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The Fog is Lifting

Glauber Gluons
Coherence Violation

Factorization Breaking

Super-Leading Logarithms
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Confusion arises because the same term refers to 
related but different concepts, for example 

• Factorization


• Glauber Gluons


together with Dadaist language such as Super-
Super-Leading Logarithms
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Factorization = Scale Separation
• Believe it is always possible to separate physics at 

disparate scales, but low-energy matrix elements 
can be complicated 

• Typically, soft Wilson lines along all directions of 
large momentum flow 

• Intimately connected to the construction of low-
energy effective field theories 

• On a diagrammatic level captured by the method 
of regions (MoR) expansion Beneke, Smirnov ‘98
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Factorization = Universality

• Sometimes low-energy matrix elements are independent of the hard process

• Only if there are no soft or Glauber exchanges between different sectors

P2

P1

x2P2

x1P1

fj(x2)

fi(x1)

�̂ij . (2.9)

Figure 2: A hard scattering process described in the parton model. [2]

The cross section of hard scattering processes initiated by two hadrons with momenta P1 and P2 are

�(P1, P2) =
X

i,j=q,q̄,g

Z
dx1dx2 fi(x1, µ)fj(x2, µ) �̂ij(p1, p2,↵s(µ), µ), (2.10)

where p1 = x1P1 and p2 = x2P2 [2]. On parton level, it also now becomes evident that

ŝ = x1x2s, (2.11)

where s is the center of mass energy squared for the incoming beams, and ŝ only involves the
momentum of the particles that actually participate in the hard scattering process we’re looking
at. f1(x1, µ) and f2(x2, µ) are the parton distributions functions of the incoming partons. We then
sum over all channels that contribute to a certain process. This gives us the fully inclusive jet cross
section.

2.4. Gap Between Jets

A gap between jets cross section refers to the cross section of an event where there are two jets are
emitted in roughly opposite directions in the center of mass frame, and there is a „gap” between
them without particle emission. The jets occur at energies ⇠ Q. One then introduces a veto scale
Q0 for the gap region , which is much lower. Any event that involves a jet with pT > Q0 in the gap
region is vetoed [3].

Technically, when one eventually would like to integrate over the rapidity (or the angle ✓), one would
have to include everything that is not part of the jets. However, to simplify, we will only consider
a rectangular region that cuts off at the outer radius of the jets [3]. Figure 3 shows a schematic of
what that looks like. The gap lies between y1 and y2, so the rapidities of jet 1 and 2 (or, in the
simplified case we will be using, the outer limits of the jets). If we use the center of mass frame, then
y1 = �y2. Generally, we can define a gap via �Y = |y2 � y1|.
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Mn = Mn−1 × P (1)Mn = Mn−1 × Sp (1)

P ∼ (2)

CSS, ’85/’88
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Color Coherence

=

•Soft radiation is only sensitive to net charge of collinear partons 

•Only parent charge is relevant!  

•Concept violated for space-like kinematics! 

parent parton
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WTF are 
Glauber 
gluons?

Roy Glauber 7



Glauber Exchange

• Light-cone decomposition  

• Expansion parameter  . Scaling λ2 ∼ p2
c /Q2 ∼ p2

c̄ /Q2

pμ
c ∼ (λ2, 1, λ) collinear

anti-collinear

pμ = (n ⋅ p)
n̄μ

2
+ (n̄ ⋅ p)

nμ

2
+ pμ

⊥ ≡ pμ
+ + pμ

− + pμ
⊥

Glauberkμ ∼ (λ2, λ2, λ)

(pμ
+, pμ

−, pμ
⊥) ∼ (λa, λb, λc )

pμ
c̄ ∼ (1, λ2, λ)
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Glauber phases 
in IR divergences of


hard amplitudes




2iπ
ϵ

Ti ⋅ Tj

  

Cheshire Glaubers* 
 Glauber contributions in 

soft and collinear 
integrals in MoR


e.g. phase in 1-loop soft 
current


Genuine Glaubers 
 Exceptional (non-facet) 

momentum region

[mode vs. region] 
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Figure 12: Diagram showing the diagonal splitting of q → q, where the Glauber mode

depicted in red mediates between the soft and collinear partons. The soft emission is radi-

ated into the gap, highlighted by the orange circle. This diagrams also gives a contribution

to SLLs.

n · n̄ = 2. Since the contribution would be scaleless without the Glauber mode, choosing a

smart order of integrations allows the three-loop computation to factorize into three inde-

pendent single-scale calculations. First, the n ·k and n̄ ·k integrations can be performed via

residues. Then the collinear phase-space integration is performed. However, the integral

over q→c ↑ n̄ · q is not well-defined, and following [61] we employ a phase-space regulator

