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High temperature 4D from 3D EFT

High Temperature QCD 3D
Static QCD physics Effective Field Theory

= Tune 3D couplings, ¢;(T)
MATCHING

= Simulate 3D (cheap!)
Problem:
= Only Perturbative matching exists (difficult to go beyond 2-loops)
= Applicability of the EFT may be spoiled by the perturbative trunctation

* Disentangle EFT & P'I" range of validity

[ Non-Perturbative matching required! ]
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Introduction
Dimensional Reduction
Perturbative matching

Matching on the lattice

Magnetostatic QCD on the lattice
Gradient flow finite volume matching

Preliminary results

NP Matching vs PT
Predicting 4D physics
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Dimensional reduction

System does no "have time’ to fluctuate

-
2 Thermal fluctuations dominate

=

T#0
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Dimensional reduction

n vYP

I Au(x) = TZ ﬁei(wnw°+ﬁf)ﬁu(wn,m, wp, = 21Tn
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Large T

Hard modes decouple n # 0
Static! mode survives n =0

eiwnzo+pT) 4 o (wn, P),

fl (wn, D) (

+p )A (wn, D)



Large T

= Hard modes decouple n # 0
Static! mode survives n =0

Lsp =Y cilg(T)) fi (A, Ao)

i

n=0

z (wnzo+p- x)A (wn’ﬁ')

Static quantities captured by bosonic

+7°) A% (wn, P)

n/p
i’ 2

— (O)sp = (O)yp +O(1/T)



n D
1 - -
i )
= — S\gi/? = ﬂTZ[AZ(wnvm ( +p )Az(%ﬁ)
T=0 90 n YP
Large T Static quantities captured by bosonic

= Hard modes decouple n # 0

= Static! mode survives n =0

L3p = Z(‘f(!](T))fz' (As, Ag) — (O)3p = (O) 4y + O(1/T)

i n=0
Broad applications: QCD thermodynamics, EWPT & Baryogenesis, BSM
Pressure, screening masses, jet -+ Properties of phase transitions (order,
quenching, ... critical temperature), ...
Kajantie, M. Laine, Rummukainen, et al. 2001; [Kajantie, Rummukainen, and Shaposhnikov 1993 ..

Caron-Huot 2009; Moore et al. 2021 ..]



QCD at nonzero T'

g°T

Ultra-soft Scales

gT

Soft Scales

27T
Hard Scales
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EQCD z
Q o

A(@), i=1,2,3 €
. . Dimensional
Adjoint Scalar Ay(T) reduétion
o . Integration over
me(T) =neTg n # 0 modes

95(T) =Tg?

QCD at nonzero T'

g*T gT 2T

Ultra-soft Scales Soft Scales Hard Scales

1 .
Lrqcp = _W Tr{F;;Fi;} + TI‘{(DZ'AQ)TDZ'AQ} - mi Tr{A%}—I-/\n Tr{A%}2
95

+O(1/T)

\



MQCD

Ai(f), i=1,2,3

Integration over
Ao

93(T) = g%,

EQCD
Ay(#), i=1,2,3
Adjoint Scalar Ay(T)

me(T) =noTyg

95(T) =Tg?

Dimensional
reduétion
Integration over
n # 0 modes

QCD at nonzero T'

g*T

Ultra-soft Scales

gT

Soft Scales

1
»CMQCD = —T Tr{FijFij} + O(I/T)

27T
Hard Scales

3
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Status of the Dimensional Reduced EFT
1. Ideas of DR EFT

[Ginsparg 1980; Appelquist and Pisarski 1981; Arnold and Yaffe 1995; Braaten and Nieto 1995 ..]

= Perturbative estimates [Braaten and Nieto 1996 ..]

GT < gl <217 —  agg2rT) <1 —T/T.210...20
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Status of the Dimensional Reduced EFT
1. Ideas of DR EFT

[Ginsparg 1980; Appelquist and Pisarski 1981; Arnold and Yaffe 1995; Braaten and Nieto 1995 ..]

= Perturbative estimates [Braaten and Nieto 1996 ..]
gl gl <ol — agg(2nT) <1 — 1T, 2 10...20

2. Early lattice simulations

[Karsch, Laermann, and Lutgemeier 1995; Kajantie, M. Laine, Peisa, et al. 1997 ..]
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< ¢g%(2T.) ~ O(1) — No scale separation expected! (perturbatively)
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Status of the Dimensional Reduced EFT
1. Ideas of DR EFT

[Ginsparg 1980; Appelquist and Pisarski 1981; Arnold and Yaffe 1995; Braaten and Nieto 1995 ..]

= Perturbative estimates [Braaten and Nieto 1996 ..

GT < gl < 2T —  ag2rT) <1 —T/T.210..

2. Early lattice simulations
[Karsch, Laermann, and Lutgemeier 1995; Kajantie, M. Laine, Peisa, et al. 1997 ..]
<= EFT may describe 4D physics up to 7'/7,. ~2.. .4
<= ¢%(2T,) ~ O(1) — No scale separation expected! (perturbatively)
Scale separation is parametrieat numerical
== n # 0 Matsubara modes are heavy before the weak coupling regime

.20

All studies rely on the perturbative matching!

ggT(T), m%T(T) or gﬁ}T(T) to 2-loop in gy

6/23



Matching encodes effects from the hard scales, pu ~ 27T
NP effects should be irrelevant (?)
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Matching encodes effects from the hard scales, pu ~ 27T
< NP effects should be irrelevant (?7)

Good convergence of PT up to 2/3-loops
# Confidence about validity of PT (?)

