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Introduction 3

➤ B-meson mixing and lifetimes are measured experimentally to high precision
➥ Key observables for probing New Physics ➡ high precision in theory needed!

[Albrecht et al. ’24]

A case of interest: Heavy-Light Meson mixing and lifetimes

Lifetimes of heavy-light mesons containing 
one heavy quark Q is particularly instructive as 
there are very precise experimental estimates.  

B mesons are mesons composed of a bottom 
quark and either an up (B+), down (B0), 
strange (B0s) or charm quark (B+c) 

D mesons are mesons composed of a charm 
quark and either an up (D+), down (D0), 
strange (D0s)  

They are identified as key observables for 
probing New Physics 

Theory must match the experimental precision
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Meson Mixing 

The time evolution of the mixing is described by 
 

  

The off-diagonal elements can be expressed as 
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,

In the SM, this yields a contribution  from only 
one operator for  

ΔM
ΔQ = 2
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Q1 = (Q̄ωµ(1→ ω5)q)(Q̄ωµ(1→ ω5)q)

These interactions are inherently long 
distance  and very relevant for the D 
mesons they are negligible for B meson.

[Di Carlo, F. Erben, Hansen 2025]

3

FIG. 1: SM box diagrams contributing to neutral me-
son mixing (top). After integrating out the heavy elec-
troweak degrees of freedom, this is represented by a
point-like !Q = 2 four-quark operator (bottom).
The diagrams were produced with the help of Feyn-
Game [58, 59].

on a long history of measurements from dedicated flavor
factories as well as general-purpose collider programs.

From a theory perspective, the hadron’s decay rate is
largely dominated by the free weak decay of the heavy
quark Q, while bound-state e”ects are suppressed by the
heavy-quark mass. They can be consistently taken into
account using the heavy quark expansion (HQE) [54, 55],
which is an operator product expansion (OPE) [56, 57]
based on the hierarchy #QCD → mQ, where #QCD is the
QCD confinement scale. In the following general discus-
sion, H denotes a (neutral) heavy-light D or B meson,
i.e., the heavy quark Q is either a charm or bottom
quark, whereas the light quark q can be up, down, or
strange. Focusing on dimension-six four-quark opera-
tors, we discuss two interesting sectors of heavy quark
phenomenology: the mixing of neutral mesons with their
anti-particles (via !Q = 2 operators), and spectator ef-
fects in the decay of heavy mesons (via !Q = 0 opera-
tors).

A. Neutral Heavy Meson Mixing

For a neutral meson H (with quark content Qq̄), the
box diagrams shown in Fig. 1 induce the mixing with
its antiparticle H (with quark content Q̄q). The time
evolution of this mixing is described by

i
d

dt

(
|H(t)↑
|H(t)↑

)
=

(
M̂ ↓ i

2
$̂

) (
|H(t)↑
|H(t)↑

)
. (1)

Diagonalizing the matrices M̂ and $̂ leads to the heavy
(HH) and light (HL) mass eigenstates of the system. The
di”erences in the mass and decay rates of HH and HL are
determined by the o”-diagonal elements of the dispersive
matrix M̂ and absorptive matrix $̂, respectively,

!M = 2|M12|, !$ = 2|$12| cos ω12, (2)

where ω12 = arg(↓M12/$12). The mass di”erences !M
are well measured by experiments; in particular, af-
ter a rich history of measurements [60–107], they have
reached sub-percent level precision for Bd mesons and

sub-permille level precision for Bs mesons, while D0 mix-
ing, which occurs at much lower frequencies, is measured
with 10% level accuracy. The world averages of the mass
di”erences as determined by HFLAV [108] are

!MBd = 0.5069 ± 0.0019 ps→1,

!MBs = 17.765 ± 0.006 ps→1,

!MD0 = 9.4 ± 1.1 ns→1.

