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The promise of perturbative QFT

Follow the rules (Feynman diagrams) 

Ask a computer to work through maths 

Out comes a prediction 

Ask the computer to draw more diagrams, work harder, and you get more accuracy
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Does it live up to the promise? [#1]
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incredibly powerful, e.g. differential scattering cross-sections from first 
few orders of perturbative expansion in the strong coupling  

 

αs

σ = σ0 + αsσ1 + α2
s σ2 + ⋯

NLO

e.g. BDDK hep-ph/9403226 
BDK hep-ph/9708239 
BlackHat, 0803.4180

Solution of the 1-loop problem
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The problem: real events and power-house calculational tool look totally different

4

next-to-leading order

quark

quark

quark

quark

gluon

+≠

Does it live up to the promise? [#2]
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What a NLO calculation gives you (here, Event2, )e+e− → qq̄

5

LO (2-particle) tree-level event
 with weight     1.00000
 px, py, pz, E =   -1.32   -1.38  -49.96   50.00
 px, py, pz, E =    1.32    1.38   49.96   50.00

NLO (3-particle) tree-level event
 with weight   16.7749
 px, py, pz, E =   -1.60   -1.75  -49.87   49.93
 px, py, pz, E =    1.31    1.36   49.25   49.29
 px, py, pz, E =    0.30    0.39    0.62    0.79       

NLO (2-particle) virtual subtraction event
 with weight   -1.5868
 px, py, pz, E =   -1.32   -1.38  -49.96   50.00
 px, py, pz, E =    1.32    1.38   49.96   50.00

NLO (2-particle) virtual subtraction event
 with weight  -15.1855
 px, py, pz, E =   -1.61   -1.75  -49.94   50.00
 px, py, pz, E =    1.61    1.75   49.94   50.00

NLO (2-particle) virtual finite event
 with weight    0.0501, multiplying (alphas/2pi)
 px, py, pz, E =   -1.32   -1.38  -49.96   50.00
 px, py, pz, E =    1.32    1.38   49.96   50.00
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event weights are ~ probabilities
➤ real life doesn’t have negative probabilities 
➤ real life doesn’t have (near-)divergent probabilities 
➤ you can avoid these problems in perturbation theory if you ask very limited 

kinds of questions, i.e. nearly always summing real & virtual divergences 
(infrared safe, single momentum scale)  

➤ but experiments don’t limit themselves to those kinds of questions

*
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 though there can still be nasty surprises, cf. Chen et al 2102.07607, GPS & Slade 2106.08329*

can we be flexible with the questions we ask, yet still get the 
benefits of perturbation theory?

http://arxiv.org/abs/2102.07607
https://arxiv.org/abs/2106.08329
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Did the jet of particles come from a quark or a W/Z/H-boson? → Use machine learning

8

Convolutational Neural Networks and Jet Images

I Project a jet onto a fixed n ⇥ n pixel image in rapidity-azimuth, where
each pixel intensity corresponds to the momentum of particles in that
cell.

I Can be used as input for classification methods used in computer
vision, such as deep convolutional neural networks.

[Cogan, Kagan, Strauss, Schwartzman JHEP 1502 (2015) 118]
[de Oliveira, Kagan, Mackey, Nachman, Schwartzman JHEP 1607 (2016) 069]

Frédéric Dreyer 11/42

2021 Young Experimental Physicist  
EPS HEPP prize

Particle Transformer for Jet Tagging
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Figure 3. The architecture of (a) Particle Transformer (b) Particle Attention Block (c) Class Attention Block.

of particles, in a shape (N, N,C →). The particle and inter-
action inputs are each followed by an MLP to project them
to a d- and d→-dimensional embedding, x0

→ RN↑d and
U → RN↑N↑d→

, respectively. Unlike Transformers for NLP
and vision, we do not add any ad-hoc positional encodings,
as the particles in a jet are permutation invariant. The spatial
information (i.e., the flying direction of each particle) is
directly included in the particle inputs. We feed the particle
embedding x0 into a stack of L particle attention blocks
to produce new embeddings, x1, ...,xL via multi-head self
attention. The interaction matrix U is used to augment the
scaled dot-product attention by adding it as a bias to the
pre-softmax attention weights. The same U is used for all
the particle attention blocks. After that, the last particle
embedding xL is fed into two class attention blocks, and a
global class token xclass is used to extract information for
jet classification via attention to all the particles, following
the CaiT approach (Touvron et al., 2021). The class token
is passed to a single-layer MLP, followed by softmax, to
produce the final classification scores.

Remark. ParT can also be viewed as a graph neural network
on a fully-connected graph, in which each node corresponds
to a particle, and the interactions are the edge features.

Particle interaction features. While the ParT architec-
ture is designed to be able to process any kinds of pairwise

interaction features, for this paper we only consider a spe-
cific scenario in which the interaction features are derived
from the energy-momentum 4-vector, p = (E, px, py, pz),
of each particle. This is the most general case for jet tagging,
as the particle 4-vectors are available in every jet tagging
task. Specifically, for a pair of particles a, b with 4-vectors
pa, pb, we calculate the following 4 features:

! =
√

(ya ↑ yb)2 + (ωa ↑ ωb)2,

kT = min(pT,a, pT,b)!,

z = min(pT,a, pT,b)/(pT,a + pT,b),

m2 = (Ea + Eb)
2

↑ ↓pa + pb↓
2,

(3)

where yi is the rapidity, ωi is the azimuthal angle, pT,i =
(p2x,i + p2y,i)

1/2 is the transverse momentum, and pi =
(px,i, py,i, pz,i) is the momentum 3-vector and ↓ · ↓ is the
norm, for i = a, b. Since these variables typically have
a long-tail distribution, we take the logarithm and use
(ln !, ln kT, ln z, ln m2) as the interaction features for each
particle pair. The choice of this set of features is motivated
by Dreyer & Qu (2021).

