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A case of interest: Heavy-Light Meson mixing and lifetimes

Litetimes of heavy-light mesons containing
one heavy quark Q is particularly instructive as 1.02
there are very precise experimental estimates. L 06
B mesons are mesons composed of a bottom ~ 008
quark and either an up (B-), down (Bo), N
strange (Bos) or charm quark (B.c) £ 0.96
D mesons are mesons composed of a charm EE/ 0.94 - LHCb (2019, 2023)
quark and either an up (D), down (Do), CMS (2020)
strange (Dos) 0.92 - ATLAS (2020)
They are identified as key observables for 0.9 004 2003 2012 2016 2020 2094
probing New Physics
| o Year
Theory must match the experimental precision
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Meson MIXIHQ I Z ; H O Z % ; f
QN2 _
The time evolution of the mixing is described by 5 g g 0

i (o)) = (r-3) ()

The off-diagonal elements can be expressed as

In the SM, this yields a contribution AM from only
one operator for AQ = 2

Q1 = (Q’Yu(l — 75)(1)(@7#(1 — V5)q)

These interactions are inherently long
distance and very relevant for the D
mesons they are negligible for B meson.

[Di Carlo, F. Erben, Hansen 2025]
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AQ =2 operator basis

Mass difference of neutral mesons &M, (¢ = d,s) governed by AQ = 2 four-quark operators

QY (1 —v5)¢* Q° v, (1 —v5)q”, (Qf) = (H|Q}|H) = gf?z

_ _ _ 5M 2
Q1 = Q*(1 — v5)q* Q° (1 — v5)q”, (Q%) = (H|Q%|H) = ~30m, ffn E faMp B,
q
i i . M2
q9 _ N1 BANABr1 _ o’ q\ __ q - H 2 2 129
QS _Q (1 75)q Q (1 75)61 ) <Q3> — <H|Q3|H> — S(mh+mq)2fHMH837
¢ _ A a AB B q 714 - 2Mp Ll oy 9 0g
Q=@ (-0 P4’ (Qh) = (HIQUH) = | T 0| g
" q
_ _ _ IM 2
1=Q (1)’ Qe (QY) = (HIQYH) = | S 1] 2 M2 B
B q

In the SM, only @1 contributes to AMq (¢ = d. s)

In vacuum insertion approximation (VIA) B is 1
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Meson lifetimes

1 _
b= Z/PS(QW)45(4)(Z7H —p)|(nHe" ™ |H)I?, which thanks to the optical theory

1 _ . 0 . _ _
Cn =3 Im(H|T=9=°|H). were the forward scattering ampl. 7°¢= =i /d4w T{HfﬁQ o) Moy 1(0)}
Q I Q I O Vi L1
H | H H ? ; ? q H - ’ H
7 ' 7 ! : ! : .
< : < :
Caveat, the above is sufficient for ratio of lifetimes, K TQ T Lo Q@
for absolute measures one needs also: . . . .
T - o ——
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Meson lifetimes

—or the evaluation of Heavy mesons lifetimes, the most used approach is the Heavy Quark

—Xpansion.
O O . (Og) =~ (O '
e aQ - Q Qo ]
Where (Oq) identify 2 quark operators and (94) 4 quark ones.
r(B)/r(Ba)__
Q . . . . . y y \\‘ C <06> B
< (Us) are leading uncertainties for lifetimes of the B. A f e

241
CKM

W other

S — U
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AQ = 0 operator basis

—or lifetimes, the dimension-6 AQ =0 operators are:

@ DOy (1 — 45) g™ Gy (1 — )b, (Off) = (H|0f|H) = [ MEB],

@:baﬂ—%)qa 7’ (1 — )b, ol = (o my = — iy
(mq +myg)?

@ By (1 — 45) (T*) 7 @y (1 — 45) (T80, (THy = (H|TH |H) = f3 M el

@:bau—v@(T@)“ﬁq%’Y(l—%)(T“W%% @y = ) = M
(mg +myg)?