(3)

Theoretically, the o”-diagonal elements M12 and $12

in Eq. (2) can be expressed as

2MH

(
M12 ↓ i

2
$12

)
= ↔H|H!Q=2

e” |H↑ (4)

+
∑

n

↔H|H!Q=1
e” |n↑↔n|H!Q=1

e” |H↑
MH ↓ En + iε

,

where MH refers to the average mass of the meson H, and
H!Q=1

e” , H!Q=2
e” denote weak e”ective Hamiltonians con-

sisting of !Q = 1 and !Q = 2 operators. The sum over
n represents all possible states which the meson H can de-
cay into. While the first term only contributes to M̂ , the
second term contributes to both M̂ and $̂ in Eq. (4). The
interactions incorporated in the second term are inher-
ently long distance, and their proper calculation presents
a significant challenge (for an overview in the context of
D mesons, see Ref. [109], and for a proposed strategy
to tackle this problem with lattice QCD, see Ref. [110]).
For the mass di”erences !M of B mesons, these long-
distance e”ects are negligible [109, 111], however they are
in fact the dominant contribution for D mesons. It also
follows that these long-distance interactions generate the
decay-rate di”erence !$ for all heavy mesons.

Nevertheless, in the context of !M , our focus in this
paper is on the !Q = 2 e”ective Hamiltonian. Its ma-
trix elements are formed from short-distance operators
inserted between clearly-defined meson states which are
well suited to be extracted on the lattice. In the SM, this
Hamiltonian yields a contribution from a single !Q = 2
operator,3 namely

Q1 = (Q̄ϑµ(1 ↓ ϑ5)q)(Q̄ϑµ(1 ↓ ϑ5)q), (5)

whose Wilson coe%cient is known to NLO [112, 113].
First estimates of the matrix element of this operator
used the vacuum insertion approximation (VIA), which
assumes that the matrix element of any four-quark oper-
ator is saturated by the intermediary vacuum state be-
tween two quark bilinears, i.e.

↔H|O|H↑ VIA

= ↔H|Q̄iCij$1q
j |0↑ · ↔0|Q̄kCkl$2q

l|H↑, (6)

3
The SM prediction of !” inherits two more four-quark operators

of the !Q = 2 Hamiltonian by applying the HQE to the long-

distance term [111].
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  operator basisΔQ = 2

Mass difference of neutral mesons  governed by  four-quark operators
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!Mq (q = d, s) ΔQ = 2

In the SM, only  contributes to 
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Qq
1
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!Mq (q = d, s)

In vacuum insertion approximation (VIA)       is 1 
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Bq
1
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Meson lifetimes

5

!QCD/mQ → 1,4 which expresses the decay rate as

”H = ”3 + · · · + 16ω2

[
”6

↑O6↓
m3

Q

+ ”7
↑O7↓
m4

Q

+ · · ·
]

, (17)

where, for each mass-dimension d, ”d are short-distance
coe#cients computed in perturbation theory, and ↑Od↓ ↔
↑H|Od|H↓/2MH are the matrix elements of the operators
of the $Q = 0 e%ective Hamiltonian. The free decay of
the heavy quark Q is described by the leading term ”3,
while corrections arise starting at O(1/m2

Q
), induced by

two-quark operators of mass-dimension five, contained in
the first ellipse of Eq. (17); see Ref. [188] for an overview.
The four-quark operators Od, which are of interest here,
first arise at mass-dimension six, and carry a relative
factor of 16ω2 from loop enhancement compared to the
two-quark operators. Their Wilson coe#cients ”6/7 are
known to NLO [189–195] and LO [196, 197] respectively.
In the SM, the $Q = 0 four-quark operators appearing
at mass-dimension six are5

O1 = (Q̄εµ(1 ↗ ε5)q)(q̄ε
µ(1 ↗ ε5)Q),

T1 = (Q̄εµ(1 ↗ ε5)T
Aq)(q̄εµ(1 ↗ ε5)T

AQ),

O2 = (Q̄(1 ↗ ε5)q)(q̄(1 + ε5)Q),

T2 = (Q̄(1 ↗ ε5)T
Aq)(q̄(1 + ε5)T

AQ),

(18)

