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High Temperature QCD
Static QCD physics

3D
Effective Field Theory

Tune 3D couplings, gi(T )
MATCHING
Simulate 3D (cheap!)

Problem:
Only Perturbative matching exists (difficult to go beyond 2-loops)
Applicability of the EFT may be spoiled by the perturbative trunctation
Disentangle EFT & PT range of validity

Non-Perturbative matching required!
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System does no ’have time’ to fluctuate
Thermal fluctuations dominate

Large T

Hard modes decouple n ̸= 0
Static! mode survives n = 0

Static quantities captured by bosonic 3D
EFT

L3D =
∑
i

ci(g(T ))fi (Ai, A0)

∣∣∣∣
n=0

−→ ⟨O⟩3D = ⟨O⟩4D +O(1/T )

Broad applications: QCD thermodynamics, EWPT & Baryogenesis, BSM
Pressure, screening masses, jet
quenching, …
[Kajantie, M. Laine, Rummukainen, et al. 2001;

Caron-Huot 2009; Moore et al. 2021 …]

Properties of phase transitions (order,
critical temperature), …
[Kajantie, Rummukainen, and Shaposhnikov 1993 …]
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LEQCD = − 1

2g2E
Tr{FijFij}+ Tr

{
(DiA0)

†DiA0

}
−m2

E Tr
{
A2

0

}
+λE Tr

{
A2

0

}2

+O(1/T )
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LMQCD = − 1

2g2M
Tr{FijFij}+O(1/T )



Status of the Dimensional Reduced EFTStatus of the Dimensional Reduced EFT

6/23

1. Ideas of DR EFT
[Ginsparg 1980; Appelquist and Pisarski 1981; Arnold and Yaffe 1995; Braaten and Nieto 1995 …]

Perturbative estimates [Braaten and Nieto 1996 …]

g2T ≪ gT ≪ 2πT −→ αMS(2πT ) ≪ 1 −→ T/Tc ≳ 10 . . . 20

2. Early lattice simulations
[Karsch, Laermann, and Lutgemeier 1995; Kajantie, M. Laine, Peisa, et al. 1997 …]

EFT may describe 4D physics up to T/Tc ∼ 2 . . . 4

g2(2Tc) ∼ O(1) −→ No scale separation expected! (perturbatively)
Scale separation is parametrical numerical
n ̸= 0 Matsubara modes are heavy before the weak coupling regime

All studies rely on the perturbative matching!

gPT
E (T ),mPT

E (T ) or gPT
M (T ) to 2-loop in gMS
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Matching encodes effects from the hard scales, µ ∼ 2πT

NP effects should be irrelevant (?)

Good convergence of PT up to 2/3-loops
Confidence about validity of PT (?)

Known issues:

Difficult to go beyond 2-loop (higher dim. operators required!)
[Ghisoiu, Moller, and Schroder 2015]

IR ambiguities of scale separation
[M. Laine, Schicho, and Schröder 2018]

Answer two questions:
Validity of the perturbative matching (even at at high T )
Where do we find separation of scales? (range of validity of the EFT)
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LMQCD = − 1

2g2M
Tr{FijFij}+ . . .

3D pure gauge SU(3)
[g2M ] = 1: ΛMQCD ↔ g2M
super renormalizable

Lattice MQCD
g2M −→ ag23 = 6/β3 (does not run but has cutoff effects)
Symanzik expansion: Seff = S0 + ac1S1

S1 ∝ S0 Seff = −1 + c1ag
2
3

2g23

∫
Tr{FF}+O

(
a2
)

To O(a) cutoff effects amount to a shift in g23
Known PT O(a) improvement [D’Onofrio, Kurkela, and Moore 2014]

Zg(g3) = 1 + c1ag
2
3 +O

(
a2
)

No extra operators from the flow
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∂tBµ(x, t) = DνGνµ, Bµ(x, 0) = Aµ(x)

Leading-order solution at finite temperature

Bµ(x, t) = T
∑
n

∫
p⃗
eip·xÃµ(p)e

−tp2 , p2 = p⃗2 + (2πnT )2

drop all n ̸= 0 terms

Bi(x, t) = T

∫
p⃗
eip·xÃi(p)e

−tp⃗2 −→ ∂tBi = DjGji

Magnetic action density:

⟨Em⟩ = −1

4

〈
Ga

ijG
a
ij

〉 large T−→ g20(N
2 − 1)

2
T

∫
p⃗
e−2tp⃗2

(
p⃗2δij − pipj

)
Dji(p⃗, 0)
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Avoid using static predictions of the theory
spatial string tension – σs

screening masses – mG

Good precision + reduced systematics (avoids plateaus ...)