In vacuum insertion approximation (VIA) /B are 1 and € are O
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Four-quark matrix elements determined in lattice QCD simulations

A B = 2 well-studied by several groups

Preliminary AK = 2 for kaon mixing with gradient flow
[Suzuki et al. '20][Taniguchi, Lattice '19}]

A B = 0 exploratory studies from 20 years ago
¢ Contributions from statistically-noisy diagrams

¢ Mixing with lower dimension operators in
renormalisation

A. Rago, Lattice Bag Parameters, Edinburgh May 2026

[Lin, Detmold, Meinel '22] spectator effects in b hadrons

“Focus on lifetime ratios for both B mesons and s
baryon

S d
- |Isospin breaking, (B|O? — O%|B)

¢ Position-space renormalisation + perturbative
matching to MS
Our work

¢ Goal is individual AB = 0 matrix elements for B
mesons

¢ Non-perturbative gradient flow renormalisation

“ Perturbative matching to MS i n short-flow-time
expansion
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A B = 2 operators - Lattice Sketch

More widely studied
No disconnected terms

No eye diagrams

A. Rago, Lattice Bag Parameters, Edinburgh May 2026

to + AT

Bag parameters well-st

udied on the

lattice and with QCD sum rules

Ongoing work by RBC/

JKQCD and

JLQCD [Boyle et al 21

| sang, Lattice '23]

Dimension-7 matrix elements calculated

for first time [HPQCD "19]
7 e wpacoor This work
: S SR+matching
: FNAL/MILC'16
12 A GKMP'16 I only SR
- Vv FLAG9 (2) _
® FLAG'9 (2+1) _
- ¥ HPQCD'19 B
1.0 * {‘} )
0.8 = *
! [King '22]
Ba, Bo, Bs, B, 5L
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A B = 0 operators - Lattice Sketch

B, — (Qg¢) — B,

)75 First diagram is pretty similar to the previous case.

¢ "Eye” diagrams and gluons-disconnected are statistically very noisy and have not been included in any lattice
computation so far.

to t to + AT
¢ Issue of mixing with lower dimensional operators that gives rise to power divergencies.
“T Only the topologies relevant for life time ratio have been studied so far.
] ;@’\\ 2 y the topolog
V5 e N V5 i 0.1
— - 1.2 |
o |
q |
0 t GAT ' |
1.0 A : -0.0
|
0.8- E
| e BLLS'98 :
0.6 1 CY'98 i
. ' ¢ UKQCD'98 :
...our proposal is to use the gradient flow Lsdeen b
{ W This work = eKing '22 |
Bl B2 €1 €2
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Strategy (for the foreseeable future)

]
Complete exploratory studies in simplified setup without additional extrapolations

simulate physical charm and strange quarks

test case for gradient tlow renormalisation and short-flow-time expansion procedure

Use AQ = 2 matrix elements for further validation of method
neutral charm-strange meson: proxy to short-distance DY mixing (+ spectator effects)

Pioneer A& = 0 matrix element calculation for lifetime ratio

Run full-scale simulations for B meson mixing and lifetimes
simulate at multiple charm-like masses to extrapolate to b
consider both light and strange spectators

Tackle additional contributions for absolute lifetimes

Evaluate eye' and lower dimensional insertions diagram
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I'he procedure

Traditional: Gradient flow:

[For a set of lattice ensembles with varying bare parameters}

[For a set of lattice ensembles with varying bare parameters}

—_— e e——
[Evolve gluon and fermion fields in flow time 7
Calculate 2-point and 3-point correlation functions / l l l
l Calculate 2-point and 3-point correlation functions
Extract bare - for each discrete 7
. ce m
Matrix Elements Lattice= 5 l l l
Extract GF Matrix
| |' Elements for each 7
[Continuum limit } Y v v
Continuum limit ¢t matrix
l for each 7 calculation
[ Final Result J l l l Final Result
| | | at 7 =0 in MS
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Configurations

We use RBC/UKQCD's 2+1 flavour DWF + lwasaki gauge action ensembles

L T a'/GeV  ami® am$e® M, /MeV srcs X Neont
Cl 24 64 1.7848 0.005 0.040 340 32 x 101
C2 24 64 1.7848 0.010 0.040 433 32 x 101
M1 32 64 2.3833 0.004 0.030 302 32 x 79
M2 32 64 2.3833 0.006 0.030 362 32 X &89
M3 32 64  2.3833 0.008 0.030 411 32 X 68
F15 48 96 2.785 0.002144 0.02144 2067 24 x 98