where TA are the generators of SU(3) color. Feynman
diagrams illustrating the line of reasoning from the SM
description of the heavy-meson decay to the HQE for-
mulation are shown in Fig. 2. When considering abso-
lute lifetimes, however, so-called eye diagrams also con-
tribute; see Fig. 3. On the lattice, their signal-to-noise
ratio is notoriously challenging. In addition, the calcu-
lation of absolute lifetimes involves contributions from
lower-dimensional operators, indicated by the right dia-
gram in Fig. 3, implying power divergences on the lat-
tice. They also require significantly increased e%orts on
the perturbative side due to the mixing with unphysi-
cal operators. However, both of these types of contri-
butions cancel when considering lifetime ratios in the
limit of isospin (or SU(3)F) symmetry; see e.g. Ref. [49].
Furthermore, the bag parameters contributing to abso-
lute lifetimes have been computed in HQET within the
sum-rule framework of Refs. [198, 199]. In those studies,
the eye-diagram contributions in HQET were found to be
O(0.2%), and we assume that their magnitude does not
change significantly when going from HQET to full QCD.
For the sake of this first study, we will therefore focus on
the assumption of SU(3)F symmetry, thus avoiding the
associated technical problems. Nevertheless, our method
should be applicable also for absolute lifetimes, as we will
discuss in more detail below.

4
The question of suitability of the HQE for a charm quark is

challenging and remains open; see e.g. Ref. [187].
5

The dimension-seven four-quark operators have yet to be studied

beyond the VIA and are beyond the scope of this work.

FIG. 2: Imaginary part of a $Q = 0 box diagram in
the SM (top left). After integrating out the W bosons,
this is described by a double insertion of the resulting
$Q = 1 e%ective weak Hamiltonian (top right) which
can be matched to local $Q = 0 four-quark operators
of the HQE (bottom).

FIG. 3: Eye diagram (left) and contributions from
lower-dimensional operators (right). The quark q→ form-
ing the “eye” can be any light quark flavor.

Continuing with the operators of Eq. (18), in analogy
to Eq. (9), their matrix elements are parameterized in
terms of the decay constant fH , quark and hadron masses
mq, mQ, and MH , and the bag parameters BH

i
, ϑH

i
(for

i = 1, 2) describing the deviation from the VIA:

↑H|O1|H↓ = f2
H

M2
H

BH

1 ,

↑H|O2|H↓ =
M2

H

(mQ + mq)2
f2

H
M2

H
BH

2 ,

↑H|T1|H↓ = f2
H

M2
H

ϑH

1 ,

↑H|T2|H↓ =
M2

H

(mQ + mq)2
f2

H
M2

H
ϑH

2 .

(19)

The bag parameters BH

i
of the color-singlet operators

Oi share a similar notation to the $Q = 2 operators,
motivated by the similarity of the operators, while the
color-octet operators Ti have their bag parameters writ-
ten instead as ϑH

i
. A clear distinction can be understood

by comparing their values in the VIA, where

BH

i

VIA
= 1, ϑH

i

VIA
= 0. (20)

Similarly to the case of neutral meson mixing, HQET
sum rules can be applied to predict the bag parameters
of the $Q = 0 operator basis and have yielded results
for B and D meson lifetimes and lifetime ratios [49, 116,
117, 187, 198, 199]. However, as discussed above, there
are no complete determinations of these quantities from
lattice QCD.
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!H =
1

2MH

∑

n

∫

PS
(2ω)4ε(4)(pH → pn)|↑n|H

!Q=1
e” |H↓|

2
, which thanks to the optical theory 
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!H =
1

2MH

Im→H|T !Q=0|H↑.
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T
!Q=0 = i

∫
d4xT

{
H

!Q=1
e” (x)H!Q=1

e” (0)
}

were the forward scattering ampl. 5
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Continuing with the operators of Eq. (18), in analogy
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The bag parameters BH

i
of the color-singlet operators

Oi share a similar notation to the $Q = 2 operators,
motivated by the similarity of the operators, while the
color-octet operators Ti have their bag parameters writ-
ten instead as ϑH

i
. A clear distinction can be understood

by comparing their values in the VIA, where

BH

i

VIA
= 1, ϑH

i

VIA
= 0. (20)