< Difficult to go beyond 2-loop (higher dim. operators required!)
[Ghisoiu, Moller, and Schroder 2015]
-~ IR ambiguities of scale separation

[M. Laine, Schicho, and Schréder 2018]



Is perturbation theory enough?

= Matching encodes effects from the hard scales, p ~ 27T
= NP effects should be irrelevant (?)
= Good convergence of PT up to 2/3-loops
= Confidence about validity of PT (?)
= Known issues:
=% Difficult to go beyond 2-loop (higher dim. operators required!)
[Ghisoiu, Moller, and Schroder 2015]

== IR ambiguities of scale separation

[M. Laine, Schicho, and Schréder 2018]

Answer two questions:

= Validity of the perturbative matching (even at at high T))

= Where do we find separation of scales? (range of validity of the EFT)

7/23



Matching on the lattice



Magnetostatic QCD on the Lattice

1
EMQCD = _H TI‘{Fisz'j} + ...

= 3D pure gauge SU(3)
= il = 1: Auqep + g3
= super renormalizable
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super renormalizable
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Magnetostatic QCD on the Lattice

= 3D pure gauge SU(3)

il = 1 Aven ¢ g3
super renormalizable

1
Lyqep = o Tr{F;;Fij} + ...
9

Lattice MQCD

» g3, — ag; = 6/73; (does not run but has cutoff effects)
= Symanzik expansion: S = So + 151
l + crag3 9

S1 o< Sp Setf=———5 ﬂ?r{lTIT}»—% C)((l )

2(/.'—;

To O(a) cutoff effects amount to a shift in g2

9/23



Magnetostatic QCD on the Lattice

= 3D pure gauge SU(3)

il = 1 Aven ¢ g3
* super renormalizable

1
»CMQCD = _W TI‘{FijFi]‘} + ...
IM

Lattice MQCD

» g3, — ag; = 6/73; (does not run but has cutoff effects)
= Symanzik expansion: S = So + 151
1 + ('1(/.(/;7:

2(/95

S o< Sy Setf = — /TI‘{FF} + (’)(a2)

To O(a) cutoff effects amount to a shift in g2

- Known PT O(a) imprOVement [D’Onofrio, Kurkela, and Moore 2014]

Zg(g3) =1+ clag§ + (9((12)
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3D pure gauge SU(3)

1 A o g2
Lyvgep = —=— Tr{F;;jFi;} + ... MQCD < 9y
2 super renormalizable

Lattice MQCD
g3, — ag; = 6/3; (does not run but has cutoff effects)
Symanzik expansion: Se = So + c1.51

S o< Sy Setf = — /Tr{FF} + O(aZ)
To O(a) cutoff effects amount to a shift in g3
= Known PT O(a) improvement [D’Onofrio, Kurkela, and Moore 2014]
Zg(g3) =1+ clagg + O(aQ)

== No extra operators from the flow 9/23



Gradient Flow & Dimensional reduction

0yBu(x,t) = DGy, By (z,0) = A,(x)
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0B, (z,t) = D,G,,, B, (z,0) = A,(x)

Leading-order solution at

Iy SR
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8tBM(IL’,t) = DVGVM,

Leading-order solution at
0=TY [t

drop all terms

Bi(z,t) = T/e"p'g’:fli(p)eW2

D

—tp2
)

Bu(z,0) = Au(z)

p* =2+ (2mnT)?

— ()f])), = ])/(:},
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0yBu(x,t) = DGy, By (z,0) = A,(x)

Leading-order solution at
Y AR
drop all terms

B,-(a:,t) = T/eip-xﬁi(p)etﬁz — 0:B; = D\]'G\]',f

I

Magnetic action density:

1 ~a va large T' 2N2_1 —2tp? —
(Em) = =7 (G5G) = %(2)T/f 2 (172517' —Pipj>D,y'z‘(p, 0)
p

10/23



Avoid using predictions of the theory

«* spatial string tension — o,

= screening masses — mg

Good precision + reduced systematics (avoids plateaus ...)
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Avoid using predictions of the theory
spatial string tension — o
screening masses — mg
Good precision + reduced systematics (avoids plateaus ...)

Matching theories at flow scale /8t
Exact control of the (control systematics):

~

l/L Hm = 1/a
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Avoid using predictions of the theory

spatial string tension — o

screening masses — mg
Good precision + reduced systematics (avoids plateaus ...)
Matching theories at flow scale /8t

Exact control of the (control systematics):

l/L HUm = 1/a
Infinite volume gradient flow — window problem:

cutoff effects FV effects
= -~ -
I < < L/a

~
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Avoid using predictions of the theory

spatial string tension — o

screening masses — mg
Good precision + reduced systematics (avoids plateaus ...)
Matching theories at flow scale /8t

Exact control of the (control systematics):

l/L HUm = 1/a

Infinite volume gradient flow — window problem:

cutoff effects FV effects
= -~ -
I < < L/a

Switch to a matching scheme

~

11/23



Finite volume Gradient Flow matching
= Define finite volume flow scale /3. = ¢/, ¢=0.3 (t. <> L)
<= Match the magnetic action density, t2 (E,,(t)) at t.
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Finite volume Gradient Flow matching

= Define finite volume flow scale /3. = ¢/, ¢=0.3 (t. <> L)
<= Match the magnetic action density, t2 (E,,(t)) at t.