For strange quarks tuned to physical value, @mq <1

For heavy b quarks, @q > 1 while manageable for physical ¢ quarks instead

QUANTUM
THEORY CENTER

SDU<

A. Rago, Lattice Bag Parameters, Edinburgh May 2026



The procedure for AQ = 2

—valuate:

3pt L <Pn’Qi’pn’>(7') —(AT—t)M,, ,—tM,, <P>2 , —AT M
Co, (1L, AT, 7) = Z AM, M, c c to<<t<<:t§—|—AT AM? (@i)(7)e

n,n’

Rescale with two-point correlation function and obtain:

(@)
5= nim? f

Find a plateaux as function of ¢t and AT at fixed 7 In
a global fit.

Combine the lattice results with the perturbative G
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o 0 8 o 8— e o 8

—e—

AT =40
F1S 7/a* = 0.5
F1S 7/a* = 1.0
F1S 7/a* =15
F1S 7/a* = 2.0
F1S 7/a* =25
F1S 7/a* = 3.0
F1S 7/a* =35
F1S 7/a* = 4.0
F1S 7/a* = 4.5
F1S 7/a* = 5.0
F1S 7/a* =55
F1S 7/a* = 6.0

0.930 -

0.960 1% 2220

0.940 -

0.920 -

0.900 -

0.880 -

0.860

10 20 30
time



The continuum limit for AQ =2 gn more

- _
7 = 0.08 GeV 2

0.880 1

Find a plateaux as function of t and AT at fixed = :

0.875 1

1.025 ~

Pertorm global fits for ¢t and AT

Perform the continuum limit
at fixed 7 (in physical unit)

Cl, g~ = 1.7848 GeV
C2, o~ = 1.7848 GeV

M1, a~! = 2.3833 GeV Very mild continuum |Im|t,

M2, a~! = 2.3833 GeV

M3, ! = 2.3833 GeV however... —0.12L5

FeH FoH A H- v e HEH

F1S, a=' = 2.785 GeV
a=20
00 01 02 03 04 05 06 07 0.8
_2 : : : : : : :
T[Gev ] 0.000 0.002 0.004 0.006 0.008 0.010 0.012

a? [fm?]

M1, a~' = 2.3833(86) GeV HH  C1, 7! = 1.7848(50) GeV
M2, o' = 2.3833(86) GeV HH C2, a ! = 1.7848(50) GeV
M3, a~! = 2.3833(86) GeV ¢ a=0

F1S, o' = 2.785(11) GeV

HH HE HE
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The zero flow time limit: 7 = (

|dentify the intercept is a “window problem”, which affects in some form every matching

scale procedure

We take advantage of the scale dependance of the methodology:

0

uQa—MzC(T, p) = —(as(p)C(r, 1),

We can impose invariance of our results under scale shitt e.g. from u =2.0 — 3.0 Gev

We also use the flowed anomalous dimension to improve the perturbative behavior of

our operators and limit the eftects of logarithms
d -~ ~ ~ d —1
% 70, Y= (T—C> G
TdT (7) =70(7) with T

so we can run any flow time at to a single reference value T — 7, = e 7£/2u”

A. Rago, Lattice Bag Parameters, Edinburgh May 2026
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C::Llﬁ By(7) for AQ

