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What defines a theory?



S =

Z
dt L

Consider how it works in particle mechanics.

L =
1

2
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parameters not fixed by  
symmetry are measured!

parity symmetry



The same applies in quantum field theory (QFT).
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The same applies in quantum field theory (QFT).

locality in spacetime

Lorentz symmetry
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The same applies in quantum field theory (QFT).

locality in spacetime

parameters not fixed by  
symmetry are measured!

Lorentz symmetry
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physical principles

observables

Lagrangian, Hamiltonian,  
equations of  motion, etc.



Lagrangian, Hamiltonian,  
equations of  motion, etc.

physical principles

observables

modern 
scattering 

amplitudes 
program



Observables are computed with Feynman diagrams.





e�
e+

µ+
µ�

�



QFT makes astoundingly precise predictions that 
match beautifully with experimental results.

g/2 = 1.00115965219 (experiment)

g/2 = 1.00115965217 (theory)



But Feynman diagrams are immensely complicated. 



proton

But Feynman diagrams are immensely complicated. 



But Feynman diagrams are immensely complicated. 



quark

quark

quark

gluon

gluon
gluon

But Feynman diagrams are immensely complicated. 



tree

gluon

gluongluon

gluon gluon

5pt gluon amplitude

But Feynman diagrams are immensely complicated. 



tree

A(1h12h23h34h45h5) =

But Feynman diagrams are immensely complicated. 



tree

⇠ (e1 · e5)(p1 · e2)(p2 · e3)(p3 · e4)
(p1 + p2)2(p4 + p5)2

+ . . .

A(1h12h23h34h45h5) =

But Feynman diagrams are immensely complicated. 
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A(1+ 2+ 3+ 4+ 5+ ) = 0

tree

A(1� 2+ 3+ 4+ 5+ ) = 0

A(1� 2� 3+ 4+ 5+ ) =
h12i3

h23ih34ih45ih51i
Park,Taylor (1986)

But Feynman diagrams are immensely complicated. 



A(1+ 2+ 3+ 4+ 5+ ) = 0

tree

A(1� 2+ 3+ 4+ 5+ ) = 0

A(1� 2� 3+ 4+ 5+ ) =
h12i3

h23ih34ih45ih51i

use the right variables
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Park,Taylor (1986)

But Feynman diagrams are immensely complicated. 



A simplification also happens for gravitons.



3pt graviton  
Feynman vertex

4pt graviton  
Feynman vertex

A simplification also happens for gravitons.

DeWitt (1967)



M(1� 2� 3+ 4+ ) =
h12i4[34]4

stu

3pt graviton  
Feynman vertex

4pt graviton  
Feynman vertex

4pt graviton amplitude

A simplification also happens for gravitons.

DeWitt (1967)



Note: simplification is a nice target for machine learning. 



Note: simplification is a nice target for machine learning. 

https://spinorhelicity.streamlit.app/

Cheung, Dersy, Schwartz (2408.04720)



Note: simplification is a nice target for machine learning. 

input an 
equation

go get  
a coffee

replace all  
humans



Why the unnecessary complexity?



~A ! ~A+ ~r✓

V ! V � @✓

@t

~E ! ~E ~B ! ~B

This complexity arises from gauge “symmetries” 
of  the action which are in truth redundancies.

But the physically observable fields are invariant.

High Voltage
Differential!



Aµ = (V, ~A)

four degrees  
of  freedom

To manifest locality and Lorentz invariance we 
introduce a four-vector field.

We are forced to invent a gauge symmetry in order 
to remove the extra degrees of  freedom.  

two polarizations



n-pt 4 5 6 7 8

Feynman 
diagrams 4 25 220 2485 34300

modern 
methods 1 1 3 6 20

A byproduct of  gauge symmetry is complexity that 
worsens at higher orders in perturbation theory.



n-pt 4 5 6 7 8

Feynman 
diagrams 4 25 220 2485 34300

modern 
methods 1 1 3 6 20

A byproduct of  gauge symmetry is complexity that 
worsens at higher orders in perturbation theory.