Similarly to the case of neutral meson mixing, HQET
sum rules can be applied to predict the bag parameters
of the $Q = 0 operator basis and have yielded results
for B and D meson lifetimes and lifetime ratios [49, 116,
117, 187, 198, 199]. However, as discussed above, there
are no complete determinations of these quantities from
lattice QCD.
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factor of 16ω2 from loop enhancement compared to the
two-quark operators. Their Wilson coe#cients ”6/7 are
known to NLO [189–195] and LO [196, 197] respectively.
In the SM, the $Q = 0 four-quark operators appearing
at mass-dimension six are5

O1 = (Q̄εµ(1 ↗ ε5)q)(q̄ε
µ(1 ↗ ε5)Q),

T1 = (Q̄εµ(1 ↗ ε5)T
Aq)(q̄εµ(1 ↗ ε5)T

AQ),

O2 = (Q̄(1 ↗ ε5)q)(q̄(1 + ε5)Q),

T2 = (Q̄(1 ↗ ε5)T
Aq)(q̄(1 + ε5)T

AQ),

(18)

where TA are the generators of SU(3) color. Feynman
diagrams illustrating the line of reasoning from the SM
description of the heavy-meson decay to the HQE for-
mulation are shown in Fig. 2. When considering abso-
lute lifetimes, however, so-called eye diagrams also con-
tribute; see Fig. 3. On the lattice, their signal-to-noise
ratio is notoriously challenging. In addition, the calcu-
lation of absolute lifetimes involves contributions from
lower-dimensional operators, indicated by the right dia-
gram in Fig. 3, implying power divergences on the lat-
tice. They also require significantly increased e%orts on
the perturbative side due to the mixing with unphysi-
cal operators. However, both of these types of contri-
butions cancel when considering lifetime ratios in the
limit of isospin (or SU(3)F) symmetry; see e.g. Ref. [49].
Furthermore, the bag parameters contributing to abso-
lute lifetimes have been computed in HQET within the
sum-rule framework of Refs. [198, 199]. In those studies,
the eye-diagram contributions in HQET were found to be
O(0.2%), and we assume that their magnitude does not
change significantly when going from HQET to full QCD.
For the sake of this first study, we will therefore focus on
the assumption of SU(3)F symmetry, thus avoiding the
associated technical problems. Nevertheless, our method
should be applicable also for absolute lifetimes, as we will
discuss in more detail below.

4
The question of suitability of the HQE for a charm quark is

challenging and remains open; see e.g. Ref. [187].
5

The dimension-seven four-quark operators have yet to be studied

beyond the VIA and are beyond the scope of this work.

FIG. 2: Imaginary part of a $Q = 0 box diagram in
the SM (top left). After integrating out the W bosons,
this is described by a double insertion of the resulting
$Q = 1 e%ective weak Hamiltonian (top right) which
can be matched to local $Q = 0 four-quark operators
of the HQE (bottom).

FIG. 3: Eye diagram (left) and contributions from
lower-dimensional operators (right). The quark q→ form-
ing the “eye” can be any light quark flavor.

Continuing with the operators of Eq. (18), in analogy
to Eq. (9), their matrix elements are parameterized in
terms of the decay constant fH , quark and hadron masses
mq, mQ, and MH , and the bag parameters BH

i
, ϑH

i
(for

i = 1, 2) describing the deviation from the VIA:

↑H|O1|H↓ = f2
H

M2
H

BH

1 ,

↑H|O2|H↓ =
M2

H

(mQ + mq)2
f2

H
M2

H
BH

2 ,

↑H|T1|H↓ = f2
H

M2
H

ϑH

1 ,

↑H|T2|H↓ =
M2

H

(mQ + mq)2
f2

H
M2

H
ϑH

2 .

(19)

The bag parameters BH

i
of the color-singlet operators

Oi share a similar notation to the $Q = 2 operators,
motivated by the similarity of the operators, while the
color-octet operators Ti have their bag parameters writ-
ten instead as ϑH

i
. A clear distinction can be understood

by comparing their values in the VIA, where

BH

i

VIA
= 1, ϑH

i

VIA
= 0. (20)

Similarly to the case of neutral meson mixing, HQET
sum rules can be applied to predict the bag parameters
of the $Q = 0 operator basis and have yielded results
for B and D meson lifetimes and lifetime ratios [49, 116,
117, 187, 198, 199]. However, as discussed above, there
are no complete determinations of these quantities from
lattice QCD.