0.81 .
e B; NLO pu=2.0
0.80 - ' By NLO pu=3.0
e By NLO +RGI p=2.0-3.0
0.79 1
0.78
0.7
0.76
0.75
0.74
0.0 0 0.4 0.6 0.8 1.0
7[GeV 2]
"""" B, NLO + RGI pp =2.0— 3.0
& FRBuNLO + RGI pp =3.0—7.
| e ¢ By NLO RO 3.0
0.78 - zé_;‘--’!-
B 5@‘
P
0.7 @ e
0508’
0.76 - '
0.7:
0.74 4
0.0 0.2 0.4 0.6 0.8 1.0
7[GeV 2]
082 RG-improved BYS RGE p — o = 3.0 GeV
®® 0200 q
pos2283223353350500055001
0.80 - @0g$@0®:;g®@®®0@OQGGQGGGGQGQQ
® @
mggg:ggcgg::®®®®@®®®®®®®gggogsegggq
0.78 §g§723??fﬁﬁgggmgo@e@oc@@@@Qecoeccocu
EsmEEEEEEEEDD
oB BB Ry Em: ﬁﬁﬁﬁﬁ LR
DDEmmyg EomEmg
0.76 L T
BEEm oy
0.74 ® o) GeV LO GeV
[0) GeV [ii] O u GeV
® o) 5 GeV LO p=4.0 GeV
0.72 1 ) 0 0 GeV LO GeV
0] GeV [ ] 07—
i] O 5 GeV [ ] LO 7 —
0.70 T T
0.0 0.1 0.2 0.3 0.4




LImIits and analysis

Many scales need to be considered:

¢ The smearing radius must be larger of the lattice spacing of each ensembles used, but small enough not to be
sensitive to higher dimensional operators.

0.08/GeV* < 7 < .035/GeV*
¢ Scales of expected convergence of the perturbative expansion
2GeV < u<4GeV
¢ Assumption for the validity of the SFTX
7, < 1/(8m?)

Our final results are obtained by performing a single global fit to B(x — 1) for a range of initial values of y using
the functional form

flr,pn) =co+7 (Cgu) + Cg“) IH(MQT)) ;
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All In one: Mixing

- RG-improved BYS RGE p1 — g = 3.0 GeV Our final value is shown in black and
| , :
i | accounts for
: eepa0s02328s282222202
0801 | | 4092332009200 $5000000000000 .
—~ 288820002220 s000000§000000000000 NNLO central value and statistical
> el il g%g’f::mmﬂwf‘mmaaggmmmmcrcwmacamwmmm@u uncertainty (GF)
O T Z-licriicracme i
= }--E mlmm:“mmﬁﬁmmmm:::::::::m:'MImmmm“‘“‘II|III::|:I|:|:||:| . _ .
i 0164] ] } i =?=====,EEE“EE Continuum limit systematic (CL)
S{ 5 | ;
- 1 ' ® NLO u=25GeV T NNLO u=3.5 GeV , , _
— 074 I T NLO 30 Gev NNLO i — 40 GeV D, mistuning + other systematics (OS)
Q : ® NLO u=3.5GeV NNLO u = 4.5 GeV
0.7 I % NLO p = 4.0 GeV % NLO 7 — 0
. ) [ NLO pu =4.5 GeV NNLO 7 —= 0 .
: il NNLgu:2.5 Gev M NNLO altCL Perturbative order (PT)
: NNLO p = 3.0 GeV 9 NNLO MS
10 0.0 0.1 0.2 0.3 0.4 o
r [GeV ™Y BM5(3GeV) = 0.7673(68)qr(82)cn(37)pr(49) 0s

= 0.7673(123)
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All In one: Lifetimes

