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Gradient flow (GF)

» Standard tool for calculating scale setting (1/8ty), RG S-function, A parameter
[Narayanan, Neuberger JHEP 03 (2006) 064] [Liischer JHEP 08 (2010) 071][JHEP 04 (2013) 123], .. .

/a?=0.00

» Introduce auxiliary dimension, flow time 7 to regularize UV
— Well-defined smearing of gauge and fermion fields
— Smoothening UV fluctuations

» First order differential equation
0:Bu(1,x) = Dy(7)Gyu(1, %),  Bu(0,x) = Au(x)
D x(7,x) = D?(7)x(7, %), x(0, x) = q(x)
» Consider GF as an RG transformation

[Carosso et al. PRL 121 (2018) 201601] [Hasenfratz et al. PoS Lattice 2021 155]
[Harlander, Lange, Neumann JHEP 08 (2020) 109] . ..

» Match to MS scheme using short flow-time expansion (SFTX)

[Liischer, Weisz JHEP 02 (2011) 051] [Suzuki PTEP 2013 (2013) 083B03]
[Lischer PoS Lattice 2013 016] [Makino, Suzuki PTEP (2014) 063B02] . . .
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Short flow-time expansion (SFTX)
» Re-express effective Hamiltonian in terms of ‘flowed’ operators
Her = 32, CoOn = 3, Cal(7)On(7)

» Relate to regular operators in SFTX
q? 1/7 b

ME of flowed On(1) = 2,1, Com(T)Om + O(7)

operator (lattice)
PT calculated matching matrix
%) TP, C

2 Com (1, T{OR)(T) = (O (1)

p‘//”l/7a

new Feynman diagrams
» Matrix element (O,,)(x) in the MS scheme found after taking the T — 0
— Large systematic effects at very small flow times
— Large flow time dominated by operators o< O(7)

~ Talks by Robert Harlander, Jonas Kohnen, Fabian Lange and others
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Renormallzed quark MASSES [M. Black, R. Harlander, A. Hasenfratz A. Rago, OW, arXiv:2506.16327]

» GF renormalized partially conserved axial current (PCAC) relation (Ward-ldentity)

(m0)+ ) = MPRS()  wien R(e) = i - AEDOL =07 = 0D

— Wave-function renormalization Z, cancels in ratio

— Mps pseudoscalar meson with flavors r and s

- mgF)(T) GF renormalized quark mass for flavor r

— Smearing radius must remain small compared to Euclidean time: v/87 < t

» Match to the MS scheme
mys(pov) = T“Lno Cap (v, T)mee(T)

— Cap(puv, T) perturbatively calculated SFTX coefficient

Oliver Witzel (University of Siegen)
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RBC-UKQCD's 2+1 flavor SDWF+Ilwasaki gauge field configurations

Ds meson
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L a=1(GeV) am ams M, (MeV)  Ngc X Neons
C1 24 1.785 0.005 0.040 340 32x101 [PRD 78 (2008) 114509]
C2 24 1.785 0.010 0.040 433 32x101 [PRD 78 (2008) 114509]
M1 32 2383 0.004 0.030 302 32x79 [PRD 83 (2011) 074508]
M2 32 2383 0.006 0.030 362 32x89 [PRD 83 (2011) 074508]
M3 32 2383 0.008 0.030 411 32x68 [PRD 83 (2011) 074508]
F1S 48 2.785 0.002144 0.02144 267 24x98 [JHEP 1712 (2017) 008]

» Lattice spacing determined from combined analysis [Blum et al. PRD 93 (2016) 074505]

» a: ~ 0.11 fm, ~ 0.08 fm, ~ 0.07 fm

Summary
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» Measurements with strange and charm quark masses tuned to their physical value using Ds meson

» Well-studied ensemble set chosen for exploring heavy meson lifetimes calculation
~ Talk by Antonio Rago

Oliver Witzel (University of Siegen)
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Choice of ratio R(7/a%)