Matching theories at flow scale
√
8t

Exact control of the matching condition (control systematics):

1/a1/L Tµm = 1/
√
8t

Infinite volume gradient flow −→ window problem:

cutoff effects︷︸︸︷
1 ≪ L0/a ≪

√
8t/a︸ ︷︷ ︸

matching condition

FV effects︷ ︸︸ ︷
≪ L/a

Switch to a finite volume matching scheme
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Define finite volume flow scale
√
8tc = cL, c = 0.3 (tc ↔ L)

Match the magnetic action density, t2 ⟨Em(t)⟩ at tc
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Continuum matching:

g2M (T ) such that: t2c ⟨E(tc)⟩
∣∣∣∣g2M
3D

= t2c ⟨Em(tc)⟩
∣∣∣∣T ̸=0

4D
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4D continuum value: T ̸= 0, R = L/L0

Finite volume flow scale
√
8tc = cL, c = 0.3
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4D – L3 × L0

Wilson action

Setup
L0/a = L′/2a = 4, . . . , 12
T/Tc ∼ 1.5, . . . , 300
R = L/L0 = 10

GF Finite Volume LCP
[Dalla Brida and Ramos 2019]

{β, L′/a} −→ g2GF,m(β, L′) = #
TL improved
NP β-function GF scheme
Precise tuning

3D – L3

Wilson action
Zg for O(a) improvement

L/a = 64, . . . , 160

Twisted BC – twist 1-2 plane
TL improvement:

t2 ⟨E⟩imp =
NTBC(c)

N latt.
TBC(c, a)

t2 ⟨E⟩

Wilson/Zeuthen flow;
E-discretizations: Pl, Cl, Imp.
https://gitlab.com/guitelo96/latticegpu.jl
[A. Ramos, LatticeGPU]
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Controlled extrapolations

For now take individual continuum
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1. 4D continuum limit of t2 ⟨E(t)⟩
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m at each T

2. Tune {β3, L/a} s.t.: t2 ⟨E(t)⟩
∣∣
3D,β3

= t2 ⟨E(t)⟩
∣∣cont.
m,4D

L/a = 64, . . . , 160

3. Continuum limit of g23L: g2M
T = 6

R

(
L/a
β3

)cont.

Super-renormalizability
t2 ⟨E(t)⟩
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3D = #ag23

Good control over the 3D tuning
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= t2 ⟨E(t)⟩
∣∣cont.
spatial 4D

L/a = 64, . . . , 160

3. Continuum limit of g23L: g2M
T = 6

R

(
L/a
β3

)cont.

Result from tuning
(unimproved) β3(T,L/a)

g23 −→ g23/Zg(g3)

O(a) improvement works
Clean extrapolations in a2



3D continuum limit (PRELIMINARY)3D continuum limit (PRELIMINARY)

Results

18/23

1. 4D continuum limit of t2 ⟨E(t)⟩
∣∣
m at each T

2. Tune {β3 = 6/g23, L/a} s.t.: t2 ⟨E(t)⟩
∣∣
3D

= t2 ⟨E(t)⟩
∣∣cont.
spatial 4D

L/a = 64, . . . , 160

3. Continuum limit of g23L: g2M
T = 6

R

(
L/a
β3

)cont.

Result from tuning
(unimproved) β3(T,L/a)

g23 −→ g23/Zg(g3)

O(a) improvement works
Clean extrapolations in a2



Matching results (PRELIMINARY)Matching results (PRELIMINARY)

Results

19/23

Current results
Precision limited by 4D cont. limit
∼ 0.3% – systematics not fully
addressed yet

Comparison with PT:
Below ∼ 1% ≳ 100Tc

∼ 7% (2Tc), ∼ 4% (4Tc)
Small NP effects in the matching

Fit w/ perturbative parametrization

g2M = g2E

(
1 + c1K + c2K

2 +O
(
K3

))
K = 3g2E/πmE

Fix n PT coeffs. – Fit > n loops
Fit quality ∼ constant for T/Tc > 2
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√
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T
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4D

=

√
σs

g2M︸︷︷︸
3D obs.