Continuum matching;:

3D 4D
| L
2 2 i 2 70
0,(77) such that: tZ (E(t.)) = tZ (Em(te))
3D 4D
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Finite volume Gradient Flow matching

= Define finite volume flow scale /3. = ¢/, ¢=0.3 (t. <> L)
<= Match the magnetic action density, t2 (E,,(t)) at t.

3D Lattice matching

3D 3D 4D
1L
) g3.a/L T+#0
01,0/ L such that: t2(E(t.)) = 2 (Ep(te))
3D 4D
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Finite volume Gradient Flow matching

= 4D continuum value: T'# 0, R=L/Lg
-« Finite volume flow scale \/8/. = ¢/, ¢=10.3
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Finite volume Gradient Flow matching

= 4D continuum value: T'# 0, R=L/Lg
-« Finite volume flow scale /57, — ¢/, ¢=10.3
2 Finite volume LCP {8, L/a, Ly/a} (constant T')
== Continuum limit of

tz (B(te))m
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Finite volume Gradient Flow matching
= 4D continuum value: T'# 0, R=L/Lg
-« Finite volume flow scale \/8/. = ¢/, ¢=10.3
2 Finite volume LCP {8, L/a, Ly/a} (constant T')
.

Continuum limit of

tz (B(te))m

= 3D:
<= Tune {83 = 6/ag3, L/a} s.t.:

te (Eltc)) =tz (B(te))
Bs,a/L
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Finite volume Gradient Flow matching
= 4D continuum value: T'# 0, R=L/Lg
-« Finite volume flow scale \/8/. = ¢/, ¢=10.3
2 Finite volume LCP {8, L/a, Ly/a} (constant T')
.

Continuum limit of

tz (B(te))m

= 3D:
<= Tune {83 = 6/ag3, L/a} s.t.:

t2 (E(t.))

Bs.a/L

== Matching:

2
g7 1 . L .
T TR, () (a93) L« T < =

13/23




Lattice setup

 Wilson action

4D -~ L3 x Ly

14/23



Wilson action GF Finite Volume LCP

[Dalla Brida and Ramos 2019]

{ } — -(/-(%JF.m (/8’ L/) = #
== TL improved
«» NP B-function GF scheme
== Precise tuning

14/23



Wilson action GF Finite Volume LCP

Setup [Dalla Brida and Ramos 2019]
2 N
Lofa=L"/2a=4,...,12 { b 0Cr (B, L) = #
= T/T.~1.5,...,300 <+ TL improved
“+ R=1L/Ly=10 == NP S-function GF scheme

== Precise tuning
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Wilson action GF Finite Volume LCP

Setup [Dalla Brida and Ramos 2019]
2
L(]/CL:L// a:4,...,12 { }—>'(/€:F.I]](/B’L/):#
= T/T.~15,...,300 % TL improved
“+ R=1L/Ly=10 == NP S-function GF scheme
== Precise tuning
3D - L3
Wilson action L/a=64,...,160

Zg for O(a) improvement

14/23



Wilson action

Setup
Lofa=L"/2a=4,...,12
T/T, ~1.5,...,300
R=1L/Ly=10

3D
Wilson action
Zg for O(a) improvement

Twisted BC — twist 1-2 plane
TL improvement:

NtBc(c)

2
Nt () )

t2 <1;>in1p =

Lv)

GF Finite Volume LCP

[Dalla Brida and Ramos 2019]

{ }> — !]EJT?.nl ([3’

= TL improved

L)

NP S-function GF scheme

Precise tuning

Lla=64,...,

160

#
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Wilson action GF Finite Volume LCP

Setup [Dalla Brida and Ramos 2019]
2 N
Lofa=L"/2a=4,...,12 { b 0Cr (B, L) = #
= T/T.~1.5,...,300 <+ TL improved
“ R=L/Ly=10

NP S-function GF scheme
== Precise tuning

3D - L3

Wilson action L/a=64,...,160

Zg for O(a) improvement

Twisted BC — twist 1-2 plane

Wilson/Zeuthen flow;
TL improvement:

FE-discretizations: Pl, Cl, Imp.

https://gitlab.com/guitelo96/latticegpu.jl

[A. Ramos, LatticeGPU]

2 _ Nreelo)
t <E>imp N%‘aég( )t <E>

14/23



Results
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4D

11

continuum limit (PRELIMINARY)

L]
.
.
T/T, = 298.22 L]
.
.
L]
L °
® .
.
.
L °
¢ L]
[ ]
L]
L4 °
Fe . - .
¢« ¢ . °
° . ° . .
TIT, — 151 . )
0.10 0.15 0.20 0.25
a/L,

