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- Nonlinear small-x evolution (Balitsky-Kovchegov) 
  is a cornerstone of saturation physics

- Some effects first appear at NLO: 
   running coupling, large collinear logs

- NNLO BK tests whether resummations are controlled

- Confirm overall consistency of formalism 

→

why / what ?

Brief intro: large corrections. Evolution?

Plan: - Spacelike-timelike correspondence for DGLAP 
- Recent+ongoing computation: planar BK @3-loops



I want to first discuss a different relation:

Parton distribution functions Fragmentation functions

 Why are  evolution equations related (but not equal!) ?⇒ μ

fi/h(x, μ) Dh/i(x, μ)

17.3 Deep Inelastic Scattering �555 

quark 

Figure 17.3. Deep inelastic scattering in QCD. The diagram shows the flow 
of momentum when a high-energy electron scatters from a quark taken from 
tl e wavefunction of the proton. 

17.3 Deep Inelastic Scattering 

After e+e —  annihilation into hadrons, the next simplest reaction involving 
strongly interacting particles is electron scattering from a proton, or from 
some other hadron. At the most elementary level, this reaction can be viewed 
as the electromagnetic scattering of an electron from a quark inside the pro-
ton.t A way to visualize the process is shown in Fig. 17.3. Call the proton 
momentum P, and the initial quark momentum p. Call the initial and final 
momenta of the electron k and k'. If the final electron momentum is measured, 
one can deduce the momentum q = k — k' transferred by the virtual photon to 
the hadronic system. The vector q is spacelike, and one conventionally writes 
q2 _ Q2.  

If the invariant momentum transfer Q2  is large, the quark is ejected from 
the proton in a manner that cannot be balanced by subsequent soft processes. 
These soft processes will, however, create gluons and quark-antiquark pairs 
that eventually neutralize the color and cause the struck quark to materialize 
as a jet of hadrons in the direction of the momentum transfer from the elec-
tron. Typically the total invariant mass of the final hadronic system is large, 
since the struck quark carries a large momentum with respect to the other 
"spectator" quarks. In this case, the process is referred to as deep inelastic 
scattering. 

To derive a first approximation to the cross section for electron-proton 
scattering, we consider this reaction from a frame in which the electron and 
proton are moving rapidly toward each other, for example, the electron-
proton center-of-mass frame. We assume that the center-of-mass energy is 
large enough that we can ignore the proton mass in working out the kine-
matics. Then the proton has an almost lightlike momentum along the colli-
sion axis. The constituents of the proton also have lightlike momenta, which 

The electron could just as well be a muon; all the same formulae apply in this 
case. Leptons can also scatter from quarks via the neutral-current weak interaction, 
as we will see in Chapter 20. 
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Figure 4: Example of diagram factorizations in small and large ω integration regions. The

formation time of each quantum is ti → ε+

0i→ .
the other (i.e., as ω ↑ ε+

0 /ε+

0→ ↓ 0 or ↔), in addition to an overall rapidity divergence which

will be associated with Ĥ (2)
BK .

Recall that, in the scaling (boost-invariant) regime, the integrand I (2)(ε+

0 , ε+

0→ ) = I (2)(ω) is

homogeneous and thus depends only on the energy ratio ω . Furthermore, in singular limits,

it universally factorizes into products of lower-loop evolution. At the level of the integrands

discussed earlier, this means that

limω→0 or ↑ I (2)

[... ]
(ω) = I (1)

[... ] I (1)

[... ] ,

(2.33)

(see, e.g., (3.6) and (B.3) for explicit examples). Note that (2.33) admits a simple diagrammatic

interpretation (see Fig. 4 and Fig. 10). Since (2.32) exactly encodes the one-loop evolution

of the one-loop dipole and the successive one-loop evolutions of the parent dipole, this

factorization captures (and ends up canceling) all rapidity subdivergences, as will be manifest

in the explicit computations of Sec. 3.

Following [48], we thus “slice” the two-loop phase space by using, in addition to ω , an ordering

variable proportional to the geometric mean of energies ϑ
[100→

2] :
(ω, ϑ

[100→
2]) =

(
ε+
0

ε+
0→

, →
√

ε+

0 ε+

0→

)
.

(2.34)

In these variables, the two-loop renormalized dipole in (2.31) becomes

U (2),ren
12 (ϑ) = N 2

ϑ

↑̂

↓!

dϑ
[100→

2]
ϑ

[100→
2]

↑̂

0

dω

ω

[
I (2)(ω) ↗ S (2)(ω)

]
↗

↑̂

ϖ

dϑ
0

ϑ
0

Ĥ (2)
BK · U (0)

12 ,
(2.35)
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Claim: consequence of conformal symmetry of pQCD 
in  !d = 4 − 2ϵ* [unpublished interpretation of Basso+Korchemsky ’06]



Wait. QCD is not conformal!

• In MS schemes, -functions and scaling dimensions 
in  only depend on  at tree-level: 
 
 
 

• Better known in statistical physics context 
(why Wilson-Fisher fixed point can be tracked from d=4 to d=3)

• Conformal invariance of pQCD in  
dimensions constrains MS anomalous dimensions

β
d = 4 − 2ε ε

d = 4 − 2ϵ*(αs)

4

products of elementary dipoles (see, e.g., Fig. 2). Second, target expectation values factorize
naturally: →t| U10 U02 |t↑ = →t| U10 |t↑ →t| U02 |t↑. This property reduces the BK equation to an
ordinary integro-di!erential equation for the classical function →t| Uij |t↑(zi, zj ; ω). Since we
do not discuss expectation values here, we will rely solely on the first simplification, which
follows directly from large-N counting rules.

The O(ε2
s) correction to ϑω U12 was computed in [16, 27]. Incorporating finite-N non-planar

corrections demands iterating the evolution with a general color-charge distribution on the
left-hand side, which was worked out at two loops in [18, 48, 61]. In this paper, we focus on
deriving the planar contribution to the O([εsN ]3) small-xB evolution equation.

Physically, one can interpret →Uij↑ ↓ →t| Uij |t↑ as the probability that a dipole of transverse
size zij escapes the target unscathed [62]. Hence, the configuration →Uij↑ = 1 is an (unstable)
fixed point, realized only in the absence of any scattering (i.e., in the absence of a target).
In general, the evolution equation must be solved with an initial condition at some initial
rapidity scale ω0 = log(1/x0), and generically one finds that →1 ↔ U↑ increases with rapidity:
the scattering region gradually “eats” into the transparent region and the opaque fixed point
→U↑ = 0 is approached pointwise. For an in-depth review of the leading-order BK equation and
related topics and a concise review of the initial conditions, we point the reader to [2, 9, 53].

On physical grounds, scattering cannot grow without bounds, and the nonlinear term in (2.4)
ensures that unitarity is preserved throughout the evolution and the solution remains bounded
as 0 < →Uij(ω)↑ < 1. Since →1 ↔ U↑ ↗ xBG(xB, q

2) in some limits, this can be interpreted
physically as the saturation of parton distributions at large occupation number [9, 63].

2.3 Setup: planar gauge theory in D = 4 ↔ 2ϖ dimensions

We study SU(N) gauge theory (whose Lagrangian density is given in App. A) in D = 4 ↔ 2ϖ

spacetime dimensions in the large-N limit. Instead of the standard ’t Hooft large-N limit,
where fermions are subleading [64], we work in the so-called Veneziano limit where nF , nS ↗ N

[65] so that matter loops are retained; we allow both scalar and fermion matter. Actually, for
bookkeeping purposes it will be more convenient to consider a theory with an O(1) number
n

f
adj

, n
s
adj

of adjoint fields. For adjoint matter, the ϱ-function (µϑµgs = ϱ(gs))

1
gs

ϱ(gs) = ↔ϖ ↔ ϱ̄(a) = ↔ϖ ↔ (ab0 + a
2
b1 + . . .) , a ↓ εsN

4ς
= g

2
sN

16ς2
, (2.5)

is given by the coe"cient b0 = 11

3
↔ 2

3
n

f
adj

↔ 1

6
n

s
adj

(see, e.g., [66, Eq. (30)] for b1), where n
f
adj

and n
s
adj

denote respectively the number of adjoint Majorana fermions and adjoint real scalar
fields.