Particle attention block. A key component of ParT is the
particle attention block. As illustrated in Figure 3(b), the
particle attention block consists of two stages. The first
stage includes a multi-head attention (MHA) module with
a LayerNorm (LN) layer both before and afterwards. The

Qu, Li & Qian, 
arXiv:2202.03772

https://arxiv.org/abs/2202.03772
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We want machine learning to be accurate
➤ even simplest ML methods exacerbate sensitivity to imperfections in predictions 

➤ how do we get (perturbative) QFT to be accurate even with ML?

9

43

‣ Taggers typically trained on MC — also need to determine the efficiency in data (scale factors)


‣ Scale factors (SF) can depend on the specific MC generator that is used


‣ Can be large scale factors and large differences across MC predictions


‣ ML is learning features that don’t exist on data — better MC would reduce modeling uncertainties 
and potentially improve tagger performance

40% more q/g jets pass tagger in 
data than in MC for MG+P8

40% fewer q/g jets pass tagger 
in data than in MC for Herwig

tagging: a diversion

2004.08262

Jennifer Roloff, PSR25

https://indico.cern.ch/event/1487647/contributions/6530709/attachments/3103283/5499939/PSR_roloff.pdf
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Physical predictions for any one observable: resummation (e.g. EEC collinear limit)

All-order formulation often 
involves a differential 
equation in some scale

10
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Despite this progress, the all orders logarithmic struc-
ture in the collinear limit remains less well understood for
a generic quantum field theory. The leading logarithms
(LL) in the � ! 0 limit have been resummed to all or-
ders in QCD using the jet calculus approach [20, 22–25].
However, there has not been a systematic framework for
resumming subleading logarithms. In addition to being
of formal interest, the collinear limit is particularly rel-
evant for the study of jets and their substructure at the
Large Hadron Collider (LHC), motivating an improved
quantitative understanding.

In this paper we present a factorization formula de-
scribing the � ! 0 limit of the EEC in a generic mass-
less quantum field theory, conformal or asymptotically
free. All logarithms in the perturbative expansion can
be resummed using the renormalization group evolution
of certain jet functions appearing in the factorization for-
mula. We show that the anomalous dimensions of these
functions are related to the timelike twist-two anoma-
lous dimensions governing the evolution of fragmentation
functions for identified hadrons. These timelike split-
ting kernels, along with the corresponding hard functions
or matching coe�cients, are known through NNLO in
QCD [26–30]. These results facilitate the determination
of the asymptotic behavior of the EEC in the � ! 0
limit to high perturbative orders. We explicitly resum
the EEC to NNLL accuracy in QCD and in N = 1 SYM,
improving by two logarithmic orders the best known re-
sults in the literature. In the particular case of N = 4
SYM, a reciprocity that relates timelike and spacelike
anomalous dimensions [31–38] allows us to express our
result as a power law, where the exponent is the twist-
two spin-three spacelike anomalous dimension [4]. This
relation provides a link between timelike dynamics and
spacelike data.

An outline of this paper is as follows. In Sec. II we re-
view the definition of the EEC observable. In Sec. III we
present our factorization formula for the collinear limit of
the EEC. In Sec. IV we discuss a sum rule arising from
the overall normalization of the cross section and how
this enables us to obtain the two loop jet function for the
EEC. In Secs. V, VI and VII we study the behavior of
the collinear limit of the EEC in QCD, N = 1 SYM and
N = 4 SYM, highlighting several interesting features of
each case. We conclude in Sec. VIII, and discuss a num-
ber of interesting future directions. We also provide an
ancillary file supplying an iterative solution through nine
loops to the NNLL jet function evolution equations in
QCD.

II. OBSERVABLE DEFINITION

The EEC is defined as [1]

d�

dz
=

X

i,j

Z
d�

EiEj

Q2
�

✓
z �

1� cos�ij

2

◆
, (1)

where d� is the product of the squared matrix element
and the phase-space measure, Ei and Ej are the energies
of final-state partons i and j in the center-of-mass frame,
and their angular separation is �ij . For convenience, we
have chosen to work with the variable z satisfying

0  z =
1� cos�

2
 1 . (2)

Due to the fact that Q
2 = (

P
i
Ei)2 =

P
i,j

EiEj , the
EEC observable satisfies the normalization condition

Z 1

0
dz

d�

dz
= �tot . (3)

As we will see in Sec. IV, this relation places strong con-
straints on the cross section, and in particular, links the
singular behavior at the two kinematic endpoints.
In the collinear limit, z ! 0, the perturbative contri-

butions to the EEC exhibits a single logarithmic series

d�

dz
=

1X

L=1

L�1X

j=�1

✓
↵s(µ)

4⇡

◆L

cL,jL
j(z) + . . . , (4)

where L
�1(z) = �(z) and L

j(z) =
⇥
lnj z/z

⇤
+

for j � 0
denotes a standard plus distribution. The ellipses denote
terms with a less singular power than 1/z. (Note that
�(z) ⇠ 1/z.) One of our primary goals will be to describe
this logarithmic structure to all orders.