> RE(t;7) = lim —

> RAC(6T) =

li
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m

(oo}

(Ao(t; T)P(t =0;7=0))rs

(P(t; T)P(t=0;7=0))rs

s
00000

+ sinh/cosh correction

(Ao(t; 7)Ao(t = 0; 7 = 0))rs (Ao(t; T)P(t = 0; 7 = 0))rs

(P(t; 7)Ao(t =0; 7 =0))rs (P(t;7)P(t=0;7=0))rs
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20

30 40

time slice t/a

6/21



Introduction Ds meson ns Summary
0000 O®@000000 00000 [e]e]e}

Extract ratios R(7/a%)

. éAp(t; ) = lim (Ao(t; T)Ao(t =0;7=0)),s (Ao(t; T)P(t =0;7 = 0)) s
e t—oo \[ (P(t;7)Ao(t =0;7=0)),s (P(t;7)P(t=0;7=0))s

o8 e sacstsssssstssdattassasaosssssots
;! **‘A’**x
» Example F1S: o7l g “,..”wo»nwnw»»wm“om“-
_ : *
1 =2.785 GeV, M, =267 MeV *o ¢ mmmn
G 06f 3
. . . [\— i 2_. _

» Statistical errors smaller than symbol size e : R(rfa?=3.50)=0.79937(32)
& o5 = f R@/a?=3.00)=0.78331(33) |

&m W *  R(/a?=2.50)=0.76467(33)
> Correlated fits for t S (36, 46) o4l .v { R(r/a?=2.00)=0.74251(33) |

’ ¢ R(/a?=1.50)=0.71536(33)

. L4 % R(/a?=1.00)=0.68053(32)
» Extract ratios for other 03Ff Rirla?=0.50)<0.63174(32) |

gauge field ensembles o 0 20 0 2

time slice t/a
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Extract ratios R(7/a%)

t—o00

. ﬁAP(t; ) = lim (Ao(t; T)Ao(t =0;7=0)),s (Ao(t; T)P(t =0;7 = 0)) s
e (P(t;7)Ao(t =0;7=0)),s (P(t;7)P(t=0;7=0))s
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osszs) 71a2=0.50
0.6311 . | L L L L
» Example F1S: osonf 12%=1.00 ‘ : P T T T
a~t = 2.785 GeV, M, = 267 MeV sorep " " . R
Lrisf ria?=180 ‘ ‘ v ¢ ¢ * ¢
- 0.714! § i R . . . .
» Statistical errors smaller than symbol size £ orsif 722,00 I S S T S
Sorast 3 AR ‘ ‘
o 7658F riaZo2.80 ‘ ‘ ‘ ¥ ¥
» Correlated fits for t € (36, 46) 8321& i § T F ot % : f
gy ===y
. 0.7827¢ T I L L 1 L
» Extract ratios for other os g I T T 2 A
gauge field ensembles o ¥ YOVTNHT ‘ ‘
36 38 40 42 44 46
time slice t/a
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Obtain R as a function of flow time 7

» Results for flow time in lattice units
— No sea light quark mass dependence

» Convert to “physical” flow time in GeV ™2 Tla

— Mild continuum limit

b c1t A M2
» On C1, C2, M1, M2, M3: interpolate 600 ¢ c2 b M3
4 M1t % F1S

0 01 02 03 04 05 06 07 08 0.9 1
r[GeV?

flow times to match values on F1S 500

Oliver Witzel (University of Siegen) 8/21
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a — 0 continuum limit
706 —— : :
7=0.181 GeV'?
704 | R (1) M /2 =699.3(3.2)MeV
’; s
2 ,f x2idof =0.22, p=92%
o
o’ 700 i
s
T 698 1
3 [ et
“ oo ® c2 |
P M3
694 : :
0 0.005 0.01

a?[fm?]
» GF renormalizes our ratios
— Take a — 0 continuum limit for 7 > 0

» No sea light quark mass dependence

» All actions O(a) improved

— Linear ansatz in a2

Oliver Witzel (University of Siegen)
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Multiply by SFTX coefficient and extrapolate 7 — 0

» Multiply ¢,p to match to MS scheme

and take 7 — 0 limit

» (4p calculated at NLO and NNLO

[Borgulat et al. JHEP 05 (2024) 179]