×

matching︷︸︸︷
g2M
T

+O(1/T )

3D lattice results [Athenodorou and Teper 2017]

mG/
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σs free of O(a)

O(a) improvement mG/g
2
M ,
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2
M√
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2
M = 0.55239(43)

Use improved √
σs/g

2
M

PT result = √
σs/g

2
M × (PT matching)

Old 4D results [Boyd et al. 1996]

Finite lattice spacing
Validity of PT [Schroder and Mikko Laine 2006]

Continuum 4D results, L0/a = 8, . . . , 16
[Bala et al. 2025]

EFT seems to work ≳ 4Tc
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[Bala et al. 2025]

EFT seems to work ≳ 4Tc
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StatusStatus

4D predictions
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Non-perturbative study of dimensional-reduction needed
Difficult to improve PT
Problem overlap: applicability of EFT vs PT

First Non-Perturbative matching of MQCD
T/Tc ∼ 1.5, . . . , 300
Gradient Flow + Twisted FV – good control of lattice systematics

(3D) × (NP matching) reproduce 4D continuum results T/Tc ≳ 4

Requires the comparison for a larger range in T
Above 4Tc – statistically significant NP effects below ∼ 4%
Are higher dim. operators required below ∼ 4Tc?

Understand the reliability of the EFT & the applicability of the PT matching
Lack of 4D continuum results



Future plansFuture plans

4D predictions
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MQCD
Statistics
Study systematics: c, discretizations, L/L0

Continuum matching – control over mistuning errors
Precise computation of 4D quantities (screening masses, string tension, rc)
Matching QCD

EQCD
Working code
Tuning mE , λE?
O(a) improvement?
Phase space

Higher order operators (?)
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Matching 3D – 4DMatching 3D – 4D

25/23

4D at T ̸= 0

QCD static physics
spatial string tension – σs

screening masses – mG

…

3D EFT

L3D(gE(T ),mE(T ))

Matching:
tune gE(T ),mE(T ) or gM (T )

Matching only known perturbatively
[Giovannangeli 2006; Ghisoiu, Moller, and Schroder 2015 …]

g2E(T ) = T
(
g2 + · · ·+ n2g

8 + . . .
)

m2
E(T ) = T 2

(
n3g

2 + · · ·+ n5g
6 + . . .

)
g2M (T ) = g2E

(
1 + n6

g2E
mE

+ n7
g4E
m2

E

+ . . .

)
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Matching MQCDMatching MQCD
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4D at T ̸= 0

choose (static) dimensionless quantity, e.g. √
σs(T )/T

take continuum limit at fixed T

3D:
Compute 3D continuum limit

g2M
T

(T ) =

√
σs

T

∣∣∣∣
4D

lim
β3→∞

ag23
a
√
σs

∣∣∣∣
3D

mG, √σs – not so easy to compute
’wasting’ a prediction of the theory
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Gradient Flow matching (Infinite volume)Gradient Flow matching (Infinite volume)
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4D at T ̸= 0

Define a flow scale
√
8t∗T = c −→ t∗(T )

Magnetic action density at t > 0 (continuum limit)

t2 ⟨E(t)⟩m

∣∣∣∣
t∗

= − t2

2
⟨Tr{GijGij}⟩

3D:
for various {β3}i (inf. vol.) compute t∗/a2(g3) by

t2 ⟨E(t)⟩
∣∣∣∣t∗
3D,β3

= t2 ⟨E(t)⟩m

∣∣∣∣
t∗

(physical t∗ is the same in both theories)

g2M/T =
1

c
lim

β3→∞

(√8t∗

a

)
(ag23)

Window problem:
cutoff effects︷︸︸︷

1 ≪ L0/a ≪
√
8t∗/a︸ ︷︷ ︸

matching condition

FV effects︷ ︸︸ ︷
≪ L/a
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Scales – Finite volume matchingScales – Finite volume matching
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1/a1/L Tµ0.2µ0.3µ0.4

L = RL0 µc =
1√
8tc

=
1

cL
>

1

L

t2 ⟨E(t)⟩4D = t2 ⟨E(t)⟩3D +O
(

1√
8tT

)
+O

(
1

LT

)
= t2 ⟨E(t)⟩3D +O

(
1

cR

)
+O

(
1

R

)



Scales – Finite volume matchingScales – Finite volume matching
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Cutoff effects:

T ≪ 1

a
−→ 1 ≪ L0

a

Matching condition:

µc ≪ gT −→ 1

g
≪ cR

Here g is the 4D coupling at the scale used for the matching, µc. If c defines
an IR scale, then g will be O(1) and the condition is easier to satisfy.
Spatial volume:

1/L ≪ 1/L0 −→ R ≫ 1

Although the condition cR ≫ 1/g is stronger than R ≫ 1 in the sense of the
matching, the corrections have different coefficients.