III. FACTORIZATION FORMULA

It is convenient to work in terms of the cumulant of
the EEC,

⌃
⇣
z, ln

Q
2

µ2
, µ

⌘
⌘

1

�0

Z
z

0
dz

0 d�

dz

⇣
z
0
, ln

Q
2

µ2
, µ

⌘
, (5)

where �0 is the Born-level total cross section. The cumu-
lant maps

⇥
lnj z/z

⇤
+

! 1/(j+1)⇥lnj+1
z and �(z) ! 1.

The µ-dependence in the last arguments of ⌃ and d�/dz

is entirely through the strong coupling ↵s(µ); we just
write it as µ to save space. One of the main results of
this paper is a factorization formula for ⌃ in the z ! 0
limit

⌃(z, ln
Q

2

µ2
, µ) =

Z 1

0
dx x

2 ~J(ln
zx

2
Q

2

µ2
, µ) · ~H(x,

Q
2

µ2
, µ) .

(6)

This formula factorizes the dynamics in the collinear limit
into a hard function H, which describes the dynamics of
the source, but is independent of the measurement, z,
and a jet function, J , which describes the z dependence,
but is independent of the source. This is illustrated in
Fig. 1. Both the hard function and jet function are vec-
tors in flavor space. For the particular case of QCD,
where we have quarks and gluons, we have ~J = {Jq, Jg}

Dixon, Moult, Zhu, 1905.01310
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and ~H = {Hq, Hg}. It is not necessary to distinguish q

and q̄ due to the charge conjugation invariance of QCD
and the symmetry of the source. Corrections to this fac-
torization formula are suppressed by an integer power of
z, as can be shown from the known structure of higher
twist distribution functions [39].

The jet functions are gauge invariant non-local opera-
tors. The quark jet function is defined as

Jq(z) =
X

X

X

i,j2X

h0|�̄n|Xi
EiEj

(Q/2)2
⇥(✓ij < �)hX|�n|0i ,

(7)

where �n is a gauge invariant collinear quark field in
SCET [40–43]. The ⇥ function on the parton separation
angle ✓ij is appropriate for the cumulant definition of ~J

in Eq. (6). The gluon jet function is defined in a similar
manner, using a gauge invariant gluon field. (In a more
general context, Q/2 would be replaced by the jet energy
in an appropriate frame.)

The jet and hard functions both satisfy renormaliza-
tion group (RG) evolution equations which allow for the
resummation of logarithms of z. The RG equation for
the hard function is given by

d ~H(x, Q
2

µ2 , µ)

d lnµ2
= �

Z 1

x

dy

y

bPT (y, µ) · ~H

✓
x

y
,
Q

2

µ2
, µ

◆
, (8)

where bPT is the singlet timelike splitting kernel matrix

bPT =

✓
Pqq Pqg

Pgq Pgg

◆
. (9)

The jet function obeys the RG equation

d ~J(ln zQ
2

µ2 , µ)

d lnµ2
=

Z 1

0
dy y

2 ~J(ln
zy

2
Q

2

µ2
, µ) · bPT (y, µ) .

(10)

This equation can be derived by requiring the cumulant
⌃ in Eq. (6) to be RG invariant, combined with the evo-
lution equation (8) for the hard function.

As indicated in Eq. (6), logarithms in the jet function
are minimized at the scale µ

2 = zx
2
Q

2
⌘ q

2
T
, which

physically corresponds to a transverse momentum scale
qT ⇡ �xQ/2 associated with the splitting at momentum
xQ and angle � measured by the EEC. The logarithms
of the hard function are minimized at the scale µ

2 =
Q

2, which corresponds to the energy scale of the source.
Resummation is achieved by computing the boundary
values of the jet and hard functions at these scales, and
then performing the RG evolution from one scale to the
other.

The factorization formula in Eq. (6) is more compli-
cated than the standard jet calculus formula which de-
scribes the leading logarithms [20, 22–25], due to the
presence of the convolution in the momentum variable
x. This convolution is only required beyond LL; at LL

it su�ces to set x = 1 in the argument of ~J . The evo-
lution equation (10) then simplifies to a multiplicative
renormalization,

d ~JLL(ln
zQ

2

µ2 , µ)

d lnµ2
= ~JLL(ln

zQ
2

µ2
, µ) ·

Z 1

0
dy y

2 bP (0)
T

(y)

= � ~JLL(ln
zQ

2

µ2
, µ) · �(0)

T
, (11)

where �T ⌘ �T (3) is the N = 3 moment of the LO
timelike singlet splitting kernel. At LO, the timelike and
spacelike moments are identical, and are given by

�
(0)
T

=

✓
25
6 CF �

7
15nf

�
7
6CF

14
5 CA + 2

3nf

◆
. (12)

We adopt the conventions of refs. [27–30] for splitting
kernels and anomalous dimensions, which are related by
a Mellin transform,

�T (N) ⌘ �

Z 1

0
dy y

N�1 bPT (y). (13)

We also use the perturbative expansion parameter as ⌘

↵s/(4⇡).
An exact solution to Eq. (11) is given by

~JLL(ln
zQ

2

µ2
, µ) = (1, 1) · V

2

64
✓
↵s(

p
zQ)

↵s(µ)

◆�
~�
(0)
T
�0

3

75

D

V
�1

,

(14)

where �0 = (11CA � 2nf )/3, V is the matrix that diag-

onalizes �(0)
T

, and ~�
(0)
T

is the diagonal vector of the diag-
onalized matrix. Substituting this solution into Eq. (6),
using that

~HLL(x) =

✓
1
2�(1� x)

0

◆
, (15)

and di↵erentiating ⌃ to obtain d�/dz, we reproduce the
LL resummation formula obtained using jet calculus. Be-
yond LL, the convolution in the momentum fraction vari-
able, x, cannot be eliminated. Indeed, we will see in
Sec. VII that this convolution is crucial to obtain a cor-
respondence with the spacelike picture in a conformal
field theory (CFT).

