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81 - SECTION ONE
Motivat:
otl1vation.
Why care about I'(71 — Xv,)?
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Motivation

[PDG, Phys. Rev. D 110 (2024)], [FLAG, Phys.Rev.D 113 (2026)]

High precision tests of the Standard Model

THE CKM-MATRIX

CKM-700

The Cabibbo-Kobayashi-Maskawa matrix elements are free

- - ©
parameters of the SM. To compare with experimental values we need @ (=)
high precision lattice calculations. < (Feosme o7, ) (=) )

LAGRANGIAN i a
K° = n=ety, } 70
g _ dL Vud Vus Vub !
Lsy C —5 (@r ez tr) vuW, Vekm | sz Vekm = | Vea Ves Vi
br Vie Vis Va a
} T
[34Cl—>348*+e++1/ej d
Processes that depend on the CKM-matrix N )
+ Taudecay 7 — Xv
4
+ Semi-leptonic decays K? — mev or D — mlv etc. (o)

+ [-decay

LOTS OF PROCESSES. ..

¢ Which one do we choose to investigate?
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Motivation

[M. Davier et al., Rev. Mod. Phys. 78, 1043], [FLAG, Phys.Rev.D 113 (2026)]

Why the T decay-rate is a prime candidate

+ only (known) lepton that can decay into hadrons

m, ~ 1.7 GeV | _ vl- ~ ALEPH
2.5 } fl ’ it__o) Ve ]
+ intermediate scale Aqcp < m, < my to test QCD running ‘ * - 2‘73['n° iR, (BT
2 f L s a
: e [ — or, , (KK i
+ enhanced BSM physics sensitivity due to O(m? /m#p) s L o g’go'},’ﬁe’;icﬁion(”” t
. . > OF parton model |
+ tests lepton universality
+ closely related to (g — 2), through the HVP
+ clean initial state

+ probes low energy QCD spectrum s (GeV?)

QCD RESONANCES
in the spin J = 1 vector channel
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Motivation

[FLAG, Phys.Rev.D 113 (2026)], [HFLAV, Phys.Rev.D 113 (2026)]

Current status of lattice determinations

L] L] L] L} I L] L] Ll L] I Ll L) L] L}
FCAG2024 red Vis Kig. N, = 24141

a 0.2233 £ 0.0005
Fed VI_,E‘ K\g- NT = 2+1+1
0.2250 + 0.0005

—— CKM unitarity & V_ &V,
0.2272 +0.0011

0.228

0.226 | H—e—ti t — X.v [OPE-1]
0.2184 + 0.0018 + 0.0010

3 —e——o © — X,v [OPE-2]
o22a4 . _ . -~ M 0.2219 + 0.0022

—e—o| T — X,V [latt-disp]
0.2240 £ 0.0018

.............................

|Vus|

—— T — X,V [latt-incl]
0.2189 + 0.0018 + 0.0007

. G H—e—H T >Kv/t—>nv
lattice results for L (0), Ny=24+1+1 0.2229 + 0.0016 + 0.0010

lattice results for fg+/fr=, N,=2+1+1
lattice results for f, (0), N,=2 + 1 —e—i
lattice results for fi+/fo+, Np=2 + 1 ‘
lattice results for Ny=2+ 1+ 1 combined f—o—i T exclusive average
lattice results for Ny=2 + 1 combined 0.2225 £ 0.0015 + 0.0008
nuclear B decay —o—i T average

2 0.2208 = 0.0013 = 0.0005

0.222 ~

0.220

T — Kv
0.2224 + 0.0016 + 0.0008

HOROAD

0.218 A

v y 8 s * L L I 1 1 L L I L L L L
0.955 0.960 0.965 0.970 0.975 0.980 TR HFLAV

|Vl V|

us

DISCREPANCIES DISCREPANCIES
Lattice results disagree (2.8 o) with experimentally measured Lattice results for semi-leptonic Kaon decays and inclusive
B-decays and CKM-unitarity. decays disagree (2 — 30)
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Outline

§1 Motivation §4 The effective electroweak Hamiltonian
Mixing pattern and discretizations

§2 The decay-rate §5 Numerical Results
How to calculate the real time quantity on the lattice
§6 Outlook
§3 |sospin-breaking corrections To-do list

Physical quark masses and QED
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The decay-rate

§2 - SECTION TWO

The decay-rate

How to calculate a real time quantity like the decay rate from lattice data
obtained in the Euclidean signature?

