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- The topological charge

it
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What is gauge topology?

Fuv — () at spatial and temporal infinity

See 'Fof QXCM\PL& A. Smnlaq ) Lectures on @uavium QVOWDJ.JMQM]QS
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What is gauge topology?

Fuv — () at spatial and temporal infinity

described by pure gauge potential

Aﬂ({¢i}) — = iQT({ﬁbi})(aﬂQ({@}))

See 'Fof QXCM\PL& A. SM.ulaq ) Lectures on @uavium QVOWDILJVIQIM]QS
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What is gauge topology?

The map

Q:S° > SUN)

See 'Fof QXCM\PL& A. Sm:]aq ) Lectures on @uavium QVOWDILJVIQIM]QS
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What is gauge topology?

The map

Q:S° > SUN)

has the topological property degree of mapping which

See 'Fof QXCGMPL& A. Sm:]aq ) Lectures on @uavium QVOWDJ.:;MQW]QS
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What is gauge topology?

The map

Q:S° > SUN)

has the topological property degree of mapping which

 defines homotopy classes

See 'Fof QXCGMPL& A. Sm:]aq ) Lectures on @uavium QVOWDJ.:;MQW]QS
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What is gauge topology?

The map

Q:S° > SUN)

has the topological property degree of mapping which

 defines homotopy classes
* integer number classification

See “:of QXCGMPL& A. Smn]aq ) Lectures on @uavium QVOWDJ.:;MQW]QS
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What is gauge topology?

The map
Q:S° > SUN)

has the topological property degree of mapping which

 defines homotopy classes

* integer number classification

* (lassifies fields topologically according to their
behavior on the edge of the universe

See “:of QXCGMPL& A. Smn]aq ) Lectures on @uavium QVOWDJ.:;MQW]QS
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What is gauge topology? Simple example

1+1D U(1) gauge theory
Q(¢) = e

See “:of QXCGMPL& A. Smn]aq ) Lectures on @uavium QVOWDJ.:;MQW]QS
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What is gauge topology? Simple example

1+1D U(1) gauge theory
Q(¢) = ei®
ls defined up to integer phase

a(@+2x) = ¢+ 270

\ ‘
Q% Wil Pn"a‘- <

X

See “:of QXCGMPL& A. Smn]aq ) Lectures on @uavium QVOWDJ.:;MQW]QS

Sofie Martins, Smoothing properties of the gradient flow at large N 15th of May 2026 13



What is gauge topology? Simple example

1+1D U(1) gauge theory
Q(¢) = ei®
ls defined up to integer phase

a(@+2x) = ¢+ 270

\ ‘
0% Wil Pn"o: <

X

which defines a degree of mapping QO

1
_ L Ll 05, A,() = o Ll dpd,a()

See “:of QXCeWPL& A. Smn]aq ) Lectures on @uavium CLVO\NDAJMQVA]QS
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What is gauge topology? 4D SU(N)

Take the dual field tensor

- 1

F

uv = P wapl ap

See ‘Fof QXCM\PQ A. Sm:]aq ) Lectures on @uavium QVOWDJ.\\;MQN]QS
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What is gauge topology? 4D SU(N)

Take the dual field tensor

- 1

F

p T wapl ap

Winding number: Chern number/Pontryagin index

— I " 4
0=~ Jtr[FF]d e

See ‘Fof QXCdA«PL& A. Smn]aq ) Lectures on @uavium CLVOWDJ.\\;MQN]QS
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What is gauge topology? Classical solutions

8710
g2

1 ~ -
S = —Jd4xtr[F2] = —ZJd4Xt1”[(F— F)(F = F)] +

See ‘Fof QXCM\PQ A. Sm:]aq ) Lectures on @uavium QVOWDJ.\\;MQN]QS

Sofie Martins, Smoothing properties of the gradient flow at large N 15th of May 2026 17



What is gauge topology? Classical solutions

8710
g2

1 ~ -
S = —Jd4xtr[F2] = —ZJd4Xt1”[(F— F)(F = F)] +

See ‘Fof QXCM\PQ A. Sm:]aq ) Lectures on @uavium QVOWDJ.\\;MQN]QS
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What is gauge topology? Classical solutions

8710
g2

1 I ; ;
S = —Jd4xtr[F2] = —ZJd4Xt1”[(F— F)(F = F)] +

Classically solved by self-dual solutions

~y/

r=r

Turn out to be extremely localized in space and time: instantons
See '(:of QXQWPL& A, Sm:]aq ) Lectures on Quevtum CLVO\NDCL\‘}VIQW\]QS
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Finite-volume definition
No pure gauge potential at infinity

Simply use Chern number naively

|
3272

O J tr[ FF]d*x
y
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Finite-volume definition
No pure gauge potential at infinity

Simply use Chern number naively

B |
3272

O J tr[ FF]d*x
y

But: Atiyah Singer index theorem
relates the mode count of the Dirac operator to the same topological