“integration variable”

Z[J ] ⇠
Z

[d�] eiS[�]+i
R
J�

L1 L2 L1

A

· · ·

On-shell amplitudes are field basis invariant.

So many Lagrangians yield the same observables!



“gravity as the mother of  all theories…”

“scattering from LHC to LIGO…”

• hidden unity of  gluons, pions, gravitons

• new perspectives on old questions

“only of  all possible worlds…”

• rigidity in the laws of  nature

Bottom line: the action obscures important physics.



rigidity in the  
laws of  nature



self-interacting massless spin two      gravity !→

Nature conforms to at least two physical criteria:

These principles uniquely define certain theories!

• Special Relativity

• Locality



The magic ingredient in scattering theory is the 
most famous equation in physics.
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E = mc2 +
~p 2

2m
+ · · ·
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=
p

~p 2c2 +m2c4

“on-shell condition”



p1

p2
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A(123) = h12i#h23i#h31i# or [12]#[23]#[31]#

Relativity dictates every massless 3pt amplitude!



M(1+2+3�) =
[12]6

[13]2[32]2

A(1�2�3+) =
h12i3

h13ih32i M(1�2�3+) =
h12i6

h13i2h32i2

A(1+2+3�) =
[12]3

[13][32]

gluon graviton

So the 3pt gluon and graviton scattering is fixed.

Benincasa, Cachazo (0705.4305)



M(1+2+3�) =
[12]6

[13]2[32]2

A(1�2�3+) =
h12i3

h13ih32i M(1�2�3+) =
h12i6

h13i2h32i2

A(1+2+3�) =
[12]3

[13][32]

gluon graviton

simplest example of  “gluon2 = graviton”

Benincasa, Cachazo (0705.4305)

So the 3pt gluon and graviton scattering is fixed.



The 4pt amplitudes and up are fixed by locality.

tree tree tree

p1

p2
A4 A3

1

(p1 + p2)2
A3

(p1 + p2)
2 ! 0

Britto, Cachazo, Feng, Witten (hep-th/0412308, hep-th/0501052)

Recursion relations automate this construction.
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Let us draw a theory “map” for massless particles.
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spin of  
particle

sets dimensionality 
of  coupling constant

Let us draw a theory “map” for massless particles.



allowed

forbidden

s

⇢

1 2 30
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0

+1
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Constraints on scattering will exclude regions!



s

⇢

1 2 30

-1

0

+1

-2
  scalar ϕ3

  gluons

  gravitons

Theories of  nature live on the edge of  consistency.



Amplitudes in a huge class of  theories can now be 
bootstrapped to various degrees, in particular:

• massive particles

• higher loops

• diverse dimensions

But what about effective field theories (EFTs)?



EFTs are practical, powerful, and ubiquitous!

• superconductivity

• strong interactions

• cosmic inflation

• large scale structure

• fluid dynamics



Repeating this procedure yields a “map” of  EFTs!
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Repeating this procedure yields a “map” of  EFTs!

�

⇢

2 3 41

1

2

3

0
  pions

  DBI scalar

“special” 
Galileon



The “edge” theories are maximally constrained and 
moreover secretly connected across maps!

s

⇢

�

⇢

gauge/gravity EFTs



hidden unity of   
gluons, pions, gravitons



Gluons come in various types known as “colors”.

p3, a3 p2, a2

p1, a1

tree



Gluons come in various types known as “colors”.

momentum

p3, a3 p2, a2

p1, a1

tree



Gluons come in various types known as “colors”.

momentum

“color” = 1, 2, 3, …

p3, a3 p2, a2

p1, a1

tree



p3, a3 p2, a2

p1, a1

= fa1a2a3 ⇥ Fµ1µ2µ3tree

Gluons come in various types known as “colors”.



p3, a3 p2, a2

p1, a1

= fa1a2a3 ⇥ Fµ1µ2µ3

momentum 
dependence

tree

Gluons come in various types known as “colors”.



which colors couple 
to which other colors

p3, a3 p2, a2

p1, a1

= fa1a2a3 ⇥ Fµ1µ2µ3

momentum 
dependence

tree

Gluons come in various types known as “colors”.



p3, a3 p2, a2

p1, a1

= fa1a2a3 ⇥ Fµ1µ2µ3tree

are color and kinematics 
interchangeable?