&

4 r'y @ PN 4 r's r'S r'N 'y 'S r'S PN PN 4 4 PN PN 'y 4
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The decay-rate 1—(!)

[ETMC, Phys.Rev.D 108 (2023)]

Old fashioned perturbation theory

TEXTBOOK DERIVATION IN THE MINKOWSKIAN

We substitute the Fermi-theory for the weak-interaction

Heff X /dgil? 7‘[(@) — /d3£1? ’&L’YudL 7_-L’Y,uVL

and proceed as usual

DECAY-RATE

1 [(Xv|T)|? 1
I'(t = Xv)= lim — =
(7= Xv) = lim 7. — (Xv|Xv)(r|r)  2m,

(7[#(0) (27m)'8" (P —pi) H(0)|7) (1 + O(G%))
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The decay-rate ]1

[ETMC, Phys.Rev.D 108 (2023)]

Transition to the Euclidean

Working backwards in Euclidean signature gives

F:L/ z (r|H(0)e " )mriPe 34 (0) )

2m.,

_ 17 / d*a (7|H(izo, z)H(0)|7)

- 2m

ANALYTIC CONTINUATION

tyv

points we
need

® @ ® @ ® ® > 1

v

points we can measure
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The decay-rate [1

[ETMC, Phys.Rev.D 108 (2023)]

Transition to the Euclidean

Working backwards in Euclidean signature gives

1 _
I‘Zz—/ z (T[H(0)e "H )z tiPr 34(0)|7)
My
1
— d*z (7|H(izg,2)H(0)|T
— o [ da (r[H (i, D) HO)
What we can measure is
C(t) = (r|H(t,0)H(0)|7)
points we
< need dF ~
= 53¢ B (71#(0) (27)8(H — E) H(0)|7)
x L[T](t)
: pO:ntS W'e cEn.measure E but the inverse Laplace transformation I ~ £71[C] is

numerically ill-posed (L~ is not continuous)
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The decay-rate [_l

[M. Hansen et al., Phys. Rev. D 99 (2019)]

Spectral reconstruction

We can turn the ill-posed problem into a merely ill-conditioned one by first smearing the §-function

SMEARING
N(e)
d(x) = (1715(1) do(x) = g_lir(l) ll_I)I(l) 2 cp(o)e ™
Expanding §(H — m.) in a basis of e—an(H-m;) gives the decay-rate as
N (e)
[(7) = lim lim 2 Z / A3z (77(0)|H (an, z)H(0)|7"(0))

In some cases the smearing radius is physical, e.g., some finite detector resolution.
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The decay-rate [—1

Computing the matrix element from lattice correlators

Our task is now to calculate the matrix element

5 Z 0)|H (¢, z)#(0)|7"(0))

Using the interpolating field of the =, this becomes a 4-point function we can measure on the lattice

4-POINT FUNCTION

04(t+)t7 O7t—) — <O‘T(t+7z_9 — Q) H(t)g) H(O) 7_-(t—71_7 — Q)|0>

\ 4 V):

11/25
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Isospin-breaking corrections

83 - SECTION THREE

Isospin-breaking

Non-degenerate quarks and QED
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Isospin-breaking corrections

[RM123 Collaboration, Phys.Rev.D 87 (2013) 11, 114505]

Ik

Strong and weak isospin-breaking

STRONG ISOSPIN-BREAKING

The mass differences m, # my of the quarks explicitly break the
SU(2) flavour symmetry.

