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Non-renormalizability and Predictivity Crisis

Perturbative Quantisation:

S =
1

16πGN

∫
ddx
√
−g(R − 2Λ) Classical GR, [GN ] = −2

+

∫
ddx
√
−g

[
c1R

2 + c2RµνR
µν
]

On-shell finite←−−−−−−−−
[’t Hooft & Veltman, 1974]

+

∫
ddx
√
−g

[
cGSR

ρσ
µν R αβ

ρσ R µν
αβ + . . .

]
On-shell divergence←−−−−−−−−−−−

[Goroff & Sagnotti, 1986]

+ . . .

Infinitely many couplings =⇒ Loss of predictivity
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The Asymptotic Safety Conjecture

Conjecture: The RG flow hits a non-Gaußian fixed point (NGFP) [Weinberg, 1976]

g(µ) = GNµ
2
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Restoring Predictivity I: The Critical Surface

• UV Completion:

Require all couplings to hit the FP in the

UV.

• The Critical Surface:

Only RG trajectories lying on the purple

surface are asymptotically safe.

[Eichhorn, 2018]
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Restoring Predictivity II: Critical Exponents

Fixed Point Condition:

βi (g
∗) = 0

Stability Matrix & Exponents:

∂βi

∂gj

∣∣∣∣
g∗

vj = −θivi

• Relevant Directions: θi > 0

• Irrelevant Directions: θi < 0
[Eichhorn, 2018]

Finite relevant directions =⇒ Predictive Theory
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Could AS be Perturbative?

The Dimension 6 Truncation

S =

∫
ddx

√
g

[
R − 2Λ

16πGN

+ cGSR
ρσ

µν R αβ
ρσ R µν

αβ

]

c∗GS ∝ 10−7

[Baldazzi, Falls, Kluth, Knorr, 2023]

Polynomial Truncations

S =

∫
ddx

√
g

N∑
n=0

anR
n

[Falls, Litim, Schröder, 2019]Perturbative?
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Running of GN and Power-Law Divergences

G0 = GN + δGN︸︷︷︸
1-loop

where δGN ∼ (scale)2G 2
N

Cutoff

Scale without Symmetry

• Captures power-law effects

• Breaks symmetry

DimReg

Symmetry without Scale

• Respects symmetry

• Only log-divergencies

Goal: A definition of GN that:
Maintains symmetry & captures PLD & extends to higher orders
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PLD from DimReg

Idea: Subtracting poles in d ̸= 4 is equivalent to a mass-dependent renormalization scheme

QCD: Threshold effects in the running coupling [Kluth, 2026]

β(α) = (d − 4)α+
α2

4π

[
−22

3
CA +

4

3

nF∑
q=1

e−mq/µ

]

Gravity: Quadratic divergencies [Kluth, 2025], [Falls, Fererro, 2025]

G0 = G + A
µd−2

d − 2
G 2

Propagator of Gravity

Pµνρσ(p) =
κ2

p2

(
δµ(ρδσ)ν − 1

d − 2
δµνδρσ

)

Goal: A definition of GN that:

Maintains symmetry & captures PLD & extends to higher orders & avoids gravity in d = 2
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Gradientflow

Definition of αs

⟨E (t)⟩ = 1
4 ⟨G

a
µνG

a
µν⟩ ∝ αGF (t)

Key Properties

• UV Finiteness: Operators at t > 0 are

finite [Lüscher, Weisz, 2011]

• Internal Cutoff: e−tp2

smooth

momentum cutoff

• Symmetry: Maintains BRST/Gauge

invariance

nf = 12

[Hasenfratz, Peterson, 2024]

Applications:

• Lattice Scale Setting.

• EMT Matrix Elements.

• Parton Densities (PDFs).

• ...
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Reminder: Perturbative Gradient Flow

Evolve the gauge field Aµ(x) along an artificial flow-time t [Lüscher, 2010]:

∂tBµ(t, x) = DνGνµ, Bµ(0, x) = Aµ(x)

• Diffusion :

∂tBµ = ∂2Bµ +O(g)

• LO Solution:

B̃µ(t, p) = e−tp2

Ãµ(p) +O(g)
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Reminder: Perturbative Gradient Flow

Trick: S = SYM + Sflow

Sflow =
∫∞
0

dt
∫
ddx Lµ (∂tBµ − DνGνµ)

Propagator BB

⟨BB⟩ ∼ e−(t+s)p2

p2

Flow Line LB

⟨LB⟩ ∼ θ(t − s)e−(t−s)p2

Vertices

LBB, LBBB
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The Ricci Flow in Gravity

Evolve the metric ĝµν(t) along the Ricci flow:

∂t ĝµν = −2R̂µν , ĝµν(0, x) = gµν(x)

• Perturbative Expansion:

ĝµν = δµν + ĥµν

• LO Solution:
˜̂hµν ∼ e−tp2

h̃µν + . . .

