig. 2(a). Of course, quenched
results vary widely, but we show one [18] carried out with similar choices for heavy quarks, renor-
malization factors, etc. One sees a trend of fDs to increase with nf . A similar comparison of fD+ ,
in Fig. 2(b), is less instructive, because the chiral extrapolations in Refs. [18, 19] started at large
quark masses and are, hence, less reliable than in the present work.
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Figure 2: Dependence of (a) fDs and (b) fD+ on the number n f of sea flavors. Quenched (n f = 0) [18];
n f = 2 [19]; n f = 3 [15]. Solid (dashed) error bars are statistical (statistical+systematic).

4. Mass of the BBBccc Meson

The pseudoscalar B+
c meson is the lowest-lying bound state of a charmed quark and a b quark.

CDF [20] first observed it during Run I of the Tevatron in the semileptonic decay B+
c → J/ψ l+ν .

During Run II, DØ has confirmed the discovery in the same mode [21]. Because the neutrino is
undetected, the mass resolution in semileptonic modes is poor, ±(300–400) MeV. Now, however,
the upgraded detectors are able to reconstruct hadronic modes, such as B+

c → J/ψπ+, which give
much much better precision on mBc [22].

At Lattice 2004 we presented results in nearly final form [23], and posted the final results on
the arXiv in mid-November [24]:

mBc = 6304±12+18
− 0 MeV, (4.1)

where the last error is a rough estimate of residual heavy-quark discretization effects. Soon after-
wards, CDF announced a precise mass measurement. They find [25]

mBc = 6287±5 MeV, (4.2)

which agrees with Eq. (4.1) at slightly more than 1-σ .
Two comments are in order. First, the agreement at the gross level of the calculation with

experiment shows that discretization effects are well under control with lattice NRQCD [27] and the
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Fermilab method [28]. Of course, this follows from the careful application of effective field theories
for heavy quarks [29, 30]. Indeed, as seen in Fig. 3(a), almost no lattice spacing dependence is seen
in the splitting Δψϒ =mBc− (m̄ψ+mϒ)/2 that is at the crux of the calculation [26]. Moreover, it is
striking how much the splitting Δψϒ changes when sea quarks are included. Figure 3(b) compares
Eq. (4.1) with an old quenched calculation [26] (and the measurement [25]). The solid error bar
shows the non-quenching errors, and the dashed includes the estimate of the quenching error. The
inclusion of sea quarks has reduced the splitting by a factor of three or four, bringing an essentially
discrepant result into agreement.
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Figure 3: (a) Dependence of the splitting Δψϒ on the lattice spacing a. (b) Comparison of the quenched [26],
n f = 2+ 1 [24], and experimental [25] values of mBc ; the dashed line denotes the baseline (m̄ψ +mϒ)/2.

5. Conclusions

In the past year, three lattice-QCD calculations have been confirmed by experiment. FOCUS
[10] confirmed the q2-dependence of the D→ Klν form factor [8]; CLEO-c [17] confirmed the D-
meson decay constant [15]; and CDF [25] confirmed the mass of the Bc meson [24]. To obtain these
results it is essential to have heavy-quark discretization effects under control, as one expects from
theoretical foundations [27, 28, 29, 30]. Furthermore, the comparison of quenched QCD, QCD
with 2+1 staggered flavors, and experiment shows that sea quarks are needed to obtain agreement,
and that staggered quarks (in these cases) capture the needed effect.

This work has been supported in part by the U.S. National Science Foundation, the Office of
Science of the U.S. Department of Energy (DOE), and the U.K. Particle Physics and Astronomy
Research Council. Fermilab is operated by Universities Research Association Inc., under contract
with the DOE.
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with our final results [8] is excellent. For example, we find f D→K
+ (0) = 0.73(3)(7) [8] while BES

measures f D→K
+ (0) = 0.78(5) [6]. Our calculations of the normalization are also consistent with

the soft pion theorem, which states f0(q2
max) = fD/ fπ .

In principle, the shape of the form factors can be computed directly in lattice QCD. In practice,
we calculated at a few values of ppp and used the Bećirević-Kaidalov (BK) form [9] to fix the full q2

dependence of f+ and f0. Then the normalization of f+ comes mainly from f0 through a kinematic
constraint f+(0) = f0(0). The BK Ansatz and calculations near q2

max determine the shape. It was
important, therefore, to measure the q2 dependence experimentally. In photoproduction of charm
off fixed nuclear targets, the FOCUS Collaboration was able to collect high enough statistics to
trace out the q2 distribution of the decay [10]. This setup does not yield an absolutely normalized
branching ratio, so one is left to compare f+(q2)/ f+(0).

In Fig. 1 we plot our result for f+(q2)/ f+(0) vs. q2/m2
D∗

s
. The errors from f+(0) must be

propagated to non-zero q2, so for f+(q2)/ f+(0) the errors grow with q2. Figure 1 shows 1-σ bands
of statistical (orange) and all uncertainties (yellow) added in quadrature [11]. As one can see, the
q2 dependence of lattice QCD (curve and error band) and experiment (points) agree excellently,
although the uncertainties are still several per cent.
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D → Klν

Figure 1: Shape of form factor f+(q2)/ f+(0) vs. q2/m2
D∗s

, compared with experiment [10].

3. Leptonic DDD Decays

We also computed the hadronic matrix element for the leptonic decay of charmed mesons, fD+

and fDs . The first (experimental) measurements of fD+ appeared in 2004, with three events from
BES [12] and eight from CLEO [13]. Neither provides a stringent test of QCD, but CLEO-c was
just starting its run and promised 5–8 times higher statistics by the Summer 2005 Lepton-Photon
Symposium [4]. At Lattice 2004 [14], we presented preliminary results for fD+ , based on one
lattice spacing, a ≈ 0.125 fm. Our aim was to extend the running to two other lattice spacings
and, of course, to improve our understanding of other aspects of the calculation, such as the chiral
extrapolation. Details are given in the ensuing publication [15]. We find

fD+ = 201±3±17 MeV, (3.1)

where the first error is from finite Monte Carlo statistics, the second is a sum in quadrature of
several systematics. A conservative (but not naïve) estimate of heavy-quark discretizations effects,
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First lattice QCD predictions, confirmed by experiment:

A. Kronfeld et al [Fermilab Lattice, MILC, HPQCD, 
hep-lat/0509169,Int.J.Mod.Phys 2006]
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D → Kℓνshape of form factor
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Snowmass 2013 ➠ present

21

https://www.usqcd.org/documents/13flavor.pdf  and [J. Butler et al, arXiv:1311.1076]
Report of the Lattice QCD Task Force 33

Quantity CKM Present 2007 forecast Present 2018

element expt. error lattice error lattice error lattice error

fK/f⇡ |Vus| 0.2% 0.5% 0.4% 0.15%

f
K⇡

+ (0) |Vus| 0.2% – 0.4% 0.2%

fD |Vcd| 4.3% 5% 2% < 1%

fDs |Vcs| 2.1% 5% 2% < 1%

D ! ⇡`⌫ |Vcd| 2.6% – 4.4% 2%

D ! K`⌫ |Vcs| 1.1% – 2.5% 1%

B ! D
⇤
`⌫ |Vcb| 1.3% – 1.8% < 1%

B ! ⇡`⌫ |Vub| 4.1% – 8.7% 2%

fB |Vub| 9% – 2.5% < 1%

⇠ |Vts/Vtd| 0.4% 2–4% 4% < 1%

�ms |VtsVtb|2 0.24% 7–12% 11% 5%

BK Im(V 2
td
) 0.5% 3.5–6% 1.3% < 1%

Table 6. History, status and future of selected lattice-QCD calculations needed for the determination

of CKM matrix elements. 2007 forecasts are from Ref. [112]. Most present lattice results are taken from

latticeaverages.org [113]. The quantity ⇠ is fBs

p
BBs/(fB

p
BB).

written [112]), only fK/f⇡ was fully controlled. A sample of present errors is collected in Table 6. For K

mesons, errors are at or below the percent level, while for D and B mesons errors range from few to ⇠10%.

The lattice community is embarking on a three-pronged program of future calculations: (i) steady but
significant improvements in “standard” matrix elements of the type just described, leading to much improved
results for CKM parameters (e.g., Vcb); (ii) results for many additional matrix elements relevant for searches
for new physics and (iii) the extension of lattice methods to more challenging matrix elements which can
both make use of old results and provide important information for upcoming experiments.

Reducing errors in the standard matrix elements has been a major focus of the lattice community over the last
five years, and the improved results illustrated in Table 6 now play an important role in the determination
of the CKM parameters in the “unitarity triangle fit.” Lattice-QCD calculations involve various sources
of systematic error (the need for extrapolations to zero lattice spacing, infinite volume and the physical
light-quark masses, as well as fitting and operator normalization) and thus it is important to cross-check
results using multiple discretizations of the continuum QCD action. (It is also important to check that
results for the hadron spectrum agree with experiment. Examples of these checks are shown in the 2013
whitepaper [111].) This has been done for almost all the quantities noted above. This situation has spawned
two lattice averaging e↵orts, latticeaverages.org [113] and FLAG-1 [114], which have recently joined
forces and expanded to form a worldwide Flavor Lattice Averaging Group (FLAG-2), with first publication
expected in mid-2013.