M:(mu O) My + Mg, My — Mg
0 my

Rough estimate: {™ ~ “722 = O(1%)

FLAVOUR SYMMETRIES

massless, 2-flavour QCD has an exact SU(2); x SU(2)g symmetry

WEAK ISOSPIN-BREAKING

The different charges of the quarks ¢, # g4 imply that the SU(2)
flavour symmetry is broken by QED-effects.

¥ (ﬁ+e (2(/)3 _f/3) A) 0

Rough estimate: apyn = 33> = O(1%)

VP = PLPyr + YrPr

isospin is then the diagonal subgroup SU(2)y
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Isospin-breaking corrections
[RM123 Collaboration, Phys.Rev.D 87 (2013) 11, 114505], [M. Di Carlo et al., arXiv:2603.29016], [B. Lucini et al., JHEP 02 (2016) 076], [RC* Collaboration, Eur.Phys.J.C 80 (2020)]

QED in a finite volume

PERTURBATIVE APPROACH

The RM123-method:

ISO-QCD EXPANSION

(0) = (OVss — (AS Ol + ;((AS)20>iSO + O(a2, 6m?)

|

br br
T ) T
Vr
_> -
U U
Dr Dr Dr d Pr
T T T T
/ /
VT N VT ’
- p - - -
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Isospin-breaking corrections

]!

[RM123 Collaboration, Phys.Rev.D 87 (2013) 11, 114505], [M. Di Carlo et al., arXiv:2603.29016], [B. Lucini et al., JHEP 02 (2016) 076], [RC* Collaboration, Eur.Phys.J.C 80 (2020)]

QED in a finite volume

PERTURBATIVE APPROACH

The RM123-method:

ISO-QCD EXPANSION

(0) = (OVss — (AS Ol + ;<(AS)20>150 + O(a2, 6m?)

|

br br
T , T
Vr
_> -
U U
Dr Dr Dr d Pr
T T T T
Vr N VU ’
- p - - -

Erik Baske - Isospin-breaking corrections to I'(7 — Xv,.)

NON-PERTURBATIVE APPROACH

To allow charged states to propagate in finite volume, we use

C* BOUNDARY CONDITIONS

Y(z+L1/2) = ¢(2)° =0 ()"
Yz +L1/2) = p(a)" = ¢ (
Up(z + ﬁ1/2) = Uu(w) = Uy(z)"

L

as implemented in openQxD by the RC* collaboration for fully
dynamical QED+QCD simulations

RGO

SM parameters and gradient flow Workshop
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The effective electroweak Hamiltonian

m

84 - SECTION FOUR

The ettective electroweak
Hamiltonian

Mixing pattern with broken symmetries
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The effective electroweak Hamiltonian

5

Etfective weak theory

d
X
W Xud d ud
p’T u ) pIZ/V << M‘%V pT
T - > T > U
Pv Pv
8 Uy
HoxupyudrTryuvy +h.c.
| S N —
vy Vi
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The effective electroweak Hamiltonian [ I ] l

Mixing pattern

The effective Hamiltonian H « v“ VL mixes with...

Action Wilson u,d,T Wilson u,d
Operator Overlap T Overlap u,d,
SLSL:’L_LRdL TRVJ, .
SRSL:’L_LLCZR TRVJ, .
vIVE = 'L_LL'Y,udL TLYuVL % * *
vV = ﬂR’)’,u,dR TLYuVL % *
thTLh — URO A, TRO VI, o
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The effective electroweak Hamiltonian l I I I
[R. Frezzotti and G. C. Rossi, JHEP 08 (2004)]

Wilson averages

New goal: renormalize only certain correlators instead of the full operator

Notice that the Z, subgroup

b= Y= Py
of U(1)4 is a spurionic symmetry

$D(r,m, u)p =P D(—r,—m,p)' D=7V = TVIVE +m+ips
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The effective electroweak Hamiltonian