For most of the paper, we will only record formulas for adjoint matter. Equivalent formulas for
nF fundamental Dirac fermions and nS fundamental complex scalars can be readily obtained
using the substitutions n

s
adj

↘≃ nS
N , n

f
adj

↘≃ nF
N (together with the erasure of certain Wilson

lines as noted below (3.59)).
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1
gs

β(gs, ε) = − ε − (ab0 + a2b1 + …) c



• Recall DGLAP equation:

5

Quantum numbers of DIS

μ
∂

∂μ
fi/h(x, μ) = ∫

1

x

dξ
ξ

PS
i/j(x/ξ, αs(μ))fj/h(x, μ)

• Diagonalized by moments:

μ
∂

∂μ
f̃i/h(N, μ) = γS

i/j(N, αs(μ))f̃j/h(N, μ)

• Since ,  th moment has boost eigenvalue x ∝ p+ N J = N + 1

f̃(N ) = ∫
1

0
dx xNf(x)

(ex: momentum sum rule  has )∫ dx x f J = 2
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17.3 Deep Inelastic Scattering 

After e+e —  annihilation into hadrons, the next simplest reaction involving 
strongly interacting particles is electron scattering from a proton, or from 
some other hadron. At the most elementary level, this reaction can be viewed 
as the electromagnetic scattering of an electron from a quark inside the pro-
ton.t A way to visualize the process is shown in Fig. 17.3. Call the proton 
momentum P, and the initial quark momentum p. Call the initial and final 
momenta of the electron k and k'. If the final electron momentum is measured, 
one can deduce the momentum q = k — k' transferred by the virtual photon to 
the hadronic system. The vector q is spacelike, and one conventionally writes 
q2 _ Q2.  

If the invariant momentum transfer Q2  is large, the quark is ejected from 
the proton in a manner that cannot be balanced by subsequent soft processes. 
These soft processes will, however, create gluons and quark-antiquark pairs 
that eventually neutralize the color and cause the struck quark to materialize 
as a jet of hadrons in the direction of the momentum transfer from the elec-
tron. Typically the total invariant mass of the final hadronic system is large, 
since the struck quark carries a large momentum with respect to the other 
"spectator" quarks. In this case, the process is referred to as deep inelastic 
scattering. 

To derive a first approximation to the cross section for electron-proton 
scattering, we consider this reaction from a frame in which the electron and 
proton are moving rapidly toward each other, for example, the electron-
proton center-of-mass frame. We assume that the center-of-mass energy is 
large enough that we can ignore the proton mass in working out the kine-
matics. Then the proton has an almost lightlike momentum along the colli-
sion axis. The constituents of the proton also have lightlike momenta, which 

The electron could just as well be a muon; all the same formulae apply in this 
case. Leptons can also scatter from quarks via the neutral-current weak interaction, 
as we will see in Chapter 20. 
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e

 = Scaling dimension: rescale Δ Qμ

 = spin (boost): rescale J Q+−

 = twist : rescale just τ Q⊥

conjugate to 
energy fraction x

conjugate to 
transverse density

Quantum 
numbers of DIS (II)

Q

6



17.3 Deep Inelastic Scattering �555 

quark 

Figure 17.3. Deep inelastic scattering in QCD. The diagram shows the flow 
of momentum when a high-energy electron scatters from a quark taken from 
tl e wavefunction of the proton. 

17.3 Deep Inelastic Scattering 

After e+e —  annihilation into hadrons, the next simplest reaction involving 
strongly interacting particles is electron scattering from a proton, or from 
some other hadron. At the most elementary level, this reaction can be viewed 
as the electromagnetic scattering of an electron from a quark inside the pro-
ton.t A way to visualize the process is shown in Fig. 17.3. Call the proton 
momentum P, and the initial quark momentum p. Call the initial and final 
momenta of the electron k and k'. If the final electron momentum is measured, 
one can deduce the momentum q = k — k' transferred by the virtual photon to 
the hadronic system. The vector q is spacelike, and one conventionally writes 
q2 _ Q2.  

If the invariant momentum transfer Q2  is large, the quark is ejected from 
the proton in a manner that cannot be balanced by subsequent soft processes. 
These soft processes will, however, create gluons and quark-antiquark pairs 
that eventually neutralize the color and cause the struck quark to materialize 
as a jet of hadrons in the direction of the momentum transfer from the elec-
tron. Typically the total invariant mass of the final hadronic system is large, 
since the struck quark carries a large momentum with respect to the other 
"spectator" quarks. In this case, the process is referred to as deep inelastic 
scattering. 

To derive a first approximation to the cross section for electron-proton 
scattering, we consider this reaction from a frame in which the electron and 
proton are moving rapidly toward each other, for example, the electron-
proton center-of-mass frame. We assume that the center-of-mass energy is 
large enough that we can ignore the proton mass in working out the kine-
matics. Then the proton has an almost lightlike momentum along the colli-
sion axis. The constituents of the proton also have lightlike momenta, which 

The electron could just as well be a muon; all the same formulae apply in this 
case. Leptons can also scatter from quarks via the neutral-current weak interaction, 
as we will see in Chapter 20. 

e

xP

Figure 4: Example of diagram factorizations in small and large ω integration regions. The

formation time of each quantum is ti → ε+

0i→ .
the other (i.e., as ω ↑ ε+

0 /ε+

0→ ↓ 0 or ↔), in addition to an overall rapidity divergence which

will be associated with Ĥ (2)
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factorization captures (and ends up canceling) all rapidity subdivergences, as will be manifest

in the explicit computations of Sec. 3.

Following [48], we thus “slice” the two-loop phase space by using, in addition to ω , an ordering

variable proportional to the geometric mean of energies ϑ
[100→

2] :
(ω, ϑ

[100→
2]) =

(
ε+
0

ε+
0→

, →
√

ε+

0 ε+

0→

)
.

(2.34)

In these variables, the two-loop renormalized dipole in (2.31) becomes

U (2),ren
12 (ϑ) = N 2

ϑ

↑̂

↓!

dϑ
[100→

2]
ϑ

[100→
2]

↑̂

0

dω

ω

[
I (2)(ω) ↗ S (2)(ω)

]
↗

↑̂

ϖ

dϑ
0

ϑ
0

Ĥ (2)
BK · U (0)

12 ,
(2.35)
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e

 = Scaling dimension: rescale Δ Qμ

 = spin (boost): rescale J Q+−

 = twist : rescale just τ Q⊥

conjugate to 
energy fraction x

conjugate to 
transverse density

Quantum 
numbers of DIS (II)

Q

γS(N, αs) = Δ(J, αs) − J − (d − 2) with J = N + 1

free theory7

• Thus the DGLAP eigenvalue parametrizes scaling 
dimension of lowest twist (  operators as:≈ 2)



Fragmentation functions

• Can’t apply standard OPE to ‘jet operators’            
(hadron number operator stands between them)

• To relate evolution to pQCD operators, zoom in 
and count partons before hadronization

• Evolution of  thus related to that of 
parton number  operator inserted at large distances

𝒥†
i

𝒥i(⋯)𝒥†
i

Nj

8

Dh/i = ⟨0 |𝒥i a†
h ah 𝒥†

i |0⟩
(eg. )ψW

DpQCD
j/i = ⟨0 |𝒥i Nj 𝒥†

i |0⟩
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Parton Shower

O(αs

2) Leading-Log QCD

γ/Z

electro-weak

Fragmentation: quantum numbers

null infinity 
in pQCD

DPQCD
j/i = ⟨0 |𝒥i Nj 𝒥†

i |0⟩

i
j

[image credit: Padilla Aranda PhD thesis ’95]