The ultimate aim of lattice-QCD calculations is to reduce errors in hadronic quantities to the level at which
they become subdominant either to experimental errors or other sources of error. As can be seen from
Table 6, several kaon matrix elements are approaching this level, while lattice errors remain dominant in
most quantities involving heavy quarks. Thus the most straightforward contribution of lattice QCD to the
future intensity frontier program will be the reduction in errors for such quantities. Forecasts for the expected
reductions by 2018 are shown in the table. These are based on a Moore’s law increase in computing power,

Community Planning Study: Snowmass 2013

2021 FLAG 
Average

0.18 %
0.18 %
0.3  %
0.2  %
4.4  %
0.6  %
~1.5 %   [from 2105.14019, 2304.03137, 2306.05657]
~3 %
0.7  %   (0.6 % for )fBs

1.3  %
4.5  %
1.3 %

QED corrections dominant 
source of theory error

0.7 % [from 2212.12648]

2013     2018 forecast   2013     

https://www.usqcd.org/documents/13flavor.pdf
https://arxiv.org/abs/1311.1076
https://arxiv.org/abs/2105.14019
https://arxiv.org/abs/2304.03137
https://arxiv.org/abs/2306.05657
https://arxiv.org/abs/2212.12648
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Lattice QCD calculations of simple quantities (with at most one stable meson in initial/final state) that 
quantitatively account for all systematic  effects (discretization, finite volume, renormalization,…) in 
some cases with  

•sub percent precision.   
• total errors that are commensurate (or smaller) than corresponding experimental uncertainties.

Scope of LQCD calculations is increasing due to continual development of new methods:  
•nucleon matrix elements    

•nonleptonic kaon decays ( , ,…) 

• resonances, scattering ( ,…) 

• long-distance effects ( , …)

K → ππ ϵ′ 

ππ → ρ
ΔMK

•QED corrections  
• radiative decay rates 
•structure: PDFs, GPDs, TMDs, … 

• inclusive decay rates ( ,…) 
•…

B → Xcℓν

22
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a 
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Standard Model predictions:  Buras, et al [arXiv:1303.3820, JHEP 2013],  Bobeth, et al [arXiv:1311.0903, PRL 2014; arXiv:2104.09521], 
Beneke et al [arXiv:1908.07011, JHEP 2019]. 
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Bs
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Oi
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Bs
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Rare leptonic decay Bs ! µ+µ�

• includes structure-dependent QED corrections 
• dominant uncertainty due to  
• LQCD decay constant sub dominant source of uncertainty

|Vcb |other

CKM

fBserror2

1 Introduction 1

1 Introduction

Since the first observation of the decay Bs ! µµ̄ in 2013 there have been steady improve-
ments of the measurement of its branching ratio and also of the one for Bd ! µµ̄ by CMS,
LHCb and ATLAS collaborations [1–3]. In 2020 the three experimental collaborations com-
bined their results to provide the world average of the two-dimensional likelihood in the
space of B(Bs ! µµ̄) and B(Bd ! µµ̄), which give the one-dimensional results [4–6]

B(Bs ! µµ̄) = (2.69+0.37

�0.35
) · 10�9

, (1)

B(Bd ! µµ̄) < 1.6 (1.9) · 10�10 at 90% (95%) CL . (2)

Very recently the LHCb collaboration presented their final results based on the full Run-II
data [7, 8]

B(Bs ! µµ̄) =
�
3.09+0.46 +0.15

�0.43 �0.11

�
· 10�9

, (3)

B(Bd ! µµ̄) < 2.6 · 10�10 at 95% CL , (4)

which imply new world averages. The world averages must be performed by the experimental
collaborations themselves to account properly for all systematic uncertainties. Until then
only provisional averages with varying sophistication are available, as for example presented
in [9], [10] and [11]. We will use here exemplary the value of [11]

B(Bs ! µµ̄) = (2.85 +0.34

�0.31
) · 10�9

, (5)

B(Bd ! µµ̄) < 2.05 · 10�10 at 95% CL . (6)

The other preliminary world averages of B(Bs ! µµ̄) are given in [9] and [10] with very
similar values (2.84 ± 0.33) · 10�9 and (2.93 ± 0.35) · 10�9, respectively. The upper bounds
on B(Bd ! µµ̄) are read o↵ from the 2� contours of the 2-dimensional likelihood plots
in [11], [9] and [10], where the latter two find 2.0 · 10�10 and 2.2 · 10�10 as upper bounds.

On the other hand the present SM values of B(Bq ! µµ̄), based on the calculations over
three decades by several groups [12–19], read

B(Bs ! µµ̄)SM = (3.66± 0.14) · 10�9
, (7)

B(Bd ! µµ̄)SM = (1.03± 0.05) · 10�10
. (8)

Comparing the results in (5) with (7) implies the tension between the SM and the data in
the ballpark of 2� [9, 10].

We would like to point out that such a conclusion is premature because in obtaining the
result in (7) the inclusive determination of |Vcb| has been used with the value |Vcb|B!Xc

=
(42.00 ± 0.64) · 10�3 [20]. For the corresponding exclusive determination of |Vcb|, as for
example |Vcb|B!D = (40.7± 1.1) · 10�3 from B ! D`⌫̄ [21], one finds the branching ratio in
question in the ballpark of (3.44± 0.20) · 10�9 and the reduced tension of 1.4� deeming the
hopes for seeing new physics in this decay at work. Full compatibility between theory and
experiment can be found with the less reliable determination |Vcb|B!D⇤ = (38.8± 1.4) · 10�3

from B ! D
⇤
`⌫̄ [21], which gives B(Bs ! µµ̄)SM = (3.12 ± 0.23) · 10�9. Therefore, taking

all these results into account, in our view the uncertainty of 4% in (7) does not represent
properly the present uncertainty in the SM prediction for the branching ratio in question.

2 Basic Formulae 3

2 Basic Formulae

In this section we recall the basic formulae for the branching ratios of the leptonic decays
Bq ! µµ̄ and the mass di↵erences in neutralB-meson systems�Mq. Besides the higher order
QCD corrections, we include known next-to-leading (NLO) electroweak (EW) corrections as
well as QED corrections.

The e↵ective Lagrangian for |�B| = 1 decays (q = d, s)

L�B=1 = Nq

X

i

Ci(µb)Oi + h.c. , Nq =
G

2

F
m

2

W

⇡2
V
tb
V

⇤
tq
, (10)

contains the normalization factor Nq, which is chosen to facilitate the renormalization at
NLO in EW interactions [16,26]. The Wilson coe�cients are evaluated at the scale µb ⇠ mb

of the order of the b-quark mass and include NNLO QCD and NLO EW/QED corrections
[16, 17, 27, 28]. At LO in EW/QED interactions the single operator

O10 =
⇥
q̄�

µ
PLb

⇤⇥
µ̄�µ�5µ

⇤
, PL ⌘

1� �5

2
, (11)

is relevant only.1 The time-integrated branching fraction [29], denoted by a bar, is given by

B(Bq ! µµ̄) =
|Nq|

2
M

3

Bq
f
2

Bq

8⇡ �H
q

�qµ

✓
mµ

MBq

◆2 ���Ce↵

10

���
2

, �qµ ⌘

s

1�
4m2

µ

M2

Bq

, (12)

where C
e↵

10
includes

1. the NLO EW corrections from matching the SM at the electroweak scale µew ⇠ 160GeV
and resummed QED corrections to the scale µb ⇠ mb [16].

2. power-enhanced structure-dependent NLO QED corrections between the scales µb and
the scales ⇤QCD [18, 19].

It is the photon-inclusive branching fraction, recovered after including soft-photon final-
state radiation [14, 19]. In the SM the time-integration implies that the lifetime �H

q
of the

heavy-mass eigenstate |BH

q
i has to be used instead of the averaged one [29]. However, time-

integration is at the current precision numerically only relevant for Bs decays. We follow [19]
for the calculation of B(Bq ! µµ̄).

The mass di↵erence of the neutral meson system is governed in the SM by a single
|�B| = 2 operator2

L�B=2 = �
Nq Vtb

V
⇤
tq

4
CVLL(µb)OVLL + h.c. , OVLL =

⇥
q̄�

µ
PLb

⇤⇥
q̄�µPLb

⇤
(13)

with

CVLL(µew) = S0(xt) + . . . , S0(xt) =
4xt � 11x2

t
+ x

3

t

4(1� xt)2
�

3x3

t
ln xt

2(1� xt)3
, (14)

1Here we use the convention C10 = �2CA compared to [15, 17] and C10 = ec10 to [16]. It di↵ers by a
factor of sine-squared of the weak mixing angle to c10 of [27, 28]: C10 = s2W c10 at LO in EW interactions.

2This is also the case of CMFV models, but the function S0(xt) receives additional flavour-universal
contributions.
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]9−) [10−µ+µ → 0
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(BΒ

SM Prediction
Beneke et al, JHEP 10 (2019) 232 0.14 ± 3.66

LHCb
PRL 118 (2017) 191801  0.6− 

 +0.73.0

CMS
JHEP 04 (2020) 188 0.65− 

 +0.722.94

ATLAS
JHEP 04 (2019) 098  0.7− 

 +0.82.8

ATLAS+CMS+LHCb
BPH-20-003 0.35− 

 +0.372.69

LHCb
PRL 128 (2022) 041801 0.44− 

 +0.483.09

CMS
BPH-21-006 0.41− 

 +0.443.83

No evidence for B0 -> μ+μ-

S. Aoki et al [FLAG 2024 review, arXiv:2411.04268]

0.6%[CMS, Phys Lett B 2023]

Rare leptonic decay Bs ! µ+µ�

http://arxiv.org/abs/arXiv:2411.04268
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lepton magnetic moment

28

= (�i e) ū(p0)


�µF1(q

2) +
i�µ⌫q⌫
2m

F2(q
2)

�
u(p)

The magnetic moment of charged leptons (e, µ, τ): ~µ = g
e

2m
~S

Dirac (leading order): g = 2 = (�ie) ū(p0)�µu(p)

Quantum effects (loops):