Gluons come in various types known as “colors”.



tree =
csns

s
+

ctnt

t
+

cunu

u

Bern-Carrasco-Johansson (BCJ) showed gluon 
amplitudes can always be put into a special form.



Bern-Carrasco-Johansson (BCJ) showed gluon 
amplitudes can always be put into a special form.

tree =
csns

s
+

ctnt

t
+

cunu

u

fa1a2bfa3a4b fa2a3bfa1a4b fa3a1bfa2a4b

cs + ct + cu = 0 ns + nt + nu = 0

⇠ (e1 · e2)(e3 · e4)(p2 · p3) + . . .

(not automatic)(automatic)



substitute color 
for kinematics

tree =
csns

s
+

ctnt

t
+

cunu

u

n2
s

s
+

n2
t

t
+

n2
u

u

Bern-Carrasco-Johansson (BCJ) showed gluon 
amplitudes can always be put into a special form.



substitute color 
for kinematics

tree =
csns

s
+

ctnt

t
+

cunu

u

n2
s

s
+

n2
t

t
+

n2
u

u
this is the 4pt graviton 
scattering amplitude!!!

Bern-Carrasco-Johansson (BCJ) showed gluon 
amplitudes can always be put into a special form.



gluon 
amplitude

(       ) ⊗ (       ) =
graviton 

amplitude
gluon 

amplitude



⊗                           =gluon gluon graviton

⊗                           =pion pion special 
Galileon

⊗                           =gluon pion Born-Infeld 
photon

The “double copy” is proven at tree-level, verified at 
loop-level, and applicable to numerous QFTs!



graviton

gluon BI photon

pionscalar ϕ3 Galileon

The graviton S-matrix encodes other S-matrices!



Can we learn anything new about black holes?



new perspectives on  
black hole dynamics



(figure from 1610.03567)
our focus is the conservative potential



The post-Newtonian (PN) approximation expands in 
powers of  the virilized quantities,

which are tiny and perturbatively calculable during 
the inspiral phase.

The post-Minkowskian (PM) approximation is an 
expansion in powers of     , aka perturbation theory!

v2 ⇠ GM

r
⌧ 1
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0PN 2PN 4PN1PN 3PN 5PN 6PN 7PN

1PM

2PM

3PM

4PM
�
1 + v2 + v4 + v6 + v8 + · · ·

�
G4
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Status of  PN Theory (circa 2018)
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In terms of the metric parametrization (2.4), with Ai = 0, each world-line coupling to
the gravitational degrees of freedom �, �ij reads
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and its Taylor expansion provides the various particle-gravity vertices of the EFT.
Also the pure gravity sector Sbulk = SEH + SGF can be explicitly written in terms

of the KK variables; we report here only those terms which are needed for the present
calculation2:
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Figure 1. The diagrams contributing at order G5
N . As in the EFT approach the massive objects

are non-dynamical, the horizontal black lines have to be seen as classical sources, and not as
propagators. Green solid lines stand for � field propagators, blue dashed lines for � fields.