Insert  at infinity (say along z) 
to diagonalize dilation and boost 

Nj

Q

th moment transforms like 
angular density with extra energy
(NT)

∼NT

JL = − NT − (d − 2)

Again  is conjugate to twist; 
momentum fraction  spin

Q
↔



Null infinity in CFT
• In a conformal theory, can swap infinity and origin:

10

[Weigert ’03;
Hatta ’08-…, 

Hofman& Maldacena ‘08] 
I→

I+

i
+

i
0

(4.4)

Figure 9: The coordinate change (4.4) maps the shock (red blob) in the left panel to the
detector (red circle) on the celestial sphere at null infinity I+ in the right panel, thereby
interchanging HBK(ω↑) with HNGL. Both panels depict the same sample diagram with a
radiated gluon. Note that the two sides of the shock get “folded” onto the same cone, on
which they represent respectively the amplitude and complex conjugate amplitude; we depict
the latter with shaded lines.

What about higher loops in QCD? A crucial observation, first emphasized in [49]
to our knowledge, is that rapidity divergences exist in any dimension, and therefore the
corresponding rapidity anomalous dimensions are a nontrivial function of ω. On the other
hand, the non-global logarithm evolution equation, like other anomalous dimensions, does not
depend on the dimensional regularization parameter ω in a minimal subtraction scheme. Thus,
the evolution equations admit, respectively, double and single expansions:

εϑω U12 =
↓∑

ε=1

↓∑

k=0

a
ε
ω

k
H

(ε,k)

BK
and → µϑµ V12 =

↓∑

ε=1

a
ε
H

MS (ε)

NGL
. (4.9)

The power of this observation lies in the fact that the two equations must coincide in the
conformal dimension (Wilson–Fisher point; see the discussion around (2.6)):

HBK(ω = ω↑ = ϖ̄(ϱs)) ↑ H
MS

NGL , (4.10)

which is represented pictorially in Fig. 9. Here, the symbol ↑ is used to mean equal under the
stereographic projection (4.6), U ↓ V, and up to possible (but physically irrelevant) terms
that depend on the choice of a subtraction scheme.

Expanding (4.10) to the second order in the gauge coupling a gives:

H
(2,0)

BK
→ b0H

(1,1)

BK
↑ H

MS (2)

NGL
. (4.11)

It was initially observed by one of the present authors that H
(2,0)

BK
→ H

MS (2)

NGL
is relatively simple

and proportional to b0 [48, Sec. 4.2]; the precise relation (4.11) was recently verified in [75].

– 42 –

x+ ↔ ℓ2/y+

x⊥ = ℓy⊥/y+x− = y− − y2
⊥/y+

dyμdyμ = (ℓ/x+)2dxμdxμ ∝ dxμdxμ

• Transverse plane  in DIS stereographically maps 
to ‘celestial sphere’  in fragmentation 

x⊥

θ



Null infinity in CFT (II)
• Transverse plane  in DIS stereographically maps 

to ‘celestial sphere’  in fragmentation 
x⊥

θ

11

• Boost and dilation quantum numbers get swapped:

[Simmons-Duffin & Kravchuk ’18]
ΔL = 1 − J JL = 1 − Δ

γT(NT, αs) = Δ(J, αs) − J − (d − 2) when Δ + 1 − d = NT
• Thus timelike anomalous dimension means:

• The fixed quantum number, boost  on celestial 
sphere,  = rescaling  in inverted frame

JL
Δ
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Relating  and γS γT

γS(NS, αs) = Δ(J, αs) − J − (d − 2) when J − 1 = NS

γT(NT, αs) = Δ(J, αs) − J − (d − 2) when Δ + 1 − d = NT

• One is inserted at origin, the other at null infinity; 
must be same  vs  curve at CFT point Δ J ε = ε*(αs)!

• Since ’s actually -dependent, must agree for any !γ ε ε

γT(NT) = γS(NS) |Δ(NS)+1−d=NT

= γS(NS) |γ+J−1=NT

γT(NT) = γS(NT − γT(NT))



• Verified for QCD eigenvalues (matrix structure?)

• We discussed it recently in  theoryϕ4

13

[SCH, Kologlu, Kravchuk,Meltzer, Simmons-Duffin ‘22]

[Basso+Korchemsky ’06]

Relating  
and  (II)

γS

γT

γT(N) = γS(N − γT(N))

Δ
− J =

d − 2

γT(N) = γS(N) − γS(N)∂NγS(N) + …



14 [see Chang, Chen, Simmons-Duffin, Zhu ’25, …]

• In gauge theories,  curve unites BFKL and DGLAP.

J

Δ − 2

• Soft-collinear limit:  J = 1 ≈ (Δ − 3 ± (Δ − 3)2 + 8αsNc )/2
Includes multiplicity of jets:  γT(NT = 1) ∝ αs

• Curve predicts other scaling exponents in fragmentation
[Mueller 81]



Comments on ‘reciprocity’
• Besides ,  ‘Gribov-Lipatov reciprocity’ 

also refers to:
γS ↔ γT

15

  admits series in γ(h = (Δ+J)/2)
1

h(h − 1)
[Basso+Korchemsky ’06]

• Consequence of CFT crossing equation at large spin; 
manifested by Lorentzian inversion formula

• Removes roughly half of harmonic sums in a  ansatzγ

[Alday+Bissi ’13; SCH ‘17]

[Dokshitzer+Marchesini ’06]
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Recent+ongoing:
planar limit of 3-loop BK

[2508.03794 with Giacomo Brunello,
Giulio Crisanti, Mathieu Giroux & Sid Smith;

+ in progress with Mathieu Giroux]

https://arxiv.org/abs/2508.03794


small-x evolution equations

Nonlinear

planar 
(large Nc)

Full colors

planar BFKL BFKL (/BKP)

BK B-JIMWLK

what to aim for?

Linear

finite x, 
DGLAP
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Figure1:(a)Atsmall
x

B

andleadingorderin
ωs(Q),avirtualphotonprobesahadronasa

quark-antiquarkdipole.(b)Examplesofreal(left)andvirtual(right)perturbativecorrections

in
ωs(Q)generatingmorecomplicatedcolorcorrelations.

intermsofpartondistributionfunctionsmultipliedbyoperatorproductexpansion(OPE)

coe!cientsthatadmitcalculableseriesin
ωs.Thesecoe!cientsarealsoscaledependent,

inaccordancewiththe
Q

2dependenceofpartondistributionfunctionsthatisdescribedby

theDGLAP
equation.Incontrast,themaincomplicatingfeatureofrapidityfactorization

andevolution(i.e.,inthelimit
x

B

→
0with

Q
fixed)isthatthecorrespondingequations

arenonlinear:ateach
orderin

theevolution,new
operatorstructures(i.e.,higher-point

W
ilson-linecorrelators)aregenerated.Thisnonlinearnatureiswhatenablesnovelphenomena

likesaturation.

Asaspecificexample,thepresenceofthegluoncrossingtheshockinFig.1b(left)addsan

adjointW
ilsonlinetothequarkandantiquarkonesin(2.2).Thiscreatesanoperatorwith

threeW
ilsonlinesatdi"erenttransversepositions.Keepingfull-colorinformationmakesthe

bookkeepingconsiderablymorechallenging—
thisleadstotheBalitsky-JIMW

LK
hierarchy

mentionedinintroduction.Inthiswork,wesettleonthelarge-N
(andlargefermiondegrees

offreedom
nF)compromise,whereacompletebasisofoperatorsoverwhichwecanexpand

thediluteprojectileconsistsofproductsofcolordipoles,whichevolveindependentlyofeach

other.

