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The topological charge
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 Fμν → 0 at spatial and temporal infinity

What is gauge topology?
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 Fμν → 0 at spatial and temporal infinity

What is gauge topology?

described by pure gauge potential 

Aμ({ϕi}) = − iΩ†({ϕi})(∂μΩ({ϕi}))
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What is gauge topology?

Ω : S3 → SU(N)

The map  
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What is gauge topology?

Ω : S3 → SU(N)

The map  

has the topological property degree of mapping which  

• defines homotopy classes
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What is gauge topology?

Ω : S3 → SU(N)

The map  

has the topological property degree of mapping which  

• defines homotopy classes 

• integer number classification

Sofie Martins, Smoothing properties of the gradient flow at large N 15th of May 2026 10



What is gauge topology?

Ω : S3 → SU(N)

The map  

has the topological property degree of mapping which  

• defines homotopy classes 

• integer number classification 

• Classifies fields topologically according to their 

behavior on the edge of the universe 

Sofie Martins, Smoothing properties of the gradient flow at large N 15th of May 2026 11



What is gauge topology? Simple example

1+1D U(1) gauge theory 

Ω(ϕ) = eia(ϕ)
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1+1D U(1) gauge theory 

Ω(ϕ) = eia(ϕ)

Is defined up to integer phase 

a(ϕ + 2π) = ϕ + 2πQ

What is gauge topology? Simple example
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1+1D U(1) gauge theory 

Ω(ϕ) = eia(ϕ)

which defines a degree of mapping  Q

Q =
1

2π ∫
S1

dxμAμ(ϕ) =
1

2π ∫
S1

dϕ∂ϕa(ϕ)

What is gauge topology? Simple example

Is defined up to integer phase 

a(ϕ + 2π) = ϕ + 2πQ
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What is gauge topology? 4D SU(N)

Take the dual field tensor 

F̃μν =
1

2
εμναβFαβ
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What is gauge topology? 4D SU(N)

Winding number: Chern number/Pontryagin index 

Take the dual field tensor 

F̃μν =
1

2
εμναβFαβ

Q =
1

32π2 ∫ tr[F̃F]d4x
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What is gauge topology? Classical solutions

S =
1

2g2 ∫ d4x tr[F2] =
1

4g2 ∫ d4x tr[(F − F̃)(F − F̃)] +
8π2Q

g2
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What is gauge topology? Classical solutions

S =
1

2g2 ∫ d4x tr[F2] =
1

4g2 ∫ d4x tr[(F − F̃)(F − F̃)] +
8π2Q

g2

Classically solved by self-dual solutions 

F = F̃
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What is gauge topology? Classical solutions

S =
1

2g2 ∫ d4x tr[F2] =
1

4g2 ∫ d4x tr[(F − F̃)(F − F̃)] +
8π2Q

g2

Classically solved by self-dual solutions 

F = F̃

Turn out to be extremely localized in space and time: instantons 
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Finite-volume definition

No pure gauge potential at infinity 

Simply use Chern number naively 

Q =
1

32π2 ∫
V

tr[F̃F]d4x
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Finite-volume definition

No pure gauge potential at infinity 

Simply use Chern number naively 

Q =
1

32π2 ∫
V

tr[F̃F]d4x

But: Atiyah Singer index theorem 

relates the mode count of the Dirac operator to the same topological 

charge 
Index(D) = n+ − n− = 2TRQ
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Atiyah Singer index theorem vs. boundary conditions

Q =
n+ − n−

2TR
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Atiyah Singer index theorem vs. boundary conditions

Q =
n+ − n−
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Atiyah Singer index theorem vs. boundary conditions

Q =
n+ − n−

2TR
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Atiyah Singer index theorem vs. boundary conditions

The problem is that at the same time the values of the topological charge are 

enforced by the boundary conditions 

Q =
n+ − n−

2TR
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Atiyah Singer index theorem vs. boundary conditions

The problem is that at the same time the values of the topological charge 

are enforced by the boundary conditions 
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Atiyah Singer index theorem vs. boundary conditions

The problem is that at the same time the values of the topological charge 

are enforced by the boundary conditions 

The torus 

a(ϕ + 2π) = ϕ + 2πQ

With the definition 
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Atiyah Singer index theorem vs. boundary conditions

The problem is that at the same time the values of the topological charge 

are enforced by the boundary conditions 

The torus 

a(ϕ + 2π) = ϕ + 2πQ

With the definition 

produces integer values 

Q =
1

2π
(a(0) − a(2π))
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Atiyah Singer index theorem vs. boundary conditions

The problem is that at the same time the values of the topological charge 

are enforced by the boundary conditions 

The torus 

a(ϕ + 2π) = ϕ + 2πQ

Twisted boundary conditions 

a(ϕ + 2π) = ϕ + 2πQ + χ

With the definition 

produces integer values 

Q =
1

2π
(a(0) − a(2π))