:
cHarge Index(D) = n, —n_ = 2T,0

15th of May 2026 21
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Atiyah Singer index theorem vs. boundary conditions

n, —n
215

0 =
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Atiyah Singer index theorem vs. boundary conditions

_n+—n_ %
2= 2T, %
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Atiyah Singer index theorem vs. boundary conditions

n, —n_ %% 22

— O Q
°=or °
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Atiyah Singer index theorem vs. boundary conditions

n, —n_ %% 2

— O Q
°="or °

The problem is that at the same time the values of the topological charge are

enforced by the boundary conditions
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Atiyah Singer index theorem vs. boundary conditions
The problem is that at the same time the values of the topological charge

are enforced by the boundary conditions
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Atiyah Singer index theorem vs. boundary conditions

The problem is that at the same time the values of the topological charge

are enforced by the boundary conditions

'.Thetorus T T @

With the definition

i

)

\
a( + 2r) = @ + 2x0 :
‘
‘
[
:
0
0

..----- - e - - aop @ oa» e T o
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The torus T T @

Atiyah Singer index theorem vs. boundary conditions

The problem is that at the same time the values of the topological charge

are enforced by the boundary conditions

With the definition
a(Qp + 2r) = ¢ + 2nQ

produces integer values

i

i

\

[

[

i

‘

[

1 0

Q =—(a(0) — a(lr)) ;
2T ,

0

..----- - e - - aop @ oa» e T o

Sofie Martins, Smoothing properties of the gradient flow at large N 15th of May 2026

28



Atiyah Singer index theorem vs. boundary conditions

The problem is that at the same time the values of the topological charge

are enforced by the boundary conditions

The torus Twisted boundary conditions

With the definition With the definition

a(¢p +2r) = ¢ + 220 a(¢p +27) =P+ 270 + y

produces integer values

!

!

\

l

(

[

0

[

1 b

Q= 2—(61(0) — a(2rm)) '
& 0
g

..----- - e - - aop @ oa» e T o
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The torus ST T @ Twisted boundary conditions

Atiyah Singer index theorem vs. boundary conditions

The problem is that at the same time the values of the topological charge

are enforced by the boundary conditions

With the definition With the definition

a(¢p +2r) = ¢ + 220 a(¢p +27) =P+ 270 + y

produces integer values which allows fractional charges

= (a(0) - a@2m) - X
Q_Zna e 27

\

]

\

!

0

0

!

[

] 0

Q = ——(a(l) = a(Zn)) '
& [
'

¢ o mp e @@ an = - e - - aop o aoap ap T o
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So can the topological charges be
fractional or not?
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- The role of the gradient flow
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Separation of topological sectors in finite volume

 Not actually separated, except if you limit how smooth configurations

have to be

[M. L\'{sd«w, JRED | 2_040]
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Separation of topological sectors in finite volume

 Not actually separated, except if you limit how smooth configurations

have to be

e Define smoothness

h = max Retr[] — P,
Vil

[M. L\'{sd«w, JRED | 2_040]

Sofie Martins, Smoothing properties of the gradient flow at large N 15th of May 2026

34



Separation of topological sectors in finite volume

 Not actually separated, except if you limit how smooth configurations

have to be

e Define smoothness

h = max Retr[] — P,
Vil

A configuration between sectors has a high value (not smooth)

[M. L\'{sd«w, JRED | 2_040]
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Separation of topological sectors in finite volume

 Not actually separated, except if you limit how smooth configurations

have to be

e Define smoothness

h = max Retr[] — P,
Vil

A configuration between sectors has a high value (not smooth)

The probability to find such a config decreases with a®

(topological freezing)
[M L\IS(L\QY' QHE?l 2.040]
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Gradient flow

B,=D,G, Byl—o =4,

steepest descend towards stationary configuration

= |nstantons

smoothest configurations

clearest integer signal of the topological charge
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Smoothness and topology

e Topology changes g
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Smoothness and topology

Sofie Martins,

Topology changes
Everytime it changes,

smoothness spikes

Smoothing properties of the gradient flow at large N
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Smoothness and topology

Buth M, et al, Pl
* Topology changes 0 M,GZU\S? ¥Rt DI

e Everytime it changes,

smoothness spikes

e however: Jumping

between integers (up to

discretizaton effects) not

fractions
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When do we stop measuring for the
topological charge?
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wit

Smoothing
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The core issue are more foundational discretization
effects

&3t
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The core issue are more foundational discretization
effects
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"Instabilities"” = instanton falls through the lattice

Flow

>

Sofie Martins, Smoothing properties of the gradient flow at large N 15th of May 2026
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"Instabilities"” = instanton falls through the lattice