(ω/q→c )
ω. In contrast to (4.6) this is an analytic regulator. It does not a!ect the Glauber

loop, which is well-defined in dimensional regularization alone. Then the integration over

k↑ is performed to arrive at the result above. The left-over soft phase-space integral is

expressed in terms of the transverse energy ET

l
= El sin(ε) and the (d ↓ 2)-dimensional

angular integral, yielding

Dj

q/q
(z) = 2iϑ3

sf
eabf ecdtaLt

b

RT
c

2,LT
d

j,R

1

Nc

( /n

2

)

εε̄

( ω

(1↓ z)n̄ · pc

)
ω

e2ϑϖE
”(2ϖ)”3(1↓ ϖ)

ϖ”(1↓ 3ϖ)

↔

∫
[d#l](2n̄ · nl n · nl)

→2ϑ nϱ

l
g↑,µϱ

n · nl n̄ · nl

(
↓

nµ

j

nj · nl

+
n · nj n

µ

l

nj · nl n · nl

)
$veto(nl)

↔ µ6ϑ
∫

dEl

(2ϱ)2
E→1→6ϑ

l
ε(Q0 ↓ ET

l
)Pq↓q(z) , (6.18)

where the indices ς, ς̄ are connected to the hard functions and Pq↓q(z) is the d-dimensional

splitting function [44] with color factor stripped o!

Pq↓q(z) =
1 + z2

1↓ z
↓ ϖ(1↓ z) . (6.19)

Note that the integral (6.18) is proportional to /n. Since the collinear fields are subject

to the constraint /nφc = 0, the associated Dirac Algebra is e!ectively four-dimensional and

the matrices /n, /n↼5, /n ↼µ↑ span it in d = 4. The second structure is parity violating and

cannot arise. The third structure does not contribute for inclusive processes, as there are

no transverse vectors available which could contract with it without immediately vanishing.

In our case, these structures could in principle appear due to additional dependence on soft
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HmRm =
∑
(ij)
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Figure 1: Action of the operator the real part Rm and the virtual piece Vm

of the anomalous dimension on the hard function Hm. The sums run over
all pairs of unordered indices i, j = 1 . . . m. Due to the emitted gluon (blue),
the product HmRm defines a hard function with m + 1 external legs, while
the virtual correction (red) HmVm has m legs.

Hm RC
1 = ...

...

11

22

M M†

Hm V I = M M† + M M†

Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
real-emission piece RC on the hard function. After the simplifications dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions HmRC involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.

1

FIG. 1. Action of the real-emission operator Rm and the

virtual piece Vm on a hard function Hm. Due to the emitted

gluon (blue), the product Hm Rm defines a hard function

with (m+ 1) external legs.

where the color indices a and ã refer to the emitted gluon.
We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).

The operators Vm and Rm encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
k
ij =

ni · nj

ni · nk nj · nk
� �(nk � ni)

ni · nk
� �(nk � nj)

nj · nk
. (9)

The angular �-distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases in V G, also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two final-state legs or two initial-
state legs. Using color conservation,

Pm
i=1 Hm T a

i = 0,
the phase terms can be rewritten in the form of V G,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di↵erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
single soft emission o↵ the parent parton, implies that

Hm �c � = Hm ��c , (10)

where we have defined �c =
P2

i=1(R
c
i+V c

i ) and Hm � ⌘
Hm (Rm + Vm). Next, the cyclicity of the trace ensures
that

hHm �c ⌦ 1i = 0 ,
⌦
Hm V G ⌦ 1

↵
= 0 .

(11)

The first of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

hHm (Rc
i + V c

i ) ⌦ 1i / hT a
i Hm T a

i � Ci Hmi = 0 .
(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of � in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
⌦
H4 (�c)r V G (�c)n�r V G � ⌦ 1

↵
, (13)

where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
the integrals, we find with L = ln(

p
ŝ/µs)

�̂SLL
n =

⇣↵s

4⇡

⌘n+3
L2n+3 (�4)n n!

(2n + 3)!

nX

r=0

(2r)!

4r (r!)2
Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.

* © Ira Rothstein and Iain Stewart 9

``You may have noticed that 
I'm not all there myself.’’



Glauber Computations in SCET 
• Effective Glauber Lagrangian Stewart, Rothstein ‘16 

• Subtract Glauber terms from soft and collinear integrals 
• Non-analytic regulator so that subtractions do not vanish 

• Alternative: 
• Same Lagrangian, but strict Method of Regions. Leave soft and collinear 

unchanged, only genuine Glauber contributions
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Figure 8. Tree level matching for the nnss Glauber operators. In a) we show the four full QCD graphs

with t-channel singularities. In b) we show the corresponding Glauber operators in SCET. The matching

between the two is given by reading down each column. Results for n̄n̄ss are analogous with n $ n̄.

result, and extend it to other pairs of distinct collinear sectors by writing

L
II(0)
G

= e�ix·P
X

n1,n2

X

i,j=q,g

O
iB

n1

1

P2
?