Twisted Boundary Conditions on the latticeTwisted Boundary Conditions on the lattice
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Uµ(x+ Lν̂) = Ων(x)Uµ(x)Ω †ν (x+ µ̂)

Considering the space-independent twist matrices
Ωµ(x) = Γµ −→ ΓµΓν = ZµνΓνΓµ

The lattice Wilson action is then modified to
SWilson ∝

∑
x

∑
µ ̸=ν

(
N − Z∗

µν TrPµν(x)
)
. (1)



Tree-level norms – TBCTree-level norms – TBC
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Continuum Infinite volume norm

N4D,m
∞ =

3× 8

(16πt)2
, N4D

∞ =
1

2

N2 − 1

(8πt)D/2
(D − 1) =

3

16(πt)2
, N3D

∞ =
8

(8π)3/2

Continuum/Lattice finite volume
√
8t = cL w/ finite temperature R = L/L0

N4D
T (c,R) =

t2 ⟨E(t)⟩
g20

N3D
T (c) ≡ t3/2 ⟨E(t)⟩

g20

N4D
T (c,R, a/L) N3D

T (c, a/L)



Static QCD quantitiesStatic QCD quantities
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Spatial string tension:
extracted from the asymptotic behaviour of large spatial Wilson loops, which show
an area law behaviour even above Tc

⟨W (R,S)⟩ ∼ e−σsRS

correlator of spatial Polyakov loop



Possible Systematics (PRELIMINARY)Possible Systematics (PRELIMINARY)
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1/L Tµ0.2µ0.3µ0.4

Matching condition: µc =
1√
8tc

≪ gT −→ 1

g
≪ cR

mG(ci) = #g2M (ci) +O(1/T ) −→ mG(ci)

mG(cj)
=

g2M (ci)

g2M (cj)
= 1 +O(1/T )

Mild dependence on c

cR controls matching
Explore dependence in R
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NP vs PT (PRELIMINARY2)NP vs PT (PRELIMINARY2)
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g2M = g2E

(
1 + c1K + c2K

2 +O
(
K3

))
, K =

3g2E
πmE

,
g2M
T

= g2
(
1 + #g +O

(
g2
))

Fix n PT coeffs. – Fit > n loops
Fix c0−2, Fit 3L: χ2/χ2

exp. = 15.3
Fix c0−2, Fit (3+4)L: χ2/χ2

exp. = 2.09
Fix c0−1, Fit (2+3+4)L: χ2/χ2

exp. = 1.07

Fit quality ∼ constant for T/Tc > 2

Known coefficients:
c0 = 1, c1 = 0.00208, c2 = 0.0037

Estimated coefficients:
c3 = −0.0338(46), c4 = 0.0451(37)
c2 = 0.072(32), c3 = −0.164(57)
c4 = 0.100(24)
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4D LCP4D LCP
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Exact Matching conditionExact Matching condition
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4D:

Nm
T (c,R)

Nm
T (c,R, a/L)

t2

〈
Em(t)δ̂Q

〉
〈
δ̂Q

〉
∣∣∣∣∣∣√

8t=cL

3D:

N3D
T (c)

N3D
T (c, a/L)

t2 ⟨Em(t)⟩
∣∣∣∣√

8t=cL



Matching in the continuumMatching in the continuum

37/23



Matching with other observablesMatching with other observables
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t2 ⟨E(t)⟩ −→ g2M,E

Consider also:

W (t) = t
d
dt t

2 ⟨E(t)⟩ −→ g2M,W



3D observables3D observables
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√
σs
T

∣∣∣∣
4D

=

√
σs

g2M︸︷︷︸
3D obs.

×

matching︷︸︸︷
g2M
T

+O(1/T )

3D lattice results
[Athenodorou and Teper 2017]

mG/
√
σs free of O(a)

O(a) improvement mG/g
2
M ,

√
σs/g

2
M√

σ/g2M = 0.55239(43)

inherently non-perturbative
magnetic scale contribution only
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3D observables3D observables
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Re-analyze 4D continuum limit:

√
σs/T =

3∑
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