Note:                    and g = 2 + 2F2(0)F1(0) = 1

All SM particles 
contribute

<latexit sha1_base64="11PGHDwV916BdzRbuD+njncqzks=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoKCUpom6EohuXFewDmlAm00k7dPJg5kYoIT/hxl9x40IRt4I7/8Zpm4W2HrhwOOde7r3HiwVXYFnfRmFpeWV1rbhe2tjc2t4xd/daKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3ujm4nffmBS8Si8h3HM3IAMQu5zSkBLPfN0gK9wDTuC+VCxTxxfEpo6RMRDkqVaj3mGMXYkHwzhuGeWrao1BV4kdk7KKEejZ345/YgmAQuBCqJU17ZicFMigVPBspKTKBYTOiID1tU0JAFTbjr9KsNHWuljP5K6QsBT9fdESgKlxoGnOwMCQzXvTcT/vG4C/qWb8jBOgIV0tshPBIYITyLCfS4ZBTHWhFDJ9a2YDokOBnSQJR2CPf/yImnVqvZ51b47K9ev8ziK6AAdogqy0QWqo1vUQE1E0SN6Rq/ozXgyXox342PWWjDymX30B8bnDy/PnP4=</latexit>

g = 2
⇣
1 +

↵

2⇡

⌘
➠

Anomalous magnetic moment: a ⌘ g � 2

2
= F2(0)

<latexit sha1_base64="D36ycY9XBBEgOWrcbL0ixOPZK0k="></latexit>

=
↵

2⇡
+O(↵2) + . . . = 0.00116...
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Motivation: Fermilab muon g-2 experiment
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The Fermilab experiment has released their final measurement results: 
07 Apr 2021: run 1 data [B. Abi et al, Phys. Rev. Lett. 124, 141801 (2021)] 
10 Aug 2023: run 2/3 data [D. Aguillard et al, 2308.06230] 
03 Jun 2025: run 4/5/6 data [D. Aguillard et al, 2506.03069]

From Simon Corrodi @ Scientific Seminar, 03 Jun 2025
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Experimental	Technique
The	anomalous	magnetic	moment	causes	the	spin	to	precess faster	than	the	momentum	vector	as	the	muon moves	around	the	

ring

In	a	1.5	T	magnetic	field	the	spin	rotates	in	
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34 =
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*56

!6
!7
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We	actually	measure	2	
frequencies	:	

3ppb 22ppb 0.0003ppb

https://doi.org/10.1103/PhysRevLett.126.141801
https://arxiv.org/abs/2308.06230
https://arxiv.org/abs/2506.03069
https://www.youtube.com/watch?v=huLvw-_qkgg
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aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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QED
(a) (b) (c) (d) (e)

(a) (b) (c) (d) (e)

I(a) I(b) I(c) I(d) II(a) II(c)II(b)

III IV(a) IV(b) IV(c) IV(d) V

α :
α2 :

α4 :

α5 :

α3 :

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

aµ(QED) = A1 + A2

✓
mµ

me

◆
+ A2

✓
mµ

m⌧

◆
+ A3

✓
mµ

me
,
mµ

m⌧

◆
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Ai =
X

n=0

⇣↵
⇡

⌘n
A2n

i
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n # of diagrams Contribution x 1011

1 1 116140973.32
2 7 413 217.63
3 71 30141.90
4 891 381.00
5 12672 5.08

<latexit sha1_base64="tT2GtanHkQUhiqW19iVJ+DNIiFs="></latexit>

aµ(QED) = 116 584 718.8 (2)⇥ 10�11

[T. Aoyama et al, arXiv:1205.5370, PRL;    
T. Aoyama, T. Kinoshita, M. Nio, Atoms 7 (1) (2019) 28]

T. Kinoshita
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Figure 2: Bosonic two-loop Feynman diagrams contributing to a
EW
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Question: is there a uniform definition of ↵, ↵(MZ), GF or Gµ, sW,
etc in the report? How about specifying numerical input values for these
quantities? Here or somewhere else in the report, or unnecessary? (Here we
only need GF ,MW,Z and ↵)
Question: citation policy? We have not included citations here for “ancient”
one-loop calculations from 1972, but if desired or necessary for consistency
with other chapters we could include them.

1 The electroweak contribution to aµ

In this section we describe the electroweak (EW) SM contributions to aµ.
These contributions are defined as all SM contributions which are not con-
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Electroweak
(contributions from W,Z,H bosons)
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aµ(EW) = 154.4 (4)⇥ 10�11

[A. Czarnecki et al, hep-ph/0212229, PRD;  
C. Gnendinger et al, arXiv:1306.5546, PRD]

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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Compared to QED, 
suppressed by 

∼
m2

μ

M2
W

∼ 10−6
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α2 α3 α4

∼ 10−7

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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aµ(hadronic) = aHVP,LO
µ + aHVP,NLO

µ + aHVP,NNLO
µ + . . .

+ aHLbL
µ + aHLbL,NLO

µ + . . .

aμHVP : Higher orders & power counting; WP20 values in 10-11  

➤ All hadronic blobs also contain photons,
i.e.  real + virtual corrections in σhad(s)

• LO:  6931(40)

• NLO:  - 98.3(7)

from three classes of graphs:
- 207.7(7) + 105.9(4) + 3.4(1)    [KNT19]
(photonic,  extra e-loop, 2 had-loops)

• NNLO:  12.4(1) [Kurz et al, PLB 734(2014)144,
see also F Jegerlehner]

from five classes of graphs:
8.0 - 4.1 + 9.1 - 0.6 + 0.005

➥ good convergence,
iterations of hadronic blobs  _very_  small

➠ `double-bubbles’ very small: 3

aμHVP : Higher orders & power counting; WP20 values in 10-11  

➤ All hadronic blobs also contain photons,
i.e.  real + virtual corrections in σhad(s)

• LO:  6931(40)

• NLO:  - 98.3(7)

from three classes of graphs:
- 207.7(7) + 105.9(4) + 3.4(1)    [KNT19]
(photonic,  extra e-loop, 2 had-loops)

• NNLO:  12.4(1) [Kurz et al, PLB 734(2014)144,
see also F Jegerlehner]

from five classes of graphs:
8.0 - 4.1 + 9.1 - 0.6 + 0.005

➥ good convergence,
iterations of hadronic blobs  _very_  small

➠ `double-bubbles’ very small: 3

+ …+ …

+ …leading hadronic
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aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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HLbL

7045 (61) × 10−11

115.5 (9.9) × 10−11

QED

EW

α2
+…

+…

+…

+…

α3

3 ppb

2 ppb

523 ppb

84 ppb

[0.9%]

[8.6%]

HVP

Hadronic 
corrections

(5 loops)

(2 loops)

(NNLO)

(NLO)

116584718.8 (2) × 10−11

154.4 (4) × 10−11
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aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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Muon g-2: hadronic corrections

34

Hadronic contributions are obtained by integrating over all possible virtual photon momenta,  
integral is weighted towards low .  
Cannot use perturbation theory to reliably compute the hadronic bubbles 
Two-point & four-point functions: 
        HVP:            HLbL:            

q2

⟨0 |T{jμ jν} |0⟩ ⟨0 |T{jμ jν jρ jσ} |0⟩

Two independent approaches  
1. Dispersive, data-driven 
2. Lattice QCD      

credit:  
Samantha Koch, Fermilab
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Maximize the impact of the Fermilab and J-PARC experiments 
➠ quantify and reduce the theoretical uncertainties on the SM 
prediction 

assess reliability of uncertainty estimates 

summarize the theory status: White Papers 

organize workshops to bring the different communities together: 

• First plenary workshop near Fermilab: 3-6 June 2017 

• … 

• Fifth plenary workshop hosted by Higgs Centre (UK):  
5-9 Sep 2022 

• … 

• Eight plenary workshop hosted by IJCLab (Orsay, France):  
8-12 Sep 2025 

• Ninth plenary workshop to be hosted by UConn (US):  
3-7Aug 2026

Muon g-2 Theory Initiative

Gilberto Colangelo (Bern) 
Achim Denig (Mainz)  
Aida El-Khadra (UIUC) chair 
Martin Hoferichter (Bern) 
Christoph Lehner (Regensburg University) 
co-chair 
Laurent Lellouch (Marseille) 
Tsutomu Mibe (KEK)   
J-PARC Muon g-2/EDM experiment 
Lee Roberts (Boston)    
Fermilab g-2 experiment 
Thomas Teubner (Liverpool) 
Hartmut Wittig (Mainz)

35

Steering Committee 

https://muon-gm2-theory.illinois.edu

https://indico.fnal.gov/event/13795/
https://higgs.ph.ed.ac.uk/
https://indico.ijclab.in2p3.fr/event/11652/overview
https://muon-gm2-theory.illinois.edu
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Theory Initiative:  
CMD-3 seminar (virtual): 27 March 2023 at 8:00am US CDT 
2nd CMD-3 discussion meeting 
8/9/2023: Status of Muon g-2 Theory in SM

Run 4
Run 5

Result from 
Runs 2&3

20
21

20
22

20
23

J-PARC E34FNAL E989

Run 1 result 
announced

Physics Reports 887 (2020) 1–166

Contents lists available at ScienceDirect

Physics Reports

journal homepage: www.elsevier.com/locate/physrep

The anomalousmagneticmoment of themuon in the Standard
Model
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Muon g-2 TI 
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Run 6

20
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WP

20
24

TI workshops:   
Jun 2021 @ KEK (virtual)     Sep 2023 @ Bern    Sep 2024 @ KEK & KMI            
Sep 2022 @ Higgscentre    Apr 2024 (virtual)    Tau decays 2024 (virtual mini)         

WP 25

Sep 2025 @ Orsay 

Final E989 
result 

https://indico.fnal.gov/event/59052/
https://indico.ijclab.in2p3.fr/event/9697/
https://muon-gm2-theory.illinois.edu
https://arxiv.org/abs/2006.04822
https://www-conf.kek.jp/muong-2theory/
https://indico.cern.ch/event/1258310/
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https://indico.cern.ch/event/1400808/
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https://indico.ijclab.in2p3.fr/event/11652/


A. El-Khadra New Directions, 6-9 Jan 2026

Experiment vs SM theory

37

20252021

WP20

°40 °30 °20 °10 0 10 20

1010 £ (aSM
µ ° aexp

µ )