O
BC

s

1

P2
?

O
jC

n2
+ . . . , (5.14)

where the ellipses denote additional leading power terms involving rescattering of soft fields to be

discussed below. In this sum n1 and n2 label distinct collinear sectors. (When n1 · n2 6= 2 there

are factors of (2/n1 · n2) in a couple of places which can be inserted using the RPI symmetry.)

5.1.2 Soft-Collinear Forward Scattering

An analogous matching calculation can be done for the forward scattering between soft and

n-collinear fields. We show the diagrams for this matching calculation in Fig. 8 and label the

momenta for this calculation as q(pn2 ) + q̄(pS1 ) ! q(pn3 ) + q̄(pS4 ). We use an analogous labeling for

the cases with gluons. Here the large O(�0) n-collinear momentum is conserved as before. Since

the soft momenta n · p1,4 ⇠ � � n · p2,3 ⇠ �2 they are also conserved by the exchanged Glauber

gluon, so we again for these diagrams we have forward scattering with the constraints

n · p1 = n · p4 , n̄ · p2 = n̄ · p3 . (5.15)

Or in other words, the n · ps momentum is conserved on the soft line and the n̄ · pn momentum is

conserved on the n-collinear line. The ?-momenta are the same size here as in the n-n̄ scattering

case, and we follow again the convention that p?1 = �p?4 = p?3 = �p?2 = q?/2. Again it is

convenient to use ? polarizations to carry out the matching. (In Sec. 5.1.3 we will show how

all the polarizations can be matched when the on-shell conditions are used.) Computing the full
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Figure 4. Tree level matching for the nnn̄n̄ Glauber operators. In a) we show the four full QCD graphs

with t-channel singularities. In b) we show the corresponding Glauber operators for the four operators in

SCET with two equivalent notations. The notation with the dotted line emphasizes the factorized nature

of the n and n̄ sectors in the SCET Glauber operators, which have a 1/P2
? between them.

These constraints are what ensure the diagrams give forward scattering. To leading power the

large Mandelstam invariant is s = n · p1 n̄ · p2 = n · p4 n̄ · p3 and we have the hierarchy s ⇠ �0
�

|t| ⇠ �2. For simplicity we often work in a frame where

p?1 = �p?4 = q?/2 , p?3 = �p?2 = q?/2 . (5.7)

Thus for these tree level 2–2 scattering graphs the Mandelstam invariant t = q2
?
= �~q 2

?
< 0.

For this matching calculation there are four relevant QCD tree graphs, shown in Fig. 4a.

They will result in four di↵erent Glauber operators, whose Feynman diagrams for this matching

are represented by Fig. 4b. For simplicity, here we take ?-polarization for the external gluon

fields (leaving the calculation with the full set of polarizations to Sec. 5.1.3). Expanding in � the

results for the top row of diagrams at leading order is

i
h
ūn

n̄/

2
TBun

ih
�8⇡↵s(µ)�BC

~q 2
?

ih
v̄n̄

n/

2
T̄Cvn̄

i
, (5.8)

i
h
ifBA3A2gµ2µ3

?
n̄ · p2

ih
�8⇡↵s(µ)�BC

~q 2
?

ih
v̄n̄

n/

2
T̄Cvn̄

i
,

i
h
ūn

n̄/

2
TBun

ih
�8⇡↵s(µ)�BC

~q 2
?

ih
ifCA4A1gµ1µ4

?
n · p1

i
,

i
h
ifBA3A2gµ2µ3

?
n̄ · p2

ih
�8⇡↵s(µ)�BC

~q 2
?

ih
ifCA4A1gµ1µ4

?
n · p1

i
.

In writing these results we have written out the collinear quark spinors but left o↵ the collinear

gluon polarization vectors "µ2A2
n (p2) etc, for simplicity. We use color index Ai for the external

– 23 –

10



1) Super-leading logarithms (SLLs) 

• SLLs from RG evolution  

• PDF Factorization Restoration through Glauber Gluons 

2) Collinear factorization violation in SCET 

• Collinear Wilson lines for space-like processes 

3) Coherence-violating logarithms (CVLs) in N-jettiness

Outline

11



Super-Leading Logarithms
Factorization restoration through genuine Glauber 

contributions

12

TB, Hager, Jaskiewicz, Neubert, Schwienbacher   

PRL 134 (2025) 6, 06190 and JHEP 01 (2025) 171



Gap-between jets
• Only soft radiation inside a gap of size  between jets. 