Wenotethat,in
addition

totheDIS
crosssection

in
(2.1),avarietyofotherphysically

interestingobservablesarealsomediatedbydipolescattering.Examplesincludeback-to-

backdijetcorrelators[54],energyflow
correlators[55,56],andgluontransversemomentum

distributions(TMDs)[57,58].–8–

ℳ ∝ ⟨target |U(z1, z2) | target⟩
@ leading order in  , target  dipole expectation value:αs →

recall rapidity factorization (leading power)
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inaccordancewiththeQ

2
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(a)

(b)

Figure 1: (a) At small xB and leading order in ωs(Q), a virtual photon probes a hadron as a
quark-antiquark dipole. (b) Examples of real (left) and virtual (right) perturbative corrections
in ωs(Q) generating more complicated color correlations.

in terms of parton distribution functions multiplied by operator product expansion (OPE)
coe!cients that admit calculable series in ωs. These coe!cients are also scale dependent,
in accordance with the Q

2
dependence of parton distribution functions that is described by

the DGLAP equation. In contrast, the main complicating feature of rapidity factorization
and evolution (i.e., in the limit xB → 0 with Q fixed) is that the corresponding equations
are nonlinear : at each order in the evolution, new operator structures (i.e., higher-point
Wilson-line correlators) are generated. This nonlinear nature is what enables novel phenomena
like saturation.

As a specific example, the presence of the gluon crossing the shock in Fig. 1b (left) adds an
adjoint Wilson line to the quark and antiquark ones in (2.2). This creates an operator with
three Wilson lines at di"erent transverse positions. Keeping full-color information makes the
bookkeeping considerably more challenging—this leads to the Balitsky-JIMWLK hierarchy
mentioned in introduction. In this work, we settle on the large-N (and large fermion degrees
of freedom nF ) compromise, where a complete basis of operators over which we can expand
the dilute projectile consists of products of color dipoles, which evolve independently of each
other.

We note that, in addition to the DIS cross section in (2.1), a variety of other physically
interesting observables are also mediated by dipole scattering. Examples include back-to-
back dijet correlators [54], energy flow correlators [55, 56], and gluon transverse momentum
distributions (TMDs) [57, 58].
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in accordance with the Q

2 dependence of parton distribution functions that is described by
the DGLAP equation. In contrast, the main complicating feature of rapidity factorization
and evolution (i.e., in the limit xB → 0 with Q fixed) is that the corresponding equations
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mentioned in introduction. In this work, we settle on the large-N (and large fermion degrees
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• Planar (large Nc) limit: only products of dipoles!
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Comments

• Full-color evolution (B-JIMWLK) hard to use. 
NLO ~2013, not simulated yet (?)

• Planar evolution (BK) more tractable. 
NLO ~2007, simulations ~2015

• Linearized evolution (BFKL): NLO ~1998; 
NNLO gluon trajectory known in QCD; 
NNLO Pomeron (linearized dipole) only in N=4 SYM

• Nonlinearities are interesting: saturation! 
Linear & nonlinear evolution = same shockwave diagrams

(Balitsky+Chirilli 2007)
(Lappi+Mäntysaari 2015)

(Gromov+Levkovich-Maslyuk,+Sizov 2015) 
(SCH+Herranen 2016)



Nonlinear

planar 
(large Nc)

Full colors

planar BFKL 
BFKL (/BKP)

BK B-JIMWLK

Linear

limited 
use case

what we'll 
consider @ NNLO!

simplifications 
not worthwhile

small-x evolution equations
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"Planar QCD": keep quarks
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arenonlinear:ateachorderintheevolution,newoperatorstructures(i.e.,higher-point
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• 't Hooft-Veneziano large-N limit with  fixed

• Same as treating quarks as adjoint   
then dropping  dipole in the end

• Our paper: the  part of NLO BK in planar QCD

nF /Nc

∼ U10U00′￼
U0′￼2

U00′￼

𝒪(ϵ)

∼ U10U0′￼2
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Transparent
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saturation: opaque 
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Veto energy

saturation: Vetoed 
region grows

Rapidity evolution 
(small x amplitude) ⇔

Soft radiation 
(exclusive cross-section)

[Weigert ’03;
Hatta ’08-…, 

Hofman& Maldacena ‘08] 

“Timelike-Spacelike”: 
a surprising equivalence

[Mueller ’18]
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• Quantitative equivalence: 

• Consequence of conformal symmetry of pQCD:

[Weigert ’03;
Hatta ’08-…, 

Hofman& Maldacena ‘08] 

E
d

dE
U12 =

�

8⇡2

Z
d2⌦0

4⇡

↵12

↵10↵02

�
U10U02 � U12

�

BK: Rapidity 
evolution

BMS: Soft 
evolution

↵ij ⌘
1� cos ✓ij

2
! z2ij ⌘ (zi�zj)

2,
d⌦

4⇡
! d2z

⇡

<latexit sha1_base64="Ka546h4vb0UymWUUPOuwFCRJzh4="></latexit>

d

d⌘
U12 =

�

8⇡2

Z
d2z0
⇡

z212
z210z

2
02

�
U10U02 � U12

�

I→

I+

i
+

i
0

(4.4)

Figure 9: The coordinate change (4.4) maps the shock (red blob) in the left panel to the
detector (red circle) on the celestial sphere at null infinity I+ in the right panel, thereby
interchanging HBK(ω↑) with HNGL. Both panels depict the same sample diagram with a
radiated gluon. Note that the two sides of the shock get “folded” onto the same cone, on
which they represent respectively the amplitude and complex conjugate amplitude; we depict
the latter with shaded lines.

What about higher loops in QCD? A crucial observation, first emphasized in [49]
to our knowledge, is that rapidity divergences exist in any dimension, and therefore the
corresponding rapidity anomalous dimensions are a nontrivial function of ω. On the other
hand, the non-global logarithm evolution equation, like other anomalous dimensions, does not
depend on the dimensional regularization parameter ω in a minimal subtraction scheme. Thus,
the evolution equations admit, respectively, double and single expansions:

εϑω U12 =
↓∑

ε=1

↓∑

k=0

a
ε
ω

k
H

(ε,k)

BK
and → µϑµ V12 =

↓∑

ε=1

a
ε
H

MS (ε)

NGL
. (4.9)

The power of this observation lies in the fact that the two equations must coincide in the
conformal dimension (Wilson–Fisher point; see the discussion around (2.6)):

HBK(ω = ω↑ = ϖ̄(ϱs)) ↑ H
MS

NGL , (4.10)

which is represented pictorially in Fig. 9. Here, the symbol ↑ is used to mean equal under the
stereographic projection (4.6), U ↓ V, and up to possible (but physically irrelevant) terms
that depend on the choice of a subtraction scheme.

Expanding (4.10) to the second order in the gauge coupling a gives:

H
(2,0)

BK
→ b0H

(1,1)

BK
↑ H

MS (2)

NGL
. (4.11)

It was initially observed by one of the present authors that H
(2,0)

BK
→ H

MS (2)

NGL
is relatively simple

and proportional to b0 [48, Sec. 4.2]; the precise relation (4.11) was recently verified in [75].
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x+ ↔ 1/x+
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[for semi-infinite Wilson lines: Vladimirov ‘16]

Rapidity vs Soft divergences
does not depend on 𝜀

doesHBK(ϵ)

(up to scheme)

HMS
NGL

HBK(ϵ* = − β̄(a)) = HMS
NGL

H(2)
BK
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H(3)
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⇒
2508.03794

in progress

https://arxiv.org/abs/2508.03794
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• We calculated NLO BK at : 
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= H(3)
NGL +b0H(2)
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+ b1H(1)
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0 H(1)

BK
ϵ2

• Let me illustrate techniques, starting with LO
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the DGLAP equation. In contrast, the main complicating feature of rapidity factorization
and evolution (i.e., in the limit xB → 0 with Q fixed) is that the corresponding equations
are nonlinear : at each order in the evolution, new operator structures (i.e., higher-point
Wilson-line correlators) are generated. This nonlinear nature is what enables novel phenomena
like saturation.