CMD-3

SND20

BESIII

KLOE

BaBar

CMD-2

SND06

ø

Lattice HVP Avg. 1

WP25

BNL-06

FNAL-21

FNAL-23

aHVP

µ +
⇥
aQED

µ + aWeak

µ + aHLbL

µ

⇤
� aexpµ

<latexit sha1_base64="9M0tnw3VnWHGL11uTa1l7HXkKRA="></latexit>

aSMµ

<latexit sha1_base64="B4SnhG0Qn/MQgb3wQgGVx68DO0U=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZdFN26EivYBTQyT6bQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE6eMKu15305hZXVtfaO4Wdra3tktu3v7LZUYiUkTJyyRnRgpwqggTU01I51UEsRjRtrx6Grqtx+JVDQR93qckpCjgaB9ipG2UuSWURRw85AFksO7mwmM3IpX9WaAy8TPSQXkaETuV9BLsOFEaMyQUl3fS3WYIakpZmRSCowiKcIjNCBdSwXiRIXZ7PAJPLZKD/YTaUtoOFN/T2SIKzXmse3kSA/VojcV//O6RvcvwoyK1Ggi8HxR3zCoEzhNAfaoJFizsSUIS2pvhXiIJMLaZlWyIfiLLy+T1mnVr1XPbmuV+mUeRxEcgiNwAnxwDurgGjRAE2BgwDN4BW/Ok/PivDsf89aCk88cgD9wPn8AFW6SuA==</latexit>



A. El-Khadra New Directions, 6-9 Jan 2026

hadrons

e+

e−

      Hadronic Vacuum Polarization

38

 Dispersive, data-driven: 
  HVP: integrate hadronic cross section over CM energy:   
 
 
  

Many experiments (over 20+ years) have measured the cross sections for (almost) all 
channels over the needed energy range with increasing precision. 

e+e−

➠Im[ ] ∼ | |2
hadrons

 Direct calculation using Euclidean Lattice QCD 

                                      

  
 ab-initio method to quantify QCD effects 
 already used for simple hadronic quantities with high precision 
 requires large-scale computational resources 
 allows for entirely SM theory based evaluations

L 

a 

x 

Approximations:  
  discrete space-time (spacing a) 
  finite spatial volume (L), and time extent (T)  
  …
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dq2!(q2) ⇧̂(q2)aHVP,LO
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µ
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Summary

!15

❒ A few new measurements/updates included 

❒ The fit based on analyticity and unitarity improves the precision by ~50%  
    for energy range below 0.6 GeV 

❒ The large discrepancy between BABAR and KLOE in the π+π- channel is 
not covered by the usual uncertainty estimation (even when local error 
inflation is applied), we quote this discrepancy as an additional 
(dominant) uncertainty in our new evaluation 

❒ We need more precise and                                                          
independent measurements                                                                    
to resolve the discrepancy
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Tensions (of up to ) between data sets:  
 ➠ conservative procedure to include 
     differences in error estimate

3σ
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dq2!(q2) ⇧̂(q2)aHVP,LO
µ =

m2
µ

12⇡3

Z
ds

K̂(s)

s
�exp(s)

 defined to include real & virtual photons 
direct integration method: no modelling of  , 
summing up contributions from all hadronic channels 
total hadronic cross section  from > 100 data sets in 
35+ channels summed up to  

: inclusive data + pQCD + narrow resonances 
two independent compilations (DHMZ, KNT)

σhad (s)
σhad (s)

σhad (s)
s ∼ 2 GeV

s > 2 GeV
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• Calculate   in Lattice QCD 
Start with correlation function of EM currents: 
 
 

Fourier transform yields  
 
so that   can be obtained as an integral over Euclidean time, aka time momentum 
representation (TMR): 
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f = u, d, s, c, . . .
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jEM
µ =

X

f

qf  ̄f (x, t) �µ  f (x, t)
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⇧̂(Q2) = 4⇡2

Z 1

0
dtC(t)


t2 � 4

Q2
sin2

✓
Qt

2

◆�
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aHVP,LO
µ = 4↵2

Z 1

0
dtC(t) w̃(t)➠
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Calculate  in Lattice QCD:  

• Separate into connected for each quark flavor + disconnected contributions 
 (gluon and sea-quark background not shown in diagrams) 
 Note: almost always     
 
 
 
 
    
 
   

• need to add QED and strong isospin breaking  
(  ) corrections: 

aHVP
μ

mu = md

∼ mu − md

Lattice HVP: Introduction

42

+ …

X

f
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f f’

f= ud, s, c, b

aHLO
µ ⌘ aHVP,LO

µ =
X

f

aHVP,LO
µ,f + aHVP,LO

µ,disc
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Introduction

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit

I two sources of isospin breaking e�ects

I di�erent masses for up- and down quark (of O((md ≠ mu)/�QCD))

I Quarks have electrical charge (of O(–))

I lattice calculation aiming at 1% precision requires to include isospin breaking

I separation of strong IB and QED e�ects requires renormalization scheme

I definition of “physical point” in a “QCD only world” also scheme dependent

I IB contribution included in final lattice result from the WP [arXiv:2006.04822]
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Vera Gülpers (University of Edinburgh) HVP from LQCD - workshop 18 Nov 2020 1 / 6
light-quark connected contribution: 

 ~90% of total 
s,c,b-quark contributions  

 ~8%, 2%, 0.05% of total 
  

disconnected contribution:  
  ~2% of total 

  

Isospinbreaking (QED + mu ≠ md ) corrections:  
 ~1% of total

aHVP,LO
μ (ud)

aHVP,LO
μ (s, c, b)

aHVP,LO
μ,disc

δaHVP,LO
μ

{

aHVP,LO
μ = aHVP,LO

μ (ud) + aHVP,LO
μ (s) + aHVP,LO

μ (c) + aHVP,LO
μ,disc + δaHVP,LO

μ
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Calculate  in Lattice QCD:  aHVP
μ

Lattice HVP: challenges

43

aHLO
µ ⌘ aHVP,LO

µ =
X

f

aHVP,LO
µ,f + aHVP,LO

µ,disc
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μ (ud)
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μ (s, c, b)

aHVP,LO
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aHVP,LO
μ = aHVP,LO

μ (ud) + aHVP,LO
μ (s) + aHVP,LO

μ (c) + aHVP,LO
μ,disc + δaHVP,LO

μ

 needed with precision 

subpercent statistical precision: 
exponentially growing noise-to-signal in  as  
affects light-quark contributions 
sizable finite volume effects  
sensitivity to scale setting uncertainty 
control discretization effects  
quark-disconnected diagrams: control noise 
include isospin-breaking effects 
Separation of   into  and  is 
scheme dependent. 

aHVP,LO
μ < 0.5 %

C(t) t → ∞

aHVP,LO
μ aHVP,LO

μ (ud) δaHVP,LO
μ
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Use windows in Euclidean time to consider the different time regions separately  
[T. Blum et al, arXiv:1801.07224, 2018 PRL] 
  
 
Short Distance (SD)       
Intermediate (W)           
Long Distance (LD)        
  
 
    
 
  
                        

disentangle systematics/statistics from long distance/FV and discretization effects  
intermediate window: easy to compute in lattice QCD; compare to disperse approach  
Internal cross check: compute each window separately (in continuum, infinite volume limits,…) and 
combine:

t : 0 → t0
t : t0 → t1
t : t1 → ∞

Windows in Euclidean time

44

aµ = aSDµ + aWµ + aLDµ
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t0 = 0.4 fm, t1 = 1.0 fm

L 

a 

x 

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)

<latexit sha1_base64="bwdIsym4glyVPgnTM0fRxWwPX2s="></latexit>

ahvp
µ �� ��� �������: E�������� ���� �������

(ahvpµ )
i
:=

⇣↵

⇡

⌘2
Z 1

0
dt G(t) eK(t)

,

W i
(t; t0; t1) , G(t) = �a3

3

3X

k=1

X

~x

hjemk (t, ~x) jemk (0)i
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Windows in the TMR:
separate short- from
long-distance e�ects
[RBC/UKQCD, ����.�����].

Intermediate window awin
µ :

I Cuto� e�ects suppressed.
I No signal-to-noise problem.
I Finite-volume e�ects small.

� / ��

S. Kuberski @ Lattice 2023
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Lattice HVP: W (intermediate) window

45
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BMW 20  
[Sz. Borsanyi et al, arXiv:2002.12347, 2021 Nature]  

Window observable

restrict correlator to window
0.4 � 1.0 fm [RBC/UKQCD’18]

fewer difficulties

0.0

0.5

1.0

1.5 window [RBC/UKQCD’18]
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Cont. extrap. systematics:

1 SRHO vs no improvement

2 � = 0 or 3

3 linear, quadratic or cubic

4 skip coarse lattices

RBC/UKQCD-18 
[T. Blum et al, arXiv:1801.07224, 2018 PRL]

Aubin et al -19 
[C. Aubin et al, arXiv:1905.09307, PRD]

Virtual Muon g-2 Theory Initiative workshop (16-18 Nov 2020) 
      
Agreement to:  

compute the 3 window observables proposed by RBC/UKQCD 
first goal: intermediate window observable  
compute individual flavor contributions + IB-breaking effects 
… 

https://indico.global/event/6556/overview
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Lattice HVP: W (intermediate) window
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FIG. 10. The light-quark (top), strange-quark (middle) and charm-quark (bottom) connected contributions

to the intermediate window a
W
µ versus the squared lattice spacing a

2 in physical units using both the “tm”

(triangles) and “OS” (squares) regularizations. In the middle (bottom) panel the blue and red points corre-

spond to the lattice data obtained using the masses of the ⌘s (⌘c) and � (J/ ) mesons to obtain the physical

strange (charm) quark mass. The solid lines correspond to representative examples of continuum extrapola-

tion obtained using the Ansatz in Eq. (39) with D
tm
1L(f) = D

OS
1L (f) = 0 (polynomial fits). The extrapolated

values in the continuum limit are shown at a2 = 0 together with our final results given by Eqs. (56)-(58).