Caveat, the above is sufficient for ratio of lifetimes,  
for absolute measures one needs also:
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Meson lifetimes

For the evaluation of Heavy mesons lifetimes, the most used approach is the Heavy Quark 
Expansion. 

 

    Where  identify 2 quark operators and  4 quark ones. 
 

 are leading uncertainties for lifetimes of the B.

<latexit sha1_base64="yH4zPggLRLWEKsO0jnP6z3tKyVo="></latexit>

!H =!3 + !5
→O5↑

m2
Q

+ !6
→O6↑

m3
Q

+ · · ·+ 16ω2

[
!̃6

→O6↑

m3
Q

+ !̃7
→O7↑

m4
Q

+ · · ·

]
,

<latexit sha1_base64="drKILo1ETQgw8nurF1xCObFi+Wc="></latexit>

→Od↑
<latexit sha1_base64="XlYHVswziY3/FtrzgIyc8oxeHkE="></latexit>

→Od↑

<latexit sha1_base64="nrZPeM3R6Cj9nDfhqCgkEFg9Al4="></latexit>

→O6↑

8

→Q5↑Bd
1993/96 QCD sum rule [234,235]

2013-2023 Fit of inclusive data [236–241]

2017/18 Lattice QCD [242,243]

→Q5↑Bs
2011 Spectroscopy relations [244]

→Q5↑B 2023 Spectroscopy relations [34]

→Q6↑Bd
1994/2022 EOM relation [31,245]

2013-2023 Fit of inclusive data [236–241]

→Q6↑Bs
1994/2022 EOM relation [31,245]

2011 Sum rule [244]

→Q6↑B 2023 EOM relation [34]

→Q̃6↑Bd
2017 HQET sum rule [246]

→Q̃6↑Bs
2022 HQET sum rule [247]

→Q̃6↑ωb
1996 QCD sum rule [248]

→Q̃6↑B 2023 NRCQM [34]

→Q̃7↑ VIA

Table 4 Status of determinations of the non-perturbative
parameters for the b-hadron lifetimes. Here, B denotes the
set of b-baryons {ωb,ε0

b
,ε→

b
,ϑb}.

Fig. 6 Composition of the theoretical error in the HQE pre-
diction of ϖ (Bd) and ϖ (B+). In all pie-charts we show the
relative size of the squared theoretical error, since we add all
uncertainties in quadrature.

2.1.1 B+- and Bd-mesons

The total decay rate of the B+- and Bd-mesons is pre-
dicted to be [31]

ω (B+) =
(
0.58+0.11

→0.07

)
ps→1,

ω (Bd) =
(
0.63+0.11

→0.07

)
ps→1. (18)

Fig. 7 Composition of the theoretical error in the HQE pre-
diction of ϱ(B+)/ϱ(Bd).

The small di!erence between the central values of the
two decay rates stems mostly from the negative Pauli-
interference term contributing to ω̃6 in the B+-meson.
The weak exchange contribution to the Bd-meson is
numerically much smaller. The composition of the large
error (up to 19% of the central value) is depicted in
Fig. 6. Since we add all uncertainties in quadrature, in
all the pie-charts of this review we show the relative size
of the squared theoretical errors. As one can see from
Fig. 6, the by far dominant uncertainty in ω (B+) and
ω (Bd) is given by the renormalisation scale dependence
of the free-quark decay. Here, a first determination of ε2

s

corrections to the free quark decay, i.e. ω (2)

3
, including

a proper choice of the quark mass scheme, will improve
the situation. Uncertainties due to CKM dependence
and the value of quark masses are considerably smaller.