As a specific example, the presence of the gluon crossing the shock in Fig. 1b (left) adds an
adjoint Wilson line to the quark and antiquark ones in (2.2). This creates an operator with
three Wilson lines at di"erent transverse positions. Keeping full-color information makes the
bookkeeping considerably more challenging—this leads to the Balitsky-JIMWLK hierarchy
mentioned in introduction. In this work, we settle on the large-N (and large fermion degrees
of freedom nF ) compromise, where a complete basis of operators over which we can expand
the dilute projectile consists of products of color dipoles, which evolve independently of each
other.

We note that, in addition to the DIS cross section in (2.1), a variety of other physically
interesting observables are also mediated by dipole scattering. Examples include back-to-
back dijet correlators [54], energy flow correlators [55, 56], and gluon transverse momentum
distributions (TMDs) [57, 58].
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- Two virtuality integrals : residues

- Two Fourier transforms 
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quark-antiquarkdipole.(b)Examplesofreal(left)andvirtual(right)perturbativecorrections
inωs(Q)generatingmorecomplicatedcolorcorrelations.

intermsofpartondistributionfunctionsmultipliedbyoperatorproductexpansion(OPE)
coe!cientsthatadmitcalculableseriesinωs.Thesecoe!cientsarealsoscaledependent,
inaccordancewiththeQ

2
dependenceofpartondistributionfunctionsthatisdescribedby

theDGLAPequation.Incontrast,themaincomplicatingfeatureofrapidityfactorization
andevolution(i.e.,inthelimitxB→0withQfixed)isthatthecorrespondingequations
arenonlinear:ateachorderintheevolution,newoperatorstructures(i.e.,higher-point
Wilson-linecorrelators)aregenerated.Thisnonlinearnatureiswhatenablesnovelphenomena
likesaturation.

Asaspecificexample,thepresenceofthegluoncrossingtheshockinFig.1b(left)addsan
adjointWilsonlinetothequarkandantiquarkonesin(2.2).Thiscreatesanoperatorwith
threeWilsonlinesatdi"erenttransversepositions.Keepingfull-colorinformationmakesthe
bookkeepingconsiderablymorechallenging—thisleadstotheBalitsky-JIMWLKhierarchy
mentionedinintroduction.Inthiswork,wesettleonthelarge-N(andlargefermiondegrees
offreedomnF)compromise,whereacompletebasisofoperatorsoverwhichwecanexpand
thediluteprojectileconsistsofproductsofcolordipoles,whichevolveindependentlyofeach
other.

Wenotethat,inadditiontotheDIScrosssectionin(2.1),avarietyofotherphysically
interestingobservablesarealsomediatedbydipolescattering.Examplesincludeback-to-
backdijetcorrelators[54],energyflowcorrelators[55,56],andgluontransversemomentum
distributions(TMDs)[57,58].
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Figure 1: (a) At small xB and leading order in ωs(Q), a virtual photon probes a hadron as a
quark-antiquark dipole. (b) Examples of real (left) and virtual (right) perturbative corrections
in ωs(Q) generating more complicated color correlations.

in terms of parton distribution functions multiplied by operator product expansion (OPE)
coe!cients that admit calculable series in ωs. These coe!cients are also scale dependent,
in accordance with the Q

2
dependence of parton distribution functions that is described by

the DGLAP equation. In contrast, the main complicating feature of rapidity factorization
and evolution (i.e., in the limit xB → 0 with Q fixed) is that the corresponding equations
are nonlinear : at each order in the evolution, new operator structures (i.e., higher-point
Wilson-line correlators) are generated. This nonlinear nature is what enables novel phenomena
like saturation.

As a specific example, the presence of the gluon crossing the shock in Fig. 1b (left) adds an
adjoint Wilson line to the quark and antiquark ones in (2.2). This creates an operator with
three Wilson lines at di"erent transverse positions. Keeping full-color information makes the
bookkeeping considerably more challenging—this leads to the Balitsky-JIMWLK hierarchy
mentioned in introduction. In this work, we settle on the large-N (and large fermion degrees
of freedom nF ) compromise, where a complete basis of operators over which we can expand
the dilute projectile consists of products of color dipoles, which evolve independently of each
other.

We note that, in addition to the DIS cross section in (2.1), a variety of other physically
interesting observables are also mediated by dipole scattering. Examples include back-to-
back dijet correlators [54], energy flow correlators [55, 56], and gluon transverse momentum
distributions (TMDs) [57, 58].
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k k′￼

z1
z0

z2

• In BK, we fix the transverse position  of each 
particle which crosses the shock

zi

at each loop order. The integrand where a (possibly empty) set X of real partons crosses the
target naturally factorizes into a product of amplitudes that capture the interactions on either
side of the target:

I(L)

[100→...0|X|→ 2]
(ω+

0
, . . . , ω

+

0|L|→ ) =
∑

X

∑

L1+L2=L→|X|
A(X,L1)

[100→...0|X|→ 2]
A(X,L2)

[100→...0|X|→ 2]
. (2.16)

Therefore, the amplitudes depend on |X| transverse positions z0, z0→ , z0→→ , . . . , z
0|X|→ and at most

L energies ω
+

0
, . . . , ω

+

L associated to |X| real emissions (k+

0
, k

+

0→ , k
+

0→→ , . . . , k
+

0|X|→ ) and L → |X|
virtual ones (l+

0
, l

+

0→ , l
+

0→→ , . . . , l
+

0(L↑|X|)→ ) sprinkled around both sides of the target in all possible
ways allowed by the interactions. In two loops (L = 2), for example, we could have X ↑
{gg, ff, ss} and |X| = 2 for double emissions at tree level.

One-loop example. As a simple example to illustrate the notation introduced above, let
us briefly revisit the well-known result for the one-loop (L = 1) calculation (see App. A for
a derivation from the standard (covariant) Feynman rules). The amplitude for a single real
gluon emission (X = g) is a function of its transverse position z0 and polarization index i (but
does not depend on the energy k

+

0
):

A(g,0)i
[102]

(z0) = +

=
ˆ

k0

2ik
i
0

k
2
0

(
eik0·z01 → eik0·z02

)
ω↑↓0→→→↓ 1

ε

(
z

i
01

z
2
01

→ z
i
02

z
2
02

)

,

(2.17)

while the amplitude for a single virtual gluon emission is

A(⊋,1)

[12]
= + +

=
ˆ

l0

4
l
2
0

(
eil0·z21 → 1

)
,

(2.18)

where ⊋ is there to remind us that no emitted partons cross the target (i.e., they are all
virtual). Both of these amplitudes contribute to the leading-order term in (2.11), which we
write in full as (see (2.16)):

I(1)

[102]
= A(g,0)i

[102]
A(g,0)i

[102]
= Cω

2

[ 1
(z2

01
)1→2ω

+ 1
(z2

02
)1→2ω

→ 2z01 · z02

(z2
01

z
2
02

)1→ω

]
ω↑↓0→→→↓ z

2
12

ε2z
2
01

z
2
02

, (2.19a)

I(1)

[12]
=

(
A(⊋,1)

[12]
A(⊋,0)

[12]
+ A(⊋,0)

[12]
A(⊋,1)

[12]

)
= 2A(⊋,1)

[12]
, (2.19b)
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• Can do all Fourier transforms at "amplitude" level

= ∫
d2−2ϵk⊥

(2π)2−2ϵ

2iki
⊥

k2
⊥

(eik⊥⋅z01 − eik⊥⋅z02)