IV. JET FUNCTIONS AND SUM RULES

The hard function and the timelike splitting kernel en-
tering our factorization formula are known in QCD to
NNLO [27–30], however, the EEC jet functions are new.
They can be computed from their operator definition,
which at NLO is equivalent to integrating the splitting
functions against the EEC measurement function. One
subtlety when computing the jet functions is that the

3

and ~H = {Hq, Hg}. It is not necessary to distinguish q

and q̄ due to the charge conjugation invariance of QCD
and the symmetry of the source. Corrections to this fac-
torization formula are suppressed by an integer power of
z, as can be shown from the known structure of higher
twist distribution functions [39].

The jet functions are gauge invariant non-local opera-
tors. The quark jet function is defined as

Jq(z) =
X

X

X

i,j2X

h0|�̄n|Xi
EiEj

(Q/2)2
⇥(✓ij < �)hX|�n|0i ,

(7)

where �n is a gauge invariant collinear quark field in
SCET [40–43]. The ⇥ function on the parton separation
angle ✓ij is appropriate for the cumulant definition of ~J

in Eq. (6). The gluon jet function is defined in a similar
manner, using a gauge invariant gluon field. (In a more
general context, Q/2 would be replaced by the jet energy
in an appropriate frame.)

The jet and hard functions both satisfy renormaliza-
tion group (RG) evolution equations which allow for the
resummation of logarithms of z. The RG equation for
the hard function is given by

d ~H(x, Q
2

µ2 , µ)

d lnµ2
= �

Z 1

x

dy

y

bPT (y, µ) · ~H

✓
x

y
,
Q

2

µ2
, µ

◆
, (8)

where bPT is the singlet timelike splitting kernel matrix

bPT =

✓
Pqq Pqg

Pgq Pgg

◆
. (9)

The jet function obeys the RG equation

d ~J(ln zQ
2

µ2 , µ)

d lnµ2
=

Z 1

0
dy y

2 ~J(ln
zy

2
Q

2

µ2
, µ) · bPT (y, µ) .

(10)

This equation can be derived by requiring the cumulant
⌃ in Eq. (6) to be RG invariant, combined with the evo-
lution equation (8) for the hard function.

As indicated in Eq. (6), logarithms in the jet function
are minimized at the scale µ

2 = zx
2
Q

2
⌘ q

2
T
, which

physically corresponds to a transverse momentum scale
qT ⇡ �xQ/2 associated with the splitting at momentum
xQ and angle � measured by the EEC. The logarithms
of the hard function are minimized at the scale µ

2 =
Q

2, which corresponds to the energy scale of the source.
Resummation is achieved by computing the boundary
values of the jet and hard functions at these scales, and
then performing the RG evolution from one scale to the
other.

The factorization formula in Eq. (6) is more compli-
cated than the standard jet calculus formula which de-
scribes the leading logarithms [20, 22–25], due to the
presence of the convolution in the momentum variable
x. This convolution is only required beyond LL; at LL

it su�ces to set x = 1 in the argument of ~J . The evo-
lution equation (10) then simplifies to a multiplicative
renormalization,

d ~JLL(ln
zQ

2

µ2 , µ)

d lnµ2
= ~JLL(ln

zQ
2

µ2
, µ) ·

Z 1

0
dy y

2 bP (0)
T

(y)

= � ~JLL(ln
zQ

2

µ2
, µ) · �(0)

T
, (11)

where �T ⌘ �T (3) is the N = 3 moment of the LO
timelike singlet splitting kernel. At LO, the timelike and
spacelike moments are identical, and are given by

�
(0)
T

=

✓
25
6 CF �

7
15nf

�
7
6CF

14
5 CA + 2

3nf

◆
. (12)

We adopt the conventions of refs. [27–30] for splitting
kernels and anomalous dimensions, which are related by
a Mellin transform,

�T (N) ⌘ �

Z 1

0
dy y

N�1 bPT (y). (13)

We also use the perturbative expansion parameter as ⌘

↵s/(4⇡).
An exact solution to Eq. (11) is given by

~JLL(ln
zQ

2

µ2
, µ) = (1, 1) · V

2

64
✓
↵s(

p
zQ)

↵s(µ)

◆�
~�
(0)
T
�0

3

75

D

V
�1

,

(14)

where �0 = (11CA � 2nf )/3, V is the matrix that diag-

onalizes �(0)
T

, and ~�
(0)
T

is the diagonal vector of the diag-
onalized matrix. Substituting this solution into Eq. (6),
using that

~HLL(x) =

✓
1
2�(1� x)

0

◆
, (15)

and di↵erentiating ⌃ to obtain d�/dz, we reproduce the
LL resummation formula obtained using jet calculus. Be-
yond LL, the convolution in the momentum fraction vari-
able, x, cannot be eliminated. Indeed, we will see in
Sec. VII that this convolution is crucial to obtain a cor-
respondence with the spacelike picture in a conformal
field theory (CFT).