In the lifetime ratio ϑ(B+)/ϑ(Bd) the free quark
decay cancels, and due to isospin symmetry also all
other two-quark contributions, i.e. ω5,6,..., vanish, and
one finds therefore a much higher theory precision [31]

ϑ(B+)

ϑ(Bd)
= 1.086± 0.022 . (19)

Now the theory error is only 2%! The composition of
this error is depicted in Fig. 7, and the dominant uncer-
tainty stems from the size of the non-perturbative ma-
trix elements of four-quark operators Õ6 followed by the
renormalisation scale dependence of the Pauli interfer-
ence term. To reduce the former uncertainty first lattice
evaluations of these matrix elements will be needed, see
Ref. [233], and to reduce the second uncertainty NNLO-
QCD corrections to the Wilson coe”cient of the Pauli
interference term, i.e. ω̃ (2)

6
, are required.

2.1.2 Bs-mesons

The theory prediction for the total decay rate of the
Bs-mesons [31] is

ω (Bs) =
(
0.63+0.11

→0.07

)
ps→1. (20)
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  operator basis
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!Q = 0

For lifetimes, the dimension-6  operators are:
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Four-quark matrix elements determined in lattice QCD simulations 

 well-studied by several groups  
 

 Preliminary  for kaon mixing with gradient flow 
[Suzuki et al. ’20][Taniguchi, Lattice '19}] 
 
 

 exploratory studies from 20 years ago  

Contributions from statistically-noisy diagrams  

Mixing with lower dimension operators in 
renormalisation 

[Lin, Detmold, Meinel ’22] spectator effects in b hadrons 

Focus on lifetime ratios for both  mesons and   
baryon 

Isospin breaking,  

Position-space renormalisation + perturbative 
matching to  

Our work  

Goal is individual  matrix elements for  
mesons 

Non-perturbative gradient flow renormalisation  

Perturbative matching to  i n short-flow-time 
expansion
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B
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 operators - Lattice Sketch
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!B = 2

ω5 ω5

q

b̄

b

q̄

t0 t0 +!Tt

 

More widely studied 

No disconnected terms 

No eye diagrams

<latexit sha1_base64="PXIqg4XNziChVVOFzqNLys24LIk="></latexit>

Bq → ↑Q6↓ → B̄q

Bag parameters well-studied on the 
lattice and with QCD sum rules 

Ongoing work by RBC/UKQCD and 
JLQCD [Boyle et al '21][ sang, Lattice '23]	  

Dimension-7 matrix elements calculated 
for first time [HPQCD '19]

Matthew BlackGF Renormalisation for Mixing and Lifetimes

∆B = 2 Operators — Literature Results 73.3. Results and phenomenology 73

HPQCD'07

ETM'14

FNAL/MILC'16
GKMP'16

FLAG'19 (2)
FLAG'19 (2+1)

BQ1
s

BQ2
s

BQ3
s

BQ4
s

BQ5
s

0.6

0.8

1.0

1.2

1.4
This work

SR+matching

only SR

HPQCD’19

Figure 3.4: Comparison of Bag parameters relevant for Bs mixing.
The dark gray regions indicate the ranges spanned only
by the sum rule error whereas the light gray regions
correspond to the total uncertainties. The sum rule
value GKMP’16 corresponds to the result [54] for the
Bd system with an uncertainty of ±0.02 for the ms

e!ects added in quadrature as suggested by the authors
in [139].

parameters in the B0
s and B0

d system where a large part of the uncertainties cancel

B
s/d
Q1

(mb(mb)) = 0.987+0.007
→0.009 = (1.001 → 0.017ms

+ 0.003m
2

s

)+0.007
→0.008(SR)+0.002

→0.002(M),

B
s/d
Q2

(mb(mb)) = 1.013+0.010
→0.008 = (1.017 → 0.006ms

+ 0.002m
2

s

)+0.009
→0.008(SR)+0.002

→0.002(M),

B
s/d
Q3

(mb(mb)) = 1.108+0.068
→0.051 = (1.076 + 0.033ms

→ 0.001m
2

s

)+0.068
→0.051(SR)+0.007

→0.007(M),

B
s/d
Q4

(mb(mb)) = 0.991+0.007
→0.008 = (0.994 → 0.004ms

+ 0.001m
2

s

)+0.006
→0.008(SR)+0.002

→0.002(M),

B
s/d
Q5

(mb(mb)) = 0.979+0.010
→0.014 = (0.985 → 0.007ms

+ 0.000m
2

s

)+0.010
→0.013(SR)+0.002

→0.002(M).