= Some on-going simulations
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4D

continuum limit (PRELIMINARY)

ute
L]
© °
w0f 7T, - 29822 °
°
.
L]
L L]
ote .
«Q °
st L]
LS e
® . ° .
. . .
. . ° b °
6 /T, — 151 ° L]
0.10 015 0.20 025
a/L,
2 _ _
P(BW),, 0 ¢ — 03, /T, =210
0.810 © pl
© d
0.805 @ imp
0.800
0.795
0.790
0.785

0.00 0.01 0.02 0.03 ) 0.04 0.05 0.06
(a/Ly)

= Some on-going simulations

= Different discretizations (Flow &
E(t)) are perfectly compatible

¢=0.3, T/T, = 298.22

.
m, imp

0.161
0.160

0.159

0.158 E I
[ 84
0.157 I i d

. .
9] © imp
0.156 ! Wilson
() Zeuthen
0.155 ;
0.00 0.01 0.02 0.03 001 0.05 0.06

(a/Ly)
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4D continuum limit (PRELIMINARY)

11

T/T, = 208.22

a/L,

Some on-going simulations

Different discretizations (Flow &
E(t)) are perfectly compatible

Mild discretization effects (IR scales)

Controlled extrapolations

EW)  e=03

m,imp

T _uL$

S 92,957,
———

3.39T
—% E Y o rY
[ 3 ® 2107
08025 | gty ; , ; ; :
.00 0.01 0.02 0.03 ) 0.04 0.05 0.06



AR Some on-going simulations
e Different discretizations (Flow &
L]
* E(t)) are perfectly compatible
e, Mild discretization effects (IR scales)
L] L]
° ° ° ° ° .
.2 . ° . Controlled extrapolations
0.10 0.15 0.20 0.25
a/L,
. oises Etjﬁ o 20822T, @
Start exploring global fits
. . 2 02130 g — » o 92.95T
(preliminary*®) g T —
0.2970 == — 28.507,
It S [ ——e R
NTBC( ) _ i _ Z An 0.440 E ST,
2B P
bty u,
(l /L( Z Bk 08100 E _ @ r ® 2107,
== TL im B, k=1 07950 L2 L n : : - —e
- p. removes 0 0.00 0.01 0.02 0.03 ) 0.04 0.05 0.06 1(‘/23



T/T, = 208.22
te o
°
.
°
L® o -
: bt ° ° °
° ° °
°
T/T, 1.51 Ld °
0.10 0.15 0.20 0.25
a/L,

Start exploring global fits
(preliminary?)

Nt (c,a) 1 _
BEm)

== TL imp. removes By

c=03

-

t(B(t

Some on-going simulations

Different discretizations (Flow &
E(t)) are perfectly compatible

Mild discretization effects (IR scales)

Controlled extrapolations

298.22 28.5 8.74 3.39 21

! 2 3 4 5 16/23



1t
10 b T/T, = 298.22
sre o
L]
L]
st L]
7t e
° L]
L] [ ] °
® . . ° : °
6 T/T, = 151 ° ®
0.10 0.15 0.20 0.25
a/L,

For now take individual continuum
limits at each T’

Some on-going simulations

Different discretizations (Flow &
E(t)) are perfectly compatible

Mild discretization effects (IR scales)

Controlled extrapolations

298.22 28.5 8.74 3.39 21

5 16/23



Tuning the 3D theory (PRELIMINARY)
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Tuning

the 3D theory (PRELIMINARY)

1
2

- Tune {3, La} st () |y, ;, = (B [
= L/a=64,...,160

3.

17/23



Tuning the 3D theory (PRELIMINARY)

% Lja=64,...,160
3.

m

2. Tune {3, L/a} s.t.: 2 (E(t)) ‘SD g, =

2 (BW) |

m,4D

= Super-renormalizability
t2(B(t)) |3 = #ag3
= Good control over the 3D tuning

0.8

0.7

0.6

0.5

0.4

0.3

0.2

z%Eu»w,c:oa

. PS 2.10T(..
; L] 4 i d
& ° * s
*
; 33974
S SN SR
* L 4 Py *
ST .
*
S ©® Lja=064
;’ A ° ® Lja—80
o ’__'%JT’ ® L/a=96
SO ,3 © Lja—120
Sl e ® L/a—160
o o-FBY
0.01 0.02 0.03 0.04 0.05
1/,
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3D continuum limit (PRELIMINARY)

cont.