2
It is understood that spatial indices in this expression, including those implicit in terms carrying a(�∇)2, are contracted by means of the spatial metric �ij , which implies the appearance of extra � fields, e.g.(�∇�)2 ≡ �ab�cd�ij�ab,i�cd,j and �ij = (�−1)ij (and on the second line �ij = �ij , � = �ij�ij).
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Existing tools suffer from redundancy of  QFT.
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We present the amplitude for classical scattering of gravitationally interacting massive scalars at
third post-Minkowskian order. Our approach harnesses powerful tools from the modern amplitudes
program such as generalized unitarity and the double-copy construction, which relates gravity inte-
grands to simpler gauge-theory expressions. Adapting methods for integration and matching from
effective field theory, we extract the conservative Hamiltonian for compact spinless binaries at third
post-Minkowskian order. The resulting Hamiltonian is in complete agreement with corresponding
terms in state-of-the-art expressions at fourth post-Newtonian order as well as the probe limit at
all orders in velocity. We also derive the scattering angle at third post-Minkowskian order.

Introduction. The recent discovery of gravitational waves
at LIGO/Virgo [1] has launched an extraordinary new
era in multi-messenger astronomy. Given expected im-
provements in detector sensitivity, high-precision theo-
retical predictions from general relativity will be crucial.
Existing theory benchmarks come from a variety of ap-
proaches (see also Ref. [2] and references therein), in-
cluding the effective one-body formalism [3], numerical
relativity [4], the self-force formalism [5], and pertur-
bative analysis using post-Newtonian (PN) [6–9], post-
Minkowskian (PM) [10–12], and effective field theory
(EFT) [13] methods.

The past decade has also witnessed immense progress
in the study of scattering amplitudes, where under-
standing mathematical structures within gauge theory
and gravity has yielded new physical insights and effi-
cient methods for calculation. In particular, the Bern-
Carrasco-Johansson (BCJ) color-kinematics duality and
associated double copy construction [14] allow multiloop
gravitational amplitudes to be constructed from sums of
products of gauge-theory quantities. This has yielded a
variety of new results in supergravity (see Ref. [15] for
recent results). The BCJ construction is intimately tied
to the Kawai-Lewellen-Tye (KLT) relations [16], which
relate tree amplitudes of closed and open strings.

In this paper, we apply modern amplitude methods
to derive the classical scattering amplitude for two mas-
sive spinless particles at O(G3) and to all orders in the
velocity, i.e. at the third post-Minkowskian (3PM) or-
der. We use generalized unitarity [17] to construct the
corresponding two-loop integrand from tree amplitudes
of gravitons and massive scalars, obtained straightfor-
wardly from the double-copy construction. While the
double copy introduces dilaton and antisymmetric tensor
degrees of freedom [18] which are absent in pure Einstein
gravity, we remove these unwanted states efficiently by
restricting the state sums in unitarity cuts to gravitons
alone. As we will show, we can calculate in strictlyD = 4
dimensions for the classical dynamics, where spinor he-

licity variables [19, 20] dramatically simplify the required
tree amplitudes. The viability of working in D = 4 offers
optimism for extending our results to higher orders.

Afterwards, we integrate the two-loop integrand via
a procedure adapted from EFT, in which energy inte-
grals are evaluated in the potential region via residues
before performing spatial integrations [21]. Using EFT
matching [21, 22] we then derive the 3PM conservative
Hamiltonian for compact spinless binaries. We show that
the 4PN terms in our Hamiltonian are, up to a coordi-
nate transformation, physically equivalent to correspond-
ing terms in state-of-the-art results. We also verify that
our result agrees in the probe limit with the Hamiltonian
for a test body orbiting a Schwarzschild black hole to
3PM order. Finally, we derive a compact expression for
the 3PM scattering angle in terms of amplitude data.

Double copy and unitarity. Dynamics at 3PM order is en-
coded in the two-loop scattering amplitude for two mas-
sive, gravitationally interacting scalars. Our calculation
begins with a construction of the corresponding two-loop
integrand via generalized unitarity. Because we are inter-
ested in classical scattering, we need not assemble the full
quantum-mechanical integrand. Rather, as emphasized
in Refs. [21–23], the classical potential only receives con-
tributions with a single on-shell matter line per loop and
with no gravitons starting and ending on the same mat-
ter line. For this reason we focus solely on the unitarity
cuts shown in Fig. 1.