[R. Frezzotti and G. C. Rossi, JHEP 08 (2004)]

Wilson averages

New goal: renormalize only certain correlators instead of the full operator

Notice that the Z, subgroup

VoY Y — —Ys

of U(1)4 is a spurionic symmetry

$D(r,m, u)p =P D(—r,—m,p)' D=7V = TVIVE +m+ips

SYMMETRY st St stst vtV vV E ttTt
Zy (7) + - - = I
74 (w) + — — + +
74 (d) - + - + -
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The effective electroweak Hamiltonian

[R. Frezzotti and G. C. Rossi, JHEP 08 (2004)]

Wilson averages

New goal: renormalize only certain correlators instead of the full operator

WILSON AVERAGE

1
(VIR = (" VIR), + (0" V R)-, )
_ Z\(r7) + Z1(—77) sLSl 1 Zy(rr) + Za(—T7) sBGL 1 Z3(rr) + Z3(—r7) VIV 1 Zy(rr) + Z4(_TT),URVL 4 Zs(rr) + Zs(—r7) LpL + O(a)
2 2 2 2 2 cont
— <Z3(r7)vLVL + Z4(TT)URVL> + O(a)
cont
SYMMETRY st St st Sk vlVE vRV L thTt
Zy (7) + - - = I
74 () + = — + +
Z5(d) - + - + -
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Numerical Results

85 - SECTION FIVE

Numerical Results

Some preliminary numerical results
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Numerical Results

[K. Osterwalder and E. Seiler, Annals Phys. 110 (1978)]

W

Tuning of the 7

TUNING TO PHYSICAL TAU MASS

Using the 2-point function we extract the mass m. from the
effective mass plateau on the Ny =1+ 2 + 1 ensemble
A380a07b324 produced by the RC* collaboration

+ 64 x 32°
+ (" boundary conditions in all spatial directions

+ [ = 3.24 corresponding to a = 0.0539(2) fm

* m,~ 380MeV and m,.L ~ 3

* agy = 1/137

In a partially quenched set-up with valence fermion action
+ Osterwalder-Seiler (twisted mass)

+ at maximal twist m{j = m[,

Cr

with statistics Neng, = 200

PHYSICAL MASS INTERPOLATION

Mgt/ MeV

1840 1

1820 1

1800 1

1780 1

1760 1

1740+

17201

1700

linear fit

physical mass
Lphys = 0.5102(20)
data points

0.495

0.505 0.510 0.515

ap

0.500
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0.520

Aot

0.8

0.71

0.61

0.51

0.41

0.31

fit ames = 0.48776(78)

—4— data points

0.2 - - - - . :
0 5 10 15 20 25 30
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Numerical Results

Tuning of the 7

TUNING TO MAXIMAL TWIST

In a theory with mass term

mo + ipys0°

we can use the

PCAC MASS

oy ey 00 A, 2) P (b, )
mpcac(t —to) = 2<Zx,yP1(ta@)P1(tOvy)>

to tune to maximal twist mgr ~ mpcac =0

With the CGNE solver we get the —u solution almost for free, no exira inversions
are needed

(D'D+p®)p=n = P~ (DFipy)y

Erik Baske « Isospin-breaking corrections to I'(r — Xv,) « SM parameters and gradient flow Workshop

CRITICAL

0.008

0.006

ampCAC

0.000 1

—0.002 1

0.004

0.002 1

MASS INTERPOLATION
fit result ko = 0.121725302(23) ’i
linear interpolation 4
¢ data
0.00755 1
Q
<q
O u
A, 0.00750 A
2 ]
/ ,‘./
///
/.}-/
// . H‘
|/ _ fit amgl,, . = 0.00754364(91) $
o il —4— data points i
- - - - - 0.00740 - - - - -
0.12170  0.12175 0.12180 0.12185 0.12190 0 10 20 30 40 50 60
K t/a
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Numerical Results 1 I I [ I