(3.3.3)

The leading terms in the ms-expansion di!er from unity because we do not expand

the logarithms L!+ms

in ms/!. Compared to the absolute Bag parameters we reduce

the intrinsic sum rule error to 0.005, the condensate error to 0.002 and the uncertainty

due to power corrections to 0.002 since the respective uncertainties cancel to a large

extent in the ratios. However, we enhance the intrinsic sum rule and condensate

error estimates for the operator Q3 by a factor of five since the sum rule uncertainties

[King ’22]

➤ ∆B = 2 Bag parameters well-studied on the lattice and with QCD sum rules
➤ See also ongoing work by RBC/UKQCD and JLQCD [Boyle et al ’21] [Tsang, Lattice ’23]

➤ Dimension-7 matrix elements calculated for first time [HPQCD ’19]

[King ’22]
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 operators - Lattice Sketch
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!B = 0

ω5 ω5

q

b̄

b

q̄

t0 t0 +!Tt

 

First diagram is pretty similar to the previous case. 

“Eye” diagrams and gluons-disconnected are statistically very noisy and have not been included in any lattice 
computation so far. 

Issue of mixing with lower dimensional operators that gives rise to power divergencies. 

Only the topologies relevant for life time ratio have been studied so far.

<latexit sha1_base64="S+kyR8DycjN1oomZ9c0GXLdL4M0="></latexit>

Bq → ↑Q6↓ → Bq

ω5 ω5

q̄

Q

q̄→

Q

t0 t0 +!Tt

… + lower dimension insertions

Figure 6: Comparison of our results for the �B = 0 Bag parameters at the scale
mb(mb) to the HQET sum rule results BLLS’98 [14] and CY’98 [15], and the lattice
values of UKQCD’98 [22] and Becirevic’01 [23].

B2(µ = mb(mb)) = 0.988 +0.087

�0.079
= 0.988 +0.020

�0.020
(sum rule) +0.085

�0.077
(matching),

✏1(µ = mb(mb)) = �0.107 +0.028

�0.029
= �0.107 +0.023

�0.024
(sum rule) +0.015

�0.017
(matching),

✏2(µ = mb(mb)) = �0.033 +0.021

�0.021
= �0.033 +0.018

�0.018
(sum rule) +0.011

�0.011
(matching).(74)

The RG evolution and the perturbative matching cause larger deviations from the
VSA which, however, do not exceed 11%. In Figure 6 we compare our results to
previous ones from sum rules [14,15] and the lattice [22,23]. The results of [14,15,22]
were obtained within HQET. For the comparison we match their results to QCD
at tree level while expanding factors of Ãi/AQ(mb(mb)) in 1/mb. As discussed in
Section 4.1 this e↵ectively includes 1/mb corrections in the VSA approximation.

The Bi are in good agreement, with the exception of the value for B2 from [23],
which di↵ers from the other results and the VSA by a factor of about two. While the
other sum rule results for the ✏i agree reasonably well with ours, the lattice results
for ✏1 show significantly smaller deviations from the VSA. The similarity between

23

✁ King ’22
…our proposal is to use the gradient flow
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Strategy (for the foreseeable future)
Complete exploratory studies in simplified setup without additional extrapolations  

 simulate physical charm and strange quarks  

 test case for gradient flow renormalisation and short-flow-time expansion procedure  

Use  matrix elements for further validation of method  

 neutral charm-strange meson: proxy to short-distance  mixing (+ spectator effects) 

Pioneer  matrix element calculation for lifetime ratio 

Run full-scale simulations for B meson mixing and lifetimes  

 simulate at multiple charm-like masses to extrapolate to b  

 consider both light and strange spectators 

Tackle additional contributions for absolute lifetimes  

 Evaluate `eye' and lower dimensional insertions diagram

<latexit sha1_base64="J9whGFNB/aKMpR31sW4YTXaHt2A="></latexit>

!Q = 2
<latexit sha1_base64="MuQtwChDMPOdFsLwSv5YXObr860="></latexit>

D0
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!Q = 0
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The procedure