» Choose two fit ansatze

— Lin-log: fi(7) = 7(c/log(Tp?) + c1) + <o
— Quadratic: (1) =720 +7c +

» Vary range of 7

Tmin € (0.08,0.2) GeV ™2 with 7.y = 0.3 GeV ™2
Tmax € (0.25,0.35) GeV ™2 with Tyin = 0.14 GeV 2

» Uncorrelated fit to central values shifted by +1o

Oliver Witzel (University of Siegen)
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Improve by using RG running in GF scheme

» Resum logarithmic terms using RG equation

mys(pov) = J@O(CAWLP(MUV, 7)) mer(7)

(™ gy, 7))t =

Cap(puv, T4) X exp / dT/'Ym ( )

— 7&F gradient flowed anomalous dimension
- 2
STy =e WE/(ZuUV)

» This work: 7" calculated perturbatively
[Borgulat et al. JHEP 05 (2024) 179]

» Known how to calculate 7&F on the lattice
[Hasenfratz et al. PoS Lattice2021 155]

[Hasenfratz et al. PRD 107(2023)11504][PRD 108(2023) L071503]
Oliver Witzel (University of Siegen)
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RG improved 7 — 0 extrapolation

700 T
. — vra ! | |
» Multiply CA; to match to MS scheme i NLO | i
.. ¢ NLOimp ‘ |
and take 7 — 0 limit > 650 i nNo } ;
_ = NNLO i
» (4p calculated at NLO and NNLO = & NNLOimp ! l
[Borgulat et al. JHEP 05 (2024) 179] & 600 } } :
i ! I Ill..qHDUD
= | el i
= -
. .. 5, 550 pont® o ‘ :
» Choose two fit ansitze £ %ghg ZT0qesesreretsessesgssss
. + DGiaaaa |
— Lin-log: fi(7) = 7(c/log(Tp?) + c1) + <o £ 500 eas -fﬁﬁﬁﬁw“‘*t::mmﬁ
. =3 | Soogg
: _ 2
— Quadratic: K(7) =71 +71a1+ : Nyt 1y 410 GV, 0, 022650
450 : : :
0 0.1 0.2 0.3
» Vary range of 7 r[GeV 2]

Tmin € (0.08,0.2) GeV ™2 with 7.y = 0.3 GeV ™2

T € (0.25,0.35) GeV2 with 7 — 0.14 Gev—2  » V2rY #ov € {2,3,4,5,6} GeV

— Run back to p = 3 GeV using 4-loop MS

] ) [Chetyrkin et al. CPC 133 (2000) 43]
» Uncorrelated fit to central values shifted by +1o [Herren, Steinhauser CPC 224 (2018) 333]

Oliver Witzel (University of Siegen) 12/21


https://doi.org/10.1007/JHEP05(2024)179
https://doi.org/10.1016/S0010-4655(00)00155-7
https://doi.org/10.1016/j.cpc.2017.11.014

Summary

Introduction Ds meson
000

s
0000 0000000 00000

Final result using Ds meson correlators

» Correlated average using RG improved lin-log and quad results at pyy = {3,4,5} GeV

e+ m.\ Lo s
< NLO imp quad
<C2$> = 5274(33)GF MeV é 600 - ¢ NLO imE I?n-log
[#=3 GeV] = & NNLO imp quad
me +m NNLO E @ NNLOimp lin-log
() = 525.5(3.6)gr MeV S 550
2 [1=3 GeV] £ % _ _ §;
Lo 8 -2 —% e
» Quote NNLO result as central value =
500 .
» Continuum limit (CL) uncertainty (half the difference) ? ’ /J'UV?GEV] ° °
— Alternative analysis discarding C1 and C2 ensembles
— Reduce bare charm quark mass: am. = 0.64 — 0.45
— Reduce a from 0.11 fm to 0.08 fm
Me £ Ms = 526(4)6r(7)cL(1)pr MeV
» Perturbative truncation (PT) uncertainty 2 b3 G VT (9er(T)cL(1)pr Me
L= e
— Half the difference between NNLO and NLO /
13/21
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Extract R(7/a%)s