The 4-point function

EXCITED STATE CONTAMINATION

GOAL PLATEAU IN ¢

|solate external = states 16
—4— data points
1.41
To leading order =
| 1.21
Cy(t-) ~ (0|7 (¢ )H(2)H(0)7(¢-)[0) o
T 1.0
= (0|7 (t ) H(t)H(0)[n) (n|7(t-)0) S
n |
Mot %0.8-
e + S
_ o _ | = 0.6
with the remaining terms coming from excited states.
Similarly, for the 7(¢. ) interpolator we have 0.4-
Cults) ~ et + —14 —12 ~10 -8 —6 —4 —2 0
4\ U+ i o oo

t_/a
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]

The 4-point function

THE MATRIX ELEMENT

. . MATRIX ELEMENT DATA
To isolate the matrix element

1019 —4— data points
> (T (0)[H(£)H(0)|7(0))
' R
We first note that = f/
S 10—23
Cy = (0|7 (t+)H () H(0)75(¢-)|0) s - /
Z |
— T —mr(t+[t-]) /7 s r —3 —
— e 7 (0)|H(t)H(0)|7°(0))u" (0)u’(0) + ... = /
;(2,%)2 (7" (0)[H(2)#(0)|7°(0))u"(0)u"(0) -
To get the right polarization sums we then consider 107 _//

MATRIX ELEMENT

tr[Calt. + [t ) Cult, 1,2 )] = S OHOHO)7(0) + ...

r
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Outlook

86 - SECTION FIVE OF FIVE

Outlook & to-do list

What we still have to do
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Outiook ﬂ ] | !

Outlook & to-do list

SPECTRAL RECONSTRUCTION CONTINUUM LIMIT INFINITE-VOLUME EXTRAPOLATION

Extract I'(t — Xv) using the HLT Perform the continuum a — 0 limit Analyse finite volume effects (more
severe for QED)

RENORMALIZATION CONSTANTS MATCHING TO THE SM GOING TO THE PHYSICAL POINT

Define suitable renormalization Run to high energies to maich to Current ensembles are far away
conditions and measure the perturbation theory from the physical point
renormalization constants m, ~ 380 MeV > 135 MeV

Plan: use flowed probes
— Lukas Holan 11:30
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Appendix

SECTION SIX OF FIVE

Appendix

Some more details
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Appendix

Constraints from the anomalous chiral symmetry

ANOMALY IN THE MASSLESS THEORY
In the massless theory the contributions from @ # 0 sectors automatically vanish by the index theorem

Zy = / D[A e SclAl—YDy—i0Q _ Z / DA e Scldl=n qet D = / DA e %A det D = Z,
QlA]=

Since H does not mix with lower dimensional operators, the renormalization constants can be chosen to be mass independent. So we can calculate them in the
massless theory and here

Z[J] = /'D A, ¢] —SclAl—¢'DY'+JO[ '] (Y = ei*Wap P = 1/;6%'&75)

_ / D[ A, b, e~ 0QA] ¢=Sel4)-FDy+7 (p(e)Olw.5))

_ / D[A, 3, ] e~ 56 A-FD%-+(Tp(@))Ok 1]

= Z|Jp(a)]

The same symmetry constraint then holds for the (renormalized) vertex functional I'[J] = I'[Jp(«a)]. Suppose now that O transforms in some (1-dimensional) irrep
p, 0f U(1)4 and O’ in a different inequivalent irrep p, then

JZ0' = Jp,(a)Zpy(—a)O' = et J 70/
which cannot be true for all @ when ¢ # ¢'. This implies that JO' cannot appear in I'z.
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Appendix

About the polarization sums...
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Appendix

About the disconnected diagram...

doesn't contribute for kinematical reasons... can be represented by introducing a second, identical = species

in the Wilson averages....
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