MLLGS model according to Eq. (F14) of AppendixF with w = W and Lref = 5.46 fm in the

ETM 2022  
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17

 200

 205

 210

 215

 220

 225

 230

 0  0.002  0.004  0.006  0.008  0.01  0.012  0.014

a µ
W

,is
o,

co
nn

,u
d  x

 1
010

a2 / fm2

ZV,  ω̂, Cll

ZV,  ω̂, Clc

ZV, ω, Cll

ZV, ω, Clc 
ZV*,  ω̂, Cll

ZV*,  ω̂, Clc

ZV*, ω, Cll

ZV*, ω, Clc

 200

 205

 210

 215

 220

 225

 230

 0  0.002  0.004  0.006  0.008  0.01  0.012  0.014

a µ
W

,is
o,

co
nn

,u
d  x

 1
010

a2 / fm2

ZV,  ω̂, Cll

ZV,  ω̂, Clc

ZV, ω, Cll

ZV, ω, Clc

ZV*,  ω̂, Cll

ZV*,  ω̂, Clc

ZV*, ω, Cll

ZV*, ω, Clc

FIG. 10. Continuum extrapolation of aW,iso,conn,ud
µ ⇥ 1010. On the left, we show the 8 fits of our preferred prescription. On

the right, we show the fit through the two data points already available in Ref. [31] with lower statistical precision.
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FIG. 11. Comparison of the total intermediate window contribution. For historical completeness, we also show results that
are superseded by newer results of the same collaboration at the top in gray. Dispersive resuls are shown in purple, lattice
results are shown in green. The inner error bars show the statistical uncertainty, the outer error bars show the statistical and
systematic uncertainties added in quadrature. RBC/UKQCD 2018 [31], ETMC 2021 [73], BMW 2020 [30], Mainz 2022 [75],
ETMC 2022 [76], RBC/UKQCD 2018/FJ [77], Aubin et al. 2019/CL/KNT [78], BMW 2020/KNT [79], Colangelo et al. 2022
[1].

prediction for the total intermediate window contribution

a
W
µ = 235.56(65)(50) ⇥ 10�10 (44)

with statistical (left) and systematic (right) errors given separately. This can be compared with other lattice results
as well as results based on the R-ratio, see Fig. 11. Our result is in 3.8� tension with the recently published dispersive
result of a

W
µ = 229.4(1.4) ⇥ 10�10 [1] and in agreement with recent lattice results [30, 75, 76].

B. Short-distance window aSD
µ

For the short-distance window a
SD
µ in the isospin-symmetric limit with t0 = 0.4 fm and � = 0.15 fm, we find the

up and down quark-connected contribution to be

a
SD,iso,conn,ud
µ = 48.7(0.5)(1.6) ⇥ 10�10 (45)

in the BMW20 world and

a
SD,iso,conn,ud
µ = 49.0(0.6)(1.4) ⇥ 10�10 (46)
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FIG. 3: Left: one typical extrapolation of the isovector contribution using fch(ey) = 1/ey. The data corre-
sponds to the local-conserved discretization of the correlator using the set 1 of improvement coe�cients.
Error bands are the results from the fit for each of the six lattice spacings. The black line is the chiral
extrapolation in the continuum limit. The black point is the result at the physical point. Right: same
for the isoscalar contribution but using fch(ey) = 0.

included here and will be considered separately in Section V.
For the isovector or light quark contribution we use the same set of functional forms as in [17]

fch(X⇡) = {logX⇡ ;X2
⇡ ; 1/X⇡ ;X⇡ logX⇡}. The data shows some small curvature close to the

physical pion mass. Thus, the variation fch = 0 is excluded as it would significantly undershoot
our ensemble at the physical pion mass (E250). We use Set 1 of improvement coe�cients as our
preferred choice and will use Set 2 only as a crosscheck. A typical extrapolation using fch(ey) =
1/ey without any cut in the data is shown in the left panel of Fig. 3. We find that the specific
functional form of fch has much less impact on the extrapolation as compared to the inclusion
of higher-order lattice artefacts. For the isoscalar and strange quark contributions, we restrict
ourselves to functions that are not singular in the chiral limit: fch(X⇡) = {0 ;X2

⇡ ;X⇡ logX⇡}.
Again, the extrapolation using fch(ey) = ey log ey with � 6= 0 and without any cut in the data is
shown in the right panel of Fig. 3.

Using the fit procedure described above, the AIC estimator defined in Eq. (28) leads to the
following results for the isovector (I = 1) and the isoscalar contribution, charm excluded,

a
win,I1
µ = (186.30 ± 0.75stat ± 1.08syst) ⇥ 10�10

, (33)

a
win,I0
µ

,c/ = (47.41 ± 0.23stat ± 0.29syst) ⇥ 10�10
, (34)

where the first error is statistical and the second is the systematic error from the fit form used
to extrapolate our data to the physical point. In Table II , we also provide the derivatives

X
@a

win,f
µ

@X
, X 2 {m⇡,mK , f⇡, fK} , f 2 {I1, I0} , (35)

to translate our result to a di↵erent iso-symmetric scheme.
We also note that both discretizations of the vector correlator yield perfectly compatible re-

sults. For the isovector contribution, and in units of 10�10, we obtain 186.14(0.87)stat(1.29)syst
for the local-local discretization and 186.47(0.79)stat(0.79)syst for the local-conserved discretiza-
tion, with a correlated di↵erence of �0.33(0.72). For the isoscalar contribution, we find
47.39(0.24)stat(0.36)syst for the local-local discretization and 47.43(0.20)stat(0.19)syst for the
local-conserved discretization, with a correlated di↵erence of �0.04(0.10).

As an alternative to the fit weights given by Eq. (27), we have tried applying the weight
factors used in Ref. [20]; see the footnote below Eq. (27). While a major change occurs in
the subset of fits that dominate the weighted average, the results do not change significantly.
In particular, the central value of the isovector contribution changes by no more than half a
standard deviation.

Finally, we have also performed an extrapolation to the physical point using the second set
of improvement coe�cients. Since our study at the SU(3)f -symmetric point shows curvature
in the data, we exclude those continuum extrapolations that are only quadratic in the lattice
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FIG. 10. Results of the Bayesian model averaging (BMA) procedure applied to a
ll,W
µ (conn.). Top

left: Histogram of all continuum extrapolations used in the BMA, the light-red band is the BMA
result. Top right: The subset of data sets and extrapolations corresponding to correcting the
data with the CM and NNLO �PT. Data (without) with taste-breaking corrections are shown as
(squares) circles. Di↵erent extrapolations correspond to variations of the fit function and ensembles
included. Lower panels: The best fits according to model probability, Eq. (3.13). The middle panel
shows the fit results, while the bottom one shows the corresponding Q-values [91]. In both panels,
the correction schemes employed for �FV and �TB are indicated by the symbols’ top and bottom
colors, respectively.

Figure 11 shows the analogous BMA result for a
ll,W2
µ (conn.). Here we include 384 fit

results, which is fewer than for a
ll,W
µ (conn.). This stems from the absence of NLO �PT

corrections and from employing only a single correction region. The general features of this
figure are the same as for Fig. 10. In the top left panel, we note that the BMA uncertainty
for a

ll,W2
µ (conn.) is larger than the spread of the histogram. This is because the bulk of

the uncertainty in this case comes from the first term in Eq. (3.15) with relatively large
statistical and scale-setting uncertainty contributions.

In order to better understand and test the model-averaging results, we also perform
Bayesian model averages on specific subsets of the variations. That is, we fix one of the anal-
ysis choices but vary the rest as usual. The results of these subset averages for a

ll,W
µ (conn.)

are shown in Fig. 12 (left). The top data point is our BMA result from Fig. 10. The two data
points below it, show the BMA results for the two observable extraction choices described
in Sec. III B. They are in excellent agreement with each other and with the full BMA result,
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left: Histogram of all continuum extrapolations used in the BMA, the light-red band is the BMA
result. Top right: The subset of data sets and extrapolations corresponding to correcting the
data with the CM and NNLO �PT. Data (without) with taste-breaking corrections are shown as
(squares) circles. Di↵erent extrapolations correspond to variations of the fit function and ensembles
included. Lower panels: The best fits according to model probability, Eq. (3.13). The middle panel
shows the fit results, while the bottom one shows the corresponding Q-values [91]. In both panels,
the correction schemes employed for �FV and �TB are indicated by the symbols’ top and bottom
colors, respectively.

Figure 11 shows the analogous BMA result for a
ll,W2
µ (conn.). Here we include 384 fit

results, which is fewer than for a
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µ (conn.). This stems from the absence of NLO �PT

corrections and from employing only a single correction region. The general features of this
figure are the same as for Fig. 10. In the top left panel, we note that the BMA uncertainty
for a

ll,W2
µ (conn.) is larger than the spread of the histogram. This is because the bulk of

the uncertainty in this case comes from the first term in Eq. (3.15) with relatively large
statistical and scale-setting uncertainty contributions.

In order to better understand and test the model-averaging results, we also perform
Bayesian model averages on specific subsets of the variations. That is, we fix one of the anal-
ysis choices but vary the rest as usual. The results of these subset averages for a

ll,W
µ (conn.)

are shown in Fig. 12 (left). The top data point is our BMA result from Fig. 10. The two data
points below it, show the BMA results for the two observable extraction choices described
in Sec. III B. They are in excellent agreement with each other and with the full BMA result,
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FIG. 3. Fit result of f⇤ with Z⇡
V and without setting f3 = 0.