» RAP(t;7) = lim

t—o00

Ds meson
00000000

5

MNs
@0000

(Ao(t; 7)Ao(t = 0;7 = 0))ss (Ao(t; T)P(t = 0;7 = 0))ss

(P(t; 7)Aot =0;7=0))ss (P(t;7)P(t=0;7 =0))ss
» Use connected, pseudoscalar (s5) correlators: (unphysical) 75 meson
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*° 02} “« ¥ R(/a?=2.50)=0.39539(28) -
t R(a?=2.00)=0.37611(27)
015¢ N ¢ R(/a?=1.50)=0.35380(26) |
o1l = f R@/a?=1.00)=0.32678(24) |
R(r/a?=0.50)=0.20078(22)
0.05 : : : :
0 10 20 30 40
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Checking ns meson masses

» Small mis-tuning of the strange quark mass on F1S
— Not significant for tuned Ds; meson state or 7. correlators
— Discard F1S from 7, analysis

1.03
102} %
1.01 F
8 :
g, : %
= ¥ Fis %
099f| ¥ M1
A M2
P M3
0981 § &1
¢ C2
0.97 : :
0 0.005 0.01 0.015

a2 [fm]
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a — 0 continuum limit

» Sea-quark mass effects not statistically resolved

Ds meson

00000000

» Only two values of the lattice spacing: consider Ansatz linear in a? and fit to a constant

» Repeat subsequent analysis separately for both continuum limits

104.5

104

103.5

7,

103

102.5

R ()M [MeV]

102

1015
0

7=0.088 GeV2
[ Rog(r) M, =10251(57)Mev

| x?/dof =0.24, p=87%

F

a=0 lin

a=0 const

4
4
3

M1

M3

L]
¢

C1
C2

0.005
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a? [fm %]
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134
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@
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ns Summary
00e00 000
; ;
= -2
7=0.299 GeV a=0 lin 4 M ® a
R () M, =132.29(73)MeV asoconst A M2 @& C2
Lo T [N ]
x2Idof =0.48, p=69%
E L l
. .
0 0.005 0.01 0.015
a?[fm?)
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Multiply ¢ and take 7 — 0 limit

» Use RG improvement and perturbative running for uyy = {2, 3, 4, 5, 6} GeV

» Linear a — 0 extrapolation » Constant a — 0 extrapolation
120 — : ; 120 — : ;
% NLO | i % NLO | i
115 1 ¢ Noimp ! i L 115 L & NLOimp ! | _ e
4 NNLO } ¥ 4 NNLO } .t
S 110 {1 & nnoimp S B S 110 & NNLOimp b=
] | & " i ] | I= i
= [ iy [ = [ =" i
< 105 1t | & | $¢%°%] < 105 — | . ol
) | w | . 3 £ 3 | (0] | - | ¢
© | & o | © | o * i
&N 100 1r s s §55 ] & 100 — B P i
3 s e ® ;‘llé;égii 3 I S Ak AAAE
» [ a4 T} » o ¢ A& e ©
E 9 11 ig® i asguem®® ™m0 E % et ast et
f g lga®® ? . Sclseee®® i
90 ATl T (o) } linear a — 0 extrapolation 1 90 i%ii F } constant a — 0 extrapolation 1
E ﬁ% i \ N,=4, 11,,=4.0 GeV, a =0.22959 \ N,=4, 11,,=4.0 GeV, a =0.22959
85 (- I I 85 (- I I
0 0.1 0.2 03 0 0.1 0.2 0.3
7[GeV 2] 7[GeV 2]
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Final result: strange quark mass using 7s correlators

