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QOutline

Q: How to profit from the underlying (super)conformal symmetry of the theory in
calculations of nonplanar amplitudes/Feynman integrals?

IR and UV finite in 6D

A: Find the (super)conformal anomaly of the vertex functions; Use it as a seed
calculating the anomaly; Solve the anomalous Ward identity



Superconformal symmetry

T e Supersymmetric theories of
. . massless particles in D = 4

e Symmetry of the classical
Lagrangian

]
hyper L7 D, R e Symmetry of Feynman

integrals/integrands for
_ scattering at high energies
Sa N y Sa — masses are irrelevant
N , — scale invariance
| — conformal symmetry




Superconformal symmetry

B(g) = 0 at all loop orders in N' =4 SYM theory

Correlation functions of protected composite operators
(O(x1) ... O(x1))

are exactly (super)conformal

Scattering amplitudes
(®(p1;m) - P(Pny1n))

contain IR/collinear divergences
= breakdown of the superconformal symmetry @ loop level



N =4 SYM in the planar limit

Ordinary superconformal symmetry Dual superconformal symmetry

. e Dynamical symmetry

e Lagrangian symmetry _

« Acts on the amplitude ° Ach on the super-Wilson Loop
e Chiral on-shell state pos = )xaj\a,n * Chiral superspace xaq, fa

1,0
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Di = Tjj+1
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o do =

Sa Sae =

[Drummond, Henn, Korchemsky, Sokatchev '08]



N =4 SYM in the planar limit

o Aoy =
Sa Sa =
Ordinary superconformal symmetry Dual superconformal symmetry

@ tree level both superconformal symmetries are exact (up to contact terms),

but @ loop level

Exact: Gu, Gy Pads FLuw Exact: Q,, Sa, Pas, Luv, R
Broken: k.4, 54, Sa, d Broken: Qq, So, Ko, D



N =4 SYM in the planar limit

Breakdown of the dual superconformal symmetry is well understood
e Universal form of IR-divergences

e Ratio function and remainder function are finite

k k
AN MHV AN MHV
R = ;lMHV ) Rin = _ZtBDS
n n
e Exactly conformal @ all loop orders
Kao’ch,n =0

e but Q4 is anomalous. Anomalous Ward identity (for the Wilson Loop)

Ode,n = '-Ycusp(g) Z 5‘i,d / ”d7—d377”
i=1

[Caron-Huot '11; Caron-Huot, He "11] [Bullimore, Skinner '11]



What about ordinary superconformal symmetry at loop level?

» ) L P
W k. T o,

ad s Se

[Witten '03]
54, S, ko are anomalous even for the finite remainder function

gd Rk,n 7& O ) SaRk,n # 0 ) kade,n 7& 0
Anomaly is not a problem if it is under control

Exact symmetry +—  Homogeneous DE

Anomalous symmetry <—  Inhomogeneous DE

e.g. 54 = Q4 and all-loop Q-equation in the planar limit of N' = 4 SYM theory



Applications of superconformal symmetry for amplitudes rely on their duality with
(super)-Wilson Loop, i.e.

e N =4 SYM theory

e Planar limit N, — oo

But

e the ordinary superconformal symmetry does NOT need planarity!

e what are the implications for amplitudes in superconformal theories with less
supersymmetry?

Our goal:

e Implications of the ordinary (super)conformal symmetry directly for amplitudes
e Anomalous Ward identity for s,, S5, kag in the nonplanar sector



Holomorphic anomaly

Tree-level MHV amplitude of n gluons

MHV __ <12>3 5 (27:1 Aj :\i)

AMEV , = A%\
n;tree <23> <34> o <I7].> <U> i €aB J
Singular denominators generate holomorphic anomaly  [Cachazo, Svrcek, Witten '04]
o 1 ~ 01
—— ——— =27Xa0({Ax))I([\X — — = =76z
555 T = 2P ()R = =)

The anomaly of tree amplitudes is localized on collinear configurations of scattered
particles (contact terms) [Bargheer, Beisert, Loebbert, McLoughlin, Galleas '09]
p2~ p3 , pP3~ ps ) Pn—1~Pn Pn ~ P1
One-loop 55 anomaly of DiSCSLHj.A}\,/IHV [Korchemsky, Sokatchev '09]

e Anomaly of the IR-finite object because
= et £0 of collinear regions of loop integration

e How to lift this formula from
the cut?