IV. JET FUNCTIONS AND SUM RULES

The hard function and the timelike splitting kernel en-
tering our factorization formula are known in QCD to
NNLO [27–30], however, the EEC jet functions are new.
They can be computed from their operator definition,
which at NLO is equivalent to integrating the splitting
functions against the EEC measurement function. One
subtlety when computing the jet functions is that the

Which can be solved 
analytically or numerically

2

Despite this progress, the all orders logarithmic struc-
ture in the collinear limit remains less well understood for
a generic quantum field theory. The leading logarithms
(LL) in the � ! 0 limit have been resummed to all or-
ders in QCD using the jet calculus approach [20, 22–25].
However, there has not been a systematic framework for
resumming subleading logarithms. In addition to being
of formal interest, the collinear limit is particularly rel-
evant for the study of jets and their substructure at the
Large Hadron Collider (LHC), motivating an improved
quantitative understanding.

In this paper we present a factorization formula de-
scribing the � ! 0 limit of the EEC in a generic mass-
less quantum field theory, conformal or asymptotically
free. All logarithms in the perturbative expansion can
be resummed using the renormalization group evolution
of certain jet functions appearing in the factorization for-
mula. We show that the anomalous dimensions of these
functions are related to the timelike twist-two anoma-
lous dimensions governing the evolution of fragmentation
functions for identified hadrons. These timelike split-
ting kernels, along with the corresponding hard functions
or matching coe�cients, are known through NNLO in
QCD [26–30]. These results facilitate the determination
of the asymptotic behavior of the EEC in the � ! 0
limit to high perturbative orders. We explicitly resum
the EEC to NNLL accuracy in QCD and in N = 1 SYM,
improving by two logarithmic orders the best known re-
sults in the literature. In the particular case of N = 4
SYM, a reciprocity that relates timelike and spacelike
anomalous dimensions [31–38] allows us to express our
result as a power law, where the exponent is the twist-
two spin-three spacelike anomalous dimension [4]. This
relation provides a link between timelike dynamics and
spacelike data.

An outline of this paper is as follows. In Sec. II we re-
view the definition of the EEC observable. In Sec. III we
present our factorization formula for the collinear limit of
the EEC. In Sec. IV we discuss a sum rule arising from
the overall normalization of the cross section and how
this enables us to obtain the two loop jet function for the
EEC. In Secs. V, VI and VII we study the behavior of
the collinear limit of the EEC in QCD, N = 1 SYM and
N = 4 SYM, highlighting several interesting features of
each case. We conclude in Sec. VIII, and discuss a num-
ber of interesting future directions. We also provide an
ancillary file supplying an iterative solution through nine
loops to the NNLL jet function evolution equations in
QCD.

II. OBSERVABLE DEFINITION

The EEC is defined as [1]

d�

dz
=

X

i,j

Z
d�

EiEj

Q2
�

✓
z �

1� cos�ij

2

◆
, (1)

where d� is the product of the squared matrix element
and the phase-space measure, Ei and Ej are the energies
of final-state partons i and j in the center-of-mass frame,
and their angular separation is �ij . For convenience, we
have chosen to work with the variable z satisfying

0  z =
1� cos�

2
 1 . (2)

Due to the fact that Q
2 = (

P
i
Ei)2 =

P
i,j

EiEj , the
EEC observable satisfies the normalization condition

Z 1

0
dz

d�

dz
= �tot . (3)

As we will see in Sec. IV, this relation places strong con-
straints on the cross section, and in particular, links the
singular behavior at the two kinematic endpoints.
In the collinear limit, z ! 0, the perturbative contri-

butions to the EEC exhibits a single logarithmic series

d�

dz
=

1X

L=1

L�1X

j=�1

✓
↵s(µ)

4⇡

◆L

cL,jL
j(z) + . . . , (4)

where L
�1(z) = �(z) and L

j(z) =
⇥
lnj z/z

⇤
+

for j � 0
denotes a standard plus distribution. The ellipses denote
terms with a less singular power than 1/z. (Note that
�(z) ⇠ 1/z.) One of our primary goals will be to describe
this logarithmic structure to all orders.

III. FACTORIZATION FORMULA

It is convenient to work in terms of the cumulant of
the EEC,

⌃
⇣
z, ln

Q
2

µ2
, µ

⌘
⌘

1

�0

Z
z

0
dz

0 d�

dz

⇣
z
0
, ln

Q
2

µ2
, µ

⌘
, (5)

where �0 is the Born-level total cross section. The cumu-
lant maps

⇥
lnj z/z

⇤
+

! 1/(j+1)⇥lnj+1
z and �(z) ! 1.

The µ-dependence in the last arguments of ⌃ and d�/dz

is entirely through the strong coupling ↵s(µ); we just
write it as µ to save space. One of the main results of
this paper is a factorization formula for ⌃ in the z ! 0
limit

⌃(z, ln
Q

2

µ2
, µ) =

Z 1

0
dx x

2 ~J(ln
zx

2
Q

2

µ2
, µ) · ~H(x,

Q
2

µ2
, µ) .