• Soft radiation veto scale    jet scale  

• Prototypical non-global observable, non-global logarithms (NGLs)

ΔY

Q0 ≪ Q

13

–

�Y

Q

Q0Q0Q0

Q ΔY



Super-Leading Logarithms (SLLs)
• For  in case of hadron colliders one findsQ0 ≪ Q

σ ∼ σB(1 + αs ln(Q/Q0) + α2
s ln2(Q/Q0) + …+ α4

s ln5(Q/Q0) + …)

• Non-cancellation of collinear effects due to Glauber phases 

• Formally leading logarithmic effect but 

• Suppressed in color & loop order  

• Numerical impact is significant

Forshaw, Kyrieleis, Seymour ’06 ’08

14

SLLs are directly connected 
to factorization violation!



Wm
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�̄j

Factorization Theorem

15

σ2→M(Q0) = ∫dx1 ∫dx2

∞

∑
m=2+M

⟨ℋm({n}, s, x1, x2, μ) ⊗ 𝒲m({n}, Q0, x1, x2, μ)⟩
For  we can derive 

• Factorization between hard and soft-collinear physics 

Q0 ≪ Q



• Renormalized hard functions fulfill RG equation 

• One-loop hard anomalous dimension:

RG evolution

ΓH = γcusp(αs)( Γc ln μ2

Q2
+ VG) +

αs

4π
Γ + ΓC

purely soft

purely 
collinear

cusp-piece 
soft+collinear

 
Glauber-phase

∝ iπ

generates SLLs

matrix in multiplicity and 
color space 

Virtual terms  
Real emissions 

∝ δlm
∝ δl(m+1)

generates NGLs

d
d lnμ

ℋm = −
m

∑
l=m0

ℋl ΓH
lm

color-aware DGLAP 
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SLLs from RG evolution
Evolve hard function from  to   μh ∼ Q μs ∼ Q0

σ(Q, Q0) =
∞

∑
m,l=m0

∫ dξ1dξ2 ⟨ℋm (Q, μh)Uml (μh, μs) ⊗ 𝒲l (Q0, μs)⟩

U(μh, μs) = P exp[∫
μh

μs

dμ
μ

ΓH]
= 1 + ∫

μh

μs

dμ1

μ1
ΓH + ∫

μh

μs

dμ1

μ1 ∫
μh

μ1

dμ2

μ2
ΓH(μ1) ΓH(μ2)

Evolution  achieves resummation of logarithmsU(μh, μs)
17

Q0

Q

μ



Resummation of SLLs

σSLL ∼ ⟨ℋ (Γc)n−r VG (Γc)r VG Γ ⟩

18

Map products of  to a small basis of color structures, evaluate, and sum 
series. TB, Neubert, Shao, ’21 + Stillger ’23, Böer, Hager, Neubert, Stillger, 
Xu ’23, ‘24

Γ′￼s

Reduce products of   using commutation relations and other properties: 

Leaves a small set of structures to be evaluated:

ΓH

[Γc, Γ] = 0⟨… VG⟩ = ⟨… Γc⟩ = 0 [Γc, VG] ≠ 0
Color coherence Coherence violation  

through Glauber phase



Scale hierarchy
μ

Q

ΛQCD

SLL evolution

DGLAP ?

Q0

double-logarithmic

single-logarithmic

Requires highly non-trivial 
interplay for consistency 
with DGLAP!

Soft, collinear, Glauber

Hard

PDFs?

19



• Assume PDF factorization 

• Know anomalous dimensions of both  and    → predict  poles in  

• Verify prediction for poles order by order, by computing partonic matrix elements 

𝒲m fi(x, μ) 1/ϵ 𝓘bare
m

𝓘bare
m

Consistency check

perturbative matching

𝓘bare
m = 1 +

αs

4π
Γ
2ε

+ ( αs

4π )
2

( VG Γ
2ε2

+ …) + ( αs

4π )
3

[ ΓcVG Γ
3ε3 ( 11

6ε
+ ln

μ2
s

Q2
+

9
2

ln
μ2

s

Q2
0 ) +

VGVG Γ
3ε3

+ [ΓC, VG] Γ
12ε3

+ …]

  𝓦m(Q0, μ) = 𝓘m(Q0, μ) * f1(μ) f2(μ)

20



Order-by-order check
𝓘bare

m = 1 +
αs

4π
Γ
2ε

+ ( αs

4π )
2

( VG Γ
2ε2

+ …) + ( αs

4π )
3

[ ΓcVG Γ
3ε3 ( 11

6ε
+ ln

μ2
s

Q2
+

9
2

ln
μ2

s

Q2
0 ) +

VGVG Γ
3ε3

+ [ΓC, VG] Γ
12ε3

+ …]