We obtain the tree amplitudes in the unitarity cuts via
two methods. In the first approach, we work in generalD
space-time dimensions. Exploiting color-kinematics du-
ality [14], we derive gravitational amplitudes straightfor-
wardly from simpler gauge-theory amplitudes by replac-
ing color factors with corresponding kinematic factors.
For the unitarity cuts of the classical limit of the two-loop
scattering amplitude, the reference momenta that com-
plicate projection onto graviton physical states can be
eliminated, simplifying the calculation [24]. The primary
purpose of our D-dimensional construction is to confirm
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where r is the distance vector between particles and i la-
bels PM orders. The above Hamiltonian is in a gauge in
which terms involving p·r or time derivatives of p are ab-
sent. We then compute the scattering amplitude of mas-

sive scalars, M(EFT) =
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i=1 M
(EFT)
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3
comes from diagrams with two or fewer loops that de-
pend on c1, c2, and c3. In Ref. [21], the coefficients c1
and c2 were extracted analytically to all orders in veloc-
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where for convenience, the expressions for c1 and c2 in
Ref. [21] are reproduced here with slightly different nor-
malization and in our current notation. As emphasized
in Ref. [21], the cancellation of IR divergences between

M(EFT)
3 and M3 depends critically on c1 and c2 and thus

provides a nontrivial check of our calculation.
Consistency checks. Our results pass several nontrivial
albeit overlapping consistency checks (see Ref. [24] for
details). First and foremost, we have verified that the
4PN terms in our Hamiltonian are equivalent to known
results up to a canonical coordinate transformation,

(r,p) → (R,P ) = (A r +B p, C p+D r)

A = 1− Gmν

2|r| + · · · , B =
G(1 − 2/ν)

4m|r| p · r + · · · ,

C = 1 +
Gmν

2|r| + · · · , D = −Gmν

2|r|3 p · r + · · · ,

(11)
with ellipses denoting higher order corrections entering

as a power series in G/|r|, p2, and (p · r)2/r2 (for past
treatments, see Ref. [35, 36]). To derive this coordinate
transformation we generate an ansatz for A,B,C,D and
constrain it to preserve the Poisson brackets, i.e. {r,p} =
{R,P } = 1 with all other brackets vanishing, in the
spirit of Ref. [37]. We verify that within this space of
canonical transformations exists a subspace which maps
our Hamiltonian in Eq. (10) to the one in the literature,
e.g. as summarized in Eq.(8.41) of Ref. [9], up to the
intersection of 3PM and 4PN accuracy.

Second, applying the methods of Ref. [21] we have
checked that the full-theory amplitude M3 in Eq. (8)

is identical to the amplitude M(EFT)
3 computed from the

conservative Hamiltonian in Ref. [9] up to 4PN accuracy.

Third, we have extracted from our Hamiltonian the
coordinate invariant energy of a circular orbit as a func-
tion of the period. Working at 2PN order—the highest
order subsumed by 3PM which is relevant to a virialized
system—we agree with known results [8].
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�
G

<latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit>

�
1 + v2 + v4 + v6 + · · ·

�
G5

<latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit>

5PM

...
<latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit>

Our calculations are now state of  the art in PM.



0PN 2PN 4PN1PN 3PN 5PN 6PN 7PN

1PM

2PM

3PM

4PM
�
1 + v2 + v4 + v6 + v8 + · · ·

�
G4

<latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + · · ·

�
G3

<latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + v12 + · · ·

�
G2

<latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + v12 + v14 + · · ·

�
G

<latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit>

�
1 + v2 + v4 + v6 + · · ·

�
G5

<latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit>

5PM

...
<latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit>

1808.02489

Our calculations are now state of  the art in PM.