3D spatial 4D

o
|

‘ o 2 . I, cont.
3. Continuum limit of g3L: "/ — % (%)

L/By ¢ =03, (T/T, = 298.22)

= Result from tuning 131
= (unimproved) S5(T, L/a) 130 ¢ +

128 }

127 o 951 Fitina }

0.00000 0.00005 0.00010 0.00015 0.00020 0.000:

2
(a/L) 18/23



3D continuum limit (PRELIMINARY)

1. i

o

L/a
B3

3. Continuum limit of g3 L: '(1;,’ = % (

P 2
m
) ) _ 2
; D

>(‘unt_

cont.

spatial 4D

1.32

= Result from tuning 131
= (unimproved) B3(T, L/a) 130
= 93— 93/ 7Zy(93) o
= O(a) improvement works 128
< Clean extrapolations in a? 127t

L/By ¢ =03, (T/T, = 298.22)

| 1
T 1 7
O Ofa) imp., g2/, {
® g3 Fitina ' }
0.00000 000005 000010 000015 _ 000020  0.000:

(a/L)
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Matching results (PRELIMINARY)

@ NP matching
——2 — loop
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@ NP matching
——2 — loop

Current results
== Precision limited by 4D cont. limit
2~ 0.3% — systematics not fully
addressed yet
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Comparison with PT:
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PO
ol | @ NP matching
: | ——2 — loop
|
sl e,
|
b 16 }
o= i
& 1.4 }
|
1.2 !
|
|
|
1.0 1
|
|
0.8 o . . 0
2 3 8 28 92 298

Fit w/ perturbative parametrization
B3 =95 (1 + o1 K 4 K7 + (’)(K"))
K = 3¢%/mmg

Fix n PT coeffs. -
Fit quality ~ constant for T'/T, > 2

Current results

== Precision limited by 4D cont. limit
2~ 0.3% — systematics not fully

addressed yet
Comparison with PT:

== Below = 1007,
o (2T.), (4T,)
«= Small NP effects in the matching
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Fix ¢y, ¢, Fit 2,3,4 — loop 9y
@ NP matching

0:3%
2 3 8 28 92 298

Fit w/ perturbative parametrization
B3 =95 (1 + o1 K 4 K7 + (’)(K"))
K = 3¢%/mmg

Fix n PT coeffs. -
Fit quality ~ constant for T'/T, > 2

Current results

== Precision limited by 4D cont. limit
2~ 0.3% — systematics not fully

addressed yet
Comparison with PT:

== Below = 1007,
o (2T.), (4T,)
«= Small NP effects in the matching
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o
sol X Fixcg, ¢y, Fit2,3,4 —loop g,
! @ NP matching
18 . ——2 — loop
|
& 1.6 !
~ |
RISEW i
|
1.2 !
|
1.0 |
|
|
0.8 K 0%
> 3 8 28 92 298

Fit w/ perturbative parametrization
B3 =g (1 +e1 K+ K2+ O(Ix"‘))
K =3¢%/mmpg

Fix n PT coeffs. —
Fit quality ~ constant for T'/T, > 2

Current results

= Precision limited by 4D cont. limit

2~ 0.3% — systematics not fully

addressed yet
Comparison with PT:

< Below 2 1007

(2TC) I (4TC)

~ Small NP effects in the matching

oy NP —2L
9/ TR
} Fixcy, ¢, Fit 2,3./1—100])gv
0.04 E
0.02 i E
2 3 8 28 92 298
/T,
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4D predictions



4D predictions — Spatial string tension (PRELIMINARY)

matching

=~

V| VT o
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matching
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T e 2, 1T T
4D Im
——

3D obs.

= Use improved /0. /¢,
= PTresult = /o./g7, x (PT matching)

3D 1attice reSultS [Athenodorou and Teper 2017]

ma//0s free of O(a)

O(a) improvement mq/g3,, \/7s/93;

V0% = 0.55239(43)

—— NP matching
——2—loop 9ar
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—— NP matching
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4D predictions — Spatial string tension (PRELIMINARY)

3D 1attice I‘esults [Athenodorou and Teper 2017]
matching

=~ .
Vos| o 93 = mqg/4/0s free of O(a)

= 5 X + . . 2 2
T |ip 93 T = O(a) improvement ma /g3, /0s/9%
SN~ = 2 _
3D obs. " V U.s’/.(]j] - 055239(43)
= Use improved /0. /¢,
‘ . 13}
= PTresult = /o./g7, x (PT matching) 1:
» 0l1d 4D results [Boyd et al. 1996] L
= Finite lattice spacing gm,
g Vahdlty Of PT [Schroder and Mikko Laine 2006] = 09}
, @ D, Ly/a—38
o —NP mg{ching
07} —2—loopyg,,
2 4 6 8 10
/T,
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4D predictions — Spatial string tension (PRELIMINARY)

matching

f/Q\
VOs _ \/O0s < 9 1
T g2 T
4D Im
——

3D obs.
 Use improved /o./¢7,
= PTresult = /o./¢g7, x (PT matching)
= Old 4D results [Boyd et al. 1996)

-+ Finite lattice spacing

e Vahdlty of PT [Schroder and Mikko Laine 2006]

= Continuum 4D results, Lo/a =8,...,16

[Bala et al. 2025]

3D 1attice I'esults [Athenodorou and Teper 2017]

ma//0s free of O(a)
O(a) improvement ma/g3;, \/7s/9%,
V0%, = 0.55239(43)

13r
121

11

T/yos

1.0

09

08l @® 4D, Ly/a =38
—— NP matching
07+ ——2—loop 9y

2 4 6 8 10
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= Use improved /0. /¢,
= PTresult = /o./g7, x (PT matching)
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== Finite lattice spacing
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. ——4D
= Continuum 4D results, Lo/a =8, ...,16 NP matching
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4D predictions — Spatial string tension (PRELIMINARY)