• Up to two loops, all terms are purely soft contributions, obtained by taking matrix elements 
of soft currents  Catani, Grazzini ’00, Duhr, Gehrmann ’13,  Dixon, Herrmann, Yan, Zhu ’20 

• Purely collinear contributions to  vanish because they are independent of  

• Remaining terms involve large scale  and dependence on momentum fractions. Needs 
soft-collinear interaction! Different options 

• soft-collinear messenger mode at lower scale   

• Genuine Glauber mode at scale  + collinear anomaly with rapidity logarithm  

𝓘bare
m Q0

Q

Q2
0 /Q

Q0 ln(Q) 21



Genuine Glauber Diagram

22
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 integral not well-
defined in dim. reg. alone
qc

Introduce rapidity regulator ( ν
qc− )

α

• Poles in rapidity regulator  cancel between collinear and anti-collinear sectors, but 
leave behind 

α
ln(Q)

𝓘bare
m ∋

iα3
s

12π2ε3 ( μ2
s

Q2
0 )

3ε

f abc f ade ∑
j>2

Jj[Td
2LTe

2RTb
1LTc

jR ( 1
α

+ ln
νp̄+

c̄

Q2
0

−
11
6ε

+
𝒫q→q

2
+ …) + Td

1LTe
1RTb

2LTc
jR (−

1
α

− ln
ν

p−
c

+
𝒫q→q

2
+ …)]



Discussion
• Glauber loop maps onto pentagon diagram. Have verified MoR result against known full 

results for scalar pentagon integrals 
• Genuine Glauber loop is well defined in dimensional regularization


• Performed the consistency check for all partonic channels and also for off-diagonal 
splittings 

• With the Glauber contribution at three-loop order, the low energy matrix  no longer 
obeys soft-collinear factorization. The Glauber contributions 

• transmit soft scale  into collinear sector 

• induce nontrivial spin-dependence of the form  in  for subleading poles, 

where  is the direction of soft Wilson line associated with final state parton

𝒲m

Q0

nμ
j⊥ nν

j⊥ 𝒲m

nj
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Factorization Restoration by Glauber Gluons

• Remarkable, intricate mechanism!  

• Consistent with intuitive picture that scattering becomes inclusive for  
and that then arguments by Collins, Soper and Sterman ’86 should become 
applicable

μ < Q0

Coherence violation and 
collinear factorization  

breaking at μ = Q

soft-collinear factorization  
breaking by Glauber modes  

at μ = Q0
x = PDF factorization 

for μ < Q0

24



Collinear Factorization Breaking
Cheshire Glauber contributions,  

sensitive to  of eikonal collinear propagatorsiε

25

TB, Hager, Neubert, Schwienbacher   

End Matter of 2603.12383

https://arxiv.org/abs/2603.12383


• In SCET, the splitting amplitude is obtained from a matrix element of a collinear 
field, e.g.

Sp(pc , qc) = ⟨pc , qc |χi(0) |0⟩

Splitting amplitudes in SCET

Mn = Mn−1 × P (1)Mn = Mn−1 × Sp (1)

P ∼ (2)

p

q

1

2
3

n − 1
i

…

26



Collinear Wilson line
Collinear quark field in SCET involves a Wilson line 

This Wilson line arises as remnant of attachments of the -collinear gluon to the 
hard partons in all other directions

i

χi(x) = W†
i (x) qi(x)

Wi(x) = P exp[igs ∫
0

−∞
ds n̄i ⋅ Aa

i (x + sn̄i) Ta
i ]

Ta
i = − ∑

j≠i

Ta
j

treat all other partons  
as incoming

by color conservation

27



…but be careful about the ’siε

28

pi

qc

pk

1
(pi + qc)2 + iε

→
1

n̄ ⋅ qc +iε

1
(pk − rc)2 + iε

→ −
1

n̄ ⋅ rc −iε

rc

pc

→ incoming Wilson line → outgoing Wilson line



Collinear Wilson lines revisited

incoming outgoing

Incorrect for space-like splittings due to Cheshire Glaubers!

However, in processes with incoming and outgoing hard partons, MoR expansion 
leads to products of incoming and outgoing Wilson lines  and  

 

To replace all Wilson lines with incoming ones one argues that the  prescription 
in the eikonal propagators is irrelevant, since the propagator involves the large 
component of the collinear momentum.  

W+ W−

Wi(x) = ∏
k≠i

W+
i,k(x)∏

l≠i

W−
i,l(x)

iε

29



Collinear Factorization Breaking

• Result for the collinear loop depends on sign of  of the eikonal propagator 

• Computing these collinear diagrams reproduces factorization-breaking terms in one-loop 
splitting amplitude 

• Alternative: SCET computation with non-analytic Glauber regulator Schwartz, Yan, Zhu ‘17

iε

pc

1

pc̄

3

2

23

4 1

k

pc̄ ≠qc

pc

k

qc

4
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Coherence Violation

in N-Jettiness
Glauber contributions  

affect even simple, global observables!