0PN 2PN 4PN1PN 3PN 5PN 6PN 7PN

1PM

2PM

3PM

4PM
�
1 + v2 + v4 + v6 + v8 + · · ·

�
G4

<latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + · · ·

�
G3

<latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + v12 + · · ·

�
G2

<latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + v12 + v14 + · · ·

�
G

<latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit>

�
1 + v2 + v4 + v6 + · · ·

�
G5

<latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit>

5PM

...
<latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit>

1808.02489

1901.04424 
1908.01493 
2003.08351 
2006.06665 

Our calculations are now state of  the art in PM.



0PN 2PN 4PN1PN 3PN 5PN 6PN 7PN

1PM

2PM

3PM

4PM
�
1 + v2 + v4 + v6 + v8 + · · ·

�
G4

<latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + · · ·

�
G3

<latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + v12 + · · ·

�
G2

<latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + v12 + v14 + · · ·

�
G

<latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit>

�
1 + v2 + v4 + v6 + · · ·

�
G5

<latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit>

5PM

...
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Advanced methods for computing perturbative, quantum-gravitational scattering amplitudes
show great promise for improving our knowledge of classical gravitational dynamics. This is es-
pecially true in the weak-field and arbitrary-speed (post-Minkowskian, PM) regime, where the con-
servative dynamics at 3PM order has been recently determined for the first time, via an amplitude
calculation. Such PM results are most relevantly applicable to relativistic scattering (unbound
orbits), while bound/inspiraling binary systems, the most frequent sources of gravitational waves
for the LIGO and Virgo detectors, are most suitably modeled by the weak-field and slow-motion
(post-Newtonian, PN) approximation. Nonetheless, it has been suggested that PM results can in-
dependently lead to improved modeling of bound binary dynamics, especially when taken as inputs
for e↵ective-one-body (EOB) models of inspiraling binaries. Here, we initiate a quantitative study
of this possibility, by comparing PM, EOB and PN predictions for the binding energy of a two-body
system on a quasi-circular inspiraling orbit against results of numerical relativity (NR) simulations.
The binding energy is one of the two central ingredients (the other being the gravitational-wave
energy flux) that enters the computation of gravitational waveforms employed by LIGO and Virgo
detectors, and for (quasi-)circular orbits it provides an accurate diagnostic of the conservative sector
of a model. We find that, whereas 3PM results do improve the agreement with NR with respect
to 2PM (especially when used in the EOB framework), it is crucial to push PM calculations at
higher orders if one wants to achieve better performances than current waveform models used for
LIGO/Virgo data analysis.

I. INTRODUCTION

Gravitational waves (GWs) from binary black holes
(BHs) and neutron stars (NSs) [1–4] encode information
about the structure of compact objects and their inter-
action via (strong, dynamical) gravitational fields. The
continuously improving network of GW detectors [5–8]
o↵ers unprecedented insights into astrophysics and fun-
damental physics. Likewise, a continuous improvement
in the accuracy of existing GW predictions, using both
numerical and analytical methods, is necessary in order
to continue the successful story of GW astronomy.

Regarding GW predictions for compact binary coa-
lescence, numerical and analytical methods complement
each other well, since the analytic post-Newtonian (PN,
weak-field and slow-motion) approximation (e.g., see
Refs [9–14]) relies on the separation between the or-
bit’s and the body’s scales being large, while current
numerical-relativity (NR) simulations (e.g., see Refs. [15–
17]) become ine�cient in this regime. Since the orbital
separation shrinks over time due to energy and angular
momentum loss via GW emission, a synergistic approach
between both methods is needed to predict the complete
inspiral-merger-ringdown (IMR) sequence for the com-
pact binaries now routinely detected by ground-based
GW observatories [4].