Sample calculations from 2508.03794

[Brunello,SCH,Crisanti,Giroux&Smith ’25]

= Cε

https://arxiv.org/abs/2508.03794
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1-loop BK in any dimension [known previously]

These variables are interesting for two reasons we did not yet emphasize: first, they naturally
enforce a strict decrease in the geometric mean of longitudinal momenta of each cluster at
each emission step: by requiring ω

+
aL+1 < ε[i a1···aL j], one has ε[i a1···aL+1 j] < ε[i a1···aL j]; and

second, by making the specific choice

ϑL →
[

z
2
ia1 z

2
a1a2 · · · z

2
aLj

z
2
ij

] 1
2L

(conformal scheme) , (2.42)

we can make the regulator manifestly conformal from the outset. Indeed, it is straightforward
to verify that ε[i a1···aL j], as defined in (2.41) with (2.42), is invariant under inversion (zk, ω

+

k ) ↑↓
(zk/z

2

k, z
2

kω
+

k ) for all k and under translations of the transverse coordinates. (Through the
spacelike-timelike correspondence discussed in Sec. 4.2, ε[i a1···aL j] is equivalent to the ordering
variable which was used for non-global logarithms in [50].) Hence, in this “conformal scheme,”
we refer to U ren

12 (ε) as the conformal dipole (see also [27]), and any breaking of conformal
symmetry will be due to the physical running of the coupling.

As a closing remark we note that in the BK literature (see, e.g., [16]), ϑL in (2.41) is often
set to 1, which gives rise to the so-called “+-prescription scheme” (see (3.34)). Although this
choice is mathematically correct and even natural due to its simplicity, it is not the one we
adopt to present our results in (4.13), as such a rapidity regulator would break conformal
invariance, which would then have to be restored by hand [27].

3 Dimensionally regularized NLO evolution of color dipoles

In this section, we assemble the two-loop BK kernel in impact parameter space, expanded to
first order in ϖ. Let us first briefly review the one-loop BK Hamiltonian in (2.30b). In practice
we will need the expansion of this expression in ϖ, where in the context of the spacelike-timelike
correspondence (see Sec. 4) we treat ϖ ↔ ϱs. Anticipating application to three loops, we will
thus need to expand the one-loop kernel up to and including the order ϖ

2. It is convenient to
pull out a conformal-invariant measure factor which makes the kernel dimensionless:

H
(1)

[102]
=

(
z

2
12

z
2
10

z
2
02

)1→ω

H̃
(1)

[102]
. (3.1)

Expanding (2.30b) then gives:

H̃
(1)

[102]
= 2 + 2ϖ

(

Lµ ↗ z
2
01 ↗ z

2
02

z
2
12

log z
2
01

z
2
02

)

+ ϖ
2

(
ς

2

6 + L
2

µ ↗ 2Lµ
z

2
01 ↗ z

2
02

z
2
12

log z
2
01

z
2
02

+ z
2
01 + z

2
02

z
2
12

log2
z

2
01

z
2
02

)

+ O(ϖ3) ,

(3.2)

with Lµ → log
[

µ2z2
12

4e
→2ωE

]
where µ

2 → 4ςµ
2e→εE is the standard MS scale. A similar organization

will be used at two loops.
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H̃
(1)

[102]
= 2 + 2ϖ
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Lµ ↗ z
2
01 ↗ z

2
02

z
2
12

log z
2
01

z
2
02

)

+ ϖ
2

(
ς

2

6 + L
2

µ ↗ 2Lµ
z

2
01 ↗ z

2
02

z
2
12

log z
2
01

z
2
02

+ z
2
01 + z

2
02

z
2
12

log2
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2
01

z
2
02
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• Expand in :ϵ

3.6 Summary of two-loop evolution

To recapitulate, to two-loop accuracy we can write the BK rapidity evolution equation in a
generic planar gauge theory as:12

ωεω U12 = Cε

ˆ
z0

(
z

2
12

z
2
10

z
2
02

)1→ε (
U10U02 → U12

)
H̃[102] (3.59)

+ Cε
2

ˆ
z0,z0→

(
z

2
12

z
2
10

z
2

00→z
2

0→2

)1→ε (
(U10U00→U0→2 → U12)H̃[100→2] → (U10U02 → U12)H̃coll

[100→2]

)
.

Each kernel can be expanded in the gauge coupling a = ϑsN
4ϖ and ϑ as

H̃[102] =
↑∑

ϱ=1

∑

k↓0

a
ϱ
ϑ

k
H̃

(ϱ,k)

[102]
, H̃[100→2] =

↑∑

ϱ=2

∑

k↓0

a
ϱ
ϑ

k
H̃

(ϱ,k)

[100→2]
. (3.60)

The one-loop single-emission kernel H̃
(1,k)

[102]
is given in (3.2) for k = 0, 1, 2 and the two-loop

kernel is given in (3.58) for k = 0, 1. For double-emission kernels, the analogous formulas
including k = 0, 1 are in (3.27)-(3.32). Finally, the collinear subtraction is described in (3.45).
The D = 4 part of the result (k = 0) has been known for some time [15, 16, 27] and the new
result here are the ϑ corrections (k = 1 terms).

To convert the above to nS complex scalars and nF fundamental Dirac fermions instead of
adjoint matter, one simply has to replace n

s
adj

↑↓ nS/N , n
f
adj

↑↓ nF /N , and set U00→ ↑↓ 1 in
any term that these multiply.

Comparison with the literature. The reader familiar with the D = 4 evolution kernels
obtained in [16, 27] may notice that the constant in our single-virtual contribution is di!erent.
For convenience, let us recall the result of these references for the evolution of the so-called
conformal dipole, which matches to our conformal scheme (see also Eq. (2.9) of [75]), converted
to our theory:

ωεωU there

12 = a

ˆ d2
z0

ϖ

z
2
12

z
2
10

z
2
02

(U10U02 → U12)
[
2 + a

(
b0H̃

(1,1)

[102]
+ 2!c

)]
(3.61)

+ a
2

ˆ d2
z0 d2

z0→

ϖ2

z
2
12

z
2
10

z
2

00→z
2

0→2

(
U10U00→U0→2→1

2
U10U02→1

2
U10→U0→2

)
H̃

(2,0)

[100→2]
+O(a3

, ϑ) .

with !c = 67→3ς→10nf
adj→4ns

adj
9

→ ϖ2
3

. As noted already, the D = 4 limit of our double-real kernel
(see H̃

(2,0)

[100→2]
in (3.27) and (3.33)) agrees precisely with these references. However, one can see

that the constant !c di!ers from that in (3.58a).
12

Equivalently, the collinear subtraction term could be written with z0→ and z0 exchanged, e.g. (U10→ U0→2 →

U12)H
coll
[10→02], or symmetrized. This would not change the value of H̃[102].
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• Note that transcendental weight increases with ϵ

(H̃ =
αsNc

4π
H(1) + …)

Figure 2: In the planar limit (N → ↑), the dipole configuration on the left reduces to a
product of two color dipoles U10U02.

