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Meson lifetimes motivation

Lifetimes are fundamental parameters of Mesons

Heavy B- and D-mesons

Experimentally much more precise

BSM sensitivity
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Heavy Meson lifetimes
Heavy quark expansion

Γ(D → X ) =
∑

i
Γi ⟨D|Oi |D⟩

Contribution from ∆C = 0 four quark operators

Q1 =
(

c̄γµPLq
) (

q̄γµPLc
)

Q2 =
(

c̄PLq
) (

q̄PRc
)

T1 =
(

c̄γµPLtaq
) (

q̄γµPLtac
)

T2 =
(

c̄PLtaq
) (

q̄PRtac
)

All Feynman diagrams were drawn using FeynGame
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Heavy Meson lifetimes
Heavy quark expansion

Γ(D → X ) =
∑

i
Γi ⟨D|Oi |D⟩

Contribution from ∆C = 0 four quark operators

Wilson coefficients Γi perturbative

Γi = Γ(0)
i + αs

4πΓ(1)
i +

(αs
4π

)2
Γ(2)

i + . . .

Matrix elements ⟨D|Oi |D⟩ non-perturbative
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Difficulties on the lattice

Operators mix under renormalization

Oi =
∑

j
ZijOB

j

Mixing severly complicates lattice determination

OR = Z1OB
1 + Z2

1
aO

B
2

Heavy Meson lifetimes: Sum rules

Solution: gradient flow
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GF+SFTX

Short-flow-time expansion

Õi(τ) ∼
∑

j
ζij(τ)Oj ⇒ Oi ∼

∑
j
ζ−1

ij (τ)Õj(τ)

Perturbative coefficients ζji

⟨B|Oi |B⟩ (µ) = ζ−1
ji (µ, τ) ⟨B|Õi |B⟩ (τ)

Mixing shifted to the perturbative calculation
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Renormalization

Short-flow-time expansion

ζR
ij = Z−1

ik ζR
kj

Ansatz MS NNLO

Zij = δij + αs

(
1
ϵ
γ0,ij

)
+ α2

s

(
1

2ϵ2 [γ0,ikγ0,kj − β0γ0,ij ] + 1
2ϵγ1,ij

)

Important checks:
▶ Z flowtime independent
▶ γ agrees with literature
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Calculating the mixing matrix

Projectors Pn[X ] such that
[Gorishny, Larin, Tkachov 1983; Gorishny, Larin 1986]

Pn[Om] = δnm

for all orders
Usage on SFTX
[Harlander, Kluth, Lange 2019]

Õn(t) ≈
∑

m
ζB

nmOB
m + ...

leads to
Pn[Õm] = ξB

mn
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Form of the Projectors

Pn[Om] = δnm

General form

Pn[X ] =
∑

k
Πk(∂p, ∂m) ⟨fk |X |ik⟩

∣∣∣
p=m=0

Only has to hold at tree level
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Operator basis

∆B = 0 operators

Q1 =
(

c̄γµPLq
) (

q̄γµPLc
)

Q2 =
(

c̄PLq
) (

q̄PLc
)

T1 =
(

c̄γµPLtaq
) (

q̄γµPLtac
)

T2 =
(

c̄PLtaq
) (

q̄PLtac
)

Not a closed set of operators under renormalization
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Perturbative calculation

(
c̄Γq

) (
q̄Γc

) (
q̄1Γq2

) (
q̄3Γq4

)
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Lifetime differences

Mixing with penguin operators and lower dimensional operators drops
out

Q1 =
(

q̄1γµPLq2
) (

q̄3γµPLq4
)

Q2 =
(

q̄1PLq2
) (

q̄3PLq4
)

T1 =
(

q̄1γµPLtaq2
) (

q̄3γµPLtaq4
)

T2 =
(

q̄1PLtaq2
) (

q̄3PLtaq4
)

Basis of operators smaller

Mixing matrix of Q1 and T1 known [Harlander, Lange 2023]
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Projectors four-quark operators

Q1 =
(

q̄1γµPLq2
) (

q̄3γµPLq4
)

Feynman rule

∼ γµPL ⊗ γµPL

Projector
P ∼ γµPL ⊗ γµPL
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Flowed OPE

Γ(D → X ) =
∑

i
Γi(µ) ζ−1

ji (µ, τ) ⟨D|Õi |D⟩ (τ)︸ ︷︷ ︸
⟨D|Oi |D⟩(µ)

Three ingredients:

Mixing matrix

Flowed matrix elements

Wilson coefficients
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Flowed OPE

Γ(D → X ) =
∑

i
Γi(µ) ζ−1

ji (µ, τ) ⟨D|Õi |D⟩ (τ)︸ ︷︷ ︸
⟨D|Oi |D⟩(µ)

Three ingredients:

Mixing matrix ← this talk

Flowed matrix elements

Wilson coefficients
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Flowed OPE

Γ(D → X ) =
∑

i
Γi(µ) ζ−1

ji (µ, τ) ⟨D|Õi |D⟩ (τ)︸ ︷︷ ︸
⟨D|Oi |D⟩(µ)