(6)

This formula factorizes the dynamics in the collinear limit
into a hard function H, which describes the dynamics of
the source, but is independent of the measurement, z,
and a jet function, J , which describes the z dependence,
but is independent of the source. This is illustrated in
Fig. 1. Both the hard function and jet function are vec-
tors in flavor space. For the particular case of QCD,
where we have quarks and gluons, we have ~J = {Jq, Jg}
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there are also various approaches for subleading-NC terms
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A Matrix Element condition 

➤ correctly reproduce -parton tree-level matrix element for arbitrary configurations, so long as all 
emissions well separated in the Lund diagram 
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1. Recoil: the core of any shower

24

qq̄

1~
Dipole showers conserve momentum at each step. Traditional dipole-local recoil:

pendix A), the kinematic mappings (Appendix B), the analytic expectations for our colour

tests (Appendix C) and the derivation of the spin branching amplitudes (Appendix D).

The validation of our approach at all-orders across many observables and a presentation of

the associated all-order testing methodology are to be found in a separate publication [1].

2 Basics of hadron-collision dipole showers

In this section we will highlight common features of dipole showers and formulate a generic

standard dipole shower, which will be used as a convenient reference for a LL-accurate

shower throughout this work and our companion article [1]. We will concentrate on colour-

singlet production in proton-proton collisions, specifically qq̄ ! Z and gg ! H, with a

hadron-hadron centre-of-mass energy
p
s and a colour-singlet Born four-momentum Q

µ.

2.1 Generic formulation of a hadron-collider shower

Standard dipole showers and the PanScales hadron-collider showers that we develop later

in Section 4 have a number of characteristics in common. These include the final and

initial-state splitting probabilities, as well as the generic structure of recoil for emission of

a parton from a dipole. In this work, all partons are considered to be massless and we will

often refer to the colour singlet as the “hard system”.

First, we consider a final-state parent parton ı̃ that radiates a collinear emission k. The

post-branching momentum of the parent is denoted by i. The phase-space of the emission

k is parameterised by its transverse momentum k?, its longitudinal momentum fraction

z (relative to the pre-branching parent) and its azimuthal angle '. In the collinear limit

(✓ik ⌧ 1), the di↵erential branching probability then reads

epi
pk ' zepi

pi ' (1� z)epi

! dPFS
ı̃!ik

=
↵s(k2?)

2⇡

dk2?
k
2
?

dz

z

d'

2⇡
N

sym
ik

[zPı̃!ik(z)] ,

(2.1)

with ↵s the strong coupling and N
sym
ik

a symmetry factor that is equal to 1/2 for g !

gg splittings, and 1 otherwise. We use symbols with a tilde to indicate pre-branching

partons and their momenta, and symbols without any decoration to indicate post-branching

partons. The DGLAP splitting functions Pı̃!ik are provided in Appendix A. A well-known

feature of Eq. (2.1) is its singular behaviour in the soft (z ! 0) collinear limit for flavour-

conserving emissions (i.e. Pg!gg and Pq!qg), and in the hard (z ⇠ 1) collinear limit for

every type of emission. The soft and collinear singularities compensate the smallness of

↵s in the corresponding regions of phase space, resulting in the large logarithms that the

shower resums.

In hadronic collisions, final-state radiation is to be supplemented with emissions from

the incoming partons. Over three decades ago, it was realised that a backwards evolution

– 4 –
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(a)
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ratio of dipole-shower double-soft ME to correct result
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Figure 3: (a) Illustration of the modification of the transverse momentum (upper panel)

and rapidity (lower panel) of gluon 1 after emission of gluon 2, shown as a function of

the rapidity of gluon 2. Prior to emission of gluon 2, gluon 1 originally has a rapidity

⌘g1 ' 2.3 and transverse momentum ep?,g1 = v1 = 10�6
Q (v1 = 10�6

Q and 1 � z1 =

10�5). Gluon 2 has v2 = 1
2v1 and is emitted parallel in azimuth to gluon 1. To help

guide the eye, four regions of gluon 2 rapidity are labelled according to the identity of the

parton that branches and that of the spectator. The results have been obtained using a

numerical implementation of the kinematic maps of section 2. The transverse momentum

shifts in (a) can be reinterpreted in terms of the e↵ect they have on the e↵ective matrix

element for double-soft emission. Plot (b) shows the ratio of this e↵ective matrix element

to the true one, as a function of the azimuthal angle between the two emissions and their

transverse-momentum ratio (in a specific “diamond” region of widely separated rapidities,

cf. Appendix A). For simplicity, the matrix-element ratio is given in the large-Nc limit.

that this issue with subleading Nc terms will also a↵ect those double logarithms. We will

investigate this in section 4.1.

We should note that issues with the attribution of colour factors beyond leading NC in

dipole showers have been highlighted in a range of previous work, e.g. Refs. [36, 53, 79, 80].

Our analysis in this subsection is close in particular to that of Ref. [53]. We also note

that approaches to obtain the correct subleading colour factor for at least the main soft-

collinear divergences have existed for some time. The classification that is implied by

angular ordering (see also Ref. [52]) provides a guide in this direction, as was articulated

for a dipole shower in Ref. [53] and found to be relevant for particle multiplicities at LHC

energies [54]. Another proposal is that of Ref. [79].

– 15 –

ratio of effective shower 
matrix element to exact one

Shower initially generated matrix element for  
particle , whose momentum differs (by ~ 50%)  
from final particle 1.  