RG-improved Bf/[—s RGE p — po = 3.0 GeV RG-improved B%VI—S RGE p — pg = 3.0GeV
1.08 : I - : 1 mm?m_m-w-—_
: ! ! 0.990 7 : ! mmﬂ!‘“mmm _ MS
: 1 | : 1 o | -
- o — > 3GeV) = 0524(69 1 14 07
T l...mmmggmn“mnmnwm“?mm me 09859 : | gmo" R o 1 ( € GF CL PT OS
— : CEEEEEEEREREEREEEEL L LL LR R ~ : i g @0 _-mmﬁ"""";;mmmmmmn
> E el ; E 1 0] _EIEJIIIEJLIJ"" mmIJJIII .
8 1.04 - UE?QHEEEEEEEEEEEE TOOOD D DY CCB 0.9804 : :mmm _E‘E‘E‘;mmmmﬂ]ﬂ]m I —
> : T : e j = 1.
% 1024 i ' ' o3 09754 D omimT i )
: : I I : T B wamdd I
I : | i I : ;,%Ii]m i
: 1 : =1 —
SEPIW I ; £ 0970 : i ; S 5
ot e | neene bttt BYS(3GeV) = 0.9621(25)r(18)cn (13)pT(62)os
~— I ® NLO p=3.0GeV NNLO p = 4.0 GeV = : & NLO p=3.0GeV NNLO p = 4.0 GeV — ° A
Q osd i | ® NLOZ:3.5 GeV NNLO = 4.5 GeV Ry 0.965 1 E[] E | ® NLO pu=3.5GeV NNLO = 4.5 GeV 2
‘ : I ® NLO pu=4.0Gev ® NLOT -0 ¢ I ® NLO pu=4.0Gev ® NLOT—O0
: 1 ® NLO p=4.5GeV B NNLO7T—0 0.9604 | : 1 & NLO p=4.5GeV B NNLOT—0 -
1 : : @ NNLO p=25 GeV 0 NNLO altCL ' : : @ NNLO p=25 GeV 0 NNLO altCL — O 962 70
0967 : 1 NNLO =3.0GevV & NNLO MS 1 1 NNLO =3.0GeV & NNLO MS . L ’
. — T — 0.955 1— — T T 1
0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4
e e M5(3 GeV) 0.2275(41)cr (42)cr,(46)pr(14)
RG-improved 611\/[_8 RGE p — pg = 3.0GeV RG-improved 612\/[_8 RGE p — py = 3.0 GeV
= | = | = —0.2275(76
i I | 00067 I 008000087 . .
é | i é | Tl i
S o = L L = o] e aigll | T
S|  qaesgangaite s ] joee®’ gompnninRE - M55 GaV) = —0.0005( 3 0 7 0
: : : - | : —
° L i > eood®® . cgapanis i i 2 : GF CL PT OS
o —0.20 ! i o~ 0.0024 : | EoEEEEE" |
I ‘h 9 oo FELEEEEEEEEEEEEECEEE EEEEEEEEEEE I : o pmEEEET :
s I . HuE?EEEEEEEEEEEEEEEEEEE?EEEEEEEEEEEE 3 ¢ Lk !  — _O 0005 8
= —0.25 : $ NLO pu=25GeV T NNLO u=3.5 GeV B O-OOO‘F ] : ® NLO =25 GeV T NNLO p=3.5 GeV . .
~— ® NLO p=3.0GeV NNLO p = 4.0 GeV ~— : 1 ® NLO pu=3.0GeV NNLO p = 4.0 GeV
) [0} NLOZ:3.5 GeV NNLO p = 4.5 GeV & + : ® NLO p=3.5GeV NNLO p = 4.5 GeV
® NLO p=4.0Gev @ NLOT—0 —0.002 1 : ® NLO p=4.0CeV @ NLOT—0
-0.30 ® NLO pu=4.5GeV B NNLO7T—0 ’ : ® NLO p=4.5 GeV B NNLOT—0
M NNLO p=25GeV M NNLO altCL : | 0 NNLO p=25 GeV I NNLO altCL
NNLO 4 =3.0GeV & NNLO MS : I NNLO 1 =3.0GeV & NNLO MS
- —0.004 +— -

e e Note: that these results are

(D*)/7(D") : sum rules = 1.737+02%3, GF+SFTX = 2.344 + 0.170, experiment = 2.510 =+ 0.015 scheme dependent

T(Ds)/T(DO): sum rules = 1.157—_F8:(1)%é, GF+SFTX =1.311 4 0.042, experiment = 1.222 4 0.006 Francesco Moretti, Ulrich Nierste, Pascal Reeck, Matthias Steinhauser
arxiv: April 2026
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Results and Summary

Composite operators can be represented in terms of positive flowtime operators via the small
flowtime expansion.

We applied this methodology to the study of four-quark operators for heavy quarks
Four-quark matrix elements are strongly-desired quantities (in particular AB = 0)

They are very hard to study: standard renormalisation introduces mixing with operators of lower
mass dimension

Problem that can be overcome by the fermionic gradient flow renormalisation procedure
We calculate AQ =2 matrix elements as a test case for the short-tlow-time expansion

Preliminary studies of AQ =0 matrix elements for lifetime ratio.
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