The data is shown for all ensembles as a function of a2 after
subtracting the fit function without the f0f1a

2 term.

by varying between

f+ = f0 + f1a
2 + f2(w0m⇡ � (w0m⇡)phys)

+ f3(w0m⇡ � (w0m⇡)phys)
2

+ f4(w0mss⇤ � (w0mss⇤)phys) (5)

and

f⇤ = f0(1 + f1a
2)(1 + f2(w0m⇡ � (w0m⇡)phys)

+ f3(w0m⇡ � (w0m⇡)phys)
2

+ f4(w0mss⇤ � (w0mss⇤)phys)) . (6)

The functional forms as given apply to the BMW20
world and the dimensionless ratios w0m⇡ and w0mss⇤
have to be replaced with m⇡/m⌦ and mK/m⌦ for the
RBC/UKQCD18 world. For both fit functions, we also
study versions with f3 = 0. These four fit forms are
then applied to the data renormalized with two di↵er-
ent choices for the local vector current renormalization
constant: Z⇡

V and Z?
V . The former is defined by the

pion charge, the latter by the ratio of local-conserved to
local-local correlators at a distance of 1 fm. This re-
sults in 8 fits that are then combined in a model average.
All fit forms have acceptable p-value and the results are
consistent between using the Akaike information crite-
rion (AIC) [66], a simple �2 weight, and a flat weight of
all models. We provide individual results in the supple-
mental material. We also studied more divergent chiral
dependencies, however, since our analysis is dominated
by four ensembles at physical pion mass, such variations
have little impact on the fit results. In Fig. 3, we show
the fit result of f⇤ with Z⇡

V and without setting f3 = 0.
We emphasize that the extrapolation to the continuum
limit is within the statistical uncertainties of the finest
data point.

In Fig. 4, we compare the results obtained by the di↵er-
ent analysis groups to the RBC/UKQCD24 prescription.

FIG. 4. Results obtained by the di↵erent analysis groups and
the resulting RBC/UKQCD24 prescription.

We observed good agreement prior to the absolute un-
blinding and have identified the reasons for the residual
variations. We note that group D only took the con-
tinuum limit of physical pion mass ensembles. Groups
A and B also verified the consistency of the continuum
limits with and without ensembles 9 and L. The lat-
tice spacing uncertainty due to our more limited knowl-
edge of the ⌦� mass is responsible for the larger er-
rors in RBC/UKQCD18 world. Work on a more pre-
cise determination of m⌦ is in progress. We observe that
RBC/UKQCD18 and BMW20 worlds are consistent at
the current precision.
Our final results are

aLD,iso,conn,ud
µ = 411.4(4.3)(2.4)⇥ 10�10 ,

aiso,conn,udµ = 666.2(4.3)(2.5)⇥ 10�10 (7)

in the BMW20 world and

aLD,iso,conn,ud
µ = 413.6(6.0)(2.9)⇥ 10�10 ,

aiso,conn,udµ = 668.7(6.1)(2.9)⇥ 10�10 (8)

in the RBC/UKQCD18 world, where the first error is
statistical and the second systematic. The total isospin
symmetric results are obtained by adding our previous
short-distance and intermediate-distance results [31].

In Fig. 5, we compare our results in the BMW20 world
to the literature [74]. Our result for aiso,conn,udµ is more
than 4� larger compared to the data-driven estimates by
Boito, et al. 2022 [73] which were obtained based on the
data sets that entered the Theory Initiative whitepaper
[6] prior to the release of the CMD-3 data. This observed
shift with respect to the data-driven estimate is consis-
tent with the size of the tension between experiment and
theory for the muon g�2 quoted in the 2020 whitepaper
of the Muon g-2 Theory Initiative [6]. Finally, we note
that our result is also 1.7� larger compared to the lattice
QCD result of BMW20 [30].

Lattice HVP: LD window

47

L 

a 

x 

4

TABLE I. Ensemble parameters used in this work. The first column lists the approximate lattice spacings in fm using M⌦ scale
setting. The second column gives the spatial length L of the lattices in fm. The third column lists the volumes of the lattices
in number of space-time points. The fourth column gives the sea-quark masses in lattice-spacing units. The fifth column lists
the ⌦� baryon mass in lattice units, aM⌦ [75, 76]. The sixth column lists the values of af⇡.

⇡ a/fm LM⌦/fm N3
s ⇥ Nt amsea

l /amsea
s /amsea

c aM⌦ af⇡

0.15 5.00 323 ⇥ 48 0.002426/0.0673/0.8447 1.3246(26) 0.100015(39)
0.12 5.95 483 ⇥ 64 0.001907/0.05252/0.6382 1.0494(17) 0.080290(62)
0.09 5.70 643 ⇥ 96 0.001326/0.03636/0.4313 0.75372(97) 0.058145(63)
0.06 5.48 963 ⇥ 128 0.0008/0.022/0.260 0.4834(11) 0.037526(32)

have negligible impact on the results.
Following the correlator reconstruction, to calculate

aµ, we extend the independent time range of our cor-
relation function dataset from Nt/2 + 1 to 2Nt using
the infinite-T correlator-reconstruction and then inte-
grate Eqs. (1) and (2) using the trapezoidal rule. All
error propagation is carried out using gvar [106], cross-
checked using jackknife resampling.

Lattice corrections — We perform explicit corrections
for finite volume (FV), pion-mass (M⇡) mistuning, and
(optionally) taste breaking (TB) in that order, using the
e↵ective field theory (EFT) based correction schemes de-
scribed in Ref. [67]; details are shown in the Supplemental
Material. Finite-time corrections, computed using next-
to-leading order chiral perturbation theory (NLO �PT)
[55], on the contribution from t < t? are negligible at the
current level of precision.

Continuum extrapolations — The contin-
uum extrapolations of our all, LD

µ (conn.) and

all
µ(conn.) data are based on the form aµ(a, MA) =

aµ

⇥
1 + F a(a) + FM (MA)

⇤
where FM (MA) accounts for

residual sea-quark-mass–mistuning e↵ects and is given
in Eq. (3.7) of Ref. [67] and

F a(a) = Ca2,n(a⇤)2↵n
s +

mX

k=2

Ca2k(a⇤)2k, (5)

where n = 1, 2 (n = 0) for the local (one-link) current,
and m = 2, 3. As described in Ref. [67], the Gaussian
prior Ca2m = 0(2) is imposed on the highest-order terms.
In joint fits to data obtained from the local and one-link
currents, the parameters in FM (MA) and aµ are shared.

We first employ the empirical Bayes procedure dis-
cussed in Sec. III.C of Ref. [67] to obtain guidance for
the choice of scale ⇤ and the relevant terms in the con-
tinuum fit function. The procedure is performed for both
currents independently and jointly, and separately for
data corrected and not corrected for TB e↵ects. After
varying the correction schemes and windows, as well as
correlator-reconstruction methods, we find ⇤ ⇡ 0.5 GeV
for data corrected for TB e↵ects and ⇤ ⇡ 1.0 GeV for
uncorrected data, reflecting the fact that discretization
e↵ects are larger in the uncorrected all

µ(conn.) data. The
empirical Bayes analysis further reveals that the data cor-
rected for TB is sensitive to discretization terms up to a4
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FIG. 2. Continuum extrapolations of the long-distance win-
dow observable all, LD

µ (conn.). Data points shown are cor-
rected for FV and M⇡ mistuning using the CM scheme. Blue
unfilled (purple filled) points are from the local (one-link) cur-
rent. Squares (circles) represent data corrected (uncorrected)
for TB using the CM scheme. Di↵erent extrapolations are
obtained from variations of the fit functions and ensembles
included.

whereas the uncorrected data is sensitive to terms up to
a6. Hence, we consider variations of the functions F a(a)
where m = 2 (quadratic) or m = 3 (cubic). For the
quadratic fits, we consider a variation where the 0.15 fm
data point is dropped. For datasets not corrected for TB
e↵ects, we perform only joint fits and fix n = 2 for the
local current, to account for the dominant TB e↵ects [59].

Continuum extrapolation BMA — Systematic uncer-
tainties are estimated using BMA [103, 107], follow-
ing the procedure and formulae detailed in Refs. [59,
67]. In the BMA, we include variations for all FV,
M⇡-mistuning and TB correction schemes discussed in
the Supplemental Material, namely NNLO �PT, chi-
ral model (CM), and Meyer-Lellouch-Lüscher-Gounaris-
Sakurai (MLLGS). We always correct both currents using
the same scheme. Extrapolations using MLLGS exclude
the coarsest data point (0.15 fm) as discussed in Ref. [67].
FV and M⇡-mistuning corrections are always included,
along with a 10% associated uncertainty to capture dif-
ferences between EFT-based and data-driven corrections
[55, 63, 65]. Variations with and without TB corrections
are considered.
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Figure 4. Chiral-continuum extrapolation of the isovector contribution to (ahvp
µ )LD. Left: Illus-

tration of the best fit according to the AIC to the data based on the improvement scheme set 2 and
the LL discretisation. The data points denote the result for each ensemble, corrected for a deviation
from the physical value of z. The black line denotes the chiral dependence in the continuum limit
and the grey area the statistical uncertainty. The coloured lines correspond to the chiral depen-
dence at non-zero lattice spacing. The dotted vertical line denotes the physical value of y. Right:
Approaches to the continuum limit for four sets of data based on the improvement schemes of set 1
and 2 and the LL and LC discretizations of the current based on a scan over fit models. Each line
shows the result from one single fit and the opacity of the lines corresponds to the weight of the
fit in the model average. Dashed vertical lines indicate the lattice spacings used in this work. The
conversion to fm has been performed for illustrative purposes only.

dependence, see eq. (2.21), we find that fits without a chirally divergent term do not lead
to acceptable fit quality, which is why we exclude them from the model average. The term
1/y in fch,2 is only used in conjunction with log(y) in fch,1, following an observation in [56]
that this combination could be favoured for pion masses below the physical point. This
leads to five different ansätze for the chiral behaviour that are combined with eight ansätze
for the continuum extrapolations and four subsets of the data.