Flow
—

Put differently: Small-sized semiclassical objects contribute

negatively to the lattice action, inducing instabilities in O (under-

improvement) L Garcla Pend, Gowtllez- Arvogo, Suippx,, van Bag
Nucl. PL\\JS B) /’3\7 /

Sofie Martins, Smoothing properties of the gradient flow at large N —:7 15th of May 2026
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Large-N scale setting

L
2a < /81y <K >

[M L\IS(L\QY' QHE?l 2.040]
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Large-N scale setting

L
2a < /81y <K )

Need to flow for increasingly long times, requires:

Sofie Martins, Smoothing properties of the gradient flow at large N

Larger lattices
Something that prevents the loss of instantons during smearing

[M. L\'{sd«w, JRED | 2_040]

15th of May 2026
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El):&c\'td\ \A)Q.\S*Z;] COW\M"I. Hq‘@« PMS‘} ISXCJ

Improved schemes: Gradient flow

[ d + _ 2
a E W(t) Uﬂ,x(t) = — goaﬂ,xSﬂOW(U)

S= ¢, tr(a-T) + ¢ +(1-[7J)
h -

Improvement with
additional rectangle
term
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So

fie Mar

S

tins,

| sy Weise, Comutnn. Neb.. pluys. , 1983 ]

Improved schemes: Gradient flow

- ¢, T Ar(a-0) + ¢ Z4(1-[0)

Wilson

Luscher-Weisz

lwasaki

DBW?2

Smoothing properties of the gradient flow at lar
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l
5/3
3.648

12.2704

ge N

Cq

O
-1/12
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-1.4088
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Large flow time behavior of topological charge
coarsest spacing

LBk, S et ol Plys Ry D205
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Large flow time behavior of topological charge
coarsest SpaCing finer Spacing

QWilson

TButh) M e o, Plye R 20% |

Sofie Martins, Smoothing properties of the gradient flow at large N 15th of May 2026
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Large flow time behavior of topological charge
coarsest SpaCing finer Spacing

10

QWilson

—10

10 przzr

—10 _\\\ — . -
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alt B, M et ol Plys R D20%)
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Large flow time behavior of topological charge
coarsest SpaCing finer Spacing
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Large flow time behavior of topological charge
coarsest spacing finer spacing different flows

DBW?2
> 3 4 5
t
5 5‘_:\ i
_1%.0\35 10 15 20 25 30 35 40
to/to . to/to . - .
: [‘B\A’f‘t\, S“’l, .Qca\) ’1’&3&%4/.1?,207\5] Y_Taw-qu, founyon Weltube

‘oHE P, 2025 ]



Large flow time behavior of topological charge

coarsest spacing

10

—10

10 mz
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I SSS
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tQ/tQ

finer spacing different flows

Iwasaki

[Buth ) M ebal, Plys R D2OW] [ Towrizaki, Tounyo, Wealtebe .
'DH"EP, 20257 ]
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- Setting the lattice spacing




Large-N lattice spacing
3 N> -1
1287 N.

t*(E) =

03 for N.=3

A(E) = 0.421 for N, =4
0.54 for N.=5

Sofie Martins, Smoothing properties of the gradient flow at large N

I

But also:

[M L\IS(L\QY' QHE?l 2.040]

smear =

X some chosen value

L
2

15th of May 2026
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Large-N lattice spacing .. « . ., ngtw oo
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- Resolution

How to control discretization effects for topological
quantities
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Probing effect on topology over
susceptibility

 Atiyah Singer Index theorem slightly misleading

ofie Martins, Smoothing properties of the gradient flow at large N
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Probing effect on topology over

susceptibility

Atiyah Singer Index theorem slightly misleading

non-integer topological charges are a sign of
discretization effects

lns, Smoothling properties of the gradient flow at large N
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Probing effect on topology over

susceptibility

Atiyah Singer Index theorem slightly misleading

non-integer topological charges are a sign of
discretization effects

Are all improvement schemes made equal?

lns, Smoothling properties of the gradient flow at large N

15th of May 2026
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{Tqm f-zqk{, Té(m.:?ml Wettiebe , DH"{P) /D ZS]
ceptibility

See: Topological sus

0.000150 |
0.000125 | —
S
o 0.000100
0.000075 ||
— Wilson Symanzik . \
0.000050 — [wasaki DBW?2 - )
| | | | | | II | | | | |
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t t

The topological susceptibility behaves very differently for larger flow times
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See: Topological susceptibility re., s e o, P 720%]
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Conclusions

 Atiyah Singer Index theorem slightly misleading

Sofie Martins, Smoothing properties of the gradient flow at large N
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Conclusions

 Atiyah Singer Index theorem slightly misleading

* non-integer topological charges are a sign of discretization effects
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Conclusions

 Atiyah Singer Index theorem slightly misleading
* non-integer topological charges are a sign of discretization effects

« DBW?2 gradient flow controls best the smearing out of instantons and
hence the discretization effects associated with topological
observables
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