3D 1attice I'esults [Athenodorou and Teper 2017]

matching

=~ .
Vos| o 93, = mqg/4/0s free of O(a)

T | 0, < 7t = O(a) improvement m¢/g3;, \/Ts/93y
3D obs. = Jo./g, =0.55239(43)

 Use improved /o./¢7,
= PTresult = /o./¢g7, x (PT matching)
= Old 4D results [Boyd et al. 1996)

-+ Finite lattice spacing

e Vahdlty of PT [Schroder and Mikko Laine 2006]

. ——4D
= Continuum 4D results, Lo/a =8,...,16 NP matching
o0 0.6 — 2~ lop gy,
[Bala et al. 2025] . o =013
2 4 6 8 10
= EFT seems to work > 4T, T,
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Non-perturbative study of dimensional-reduction needed
Difficult to improve PT
Problem overlap: applicability of EFT vs PT

e e

First Non-Perturbative matching of MQCD
<= T/T.~1.5,...,300
= Gradient Flow + Twisted FV — good control of lattice systematics

(3D) x (NP matching) reproduce 4D continuum results 7'/, 2 4
Requires the comparison for a larger range in T’
Above 4T, — statistically significant NP effects below ~ 4%

G e

Understand the reliability of the EFT & the applicability of the PT matching
= Lack of 4D continuum results
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o

MQCD
Statistics
Study systematics: ¢, , L/Lg
Continuum matching — control over mistuning errors

Precise computation of 4D quantities (screening masses, string tension, r.)
Matching Q)CD

Working code
Tuning mg, Ag?
O(a) improvement?
Phase space

Higher order operators (?)
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Matching 3D — 4D

4 B

4D at T # 0

» QCD static physics

== spatial string tension — o
== screening masses — mg
s
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Matching 3D — 4D

4 A a a

4D at T #0 3D EFT

» QCD static physics Lsp(9e(T),me(T))
== spatial string tension — o

. . = Matching:
< screening masses — mg
- tune gp(7),mp(1") or g (1)
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Matching 3D — 4D

4D at T # 0 3D EFT

QCD static physics Lsp(9e(T),me(T))
== spatial string tension — o

. . = Matching:
< screening masses — mg
- tune gp(7),mp(1") or g (1)

. J

Matching only known perturbatively

[Giovannangeli 2006; Ghisoiu, Moller, and Schroder 2015 ..] 2 FE loop
2 loop
2 2 8
gp(T) =T (9" + -+ g +...) S
m2E(T):TQ(n3g2+...+TL596+...) '
2 4 10
9E g
9:(T) = g% (1+n6—+n7 =L 4. ) T -
E /e
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Matching MQCD

= 4D at T #0
= choose (static) dimensionless quantity, e.g. \/o5(T)/T
== take continuum limit at fixed T’
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= choose (static) dimensionless quantity, e.g. \/o5(T)/T
== take continuum limit at fixed T’

= 3D:
== Compute 3D continuum limit
2
. ags
lim
AD B3—00 A4/Og

3D
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Matching MQCD

= 4D at T #0
= choose (static) dimensionless quantity, e.g. \/o5(T)/T
<= take continuum limit at fixed T

~ 3D:

== Compute 3D continuum limit

2
N

g

~

(1) = Y2

2
lim 493
4D B3—00 A4/Og

T T

3D

= mgq, \/0s — not so easy to compute
= ’wasting’ a prediction of the theory
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Gradient Flow matching (Infinite volume)

= 4D at T #0
= Define a flow scale v8t*T = ¢ — t*(T)
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= Magnetic action density at ¢ > 0 (continuum limit)

2
BB, | =5 (TH{GyGy))

m
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= 4D at T #0
= Define a flow scale v8t*T = ¢ — t*(T)
= Magnetic action density at ¢ > 0 (continuum limit)

2
BB, | =5 (TH{GyGy))

m
t*

= 3D:
< for various {f3}; (inf. vol.) compute **/a”(g;) by
t2 (B(t)) =t*(E(t)) (physical t* is the same in both theories)

m
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Gradient Flow matching (Infinite volume)

= 4D at T #0
= Define a flow scale v8t*T = ¢ — t*(T)
= Magnetic action density at ¢ > 0 (continuum limit)
2
B | = =5 (Tr{Gi;Giy})
-
= 3D:
< for various {f3}; (inf. vol.) compute **/a”(g;) by
o
t2 (B(t)) =t*(E(t)),, (physical t* is the same in both theories)
3D, Bs -
1 vV 8t*
2 L 2
/T = Cﬁil_r)noo< 0 )( 93)
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Gradient Flow matching (Infinite volume)

= 4D at T #0
= Define a flow scale v8t*T = ¢ — t*(T)
= Magnetic action density at ¢ > 0 (continuum limit)
2
B | = =5 (Tr{Gi;Giy})
-
= 3D:
< for various {f3}; (inf. vol.) compute **/a”(g;) by
o
t2 (B(t)) =t*(E(t)),, (physical t* is the same in both theories)
3D, Bs -
1 vV 8t*
2 . 2
T=- lm ()
v/ - ﬁsl_r)noo 0 (ag3)
- Window problem:
cutoff effects FV effects

= P —
1< Lp/a< V8t*/a< Lja
—_———

matching condition
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;
1/
1/
/
/

L

Ho.4 H0.3

L = RL

Ho.2

2 (E(t))sp + O<\/8itT> + O(

~
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Cutoff effects:

1 L
T<=-—1<22
a a

Matching condition:
1
uc<<gT—>§<<cR

Here ¢ is the 4D coupling at the scale used for the matching, u.. If ¢ defines
an IR scale, then g will be O(1) and the condition is easier to satisfy.