In the scaling regime, the Wilson-line integrand (identical to that of the original current
correlator for ! ↓ ω

+ ↓ !) is universal, i.e., independent of the fine-grained details of both
projectile and target, and can be computed straightforwardly. Since the target is highly
Lorentz-contracted for modes in this kinematic window, its sole e!ect is to color-rotate the
wavefunction of each parton that crosses it [11]. Consequently, the L-loop integrand I(L)

decomposes into contributions with varying numbers of “real” partons crossing the target,
each associated with a transverse coordinate (e.g., z0, z0→ , z0→→ , . . . ) to be integrated over:

I(L)(ω+

1
, . . . , ω

+

0|L|→ ) = Î(L)

[12]
+ Î(L)

[102]
+ Î(L)

[100→2]
+ Î(L)

[100→0→→2]
+ . . . (when all ω

+

0i→ ↔ !) , (2.12)

where

Î(L)

[12]
= I(L)

[12]
U12 , (2.13a)

Î(L)

[102]
=
ˆ
z0

I(L)

[102]
U10U02 , (2.13b)

Î(L)

[100→2]
=
ˆ

z0,z0→

I(L)

[100→2]
U10U00→U0→2 , (2.13c)

and so on. To lighten notation, from (2.13) onward we omit the target expectation values,
which are understood to accompany each term passively along the way. The functions I(L)

[··· ]

that will appear in our actual calculations are target-independent. (Conceptually, the dipoles
in (2.13) are evaluated at the low scale ↗ !, since our calculations only include harder modes.)

In writing (2.13), we have specialized to the planar limit, where all relevant color structures
are products of elementary dipoles Uij ↘ 1

N Tr[U(zi)U †(zj)] (see Fig. 2). As already mentioned,
this simplification constitutes the main use of the planar limit in this work.

As a bookkeeping device, we use the following labeling scheme. For real emissions (i.e., partons
crossing the target), we use the momenta

ω
+

• ≃ {k
+

0
, k

+

0→ , k
+

0→→ , . . .} , (2.14)

while for virtual emissions (i.e., those not crossing the target), we use

ω
+

• ≃ {l
+

0
, l

+

0→ , l
+

0→→ , . . .} , (2.15)
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• Explicitly verified recently

31

[Balitsky& Chirilli '24]

Thus, we consider QCD at the critical Wilson-Fisher point ω→ such that

ω→ = →ab0 → a2b1, b0 =
11

3
Nc →

2

3
nf , b1 =

2

3

[
17N2

c → 5nfNc → 3cFnf

]
(2.2)

With out NLO accuracy we need only the b0 part of Eq. (2.2), the b1 term will be important
for NNLO calculations.

The main observation of the paper is the following. The LO BK equation for the
rapidity evolution of color dipole tr{Ûω

z1Û
†ω
z2 } at arbitrary dimension of the transverse space

d↑ = d→ 2 has the form:

d

dε
tr{Ûω

z1
Û †ω

z2
} =

ϑs

2ϖd→

!2
(
d→

2

)

µd→↓2

MS

∫
dd→z3 Kd→

LO
(zi)

[
tr{Uz1U

†

z3
}tr{Uz3U

†

z2
}→Nctr{Uz1U

†

z2
}

]

(2.3)
where µ2

MS
= µ2 e

ωE

4ε

1 and

Kd→

LO
(zi) =

4ϖd→

!2
(
d→

2

)
[
(z1|

pi
p2

|z3)(z3|
pi
p2

|z1) + (z2|
pi
p2

|z3)(z3|
pi
p2

|z2)→ 2(z1|
pi
p2

|z3)(z3|
pi
p2

|z2)
]

(2.4)
Here we use Schwinger’s notation for propagators (x| 1

p2
|y) ↑

∫
d
n
p

(2ε)n
e↓ip(x↓y) and the ra-

pidity cuto! ε is defined as the logarithm of maximal p+ of the gluons forming Wilson
lines

U(xi) = Pexp
{
ig

∫
dx+A↓(x+, 0, xi→)

}
(2.5)

The formula (2.3) is the same as the LO BK kernel in Ref. [1], with the only di!erence
that the free propagators (before and after interaction with the shock wave ) are in d↑ =

2→ 2ω. Now, at d↑ = 2 we get the familiar conformal dipole kernel [26, 27]

4ϖ2

[
(z1|

pi
p2
↑

|z3)(z3|
pi
p2
↑

|z1)+(z2|
pi
p2
↑

|z3)(z3|
pi
p2
↑

|z2)→2(z1|
pi
p2
↑

|z3)(z3|
pi
p2
↑

|z2)
]
=

z2
12

z2
13
z2
23

(2.6)

while at d↑ = 2→ 2ω one obtains the kernel

Kd→

LO
(zi) =

1

(z2
13
)d→↓1

+
1

(z2
23
)d→↓1

→
2z13 · z23

(z2
13
z2
23
)
d→
2

(2.7)

which is not conformal so the corresponding LO BFKL equation cannot be solved by powers.
However, at the critical point ω→ one should expand in ω and ϑs simultaneously. The

expansion of the LO kernel Kd→

LO
(zi) can be rewritten as

K2↓2ϑ↑

LO
(zi) =

( z2
12

z2
13
z2
23

)1↓ϑ↑[
1 + ω→ ln z

2

12

]
+

( 1

z2
13

→
1

z2
23

)
ln

z2
13

z2
23

+O(ω2) (2.8)

The NLO BK equation in d=4 QCD reads [28, 29]

d

dε

[
tr{Ûω

z1
Û †ω

z2
}
] d=4

=
ϑs

2ϖ2

∫
d2z3

z2
12

z2
13
z2
23

{
1 +

ϑs

4ϖ
b0
[
ln

z2
12
µ2

4
+ 2ϱE →

z2
13

→ z2
23

z2
12

ln
z2
13

z2
23

]

+
ϑsNc

4ϖ

(67
9

→
ϖ2

3
→

10nf

9Nc

)}[
tr{Ûω

z1
Û †ω

z3
}tr{Ûω

z3
Û †ω

z2
}→Nctr{Û

ω

z1
Û †ω
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1Throughout the paper, µ is the normalization point in the MS scheme and ωs → ωs(µ)
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In circled part canceled by !d = d*, b0H(1)
BK ϵ1

H(2)
BK

ϵ0

= H(2)
NGL +b0H(1)

BK
ϵ1

Rest matches two-loop NGL kernel H(2)
NGL [SCH `15]



2-loop Fourier transforms
• Main:

• Can be obtained using Schwinger parameters 
Gaussians  Mathematica Integrate[]

• Better: differential equation

• Canonical form simplifies :

• We need to take derivatives anyway (numerators).

→
→

ϵ → 0
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Using simple shifts such k2 →↑ k2 ↓ k1 where appropriate, the following limits of the gluon
amplitudes can be verified:

lim
ω→0

A(gg,0)ij
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(ω) = A(g,0)i
[100→]A

(g,0)j
[10→2]

,

lim
ω→↑

A(gg,0)ij
[100→2]

(ω) = A(g,0)j
[00→2]

A(g,0)i
[102]

.

(3.6)

The right-hand sides correspond to the amplitudes for the sequential emission of two gluons:
the gluon with the larger formation time (i.e., higher energy) splits o! first from U12, in
agreement with the factorization in Fig. 4. This factorization property will be crucial to obtain
a finite and conformal result for the NLO kernel in the calculation below. In the analogous
limits, the scalar and fermion amplitudes vanish.

3.2 Splitting amplitudes in impact parameter space

We are now ready to discuss the Fourier transform of the splitting amplitudes just described.