• The Goal:

Calculate VEVs of invariant operators:〈∫
ddx

√
ĝ

〉
,

〈∫
ddx

√
ĝ R̂

〉

and define a running coupling GRF (t)
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Evolve the metric ĝµν(t) along the Ricci flow:
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• LO Solution:
˜̂hµν ∼ e−tp2

h̃µν + . . .

• The Goal:

Calculate VEVs of invariant operators:〈∫
ddx

√
ĝ

〉
,

〈∫
ddx

√
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The (d + 1)-Dimensional Formulation

The Strategy: (d + 1)-dimensional QFT

S = Sgrav + Sflow

Sflow =
∫∞
0

dt
∫
ddx L̂µν

[
∂t ĥµν + 2R̂µν

]

Propagator

⟨ĥĥ⟩ ∼ e−(t+s)p2

p2

Flow Line

⟨L̂ĥ⟩ ∼ θ(t − s)e−(t−s)p2

Flow Vertices

L̂ĥĥ, L̂ĥĥĥ, . . .
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BRST Symmetry: Gravity vs. Flow

Standard Gravity Sector

Sgrav + Sgf + Sgh

• Metric Fluctuation

s hµν = cρ∂ρgµν + gµρ∂νc
ρ + gνρ∂µc

ρ

• + ghosts

Flow Sector

Sflow + Sf,gf + Sf,gh

• Flowed Fluctuation

sĥµν = ĉρ∂ρĝµν + ĝµρ∂ν ĉ
ρ + ĝνρ∂µĉ

ρ

• Lagrange Multiplier

sL̂µν = ĉρ∂ρL̂
µν−L̂µρ∂ρĉ

ν−L̂νρ∂ρĉ
µ+L̂µν∂ρĉ

ρ

• + flowed ghosts

15



Renormalisation

The Localization of Divergences

• For t > 0, flow provides exponential damping e−tp2

• UV divergences are strictly restricted to the t = 0 boundary

1. Standard One-Loop Gravity

gµν → gµν +
GN

4π
[c1R gµν + c2Rµν ]

2. Ricci Flow Initial Condition

ĝµν(t = 0) = gµν + δĝµν

16



Computational Toolchain

qgraf

[Nogueira 1993]

tapir/exp

[Harlander et al. 1997]

[Gerlach et al. 2022]

FORM

[Vermaseren 2000]

ftint

[Harlander et al. 2025]

Kira/Firefly

[Usovitsch et al. 2017]

⊗ [Klappert et al. 2019]
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Results and Renormalization Schemes

〈∫
ddx

√
ĝ

〉MS

= −3GN

4πt

[
1 +

GN

4πt

(
5 lµt + 9 ln

4

3
+

1231

120

)]
〈∫

ddx
√

ĝ R̂

〉MS

= − 3GN

4πt2

[
1 +

GN

2πt

(
5 lµt + 9 ln

4

3
+

931

120

)]
Gauge parameter independence

Fixed Volume Scheme (FVS)

〈∫
ddx

√
ĝ

〉FVS

= −3GN

4πt

〈∫
ddx

√
ĝ R̂

〉FVS

= − 3GN

4πt2

[
1− 5GN

4πt

]
Identification µ ∝ 1/

√
t → PLD sensitivity!

lµt = ln(µ2t) + γE
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Coupling and Fixed Point

Ricci-Flow Coupling Definition

gRF(µ) ≡ −
t

3ν

〈∫
x

√
ĝ R̂

〉FVS ∣∣∣∣
t=ρ/µ2

The β-Function

βRF ≡ µ
∂

∂µ
gRF = 2gRF (1− 5νgRF)

Fixed Points:

• Gaußian: g∗
RF = 0

• Non-Gaußian: g∗
RF = 1

5ν

0.00 0.05 0.10 0.15 0.20

-0.05

0.00

0.05

0.10

0.15
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Summary & Outlook

Achievements

• Framework: Ricci flow formulated as a

(d + 1)-dimensional QFT

• Renormalization: Systematic

renormalization of flowed gravity

established

• Asymptotic Safety: Recovered via purely

perturbative methods

Future Directions:

• Operators: Including Λcc , ...

• Precision: Extending to higher loops

• SM: Including matter and gauge fields

Thank you for your attention!
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NNLO

Order Independent Operators Diagrams

LO R 1

NLO R2,R2
µν ∼ 30

NNLO R□R,Rµν□Rµν ,R3
µνρσ,R

3, . . . (10) ∼ 400

NLO

NNLO
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