Matthew BlackGF Renormalisation for Mixing and Lifetimes

Matrix Elements without Gradient Flow (Schematic) 13

For a set of lattice ensembles with varying bare parameters

Calculate 2-point and 3-point correlation functions

Extract bare
Matrix Elements Lattice ➡ MS

Continuum limit

Final Result

Matthew BlackGF Renormalisation for Mixing and Lifetimes

Matrix Elements with Gradient Flow (Schematic) 14

For a set of lattice ensembles with varying bare parameters

Evolve gluon and fermion fields in flow time τ

Calculate 2-point and 3-point correlation functions
for each discrete τ

Extract GF Matrix
Elements for each τ

Continuum limit
for each τ

ζ−1
nm matrix

calculation

Final Result
at τ = 0 in MS

Traditional: Gradient flow:
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We use RBC/UKQCD's 2+1 flavour DWF + Iwasaki gauge action ensembles 

 

For strange quarks tuned to physical value,  

For heavy b quarks,  while manageable for physical c quarks instead

<latexit sha1_base64="uxT1L6wVaAIY9Vp1VdW7jC+ZMT8="></latexit>

L T a→1/GeV amsea
l amsea

s Mω/MeV srcs→Nconf

C1 24 64 1.7848 0.005 0.040 340 32→ 101
C2 24 64 1.7848 0.010 0.040 433 32→ 101

M1 32 64 2.3833 0.004 0.030 302 32→ 79
M2 32 64 2.3833 0.006 0.030 362 32→ 89
M3 32 64 2.3833 0.008 0.030 411 32→ 68

F1S 48 96 2.785 0.002144 0.02144 267 24→ 98
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amq → 1
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amq > 1

Configurations
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The procedure for  
<latexit sha1_base64="J9whGFNB/aKMpR31sW4YTXaHt2A="></latexit>

!Q = 2

Evaluate: 

 

Rescale with two-point correlation function and obtain:     

 

Find a plateaux as function of  and  at fixed  in  
a global fit. 

Combine the lattice results with the perturbative 
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The continuum limit for  an more
<latexit sha1_base64="J9whGFNB/aKMpR31sW4YTXaHt2A="></latexit>

!Q = 2

Find a plateaux as function of  and  at fixed   

Perform global fits for  and 
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!T

Perform the continuum limit 
at fixed  (in physical unit) 

Very mild continuum limit,  
however…
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The zero flow time limit: τ → 0

Identify the intercept is a “window problem”, which affects in some form every matching 
scale procedure  

We take advantage of the scale dependance of the methodology: 
 

 
 
We can impose invariance of our results under scale shift e.g. from   

We also use the flowed anomalous dimension to improve the perturbative behavior of 
our operators and limit the effects of logarithms 
 

   with    
 
so we can run any flow time at to a single reference value  
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Limits and analysis

Many scales need to be considered: 

The smearing radius must be larger of the lattice spacing of each ensembles used, but small enough not to be 
sensitive to higher dimensional operators. 

  

Scales of expected convergence of the perturbative expansion 

 

Assumption for the validity of the SFTX  

  

Our final results are obtained by performing a single global fit to  for a range of initial values of  using 
the functional form 

0.08/GeV2 ≤ τ < .035/GeV2

2 GeV ≤ μ ≤ 4 GeV

τ0 < 1/(8m2
c )

B(μ → μ0) μ
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All in one: Mixing
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Our final value is shown in black and 
accounts for 

NNLO central value and statistical 
uncertainty  (GF) 

Continuum limit systematic (CL) 

 mistuning + other systematics (OS) 

Perturbative order (PT)

Ds
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All in one: Lifetimes

Note: that these results are  

scheme dependent
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Results and Summary

Composite operators can be represented in terms of positive flowtime operators via the small 
flowtime expansion. 

We applied this methodology to the study of four-quark operators for heavy quarks 

Four-quark matrix elements are strongly-desired quantities (in particular ) 

They are very hard to study: standard renormalisation introduces mixing with operators of lower 
mass dimension 

Problem that can be overcome by the fermionic gradient flow renormalisation procedure 

We calculate  matrix elements as a test case for the short-flow-time expansion  

Preliminary studies of  matrix elements for lifetime ratio.
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