31

TB, Hager, Neubert, Schwienbacher  2603.12383

https://arxiv.org/abs/2603.12383
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-jettinessN

from Stewart, Tackmann, Waalewijn ’10

Stewart, Tackmann, Waalewijn ’10

𝒯N = 2∑
k

min {na ⋅ pk , nb ⋅ pk , n1 ⋅ pk , … , nN ⋅ pk}

jet directions ni

Sum over emissions k

{
{

Beam directions  and na nb

-jettiness variableN



Scale hierarchy for -jettinessN

33

µ

Q

(TN Q)1/2

TN

HN

KN,m

WN,m

color coherence
double logarithmic

coherence violation
double logarithmic

us ≥ Q(⁄2,⁄2,⁄2)
uc ≥ Q(⁄4, 1 ,⁄2)
ug ≥ Q(⁄4,⁄2,⁄2)

s ≥ Q(⁄ , ⁄, ⁄)
c ≥ Q(⁄2, 1 , ⁄)
g ≥ Q(⁄2, ⁄, ⁄)

h ≥ Q(1, 1, 1)

(separate collinear field for each direction) 
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dσ
d𝒯N

= ⟨𝓗N ⊗ Ba ⊗ Bb ⊗ [
N

∏
i=1

Ji] ⊗ SN⟩

(Naive) factorization theorem for -jettinessN

Beam functions  (color diagonal)Ba/b

Jet functions  (color diagonal)Ji Soft fuctions

Color trace
Hard functions Convolutions



New modes 
at 3 loops

Glauber modes in  -jettinessN

35

Argued to arise in 
Banfi, Salam, Zanderighi  ’10
Forshaw, Holguin ’21

µ

Q

(TN Q)1/2

TN

HN

KN,m

WN,m

color coherence
double logarithmic

coherence violation
double logarithmic

us ≥ Q(⁄2,⁄2,⁄2)
uc ≥ Q(⁄4, 1 ,⁄2)
ug ≥ Q(⁄4,⁄2,⁄2)

s ≥ Q(⁄ , ⁄, ⁄)
c ≥ Q(⁄2, 1 , ⁄)
g ≥ Q(⁄2, ⁄, ⁄)

h ≥ Q(1, 1, 1)



Glauber diagrams

• Soft gluons  cannot be emitted, 
and purely virtual diagrams are scaleless 

• Genuine Glauber  transmits 
scale from collinear to soft sector

s ∼ (λ, λ, λ)

g ∼ (λ2, λ, λ)

MNMNMNMNMNMNMNMNMNMNMNMNMNMNMNMNMN M†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
N

pc

qc

k
ls

j
MNMNMNMNMNMNMNMNMNMNMNMNMNMNMNMNMN M†

NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
NM†
N

j

puc

quc

kug
lus

• Ultra-collinear mode  does not 
contribute to jettiness; purely  diagrams are 
scaleless 

• Ultra-Glauber  transmits  scale into 
the ultra-collinear sector 

uc ∼ (λ4, 1, λ2)
uc

g ∼ (λ4, λ2, λ2) us

Collinear scale  (Q 𝒯N)1/2 Ultrasoft scale  𝒯N

36



dσ
dω

=∑
m

⟨𝓗N(Q, μ) 𝓚̃ N,m( Qω, μ) 𝓦̃N,m(ω, μ)⟩

37

Factorization theorem for -jettinessN

Jet and Beam functions no longer 
factorize! Contain soft and Glauber 
modes! (also not color diagonal)

Low-energy matrix element 
contains ultra-soft Wilson 
lines, ultra-collinear modes 
and ultra Glaubers

Color trace

Hard functions 
(same as before)

Laplace-space  

𝒯N ↔ ω

Low-energy matrix element resolves colors of the individual  partons!N + m



Resummation

38

Γ𝒲
real ∋

αs

π ∑
i∦j

TL
i ∘ TR

j (ln
sij

μ2
− ln

μ2

ω2
− ln ̂sij)

• Extract anomalous dimension of low-energy matrix elements via gluon mass 

• Cancellation of gluon mass between different sectors leaves large logarithms

Γ𝒲
virt ∋ −

αs

2π ∑
i∦j

(TL
i ⋅ TL

j + TR
i ⋅ TR

j ) ln
sij

μ2
−

αs

π
VG

σCVL ∼ ⟨𝓗Born
1 Γ𝒲

real(μ1) VG VG Γ𝒲(μ4)⟩

• Leading CVL agrees with recent result of Banfi, Forshaw, Holguin ’25

dσCVL/dω ∼ α2+n
s ln2+2n(Q/ω)

• And the general scaling is
n > 2



Conclusion
• Factorization at hadron colliders is much richer than in  collisions! 