With the definition 
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Atiyah Singer index theorem vs. boundary conditions

The problem is that at the same time the values of the topological charge 

are enforced by the boundary conditions 

The torus 

a(ϕ + 2π) = ϕ + 2πQ

Twisted boundary conditions 

a(ϕ + 2π) = ϕ + 2πQ + χ

which allows fractional charges  

With the definition 

produces integer values 

Q =
1

2π
(a(0) − a(2π))

With the definition 

Q =
1

2π
(a(0) − a(2π)) −

χ

2π
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So can the topological charges be 
fractional or not?
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The role of the gradient flow
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Separation of topological sectors in finite volume

• Not actually separated, except if you limit how smooth configurations 

have to be
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Separation of topological sectors in finite volume

• Not actually separated, except if you limit how smooth configurations 

have to be

• Define smoothness

h = max
V4,μ,ν

Re tr[1 − Pμν]
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Separation of topological sectors in finite volume

• Not actually separated, except if you limit how smooth configurations 

have to be

• Define smoothness

• A configuration between sectors has a high value (not smooth)
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h = max
V4,μ,ν

Re tr[1 − Pμν]



Separation of topological sectors in finite volume

• The probability to find such a config decreases with  

(topological freezing) 

a6

• Not actually separated, except if you limit how smooth configurations 

have to be

• Define smoothness

• A configuration between sectors has a high value (not smooth)
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h = max
V4,μ,ν

Re tr[1 − Pμν]



steepest descend towards stationary configuration  

=  instantons 

= smoothest configurations 

= clearest integer signal of the topological charge
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·
Bν = DμGμν Bμ |

t=0
= Aμ

Gradient flow



Smoothness and topology
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• Topology changes
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Smoothness and topology
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• Topology changes 

• Everytime it changes, 

smoothness spikes
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Smoothness and topology

°10

°5

0

5

10

Q
W

il
s
o
n

N4L18
• Topology changes 

• Everytime it changes, 

smoothness spikes 

• however: Jumping 

between integers (up to 

discretizaton effects) not 

fractions
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When do we stop measuring for the 
topological charge?
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Smoothing with the flow
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The core issue are more foundational discretization 
effects
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The core issue are more foundational discretization 
effects
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"Instabilities" = instanton falls through the lattice
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"Instabilities" = instanton falls through the lattice

Put differently: Small-sized semiclassical objects contribute 

negatively to the lattice action, inducing instabilities in  (under-

improvement)

Q
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Large-N scale setting

2a ≪ 8t0 ≪
L

2
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Large-N scale setting

2a ≪ 8t0 ≪
L

2

Need to flow for increasingly long times, requires: 

• Larger lattices 

• Something that prevents the loss of instantons during smearing
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Improved schemes: Gradient flow

Improvement with 

additional rectangle 

term

a2 (
d

dx
Ux,μ(t)) U†

μ,x(t) = − g2
0∂μ,xSflow(U)
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Improved schemes: Gradient flow

Wilson 1 0

Lüscher-Weisz 5/3 -1/12

Iwasaki 3.648 -0.331

DBW2 12.2704 -1.4088

c0 c1
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Large flow time behavior of topological charge
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Large flow time behavior of topological charge
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Large flow time behavior of topological charge
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Large flow time behavior of topological charge
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Large flow time behavior of topological charge
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Large flow time behavior of topological charge
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Avoiding 

discretization 

effects

57



Setting the lattice spacing
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Large-N lattice spacing

t2⟨E⟩ =
3

128π

N2
c − 1

Nc

×  some chosen value

t2
0⟨E⟩ =

0.3 for Nc = 3

0.421 for Nc = 4

0.54 for Nc = 5

⋮ ⋮

But also:

rsmear = 8t0 ≪
L

2
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Large-N lattice spacing



How to control discretization effects for topological 
quantities

Resolution 
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Probing effect on topology over 
susceptibility

• Atiyah Singer Index theorem slightly misleading
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Probing effect on topology over 
susceptibility

• Atiyah Singer Index theorem slightly misleading 

• non-integer topological charges are a sign of 

discretization effects
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Probing effect on topology over 
susceptibility

• Atiyah Singer Index theorem slightly misleading 

• non-integer topological charges are a sign of 

discretization effects 

• Are all improvement schemes made equal?
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See: Topological susceptibility

The topological susceptibility behaves very differently for larger flow times
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See: Topological susceptibility

The susceptibility from the 

Wilson flow strives with 

power 3-4 from the one of 

DBW2
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Conclusions

• Atiyah Singer Index theorem slightly misleading
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Conclusions

• Atiyah Singer Index theorem slightly misleading 

• non-integer topological charges are a sign of discretization effects
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Conclusions

• Atiyah Singer Index theorem slightly misleading 

• non-integer topological charges are a sign of discretization effects 

• DBW2 gradient flow controls best the smearing out of instantons and 

hence the discretization effects associated with topological 

observables
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Thank you for your 
attention!
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