Three ingredients:

Mixing matrix ← this talk

Flowed matrix elements ← Antonios’ talk

Wilson coefficients

[Black, Harlander, JK, Lange, Rago, Shindler, Witzel 2026]
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Flowed OPE

Γ(D → X ) =
∑

i
Γi(µ) ζ−1

ji (µ, τ) ⟨D|Õi |D⟩ (τ)︸ ︷︷ ︸
⟨D|Oi |D⟩(µ)

Three ingredients:

Mixing matrix ← this talk

Flowed matrix elements ← Antonios’ talk

Wilson coefficients ← [Moretti, Nierste, Reeck, Steinhauser 2026]

[Black, Harlander, JK, Lange, Rago, Shindler, Witzel 2026]
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Results D lifetime ratios

D0 = ūc D+ = d̄c D+
s = s̄c

[Moretti, Nierste, Reeck, Steinhauser 2026]
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Outlook

Absolute lifetimes

▶ Eye diagrams

▶ Lower dimensional operators

B mesons
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SFTX of non-singlet twist-two operators

Collaborators: Robert Harlander and Andrea Shindler

2511.17145
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Factorization

σ =
∑
a,b

∫ 1

0
dxa dxb fa/p(xa, µ) fb/p(xb, µ) σ̂ab + . . .
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PDFs

Mellin moments

⟨xn−1⟩(µ) =
∫

dx xn−1 fq,H(x , µ)

Non-perturbative matrix elements

⟨xn−1⟩ ⇔ ⟨H|Ô{µ1...µn}|H⟩

Twist-two operators, traceless and symmetric

Ô{µ1...µn} = Ψaγ{µ1

←→
D µ2 . . .

←→
D µn}Ψb − traces
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Projectors PDF moments

Twist-two non-singlet operators

Ô{µ1...µn} = Ψaγ{µ1

←→
D µ2 . . .

←→
D µn}Ψb − traces

first Feynman rule Projector

∼ γ{µ1(q − p)n−1
µ2...µn} P ∼ γ{µ1(∂q−∂p)n−1

µ2...µn}
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Diagrams Twist-two non-singlet

NNLO up to n = 6

Results for PDFs of Pions → Andreas’ talk
[Francis, . . . , Harlander, . . . , JK,. . . , Shindler,. . . 2025]
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Setup for the calculation

qgraf [Nogueira 1991]

tapir [Gerlach, Herren, Lang 2022]

exp [Harlander, Seidensticker, Steinhauser 1998, Seidensticker 1999]

FORM [Vermaseren 1989]

Kira [Maierhöfer, Usovitsch, Uwer 2017; Klappert, Lange, Maierhöfer, Usovitsch 2020]

FireFly [Klappert, Lange 2019], [Klappert, Klein, Lange 2020]

ftint [Harlander, Nellopoulos, Olsson, Wesle 2024]

▶ pySecDec [Borowka, Heinrich, Jahn, Jones, Kerner, Schlenk, Zirke 2017]
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Automization

Lagragian Feynman rules already implemented

Operator Feynman rules

frules
[Harlander, Geuskens (unpublished)]

Automatic implementation in the setup

prepsetup
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Conclusion

GF+SFTX method grants access to observables

Need for SFTX of higher dimensional operators

Automization of perturbative calculation
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The QCD gradient flow

QCD extended by flow time τ
[Lüscher 2010]

Bµ(τ = 0, x) = Aµ(x)

Flow equations describe τ > 0 behavior

∂τ Bµ = DνGνµ

flowed field strength tensor

Ga
µν = ∂µBa

ν − ∂νBa
µ + f abcBb

µBc
ν

Note that [τ ] = −2
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Flowed quark fields

The flow equations for the flowed quark field χ are

∂τχ = △χ− κ∂µBa
µT aχ,

∂τχ = χ
←−
△ + κχ∂µBa

µT a,

χi(τ = 0, x) = ψi(x)
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Bag parameters

Matrix elements parametrized by bag parameters

B ∼ ⟨D|Oi |D⟩
f 2
H

Decay constant fH

Zχ drops out
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Evanescent operators

Consider 1 loop diagrams of

Q1 ∼ γµPL ⊗ γµPL

∼ γµνρPL ⊗ γµνρPL

In D = 4− 2ε

E 1
Q = γµνρPL ⊗ γµνρPL − 16γµPL ⊗ γµPL = O(ε)

Operator mixing with E 1
Q

Where γµ...ν = γµ . . . γν
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Evanescent operators

E D→4= 0

Mix into the physical operators(
O
E

)
R

=
(

ZOO ZOE
ZEO ZEE

)(
O
E

)
B

Part of operator basis
ZEO includes finite terms chosen such that

ER = O(ε)
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Ratios of Twist-two operators

Flowed twist two operators

ZχOn
{µ1...µn}(τ) = ZχΨ̄aγ{µ1

←→
D µ2 . . .

←→
D µn}Ψb

Finite, but need Zχ

Instead work with ratios

R(t) = ⟨x
n⟩
⟨x⟩ (τ)

Completely finite for τ > 0
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