» Use RG improvement with perturbative vSF

105 ;
S & NLO imp quad
» 7 — 0 extrapolation using NNLO ( coefficients £ 100 % Z;‘E(;”?P ””"°9d
= imp qua
(ms)[NMN:LQOéc;\t/] _ 9045(64)GF MeV E o @ NNLO imp lin-log
NNLO lin __ o s
(ms)[M:2 Ger{/] = 880(11)GF MeV \I_I:);m 90 | g § _&g—é_i—g_g_ (o] i
£
» 7 — 0 extrapolation using NLO (¢ coefficients o constant a ~ 0 extrapolation
NLO, _
(ms)[,u:2céteV] - 9124(42)GF MeV linear a — 0 extrapolation
NLOin  _ 90 |
(ms)[M:2 Gev] = 880(13)GF MeV ) ?g } 3; é‘! ég | %i
2 3 4 5 6
‘ (Ms)u=2 Gev] = 89(3)cr+cL(0)pT ‘ oy [GeV]
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Combine results to obtain charm quark mass

me + mg
<2>[ e = 526(4)cr(7)cL(L)pt MeV (Ms)=2 Gev] = 89(3)cr-cL(0)pT MeV
n=3 Ge

= 89(3) MeV

= 526(8) MeV

4

> (Me)u=36ev] = 972(16) MeV

e~ 12.1(4)

ms
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Strange and charm quark Masses (v Biack R Harander, A Hasenfratz A Rago, OW, arxiv2506 16327]

105 — ‘ — : ; r — . _
s S 109 N=2+1 N=2+1+1
S 1001 & 107 i J
= = 105 .
E s E ¥ i 2, o g 103 F .
N 90 ¢ ® 1.01f § 8
IL 1] E
S a5t N=2+1 N=2+1+1 3U 0.99 - A i B Vv 8
£ g 097 .
O e e 5 o e e o s 0.95 o
§ SN & > >0 N9
A QC’O\,$”°VX & \&0 é\@w o 6\$ S & & 00‘1/ nylx Q?W\/ \P\@ oo\l oo\/ o @,ﬁ?oﬂ@? S QN’WQN’W« >
RO 0\\5& N R K K’ K & 0*_0 v\9 v\g \&& yO' ke QQQ énggJ @\\9 &FE <
Q J N
N &F & &

[FLAG 2024 arXiv:2411.04268] [xQCD PRD92(2015)034517] [ETM PRD104(2021)074515] [FNAL/MILC/TUM PRD98(2018)054517]
[HPQCD PRD91(2015)054508] [ETM NPB887(2014)19] [CQCD PRD109(2024)054507] [Alpha EPJC80(2020)169]

[RBC-UKQCD PRD93(2016)074505] [HPQCD PRD82(2010)034512] [BMW JHEP08(2011)146] [FNAL/MILC PoS CD09(2009)007]
[HPQCD PRD98 (2018) 014513] [Alpha EPJC84(2024)506] [Alpha JHEP05(2021)288] [Petreczky,Weber PRD100(2019)034519]
[JLQCD PRD94(2016)054507] [HPQCD PRD102(2020)054511] [HPQCD PRD102(2020)054511] [RBC-UKQCD PRD110(2024)054512]

b (M) evy = 89(3) MeV b (M) oy = 996(26) MeV
> (Me)[u=3 ev] = 972(16) MeV (Ds and 7;)
> e =12.1(4)
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Summary and Outlook

» GF+SFTX is a powerful concept and we are just starting to leverage its potential

» Simple prescription to obtain renormalized quark masses
— Most likely competitive uncertainties compared to other method e.g. Rl/(S)MOM
— No need for gauge-fixing, easily attainable “window” condition

» First lattice calculation of heavy meson lifetimes - Talk by Antonio Rago
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a — 0 continuum

» Sea-quark mass effects not statistically resolved

» Consider Ansatz linear in a2
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Residual mass

» Use RG improvement with perturbative vSF
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Residual mass

Final result: charm quark mass using 7. correlator

» Average uyv = {2, 3, 4, 5, 6} GeV
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{2‘ NLO imp ql‘Jad
¢ NLOimp lin-log
® NNLO imp quad
@ NNLO imp lin-log
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[Ny = 1001(11)Ge MeV
«.,NNLO
{eMNeoy = 996(14)cr MeV

» Systematic effects
— Central value m7<:NNLO
— CL: half the difference to alternative analysis
discarding C1, C2/largest bare charm mass
— PT: Half the difference between

NNLO and NLO

(mc)ﬁ:?) GeV] = 996(14)GF(22)CL(3)PT MeV
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Residual mass
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