Spatial volume:
1/L<1/Ly — R>1

Although the condition cR > 1/g is stronger than R > 1 in the sense of the
matching, the corrections have different coefficients.
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Twisted Boundary Conditions on the lattice
Uz + Liv) = Q(2)Up(%)Q 10 (z + 1)

Considering the space-independent twist matrices
Quz)=T, —TI.0,=2,0T,

- = = - @ =
o ) ) ) ) ®
o ) ) ) ) =0)

The lattice Wilson action is then modified to

Switson & »_ Y (N = Z, Tr Py(2)) .

T pFv
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Continuum Infinite volume norm

3x8 N4D_1N2—1 3

8
(16wt)2" ' 2 (8xt)D/2 (D-1)= 16(t)2’

(87)3/2

4D,m __ 3D _
Noo - Noo -

Continuum/Lattice finite volume /8¢ = c¢L w/ finite temperature R = L/Lg
t2(E(t)) t*2 (E(t))

9 9
N#(c, R,a/L) N(c,a/I)

NP (e, R) = NEP(c) =
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Spatial string tension:

extracted from the asymptotic behaviour of large spatial Wilson loops, which show
an area law behaviour even above T,

(W(R,S)) ~ e o:F5

correlator of spatial Polyakov loop
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1/L Ho.4 M0.3 Ho.2

/

1
Matching condition: Lhe = = L gl' — — < cR
c g
. 2 (p
ma(ci)  gy(c))
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!

~

Matching condition:

2 /g2 Tils
-(/,11.,, 190 ; (Wilson, pl)

' s

¢;=02,¢;=03
c; =02, c; =04
W, =03c;=04

1/L Ho.4 [0.3

0.0

0.1 0.2 0.3
T,/T

0.4

—

He =

1
<<gT—>§<<cR

ul€) Lo

8t,
mG(Ci) _ Iy \Gi
ma(ci)  gir(cs)

(1/T)
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!

Matching condition:

2 g2 ils
Goe/Sose (Wilson, pl)

' s

¢;=02,¢;=03
c; =02, c; =04
W, =03c;=04

1/L Ho.4 140.3

0.0

0.1 0.2 0.3
T,/T

0.4

1
He = <<gT—>§<<cR

8t

Q

ma(c)  gi(c)
= nale) gl O

Mild dependence on ¢

Explore dependence in R
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NP vs PT (PRELIMINARY?)
a.2

. ‘ 3 2
912\4:9]25<1+01K+02KZ+O(K5)), K:W% QTM=92(1+#9+0(92)>
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9ir = 97 (1 oK + ek + O(A*‘)) o
M E ! 2 ’ mmp T

Fix n PT coeffs. —

Y Pit 3L v 2 /32— — 153

" —< . exp. .

<+ Fix co_g, Fit (3+4)L: x*/xZp = 2.09

<= Fix co_1, Fit (243+4)L: x?/x2,, = 1.07
Fit quality ~ constant for T7'/T, > 2
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93 = 9% (1 + el K 4 K7 + O(A*‘)), K

Fix n PT coeffs. —

" —< . exp. .

<+ Fix co_g, Fit (3+4)L: x*/xZp = 2.09

“ Fix co_1, Fit (243+4)L: x?/x2y, = 1.07
Fit quality ~ constant for T7'/T, > 2

Fix ¢y, ¢, Fit 2,3,4 — loop 9y
@ NP matching
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. . 397 2
Gi=gb(1+ak +ar’+0(r), K- T Do (14 49+ 0(g)
Tl E

Fix ¢y, ¢, Fit 2,3,4 — loop 9y
@ NP matching

Fix n PT coeffs. —

Y Pit 3L v 2 /32— — 153

" —< . exp. .

<+ Fix co_g, Fit (3+4)L: x*/xZp = 2.09

<= Fix co_1, Fit (243+4)L: x?/x2,, = 1.07
Fit quality ~ constant for T7'/T, > 2

s o NP—2L
2 AL
9/t P

0.08

} Fixcg, ¢, Fit 2,3,4*100[)_(/‘[
0.06
0.04 E
0.02 E E
0.00 4 34/23

2 3 8 28 92 298
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93 = 9% (1 + el K 4 K7 + O(A’*‘)), K

Fix n PT coeffs. —

Y Pit 3L v 2 /32— — 153

" —< . exp. .