The e↵ective-one-body (EOB) formalism [18, 19] im-
proves the accuracy of the (perturbative) PN two-body
dynamics (see, e.g., Refs.[20–24]) by resumming PN re-
sults in such a way as to include the exact test-particle
limit. EOB waveforms [25–28] are an important class of
IMR waveform models employed in LIGO/Virgo searches

and inference studies [1–4, 29–32]. Because of the more
accurate description of the dynamics toward merger
(with respect to PN), EOB waveforms are also employed
to build another class of IMR waveforms, the phenomeno-
logical waveform models (e.g., see Ref. [33]). In order
to improve EOB waveform models in the entire binary’s
parameter space (i.e., large-mass ratios and large spins),
better understand the uniqueness and robustness of the
EOB resummation, and gain confidence in its range of
applicability, it is important to extend the EOB for-
malism to highly relativistic bound and unbound or-
bits. The large mass-ratio case, which is relevant for
space-based and third-generation ground-based detectors
and requires a very accurate modeling of fast-motion ef-
fects, is one important example [34–38], which we will
follow up elsewhere [39]. Here, we focus on the post-
Minkowskian (PM) approximation (i.e., weak field and
fast motion) [9, 12, 40–50] applicable to scattering bina-
ries (see also Refs. [51–65] for recent applications).

A crucial ingredient of the EOB formalism is the en-
ergy map [18] between the two-body and the e↵ective
one-body description. While the energy map was estab-
lished as a natural choice up to 4PN order [18, 66, 67],
its properties become more apparent and unique (at least
at 1PM) when extending the conservative EOB Hamilto-
nian to 1PM and 2PM orders [53, 56]. One can also
gain insight into EOB spin maps at 1PM and 2PM
orders [55, 57, 68]. These results, together with the
prospect of creating a waveform model for scattering
binaries, certainly provide a good motivation to push
the PM knowledge to higher orders. Quite interestingly,
profiting from recent advances in the area of scattering
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FIG. 4. Energetics of PM Hamiltonians augmented by PN information. Same as in Fig. 2 but now we compare
to NR the binding energy of PM EOB Hamiltonians augmented by PN information. Notice that adding 3PM information at
3PN or above does not lead to a visible di↵erence from plain PN EOB Hamiltonians (the 3PM-3PN and 3PN curves, as well
as the 3PM-4PN and 4PN ones, are essentially on top of each other). Also included is a curve for an alternative 3PM EOB

Hamiltonian, HEOB,fPS

3PM
, derived in Appendix B.

improvement coming from 4PM. The conclusion is that
it will be very useful to extend the knowledge of PM cal-
culations to higher orders — for example at least 4PM,
but even 5PM order.

Before ending this section we remark that the compar-
ison results that we have illustrated depend on several
choices. First of all, we have decided to compare the
binding energy extracted from NR simulations to results
obtained from an adiabatic sequence of circular orbits,
instead of the ones from the Hamilton equations with
radiation-reaction force. To illustrate the impact of this
choice we compare in Fig. 6 the binding energies of HEOB

3PN

and H
EOB,PS

nPN
obtained by evolving the Hamilton equa-

tions with a suitable radiation-reaction force (labeled “in-
spiral”) and using an adiabatic sequence of circular orbits
(labeled “circular”). The di↵erence is small early in the
evolution and grows as the inspiral approaches the ISCO,
where we observe a typical di↵erence in the binding en-
ergy of 5% to 10% (for q = 1).

Lastly, Fig. 7 demonstrates the di↵erence of calculat-
ing e(⌦) numerically, treating the various approximants
of the Hamiltonian as exact, and analytically as an ex-
pansion in (GM⌦). The plots show the results of calcu-
lating e(⌦) numerically from mPM and nPN Hamiltoni-
ans treated as “exact”, and also the curves from the ana-

lytically computed binding-energy EnPN(⌦) truncated at
2PN (i.e., (GM⌦)6/3 with respect to leading term) and
3PN (i.e., (GM⌦)8/3) order (see Eq. (232) in Ref. [9])
(labeled EnPN). As already noticed in Ref. [86], the dif-
ferences can be quite substantial. However, it is worth
re-emphasizing that if one calculates e(⌦) analytically
starting from either H3PM or H2PN one recovers the 2PN
result exactly.