• Soft-collinear factorization is broken by Glauber gluons 

• Jet and soft functions → soft+collinear matrix elements  

• Richer mode structure: Glauber transmits scales between soft and 
collinear 

• Coherence violation: sensitivity to colors of individual partons 

• Interplay of different Glauber effects: Genuine, Cheshire, hard 
phases

e+e−
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Conclusion
• Soft-Collinear Effective Theory provides a systematic framework for 

• factorization (= scale separation) theorems  
• resummation of CVLs and SLLs by RG methods 

• Several interesting results 
• All-order resummations of leading SLLs


• Jet cross sections: Genuine Glaubers gluons restore PDF factorization!  
• Phenomenological relevance TBD 

• sizable effects for SLLs, while leading CVL in -jettiness is smallN

40
A lot of interesting physics remains to be explored!



Extra slides

41



Phenomenological relevance

42

• >10% for small values of  

• Biggest contribution through gluonic channels 

• Full cross section for the first time

Q0

10 20 30 40 50
0

5

10

15

process σ2→2 [pb] σSLL
2→2 [pb] process σ2→2 [pb] σSLL

2→2 [pb]

qq → qq 231.5 12.0 qq̄ → gg 12.4 −0.9

qq′ → qq′ 454.4 22.2 qg → qg 4104.6 403.3

qq̄ → qq̄ 142.0 7.4 gg → qq̄ 57.5 −4.4

qq̄′ → qq̄′ 372.9 18.0 gg → gg 2281.1 150.6

qq̄ → q′q̄′ 3.6 <0.1
∑

1204.4 59.6
∑

6455.6 548.6
∑

all channels
7660.0 608.2

Becher, Hager, Martinelli, Neubert, DS, Stillger ’25 
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• Look at tree-level and one-loop diagrams 
first

i jls

i

k jls

with one-loop soft current
Catani, Grazzini ’00

• Matches structure 

𝓦bare
m = 1 +

αs

4π
Γ
2ε

+ ( αs

4π )
2

( VG Γ
2ε2

+ …) + ( αs

4π )
3

[ ΓcVG Γ
3ε3 ( 11

6ε
+ ln

μ2
s

Q2
+

9
2

ln
μ2

s

Q2
0 ) +

VGVG Γ
3ε3

+ …] + 𝒪(α4
s )

Jμ,a(0) =
m

∑
i=1

Ta
iL

nμ
i

ni ⋅ ls
∼ Jμ,a(0)Ja(0)†

μ

eikonal factor

MmMmMmMmMmMmMmMmMmMmMmMmMmMmMmMmMm M†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
mM†
m

pc

p̄c̄

Q0

qc

k

j

iRG-consistency



RG-consistency

44

• Now, go one loop further

i

k jls
k

m
i

jls

dipole terms tripole terms

Duhr, Gehrmann ’13 / Dixon, Herrmann, Yan, Zhu ’20

• Does not match all terms

𝓘bare
m = 1 +

αs

4π
Γ
2ε

+ ( αs

4π )
2

( VG Γ
2ε2

+ …) + ( αs

4π )
3

[ ΓcVG Γ
3ε3 ( 11

6ε
+ ln

μ2
s

Q2
+

9
2

ln
μ2

s

Q2
0 ) +

VGVG Γ
3ε3

+ [ΓC, VG] Γ
12ε3

+ …]

Large logarithm

+𝒪(α4
s )

Color-aware 
DGLAP



5

While this has no non-trivial consequences in Euclidean
kinematics, a subtlety arises upon performing the ana-
lytic continuation to physical kinematics. To illustrate
this fact, we consider the full result for the pentagon in-
tegral, which contains �-suppressed terms with prefactor

P =
s45s51

s45s51 � p25s23| {z }
��1


1�ei⇡"⇥

✓
1+

p25s23 � s45s51
s45s51| {z }

�

◆�"�
,

⇥ ⌘ ✓(p25) + ✓(s23)� ✓(s45)� ✓(s51)

P ⇠

⇢
1 for ⇥ = 0

��1 for ⇥ 6= 0

This quantity vanishes for the kinematics of the lower
graph in Fig. 2, and the above factor is of O(1). However,
for the upper diagram ⇥ is non-zero, since p25, s23 > 0
and s45, s51 < 0. This generates a non-trivial phase
e2i⇡", leading to a power enhancement in (??), which
compensates the power suppression and thus induces ad-
ditional leading-order terms. More generally, such terms
only arise between incoming lines involving a space-like
splitting and a virtual gluon attached to both the soft
and the split-o↵ gluon, as is indeed the case for the up-
per, but not the lower diagram in Fig. 2.