Conformal symmetry



We consider amplitude Feynman integrals instead of the scattering amplitudes

I(pl,..-,Pn)—/del...deeW

e Scattering of massless particles p> =0, i=1,...,nand py +...+p, =0

o Massless propagators D; = (kj, +... t ki, £ p, +... £ p;,)?

e Conformal interactions, e.g. Yukawa vertices and ¢* in D=4; ¢3in D=6
e Lagrangian is classically conformal

e UV- and IR-finite sector of the full theory, i.e. finite Feynman integrals

e Feynman integrals are naively conformal
n—1 ,
<ZKi,u>I(pla"'apn);Oa ;U':Ovlv"'vD_l
i=1

on-shell conformal generator K,, (2nd order diff operator)



Conformal boost generators in momentum space
Off-shell conformal boost K|, with conformal dimension A,

KZ = —qI'LDq + 2q”8qvaqﬂ + 2(D - A)aqM

On-shell conformal boost K,

e D = 4 realization is well-known, [Witten '03]
Spinor-helicity parametrization of light-like momenta by SL(2) spinors
- . 52
ot b= Aada , K, =25%¢ <
el HT 0 radaa

Ao, Mg are defined up to phase.

e In D = 6 we use chiral SL(4) spinors M2, A=1,...,4;  [Cheung, O'Connell '09]
helicity (little group) index a =1,2
82
~AB

~AB __ yAa\B
PraL" =N O gxAane

s Ku:

Kt = KX_, for the on-shell states ¢ = p(A? ® A,)



6D vertex function ¢3

QQ%O p2:0
} = (8(a) 6(~q—p) | 8(p) )e
(g+p)?>#0

1
(g% +i0)((q + p)? + i0)

77

(Ka=p +K")




6D vertex function ¢3

QQ%O p2:0
} = (8(a) 6(~q—p) | 8(p) )e
(g+p)?>#0

1
(g% +i0)((q + p)? + i0)

(Ka=p +K")

1
—ainp [ dee(1- €00+ &p)
0

Anomaly is contact and it lives on collinear configurations g ~ p of momenta



6D vertex function ¢3

QQ%O p2:0
} = (8(a) 6(~q—p) | 8(p) )e
(g+p)?>#0

1

(szz +K*) (g% + i0)((q + p)? + i0)

1
—ainp [ dee(1- €00+ &p)
0

Anomaly is contact and it lives on collinear configurations g ~ p of momenta

How to prove this distribution
relation?



Anomaly of 6D vertex function ¢3
Introduce Feynman parameter £ and regulator ¢,
1 /1 1 ! 1
— = dé7——s = Iim/ dé—————
?(a+p)? Jo “((g+&p)?)? o)y “((q+Ep)?)*
Act with conformal generators —q*q — p#U, + . ..

I " ' 1 o~ plt ' €
(Kap +K )/0 K@ P / A (CEYPRER

This distribution has a pole at ¢ — 0,

1 i772 (6) 0
(@r ey 2 (@FERFO)

The limit € — 0 produces the contact anomaly



Conformal Ward identities for finite loop integrals

Consider 6D Box integrals: No UV or IR/collinear divergences
6D boxes = Finite parts of 4D boxes + 4D three-mass triangles

[Bern, Dixon, Kosower '93]

Two-mass-easy box in 6D is NOT invariant under K* = K{ + K§' + K§ + K}
because of the 6D vertex anomalies

D1 D2 Pl /172 D1 D2

P4 P3 Pa p3 p4/ P3

2nd order inhomogeneous DE for ¢-loop Z,) integrals with (¢ = 1)-loop RHS

1
K0Ty = [ de A (©



Bootstrap of multi-loop naively conformal integrals

2nd order DE are difficult to solve, but they are efficient for the bootstrap

Example. Planar pentabox integral in 6D

Five-particle massless scattering —» 26/31-letter alphabet of pentagon functions
[Gehrmann, Henn, Lo Presti '15][D.C., Henn, Mitev '17]

Symbol ansatz of parity odd weight-5 integrable symbols

S(IS Z Cll 15( I5) b A = det(pl : pj)
'1, -5
161 free coefficients in the ansatz. They are uniquely fixed by just one projection

(n-K)S(Zs) = (n- p1)A1+ (n- p3)As, (n-p)=0 at i=2,4,5

p3
P4

D5 [see Zoia's talk at Loops&Legs 2018]
p1



Conformal symmetry

Anomalous Ward identities for K,, are 2nd order DE, which
are hard to solve, but knowing the alphabet and leading singularities we can
bootstrap Feynman integrals.

Bootstrap of the symbol S(Z) ——  bootstrap of the hyperlogarithms

Relevant applications for the five-particle massless scattering

Superconformal symmetry
Anomalous Ward identity for S, and S, are 1st order DE.

They can be integrated directly! No assumptions about alphabet!