Tree-level single-real. At leading order, (3.3) is given by the straightforward transform of
a power law (recorded in (B.8)):

A(g,0)i
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(z0) = Cε

[
z

i
10

(z2
10

)1↓ε
↓ z

i
20

(z2
20

)1↓ε

]

. (3.7)

Tree-level double-real. At the next order, the Fourier transforms defined in the preceding
subsection can be calculated using the basis of Fourier integrals evaluated in [44]. It is shown
that these organize into families of integrals that each contain a pair of master integrals. The
latter evaluate to the following pair of pure transcendental functions:7

F1[x] = !(1↓2ε)
!2(1↓ε) (1 + x)2ε

, F2[x] = εx!(1↓2ε)
(1↓ε)!2(1↓ε) 2F1(1↓2ε, 1↓ε; 2↓ε; ↓x) . (3.8)

These are pure transcendental functions satisfying the following canonical-form di!erential
equation [36], which will be useful below:

d
dx

[
F1

F2

]

= ε

[
2

1+x 0
1

1+x
1

x

]

·
[
F1

F2

]

, (3.9)

Using the simple boundary condition at x = 0 one then finds, for example, the expansions

F1[x] = 1 + 2ε log(1+x) + ε
2(2 log2(1+x) + ϑ2

6
) + O(ε3) , (3.10a)

F2[x] = ε log(1+x) + ε
2(log2(1+x) ↓ Li2(↓x)) + O(ε3) . (3.10b)

Below we will only need up to the O(ε) terms. In terms of these transcendental functions, we
then have

1
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ˆ

k1,k2
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+ ωk
2
2
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= ω
ε(z2

10)2ε
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10→
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2
10

]

, (3.11a)

7
This basis are related to those quoted in [44] through simple 2F1 identities.
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a finite and conformal result for the NLO kernel in the calculation below. In the analogous
limits, the scalar and fermion amplitudes vanish.
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[Henn 2013]

[Brunello et al 2311.14432]



Sample result: double real
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and gluon amplitudes. Factoring out a normalization similar to (3.1), we thus expand the
double-real kernel as

H
(2)

[100→2]
=

(
z

2
12

z
2
10

z
2

00→z
2

0→2

)1→ω

H̃
(2)

[100→2]
, (3.27)

where
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

(ns
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↑2n
f
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+2↑2ω(1↑ε))H̃(2)N =0
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+(nf
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↑ 4)H̃(2)N =1

[100→2]

+H̃
(2)N =4

[100→2]



 . (3.28)

In the DRED scheme with ε = 1 (see (2.9)), the first two lines happen to vanish when a full
N = 4 supermultiplet runs in the loop (ns

adj
= 6 and n

f
adj

= 4); the first line generally vanishes
for any N = 1 matter content (!n

s
adj

= 2!n
f
adj

, where !X quantifies the departure of X

from N = 4, i.e., !X = X ↑ X|N =4). We stress that the organization (3.27) holds regardless
of whether the theory of interest is supersymmetric; it is just a natural way to group the terms
that arise from the calculation.

For the scalar contribution we then find:
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+O(ω2) , (3.29)

where here and below we used the cross-ratios:
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The amplitude for a N = 1 matter multiplet is comparatively simpler:
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organize by number 
of fermions/scalars

and gluon amplitudes. Factoring out a normalization similar to (3.1), we thus expand the
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The amplitude for a N = 1 matter multiplet is comparatively simpler:
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all explicit logs and  
functions, attached 
to arXiv submission 
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Large  testnf +…

• NGL side: self-energy can be resummed to all orders

• BK side: two-loop  and three-loop  very nasty… yet:ε1 ε0

• Confirms natural identification of 
conformal invariant and Lorentz invariant cutoffs:

✔︎

x2
10x2

02

x2
12

(k+)2 < ν2
s01s02

s12
< μ2



What was most 
time-consuming in this project?
• 25%: doing the integrals

• 75%: making sure we're integrating the right thing! 
  (factors of 2, signs, conventions,…)

• Ongoing  calculation: 
- much more standard: integrand = on-shell ,… 
- can automate integrate over energies & angles

H(3)
NGL

|ℳ |2

35

[essentially done in 2311.14432]

[thanks Balitsky& Chirilli 2007 
for including so many details!]

[SCH+Giroux, in progress]



Conclusions
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• Conformal invariance of pQCD anomalous dimension 
relates DGLAP vs frag. (eigenvalues; matrix structure?)

• Relates NNLO BK to  at NLO to NGLs:𝒪(ϵ)

• Tested for large  (  terms)nF α3
s n2

F

• Anticipated further tests: 
 -Collinear limit of linearized eigenvalue  DGLAP 
 -3-loop gluon Regge trajectory

↔
[SCH & Giroux, in progress]

H(3)
BK

ϵ0

= H(3)
NGL

in progress

+b0H(2)
BK

ϵ1

+ b1H(1)
BK

ϵ1

− b2
0 H(1)

BK
ϵ2

done
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Sample result: single real

Since the leading-order integrands I(1) are independent of energies (see (2.19a)) and ω[i0j]
ω[k0→ω]

→ ω ,
the ω integral gives simple logarithms of transverse positions. The z0→ integral can then
be computed using the standard bubble integral (and its derivatives with respect to the
exponents):10

Cε

ˆ
z0→

1
(z2

i0→)ϑ(z2

0→k)ϖ
= !(1↑ε)!(1↑ε↑ϑ)!(1↑ε↑ϖ)!(ϑ+ϖ↑(1↑ε))

!(ϑ)!(ϖ)!(2↑ϑ↑ϖ↑2ε) z
2(1→ϑ→ϖ→ε)

ik . (3.54)

Introducing the abbreviations

Lµ = log µ
2
z

2
12

4e→2ϱE
, L1 = log z

4
12

z
2
01

z
2
02

, L2 = log z
2
12

z
2
10

log z
2
12

z
2
20

, (3.55)

for recurring logarithms, we find in this way:

H
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[102]
= H
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[102]

(
µ

2
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2
10z

2
20

4e→2ϱEz
2
12

)ε [
2
ε2

+ ϱ
2

6 + 2(1 + εL1)L2 + 14
3 ες3 + O(ε2)

]

. (3.56)

Finally, assembling (3.49a), (3.56) and (3.43) gives us the ε-expansion of the single-real kernel:

H
(2)

[102]
=

(
z

2
12

z
2
10

z
2
02

)1→ε [
H̃

(2,0)

[102]
+ εH̃

(2,1)

[102]
+ . . .

]
, (3.57)

where the right-hand side is given by the explicit functions of transverse coordinates:

H̃
(2,0)

[102]
= b0H̃

(1,1)

[102]
+



c
(2,0) ↓ 2

59 ↑ 2n
f
adj

↑ 8n
s
adj

↑ 3φ

9 ↑ 4ϱ
2

3



 , (3.58a)

H̃
(2,1)

[102]
= 8

94↑n
f
adj

↑13n
s
adj

↑12φ

27 ↑ 24ς3 + c
(2,0)

H̃
(1,1)

[102]
+ b0(2H̃

(1,2)

[102]
+L

2

µ ↑ ς2) + (L1↑2b0)L2

+
(

2ς2+4
9(ns

adj↑2n
f
adj

+2)
)

(H̃(1,1)

[102]
+2L1↑2Lµ) +

(1
2H̃

(1,1)

[102]
↑ Lµ

)
(b0(2Lµ↑L1) + L2)

+ 2z
2
12 + z

2
20 ↑ z

2
10

z
2
12

L1,0,1(ς, ς) + 2z
2
12 + z

2
10 ↑ z

2
20

z
2
12

L1,0,1(1↑ς, 1↑ς) . (3.58b)

It is noteworthy that, at ε = 0, the only source of conformal symmetry-breaking in (3.58a),
namely H̃

(1,1)

[102]
, is proportional to the one-loop ϖ-function coe!cient b0.11 Indeed, this ensures

that the evolution is conformal in the conformal dimension (2.6): ε = ↑ab0 + O(a2), as was
discussed recently in [75]. In Sec. 4.2.1, we will extend this observation to three-loop order, at
least for terms quadratic in n

s
adj

, n
f
adj

.
10

Although the complete integral (3.53) is well defined in dimensional regularization, when expanded to use

the standard form (3.54) one finds ill-defined integrals → d
2↑2ε

z0→ /z
2↑2ε
0→a . They can be dealt with by adding a

small quantity ω to the exponents and taking ω ↑ 0 in the end.
11

Since there exists no conformal invariant cross-ratios of three coordinates z1, z2 and z0, any nonconstant

contribution to H̃[102] violates conformal invariance.
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most complicated function is Li3(1 − ζ)