<+ Fix co_g, Fit (3+4)L: x*/xZp = 2.09

<= Fix co_1, Fit (243+4)L: x?/x2,, = 1.07
Fit quality ~ constant for T7'/T, > 2

2 ;o NP —2L
2 yp NE — 2L
%/t TR
0.08
} Fixcg, ¢, Fit 2,3,4*100[)_(/‘[
0.06
0.04 E
0.02 E E
0.00 E
2 3 8 28 92 298

/T,

Fix ¢y, ¢, Fit 2,3,4 — loop 9y
@ NP matching

T,
Known coefficients:

= cp =1, cg =0.00208, cy = 0.0037

Estimated coefficients:

o= y C4=
o= ) €3 =
Cq =
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4D LCP

i) = Ao/ et}
‘ ' (5a)

To define the topological charge on the lattice we use the clover discretization of the flow strength
tensor [11]:

(e=0.3). (3.8)

p=1/V/8L, VBi=cL,z0=T/2

Q= —# D o tr{ G (L 1) (8, 7)) (3.9)

measured at flow time /8t = ¢L. For the discretization of the flow equations used for @@ we will always
use the one employed for the discretization of E,,, entering the coupling definition. In addition, since
on the lattice @ is not integer-valued, we replace the Dirac §-function with:

(3.10)

0, otherwise.

. {l,iHQ\<&&
bg =

©L-=3
©L-10
12 @ L=12
L =16
LWF @ L-20
& ®L-2u
Nmo” ®L-32
L=4
T @L=®
0.4
0.2
6 8 10 12
B
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4D:

3D:

Np(R) , (En®o)

N¥(c,R,a/L) <5Q>

N7P(c)

o o)

V8t=cL
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Matching in the continuum

0.6

0.4

03

E)),,, =03

® Ljia=64

® Lja—80
® L/a=96
L/a—120
® L/a—160
—Cont.

,,,,,,,,,, — 87T,
3.39T,
v s J . 'y
[ s s 2107,
-
00 0.01 002 003 _ 004 005 006

(a/Ly)’

0.8

0.7

0.6

0.5

0.4

0.3

0.2

E(),, = 0.3

©® L/a—64
® Lja=80
® L/a=96
L/a =120
® L/a=160
—Cont.
15 2.0 2.5 3.0 3.5

37/23



.
20F O t*E(t)),c=0.2
@ W(t)c—02
1.8 * —2 — loop
o 16
A;: 14
12
10}
2 (E(t)) — g3
gMyE 0.8
2 3 8 28 92 208
/T,
Consider also: c=02

0.005 - 2 2
® (9,5~ g;‘\l.l">"/T

Lo
t

W) =t (B() — G

B~ 0.000

—0.005

2
Ag M

—0.010

~
w
®

28 92 298
T/T. 38/23



3D observables

matching
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3D observables

matching
/2\
\VOs VOs 9m
= 5 —
T |4 Im T
~—~—
3D obs.

3D lattice results

[Athenodorou and Teper 2017]

_l’_
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3D observables

\Os /O
T |l o
4D Im
~——
3D obs.

3D lattice results

[Athenodorou and Teper 2017]

matching

= mgq/\/0s free of O(a)

4.32

4.30

4.28

4.26

mg/{a

. W /T
L4 BLR T ® 1609.03873
b L) Linear Fit
'
0.00 0.02 0.04 0.06 0.08
ac
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matching

/-f)\
v Us — X ﬂ +
T |ip T

3D lattice results

[Athenodorou and Teper 2017]

mg/+/0s free of O(a)
O(a) improvement me/g3;, \/7s/94;
Vo /g3, = 0.55239(43)

= inherently non-perturbative

= magnetic scale contribution only

‘e
[
E—
/e

meg/{o

W mg/io
® 1609.03873
Linear Fit

0.1

0.5625 -

0.5600 -

0.5575

0.5550 -

0.5525

00

0.02 0.04 0.06 0.08
a’c
io/g;

® 1609.03873
/\ Ola) imp., g2/Z,

0.000

0.001 0.002 0.003
2
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Re-analyze 4D continuum limit:
3
Vos/T = Z Ang*m
n=1

2
Z Bngk
k=0

+(a/Lo)

= Take g as, e.g., gaF

Can we see the 1/T" corrections

(O)3p = (O)yp x %

40/23



Re-analyze 4D continuum limit:
3
Vos/T = Z Ang*m
n=1

2
Z Bngk
k=0

+(a/Lo)

= Take g as, e.g., gaF

Can we see the 1/T" corrections

(O)3p = (O)yp x %

40/23



Re-analyze 4D continuum limit:

—— 4D, Global fit
—— NP matching
—— 2 — loop 9y

3
VIs/T =Y Ang™
n=1

2
Z Bngk
k=0

0.6

- atz =013
2 4 6 8 10

+(a/Lo)

Take g as, e.g., gor
Can we see the 1/T corrections
1
(O)sp = (O)yp x T
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3D observables

= Re-analyze 4D continuum limit:

3
VIs/T =Y Ang™
n=1
2
+(G/L0) Z BkgwC
k=0

== Take g as, e.g., gor

= Can we see the 1/T corrections

(O)3p — (O)yp x %

1.2

0.6

——4D, Global fit
—— NP matching
—— 2 — loop 9y

8 10

—— 4D, Global fit

40/23



	Matching on the lattice
	Results
	4D predictions
	Appendix
	