Upon inspecting the different classes of fits with their respective model weights, we
make the following observations. Fits that only include a single term to parameterize the
lattice spacing dependence generally have good quality and are thus preferred over fits that
include higher-order lattice artifacts, which however have a non-negligible model weight.
Fits that include mass-dependent cutoff effects favour slightly larger values of (a3,3

µ )LD at
the physical point than fits without this extra term. Varying the anomalous dimension �̂

does not lead to significant changes in the fit quality or the result in the continuum limit.
However, fits with a non-zero anomalous dimension prefer slightly smaller values of (a3,3

µ )LD.
The chiral behaviour is tightly constrained by the precise data point of the E250 ensem-

ble at physical pion mass. Two parameters are sufficient to describe the chiral behaviour
with good fit quality. The inclusion of a third parameter to parameterize the dependence
on the squared pion mass leads to an insignificant shift towards larger values of (a3,3

µ )ID.
The left-hand side of figure 4 depicts the chiral-continuum extrapolation with the high-

est model weight for the LL discretization of the vector current, using set 2 of the im-
provement and renormalization coefficients. No cuts in the data have been applied in this
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Figure 34: Compilation of lattice results for the flavor contributions to aHVP, LO
µ . Upper-Left: light-quark connected aHVP, LO

µ (ud).
Upper-Right: strange-quark connected aHVP, LO

µ (s). Lower-Left: charm-quark connected aHVP, LO
µ (disc). Lower-Right: quark dis-

connected aHVP, LO
µ (disc). Where possible, we display results in the WP25 isospin-symmetric scheme (Eq. (3.9)), corresponding to

the results in Table 12. The light blue bands correspond to “Avg. A” in the first row of Table 13. Results not included in the average
are denoted by unfilled symbols. Error ticks and plotting symbols and colors have the same meaning as in Fig. 28.

aHVP, LO
µ (iso) = aHVP, LO

µ (ud) + aHVP, LO
µ (s) + aHVP, LO

µ (c) + aHVP, LO
µ (b) + aHVP, LO

µ (disc), is collected in the first row of
Table 13. We note here that the aHVP, LO

µ (s) average is largely dominated by the BMW-20 result, with a weight of 0.84.
This is due to it being one of only two results already in the WP25 scheme, and already having smaller errors than all
other determinations.

The second approach for obtaining world averages is to make use of the windowed averages obtained in Secs. 3.4.2
to 3.4.4. For the short- and intermediate-distance windows, the separate flavor averages are all performed in the
WP25 scheme. For the LD window, the light-quark contribution aLD

µ (ud) of Eq. (3.27) is also obtained in the WP25
scheme. Due to the sensitivity of aLD

µ (s) to the choice of scale-setting and strange-quark mass input, we take the sole
determination in the WP25 scheme from Mainz/CLS-24 [27] as our window-“average” for this quantity.20 The LD
charm contribution, aLD

µ (c), is almost negligible since it contributes less than 0.1% to the charm total. In addition,
the sensitivity of aLD

µ (c) to the choice of scale setting is suppressed by the large value of the ratio mc/mµ. To obtain

20The other determination of this quantity from ETM-24 [28] uses f⇡ to set the scale as opposed to w0 via M⌦ as in the WP25 scheme Eq. (3.9).
The shift in aLD

µ (s) from the two scale-setting choices can be estimated using the two results for aLD
µ (s) in Ref. [27](Table 3 and Eq. (A.9)), giving

�aLD
µ (s) ' 0.92 ⇥ 10�10. Including this shift as an additional source of uncertainty on the result of Ref. [28] dramatically inflates the overall error

and renders a FLAG average of the two results pointless.
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Figure 34: Compilation of lattice results for the flavor contributions to aHVP, LO
µ . Upper-Left: light-quark connected aHVP, LO

µ (ud).
Upper-Right: strange-quark connected aHVP, LO

µ (s). Lower-Left: charm-quark connected aHVP, LO
µ (disc). Lower-Right: quark dis-

connected aHVP, LO
µ (disc). Where possible, we display results in the WP25 isospin-symmetric scheme (Eq. (3.9)), corresponding to

the results in Table 12. The light blue bands correspond to “Avg. A” in the first row of Table 13. Results not included in the average
are denoted by unfilled symbols. Error ticks and plotting symbols and colors have the same meaning as in Fig. 28.

aHVP, LO
µ (iso) = aHVP, LO

µ (ud) + aHVP, LO
µ (s) + aHVP, LO

µ (c) + aHVP, LO
µ (b) + aHVP, LO

µ (disc), is collected in the first row of
Table 13. We note here that the aHVP, LO

µ (s) average is largely dominated by the BMW-20 result, with a weight of 0.84.
This is due to it being one of only two results already in the WP25 scheme, and already having smaller errors than all
other determinations.

The second approach for obtaining world averages is to make use of the windowed averages obtained in Secs. 3.4.2
to 3.4.4. For the short- and intermediate-distance windows, the separate flavor averages are all performed in the
WP25 scheme. For the LD window, the light-quark contribution aLD

µ (ud) of Eq. (3.27) is also obtained in the WP25
scheme. Due to the sensitivity of aLD

µ (s) to the choice of scale-setting and strange-quark mass input, we take the sole
determination in the WP25 scheme from Mainz/CLS-24 [27] as our window-“average” for this quantity.20 The LD
charm contribution, aLD

µ (c), is almost negligible since it contributes less than 0.1% to the charm total. In addition,
the sensitivity of aLD

µ (c) to the choice of scale setting is suppressed by the large value of the ratio mc/mµ. To obtain

20The other determination of this quantity from ETM-24 [28] uses f⇡ to set the scale as opposed to w0 via M⌦ as in the WP25 scheme Eq. (3.9).
The shift in aLD

µ (s) from the two scale-setting choices can be estimated using the two results for aLD
µ (s) in Ref. [27](Table 3 and Eq. (A.9)), giving

�aLD
µ (s) ' 0.92 ⇥ 10�10. Including this shift as an additional source of uncertainty on the result of Ref. [28] dramatically inflates the overall error

and renders a FLAG average of the two results pointless.
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Figure 34: Compilation of lattice results for the flavor contributions to aHVP, LO
µ . Upper-Left: light-quark connected aHVP, LO

µ (ud).
Upper-Right: strange-quark connected aHVP, LO

µ (s). Lower-Left: charm-quark connected aHVP, LO
µ (disc). Lower-Right: quark dis-

connected aHVP, LO
µ (disc). Where possible, we display results in the WP25 isospin-symmetric scheme (Eq. (3.9)), corresponding to

the results in Table 12. The light blue bands correspond to “Avg. A” in the first row of Table 13. Results not included in the average
are denoted by unfilled symbols. Error ticks and plotting symbols and colors have the same meaning as in Fig. 28.

aHVP, LO
µ (iso) = aHVP, LO

µ (ud) + aHVP, LO
µ (s) + aHVP, LO

µ (c) + aHVP, LO
µ (b) + aHVP, LO

µ (disc), is collected in the first row of
Table 13. We note here that the aHVP, LO

µ (s) average is largely dominated by the BMW-20 result, with a weight of 0.84.
This is due to it being one of only two results already in the WP25 scheme, and already having smaller errors than all
other determinations.

The second approach for obtaining world averages is to make use of the windowed averages obtained in Secs. 3.4.2
to 3.4.4. For the short- and intermediate-distance windows, the separate flavor averages are all performed in the
WP25 scheme. For the LD window, the light-quark contribution aLD

µ (ud) of Eq. (3.27) is also obtained in the WP25
scheme. Due to the sensitivity of aLD

µ (s) to the choice of scale-setting and strange-quark mass input, we take the sole
determination in the WP25 scheme from Mainz/CLS-24 [27] as our window-“average” for this quantity.20 The LD
charm contribution, aLD

µ (c), is almost negligible since it contributes less than 0.1% to the charm total. In addition,
the sensitivity of aLD

µ (c) to the choice of scale setting is suppressed by the large value of the ratio mc/mµ. To obtain

20The other determination of this quantity from ETM-24 [28] uses f⇡ to set the scale as opposed to w0 via M⌦ as in the WP25 scheme Eq. (3.9).
The shift in aLD

µ (s) from the two scale-setting choices can be estimated using the two results for aLD
µ (s) in Ref. [27](Table 3 and Eq. (A.9)), giving

�aLD
µ (s) ' 0.92 ⇥ 10�10. Including this shift as an additional source of uncertainty on the result of Ref. [28] dramatically inflates the overall error

and renders a FLAG average of the two results pointless.

80

Averages maximize the number of 
independent lattice inputs: 

17 papers 
8 independent lattice collaborations
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Dispersive approach: 
[Colangelo at al, 2014; Pauk & Vanderhaegen 2014; …;  

Hoferichter et al, 2024]   
model independent 
significantly more complicated than for HVP 
provides a framework for data-driven evaluations 
can also use lattice results as inputs 
ongoing work on tensors 
now 10% uncertainty  

Lattice QCD+QED: 
Independent calculations by three groups (RBC/UKQCD, Mainz, BMW)  
consistent with each other and with previous calculations 
ongoing LQCD calculations of , ,  transition form factors to 
determine pseudo scalar pole contributions 
[Mainz, ETMC, BMW]
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<latexit sha1_base64="NX6FoPm3Dux2QUQkXt5FBFmhtKE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0sxt2N4US+k+8eFDEq//Em//GbZqDVh8MPN6bYWZelHKmjed9OZW19Y3Nrep2bWd3b//APTzqaJkpQttEcql6EdaUM0HbhhlOe6miOIk47UaTu4XfnVKlmRSPZpbSMMEjwWJGsLHSwHWDlKGijESBGsuBW/caXgH0l/glqUOJ1sD9DIaSZAkVhnCsdd/3UhPmWBlGOJ3XgkzTFJMJHtG+pQInVId5cfkcnVlliGKpbAmDCvXnRI4TrWdJZDsTbMZ61VuI/3n9zMQ3Yc5EmhkqyHJRnHFkv1zEgIZMUWL4zBJMFLO3IjLGChNjw6rZEPzVl/+SzkXDv2r4D5f15m0ZRxVO4BTOwYdraMI9tKANBKbwBC/w6uTOs/PmvC9bK045cwy/4Hx8A5pVkv8=</latexit>

