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[Lüscher ’10] [Harlander, Neumann ’16] Unknown
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[Lüscher ’10; Lüscher, Weisz ‘11]

[Harlander, Lattice meets continuum slides ‘24]
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Perturbative gradient flow

Possible at 4-loop?

~ 5.500 Diagrams 

~ 500.000 Integrals

- Computational heavy

- In progress

[Lüscher ’10; Lüscher, Weisz ‘11]
Drawn with FeynGame
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Digression: ftint

Sector decomposition: 

pySecDec

[Borowka et al. ‘17]

Numerical integration:

pySecDec/Disteval

[Borowka et al. ‘17]

[Harlander, Nellopoulos, Olsson, Wesle ’24]
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Perturbative gradient flow

- 𝐹𝜇𝜈 is linear in 𝐵𝜇

- No flow-vertices 

No photon flow-lines

- Solution to flow-equation is exact
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QED coupling in the gradient flow

First example: QED₄ contr.  

→ Photon polarization function known through 𝑁4𝐿𝑂

- First 4-loop GF results

- Testing ground for QCD

[Baikov, Chetyrkin, Kühn, Sturm ‘13]

Photon polarization 

function of the unflowed

theory

Not restricted to QED 

contributions

➔QCD contr.

➔BSM contr.
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• Phenomenological relevance:

- Effective modeling of 2D materials

- Superconductors

• Conceptual relevance (“QCD-like”):

- Spontaneous chiral symmetry breaking

- Superrenormalizable 

- Strongly coupled in the IR

Lattice 

8

QED in (2+1) dimensions
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GF-coupling in QED₃

- Highly unstable in the IR!!

- 𝛼e no viable expansion parameter 

Large−𝑛𝑓:

[Gusynin, Hams, Reenders ‘01]

- IR-softened

- Non-trivial IR fixed point

[Appelquist, Bowick, Karabali, Wijewardhana ‘86]
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Large-𝒏𝒇 expansion

LO-softened photon propagator
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Large-𝒏𝒇 expansion

with

[Gusynin, Hams, Reenders ‘01]• Polarization function is IR-softened

• Define rescaled dimensionless coupling:

• Determine analytically

For more details: [Gracey ‘18] & [Metayer, Teber ‘23] 
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Results for QED₃

ො𝛼e,∗
GF =

4

𝜋
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Results for QED₃

• Recover Infra-red fixed point in the GF 

scheme predicted by [Appelquist  et al. ‘86]

• Scheme independent critical exponent 

matches:  𝛽′( ො𝛼𝑒,∗) = 1

ො𝛼e,∗
GF =

4

𝜋
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Summary & Conclusion

• QED gradient-flow coupling can be expressed in 

terms of the unflowed theory

• Obtained 4-loop gradient-flow results in analytical 

form 

• This provides first steps toward 4-loop gradient-

flow coupling in QCD

• QED₃ as QCD-like test theory

• Studying QED₃ can offer insight into non-

perturbative QCD-like dynamics

• Reproduced known IR fixed point in the gradient-

flow scheme
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