Using the known results for the pentagon integrals,
and subtracting the soft-collinear contribution, we can
derive the extra terms in the physical scattering kinemat-
ics given in (??). In the method of regions, these terms
must be generated by a new region absent in Euclidean
kinematics. We find that they are proportional to i⇡, and
are generated by a Glauber region k ⇠ Q(�2,�,�). The
upper pentagon in Fig. 2 expanded in this region takes
the form (with implicit +i0 prescriptions)

Ig = i(4⇡)2�"

Z
ddk

(2⇡)d
1

�k2
T

1

k+ q�c � k2
T
� 2kT · qcT

⇥
1⇥

�k+ (p�c � q�c )� q+c p�c � k2
T
� 2kT · qcT

⇤

⇥
1

p̄+
c̄ (k� � l�s )

1

�l+s k� � k2
T
+ 2kT · lsT

and is well-defined in dimensional regularization. The
k+ and k� integrations can be performed using residues.
Evaluating the remaining two-dimensional Euclidean tri-
angle integral, one obtains [42]

Ig = �
2⇡ i

p̄+
c̄ p�c

"
�
l2
sT

+ q2
cT

+ s2
T

�✓1

"
� ln

�
l2
sT

q2
cT

s2
T

�◆

+ 2l2
sT

ln l2
sT

+ 2q2
cT

ln q2
cT

+ 2s2
T
ln s2

T

#
e�"�E

l2
sT

q2
cT

s2
T

, (12)

with sT = lsT + qcT [43].

It is interesting to understand the appearance of this
“hidden” Glauber region from the representation of the
pentagon integral in Feynman parameter space (more
precisly the closely related Lee-Pomeransky space [44]),
where variables xi are associated with the respective
propagators, e.g. x1 is linked to the propagator be-
tween vertices 1 and 2, and the ensuing xi follow in
counter-clockwise direction. For the upper graph in
Fig. 2, the Glauber region is characterized by the scal-
ing (x1, x2, x3, x4, x5) ⇠ (��2,��2,��2,��1,��2). The
associated F polynomial factorizes to leading power,

F =
�
�q�

c
x1 + (p�

c
� q�

c
)x5

�
| {z }

��2

�
l+
s
x3 � p̄+

c̄
x4

�
| {z }

��1

. (13)

For physical kinematics, where all light-cone components
are positive and p�

c
> q�

c
, large cancellations occur and

the hidden Glauber pinch appears when both brackets
in (14) vanish individually, in accordance with the Lan-
dau equations [26, 28]. The double cancellation with
unequal coe�cients of the parameters xi may be the
reason why we were unable to find this region using
Asy2.1 [22, 45].

With this understanding of the appearance of the
Glauber region in the context of the scalar example, we
now turn our attention back to the challenge at hand:
explicitly verifying that also the final term in (9) is re-
produced perturbatively in the low-energy theory. With
our previous discussion, we have narrowed down the class
of diagrams that need to be evaluated to those involving
interactions between the collinear, anti-collinear, and soft
sectors such as the ones shown in Fig. 2. We thus evaluate
these diagrams in the soft-collinear and Glauber regions
and integrate over the phase space of the real emissions.
Due to the appearance of the collinear anomaly, the inte-
gration over qc is not well-defined on its own, and follow-
ing [46] we introduce a phase-space regulator (⌫/q�

c
)2⌘.

We find that the soft-collinear region (and the soft one
in the case of the box) always leads to scaleless collinear
phase-space integrals and therefore does not contribute
to the cross section. This is welcome news, since the as-
sociated low-energy scale �Q2

0 would be parametrically
smaller than Q2

0 and could be non-perturbative, even if
Q0 itself is not. What remains is the Glauber contribu-
tion. In addition to Fig. 1, we also consider the mirrored
diagrams in which the two incoming particles are inter-
changed or the Glauber exchange happens in the con-
jugate amplitude. The leading UV poles of these four
graphs yield a contribution to the (bare) low-energy ma-

Glauber contribution

• Leads to a „hidden“ region with  for physical scattering region 

• Couples soft and collinear sectors   collinear factorization breaking

k ∼ (λ2, λ, λ)

45

• Perform  and  integral via residues 

• Well-defined without additional regulators

k+ k−

Euclidean of-shell triangle 
in d − 2ε

• In Euclidean region  only soft-collinear region with  

• Cancels after  integration!

sij = (pi + pj)2 < 0, p2
5 < 0 k ∼ (λ2, λ, λ3/2)

qc