N =1 Superconformal symmetry



N =1 matter supergraphs with on-shell states
Wess-Zumino model in 4D; chiral and antichiral off-shell superfields

Y Y

Swz = /d4x 42020 b + % / d*x d?0 &3 + %/d“x d20 3

O (x, 0) = ¢(x) + 0“%a(x) + (0)°F(x)

®(p,n) =) + 1lv)

(@) | 1) W(p,n) = 4) +nl)
helicity ‘

Two superstates with n = 0%\, (NOT one CPT superstate like in A/ = 4 SYM)



Anomalies of vertex functions

a, 01 @, 0
(8(61.5) (61,0 | 8(p,1))s = = 0PIQ) e
_ 192
pP=0,1

Off-shell S,, S4 superconformal generators and their on-shell counterparts

0? - 9
Sa = W s Sa = naﬁ
q1, 0 @, 0> )
(80 + st + () = 2in? [ de Qui (s + €p)o ey + (1~ €)p)
p‘2 =0,7n 0

where Q4 ~ A, on the collinear configuration gy ~ go ~p=A® X

q, 01 @, 02

(Sa n ggh) + géqz)) \T/ -0
p2 =0, 7



Five-particle NMHV amplitude supergraphs
We consider amplitude supergraphs, which are finite and naively superconformal

)
v /(T)
\i) R-charge=3

Supercharges

= ~ 0
Q. = Z NiXia Qs = Z Aiva an,

1

The unique superinvariant @ 5 points: Q== Q==

=ik = miljk] + mlki] + mulif] [ij] = Rae3;

Twistor collinearity operator arises from SUSY [Witten '03]

Sa Zik = (FUk)a = Dk]@AO‘ +[ ]6)\0‘ + 1L [J]aAa



Five-particle NMHV amplitude supergraphs

We consider amplitude supergraphs, which are finite and naively superconformal

ARV _ = (P) 6@(Q)-=-Z({N, A})
N ——’
R-charge=3
Supercharges

= ~ 0
Qo = Z NiXia s Qs = Z Aiva an,

1

The unique superinvariant @ 5 points: Q== Q==

=ik = miljk] + mlki] + mulif] [ij] = Rae3;

Twistor collinearity operator arises from SUSY [Witten '03]

Sa Zik = (FUk)a = Dk]@AO‘ +[ ]6)\0‘ + 1L [J]aAa



Five-particle NMHV amplitude supergraphs

We consider amplitude supergraphs, which are finite and naively superconformal

ARV _ = (P) 6@(Q)-=-Z({N, A})
N ——’
R-charge=3
Supercharges

= ~ 0
Qo = Z NiXia s Qs = Z Aiva an,

1

The unique superinvariant @ 5 points: Q== Q==

=ik = miljk] + mlki] + mulif] [ij] = Rae3;

Twistor collinearity operator arises from SUSY [Witten '03]

Sa Zik = (FUk)a = Dk]@AO‘ +[ ]6)\0‘ + 1L [J]aAa



Ward identities for five-point integrals

Integrals with 'magic’ numerators [Arkani-Hamed, Bourjaily, Cachazo, Trnka '10]

AP = — IO =

AP = —  ZPUAA) =

Sa varlatlon of As is anomalous = inhomogeneous DE for ¢-loop Feynman

integral I ({)\ X}) with collinearity operator Fii

SOOI = 3 A / dg AT, (A, A)

r=1,2,3,4



Solving DE for the nonplanar hexabox

Four dimensionless variables describe the five-point kinematics

=1 S g ose o [121034] ~ [23][45]

15 5 T R3e T (3452

Integral Z = Z(x1, x2, x3, %) is a pure function, i.e. unit leading singularity

E/I(Xl,Xz,X3,X4) = a1 E/Iogxl + as E/ log x»

o 1—x1x:
+a2 d10g gy T T L) tea =)

o 1—xpx;
+asdlog (1+X2)X3X4+(11+>?1)(X3X4—1)

where d = dx; 8,, + dx2 Oy, ; ax — anomaly of k-th leg, weight-3 pure functions

Boundary conditions for DE: (w1, 22)
e I(x1 = —1,x0=—-1)=0,ie atsiy=0

e OR absence of nonphysical branch cuts

(—1,-1) (21, —1)



Summary
e Superconformal symmetry of amplitudes in /' = 4 SYM

o Conformal symmetry (2nd order DE)
e ¢%in 6D; Yukawa and ¢* in 4D

e Conformal anomalies of vertex functions
e Anomalous conformal Ward identity for amplitude Feynman diagrams

e Bootstrap of 5-particle Feynman integrals

e Superconformal symmetry (1st order DE)
e 4D Wess-Zumino model of N' = 1 matter

e Superconformal anomalies of vertex functions
e Anomalous superconformal Ward identity for amplitude superdiagrams

e Ward identity in the form of canonical DE