IV. CONCLUSIONS

The study of the energetics conducted in this work,
using currently available PM Hamiltonians up to third
order, highlights two main points. Firstly, the binding
energy for circular orbits computed with the 3PM Hamil-
tonian of Ref. [81] and the 3PM EOB Hamiltonian of
Sec. II are closer to NR predictions than the ones com-
puted at lower PM orders, especially for small frequencies
(or high angular momenta) (see Figs. 2 and 3). This sug-
gests that similar improvements can be made by pushing
PM calculations to higher orders, leading to a more ac-
curate modeling of the inspiral phase.
Secondly, we find that higher-order PM calculations

of the conservative two-body dynamics would be needed
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FIG. 2. Energetics of PM Hamiltonians. We compare to NR the binding energy as a function of orbital frequency GM⌦
from both PM and PM-EOB Hamiltonians for a nonspinning binary black hole with mass ratio q = 1 (left panel) and q = 10
(right panel). The dots at the end of the curves mark the ISCOs, when present in the corresponding two-body dynamics. The
NR binding energy and its error are in cyan. The top x-axis shows the number of orbits until merger. In the lower panel we
show the fractional di↵erence between the approximants and the NR result.

q = 1 and 10 [24]. In Fig. 1 we display the NR waveforms.
Those simulations span about 56 and 36 GW cycles (cor-
responding to ⇠ 28 and ⇠ 18 orbital cycles), for q = 1
and q = 10, respectively, before merger. We highlight in
Fig. 1 the portion of the waveform that we use to com-
pare with the binding-energy approximants. As can be
seen, the comparisons with NR extend up to about 1.4
and 1.8 GW cycles, for q = 1 and q = 10, respectively,
before the two black holes merge. Thus, our comparisons
of analytic models to NR predictions extend to the late
inspiral of a binary evolution, a stage characterized by
high velocity and strong gravity.

We compare NR predictions against analytic results
obtained with PM, EOB and PN Hamiltonians, summa-
rized in Table I. Notably, we compute results with the
Hamiltonian at mPM orders with m = 1, 2, 3 [64, 81]
(labeled HmPM), and with the EOB Hamiltonian of
Refs. [53, 56] and this paper at mPM orders with m =
1, 2, 3 (labeled H

EOB,PS

mPM
). We also compare results with

the PM EOB Hamiltonian augmented with PN results
up to 4PN order (labeled H

EOB,PS

mPM+nPN
), as derived in Ap-

pendix A. Furthermore, the (original) EOB Hamiltonian
employed in LIGO/Virgo data analysis [25, 27] is built
from the EOB Hamiltonian of Refs. [18, 66, 67], and it
resums perturbative PN results di↵erently from the PM

EOB Hamiltonian. To understand the impact of the dif-
ferent resummation, and also highlight the accuracy that
PM results would need to achieve in order to motivate
their use in waveform modeling, we also show results
with such an EOB Hamiltonian (labeled H

EOB

nPN
). Fi-

nally, we also employ the PN Hamiltonian from Ref. [84]
(labeled HnPN), and an alternative 3PM EOB Hamilto-
nian presented for circular orbits in Appendix B (labeled

H
EOB,fPS

3PM
).

In Figs. 2 and 3 we compare the binding energy com-
puted in NR with the ones from PM and PM EOB
Hamiltonians versus either the binary’s orbital frequency
(Fig. 2) or angular momentum (Fig. 3), for mass ratios
q = 1 and q = 10. We clearly see the improvement of
the PM binding energy from 1PM to 3PM, especially at
low frequency. The PM-EOB binding energies generally
show better agreement with NR, but they have a much
smaller range of variation from 1PM to 3PM. The 3PM
result does slightly better than 1PM, while 2PM is worse
than the other two. Overall those results demonstrate
the value and relevance of pushing PM calculations at
higher order, and of further exploring how to use PM
results to improve EOB models.

To understand the impact of PM calculations for
LIGO/Virgo analyses, it is important to compare the
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Despite immense progress, many question remain!

we just need to 
understand this!



stay tuned!