Matrix element is incorrect wrt final momentum 1. 
First observed: Andersson, Gustafson, Sjogren ’92 
Closely related effect present for Z pt: Nagy & Soper 0912.4534 
Impact on log accuracy across many observables: Dasgupta, Dreyer, Hamilton, Monni, GPS, 1805.09327 

1̃

https://arxiv.org/abs/0912.4534
https://arxiv.org/abs/1805.09327
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tests (Appendix C) and the derivation of the spin branching amplitudes (Appendix D).

The validation of our approach at all-orders across many observables and a presentation of

the associated all-order testing methodology are to be found in a separate publication [1].

2 Basics of hadron-collision dipole showers

In this section we will highlight common features of dipole showers and formulate a generic

standard dipole shower, which will be used as a convenient reference for a LL-accurate

shower throughout this work and our companion article [1]. We will concentrate on colour-

singlet production in proton-proton collisions, specifically qq̄ ! Z and gg ! H, with a

hadron-hadron centre-of-mass energy
p
s and a colour-singlet Born four-momentum Q

µ.

2.1 Generic formulation of a hadron-collider shower

Standard dipole showers and the PanScales hadron-collider showers that we develop later

in Section 4 have a number of characteristics in common. These include the final and

initial-state splitting probabilities, as well as the generic structure of recoil for emission of

a parton from a dipole. In this work, all partons are considered to be massless and we will

often refer to the colour singlet as the “hard system”.

First, we consider a final-state parent parton ı̃ that radiates a collinear emission k. The

post-branching momentum of the parent is denoted by i. The phase-space of the emission

k is parameterised by its transverse momentum k?, its longitudinal momentum fraction

z (relative to the pre-branching parent) and its azimuthal angle '. In the collinear limit

(✓ik ⌧ 1), the di↵erential branching probability then reads
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=
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2
?

dz

z

d'
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[zPı̃!ik(z)] ,

(2.1)

with ↵s the strong coupling and N
sym
ik

a symmetry factor that is equal to 1/2 for g !

gg splittings, and 1 otherwise. We use symbols with a tilde to indicate pre-branching

partons and their momenta, and symbols without any decoration to indicate post-branching

partons. The DGLAP splitting functions Pı̃!ik are provided in Appendix A. A well-known

feature of Eq. (2.1) is its singular behaviour in the soft (z ! 0) collinear limit for flavour-

conserving emissions (i.e. Pg!gg and Pq!qg), and in the hard (z ⇠ 1) collinear limit for

every type of emission. The soft and collinear singularities compensate the smallness of

↵s in the corresponding regions of phase space, resulting in the large logarithms that the

shower resums.

In hadronic collisions, final-state radiation is to be supplemented with emissions from

the incoming partons. Over three decades ago, it was realised that a backwards evolution

– 4 –
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1. Correct recoil rule: no side effects on other distant emissions

27

q
q̄

1~
One approach

2

emission of 2 takes transverse 
recoil from q

 left almost unchanged if  recoil from emission of 2 taken by (much harder) qθ1q ⊥

Can be achieved in multiple ways: 

➤ global transverse recoil  
(Dasgupta et al 2002.11114, “PanGlobal”; Holguin Seymour & Forshaw 2003.06400; Alaric 
2208.06057 + , Apollo, 2403.19452)  

➤ local transverse recoil, with non-standard shower ordering & dipole partition 
(2002.11114 “PanLocal”; Nagy & Soper 0912.4534 + , “Deductor”)

⋯

⋯
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https://arxiv.org/abs/2002.11114
https://arxiv.org/abs/2003.06400
https://arxiv.org/abs/2208.06057
https://arxiv.org/abs/2403.19452
https://arxiv.org/abs/2002.11114
https://arxiv.org/abs/0912.4534


Available for e+e-? NLL NLL NLL Partial NNLL

Available for pp? NLL (no numerical proof 
beyond colour singlet) No No NLL (no numerical proof 

beyond colour singlet)

Available for DIS? No No No NLL

Recoil distribution Global for soft, local pT 
for collinear

As Alaric’s soft map, 
different ord. variable Global Local (PanLocal) and 

global (PanGlobal) variants
Splitting functions at 

LO
Soft with special ref. 

direction, +coll remainder Antenna functions AP with sharp partitioning AP with smooth 
partitioning

Spin correlations Yes in e+e- No Yes in e+e- Yes at NLL

Corrections beyond LC No No No Yes at NLL (NODS)

NLO matching 
available?

Yes in e+e-, using S-
MC@NLO at exact colour

Yes in e+e- on paper, 
not yet implemented Yes in e+e- Yes for CS (dBNLO, P2B 

or positive weights ESME)

Multi-jet merging? In e+e-; 5 jets (NLO), in 
pp; 3 jets (LO) No No No

Particle masses? Yes in e+e- No No Yes in e+e-

Resonances? Yes in e+e- No No No

Publicly available? Python codes, should 
become part of Sherpa 

3.X

No, but should become 
part of Pythia8

No, but should become 
part of Herwig Yes, interfaced to Pythia8

Alaric Apollo PanscalesFHP
June 2026 slide from  
Melissa van Beekveld
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NpLL
A Matrix Element condition 

➤ correctly reproduce -parton tree-level matrix element for arbitrary configurations, so long as all 
groups of up to  emissions are well separated in the Lund diagram 

➤ For groups of  emissions, be accurate up to  loops 

➤ supplement with unitarity, -loop running coupling & cusp anomalous dimension 

Resummation condition:  
reproduce N LL ( ) results for all standard resummations 