⇡⇡ ! ⇢

➠

,…
<latexit sha1_base64="/s2o5heOAcXHCa9fE1mCJ1A/l9w=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQrGVGRF0W3QhuKtgHdMaSSTNtaJIZkoxQhv6EG3/FjQtF3Aru/BvT6Sy09UJyD+fcS3JOEDOqtON8W4WFxaXlleJqaW19Y3PL3t5pqiiRmDRwxCLZDpAijArS0FQz0o4lQTxgpBUMryZ664FIRSNxp0cx8TnqCxpSjLShunbFiyn0dAQ9wtj9UXYfV6BXgTdTuo84R3nr2mWn6mQF54GbgzLIq961v7xehBNOhMYMKdVxnVj7KZKaYkbGJS9RJEZ4iPqkY6BAnCg/zVyN4YFhejCMpDlCw4z9vZEirtSIB2aSIz1Qs9qE/E/rJDq88FMq4kQTgacPhQmDxu4kItijkmDNRgYgLKn5K8QDJBHWJsiSCcGdtTwPmidV96zq3p6Wa5d5HEWwB/bBIXDBOaiBa1AHDYDBI3gGr+DNerJerHfrYzpasPKdXfCnrM8fOyqc/w==</latexit>

⇡ ! `+`�, K ! ��

<latexit sha1_base64="k33QJCk3nwlGs4MtzHaEDCPNeFA=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KCURUZdVNy4r9gVtCJPpJB06eTAzEUKov+LGhSJu/RB3/o3TNgttPXC5h3PuZe4cL+FMKsv6NlZW19Y3Nktb5e2d3b198+CwI+NUENomMY9Fz8OSchbRtmKK014iKA49Trve+Hbqdx+pkCyOWipLqBPiIGI+I1hpyTUrgXtdQ4MaCtxW0R9cs2rVrRnQMrELUoUCTdf8GgxjkoY0UoRjKfu2lSgnx0IxwumkPEglTTAZ44D2NY1wSKWTz46foBOtDJEfC12RQjP190aOQymz0NOTIVYjuehNxf+8fqr8KydnUZIqGpH5Q37KkYrRNAk0ZIISxTNNMBFM34rICAtMlM6rrEOwF7+8TDpndfuibt+fVxs3RRwlOIJjOAUbLqEBd9CENhDI4Ble4c14Ml6Md+NjPrpiFDsV+APj8wc58JKR</latexit>gA, gT , gS

,…

<latexit sha1_base64="iJrtMhTVf7vj8RUQMIvrNj4AgT0=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKpYyU0RdlurCZYW+oJ0OmTTThmYyY5IRylA3/oobF4q49S/c+Tem7Sy0eiBwOOdebs7xIkalsqwvI7O0vLK6ll3PbWxube+Yu3tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXmjq6nfuidC0pDX1TgiToAGnPoUI6Ul1zzwe0m1q0J4PXGT06JVrE9g4a5XPnHNvFWyZoB/iZ2SPEhRc83Pbj/EcUC4wgxJ2bGtSDkJEopiRia5bixJhPAIDUhHU44CIp1klmACj7XSh34o9OMKztSfGwkKpBwHnp4MkBrKRW8q/ud1YuVfOgnlUawIx/NDfsygTjytA/apIFixsSYIC6r/CvEQCYSVLi2nS7AXI/8lzXLJPi/Zt2f5SjWtIwsOwREoABtcgAq4ATXQABg8gCfwAl6NR+PZeDPe56MZI93ZB79gfHwDo1WVEg==</latexit>

fB!D
+,0,T (q2)

<latexit sha1_base64="8idZ6YEWYLfYFdHscr4b+wD/tbo=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRahXkpSRD0WvQheKtgPaNKy2W7apZtN3N0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX7MqFS2/W3kVlbX1jfym4Wt7Z3dPbO435RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7qa+q0HIiSN+J0ax8QL0YDTgGKktNQzi0E3vXFVZLkxnZTvu9WTnlmyK/YM1jJxMlKCDPWe+eX2I5yEhCvMkJQdx46VlyKhKGZkUnATSWKER2hAOppyFBLppbPTJ9axVvpWEAldXFkz9fdEikIpx6GvO0OkhnLRm4r/eZ1EBRdeSnmcKMLxfFGQMEu/Os3B6lNBsGJjTRAWVN9q4SESCCudVkGH4Cy+vEya1YpzVnFuT0u1yyyOPBzCEZTBgXOowTXUoQEYHuEZXuHNeDJejHfjY96aM7KZA/gD4/MHKEGTSA==</latexit>

fK!⇡(q2) ,…

<latexit sha1_base64="mH1xo+vsTJY973kO5PijeuNLwBY=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFHqjIi6LLpxWcFeoB2GTCZtQ5PMkItQhoIbX8WNC0Xc+hLufBvTdhba+kPg4z/ncHL+KGVUac/7dgpLyyura8X10sbm1vaOu7vXVImRmDRwwhLZjpAijArS0FQz0k4lQTxipBUNbyb11gORiibiXo9SEnDUF7RHMdLWCt0DHmYmHldgtwJ5aE55GOesQrfsVb2p4CL4OZRBrnrofnXjBBtOhMYMKdXxvVQHGZKaYkbGpa5RJEV4iPqkY1EgTlSQTW8Yw2PrxLCXSPuEhlP390SGuFIjHtlOjvRAzdcm5n+1jtG9qyCjIjWaCDxb1DMM6gROAoExlQRrNrKAsKT2rxAPkERY29hKNgR//uRFaJ5V/Yuqf3derl3ncRTBITgCJ8AHl6AGbkEdNAAGj+AZvII358l5cd6dj1lrwcln9sEfOZ8/bnKWGQ==</latexit>

mud, mu/md, ms
<latexit sha1_base64="ZKvsImjWyEi2hfDXnMctn3dkafw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJiHosevFYwX5AGsJmu2mX7mbD7kYooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMi1LOtHHdb6e0tr6xuVXeruzs7u0fVA+POlpmitA2kVyqXoQ15SyhbcMMp71UUSwiTrvR+G7md5+o0kwmj2aS0kDgYcJiRrCxki9CUkf9OhJhFFZrbsOdA60SryA1KNAKq1/9gSSZoIkhHGvte25qghwrwwin00o/0zTFZIyH1Lc0wYLqIJ+fPEVnVhmgWCpbiUFz9fdEjoXWExHZToHNSC97M/E/z89MfBPkLEkzQxOyWBRnHBmJZv+jAVOUGD6xBBPF7K2IjLDCxNiUKjYEb/nlVdK5aHhXDe/hsta8LeIowwmcwjl4cA1NuIcWtIGAhGd4hTfHOC/Ou/OxaC05xcwx/IHz+QO7a5A/</latexit>mc, mb

<latexit sha1_base64="DVYM40zeqcV/Aozrjm9ZcatOv+g=">AAACBXicbVA7T8MwGHTKq5RXgBEGiwqpLFWCEDBWsLAgFUEfUhNFjuu0Vu0ksh2kEmVh4a+wMIAQK/+BjX+D02aAlpMsne7us/2dHzMqlWV9G6WFxaXllfJqZW19Y3PL3N5pyygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcfXeZ+554ISaPwTo1j4nI0CGlAMVJa8sx9B7F4iLzUiXQsvyW9vs0yWOPew5FnVq26NQGcJ3ZBqqBA0zO/nH6EE05ChRmSsmdbsXJTJBTFjGQVJ5EkRniEBqSnaYg4kW462SKDh1rpwyAS+oQKTtTfEyniUo65r5McqaGc9XLxP6+XqODcTWkYJ4qEePpQkDCoIphXAvtUEKzYWBOEBdV/hXiIBMJKF1fRJdizK8+T9nHdPq3bNyfVxkVRRxnsgQNQAzY4Aw1wBZqgBTB4BM/gFbwZT8aL8W58TKMlo5jZBX9gfP4AgtKYkQ==</latexit>

↵MS(mz)
<latexit sha1_base64="3lB+BQnp6ljBY7sf6GsinOCmB48=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNRl0Y0LFxXsBZpQJtPTduhkEmYmQgl9Dje+ihsXirgTN76N0zaKtv4w8PGfczhz/iDmTGnH+bRyC4tLyyv51cLa+sbmlr29U1dRIinUaMQj2QyIAs4E1DTTHJqxBBIGHBrB4HJcb9yBVCwSt3oYgx+SnmBdRok2Vtt2vWvT3CHtAHs6wqX4CH879AcPsWcYOMeeSNp20Sk7E+F5cDMookzVtv3udSKahCA05USpluvE2k+J1IxyGBW8REFM6ID0oGVQkBCUn05OG+ED43RwN5LmCY0n7u+JlIRKDcPAdIZE99VsbWz+V2slunvup0zEiQZBp4u6CccmhHFOuMMkUM2HBgiVzPwV0z6RhGqTZsGE4M6ePA/147J7WnZvToqViyyOPNpD+6iEXHSGKugKVVENUXSPHtEzerEerCfr1XqbtuasbGYX/ZH18QVRXZ6N</latexit>

⇤b ! (p,⇤c,⇤) `⌫
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Outlook
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Generalized Symmetries: 
⬌ LFTs with Symmetric Mass Generation  
S-matrix bootstrap 
⬌ resonances, multi hadrons in LQCD 
pQCD ⬌LQCD 
precision physics ⬌ model building 
LFTs for DM models, BSM  
vacuum decay in Euclidean LFT 
…

Connections and Extensions Old problems and New Paradigms

AI     
Quantum Computers and 
quantum simulators

sign problem:  
finite density, QCD phase diagram 
real-time dynamics 
Chiral gauge theories
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Schematic of a  scattering eventpp

55

hard process: perturbative QCD — Lattice QCD inputs for mf, αs

PDFs: nonperturbative — determine from other experiments

parton showers + hadronization:  
nonperturbative — use models, approximations  

future Lattice QCD inputs➠

The dream: a completely ab-initio theoretical 
description of the scattering process from 
beginning to end   ➠ quantum computers
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