➤ global event shapes  
➤ non-global observables  
➤ fragmentation functions (   N LL) 

➤ multiplicities ( ) 
➤ … 

n
p

k p − k

p + 1

p αn
s Ln+1−p

αn
s Ln+1−p ≡ p−1

αn
s L2n−p

29
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parton showers
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Towards NNLL: each new emission’s distribution conditional on previous emission

31

k1
Distribute  according to k1 M2(k1)

k1
Distribute  according to k2 M2(k1, k2)/M2(k1)

k2

k1 k2
Distribute  according to k3 M2(k2, k3)/M2(k2)

k3

Relies on factorisation: e.g.   
if 3 and 4 well separated in Lund plane from 1 and 2  
[factorised matrix elements given in Dokshitzer, Marchesini & Oriani '92, Campbell & Glover, hep-ph/9710255, 
Catani & Grazzini hep-ph/9810389, etc.]

M2(k1, k2, k3, k4)/M2(k1, k2, k3) → M2(k3, k4)/M2(k3)

k1
Distribute  according to k4 M2(k3, k4)/M2(k3)

k2 k3 k4

https://inspirehep.net/literature/336198
https://arxiv.org/abs/hep-ph/9710255
https://arxiv.org/abs/hep-ph/9810389
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k1 NLO correction to  emission 
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k1k1 k2
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k2 NLO correction to  emission 
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possible scenarios for the next 
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Account for virtual corrections associated with each emission

32

Again relies on factorisation, e.g. when 1 and 2 are well separated in the Lund plane 
+ careful nesting, cf. van Beekveld, Dasgupta, El-Menoufi, Helliwell, Monni, GPS 2409.08316  
(see also Hartgring, Laenen & Skands, 1303.4974, Campbell et al 2108.07133 at fixed order)

k1 NLO correction to  emission 
intensity sums loop correction and all 
possible scenarios for the next 
emission 

k1k1 k2

+ ∫ dk2

k2 NLO correction to  emission 
intensity sums loop correction and all 
possible scenarios for the next 
emission

k2
k2 k3

+ ∫ dk3

k1 k1

etc.

https://arxiv.org/abs/2409.08316
https://arxiv.org/abs/2108.07133
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Testing NNLL for event shapes (so far only for e+e– collisions)
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FIG. 2. Test of NNLL accuracy of the PanGlobal (PGsdf

ω=0)
shower for the cumulative distribution of the Cambridge y23

resolution variable, compared to known results for Z →
qq̄ [52] (left) and H → gg [77] (right). The curves show the
di!erence relative to NNLL for various subsets of ingredients.
Starting from the red curve, DS additionally includes double
soft contributions and 2-jet NLO matching; 3ω includes 3-loop
running of εs and the K

resum

2 term. B2 in the legend refers
only to its resummation part, Bint,NLO

2
. Including all e!ects

(blue line) gives a result that is consistent with zero, i.e. in
agreement with NNLL.

just involve the Sudakov non-emission probability) to
the shower’s double-soft emissions, as anticipated below
Eq. (3). The connection with the ARES NNLL formal-
ism [51, 52, 58] is discussed in Ref. [72], § 4.

Besides the analytic proof, we also carry out a series
of numerical verifications of the NNLL accuracy of sev-
eral parton showers with the above elements, using a
leading-colour limit 2CF = CA = 3. These tests help
provide confidence both in the overall picture and in our
specific implementation for final-state showers. Fig. 2
shows a suitably normalised logarithm of the ratio of the
cumulative shower and resummed cross sections, for a
specific observable, the two-to-three jet resolution pa-
rameter, y23, for the Cambridge jet algorithm [73] in
Z → qq̄ (left) and H → gg (right) processes. Focusing
on the PGsdf

ωps=0
shower, the plots show results with vari-

ous subsets of ingredients. A zero result indicates NNLL
accuracy. Only with 2-jet NLO matching [74], double-
soft corrections [29], B2 [67, 68] terms, 3-loop running of
ωs [75, 76], K2 contributions [58, 66], and the drift cor-
rection of this Letter does one obtain agreement with the
known NNLL predictions [52, 77]. For this shower and
observable, the drift correction dominates.

Tests across a wider range of observables and shower
variants are shown in Fig. 3 for a fixed value of ε =
ωs ln v = ↑0.4. With the drifts and all other contribu-
tions included, there is good agreement with the NNLL
predictions [45–52, 58, 61, 77].

Earlier work on NLL accuracy had found that the co-
e!cients of NLL violations in common showers tended
to be moderate for relatively inclusive observables like
event shapes [5]. In contrast, here we see that non-NNLL

FIG. 3. Summary of NNLL tests across observables and
shower variants. Results consistent with zero (shown in green)
are in agreement with NNLL. The observables correspond to
the event shapes used in Ref. [5] and they are grouped accord-
ing to the power (ϑobs) of their dependence on the emission
angle. All showers that include the corrections of this Letter
agree with NNLL.

FIG. 4. Results for the Thrust and Durham y23 [78] ob-
servables with the PanGlobal showers compared to ALEPH
data [79], using εs(MZ) = 0.118. The lower (middle) panel
shows the ratios of the NNLL (NLL) shower variants to data.

showers di”er from NNLL accuracy with coe!cients of
order one. That suggests a potential non-negligible phe-
nomenological e”ect.
Fig. 4 compares three PanGlobal showers with ALEPH

data [79] using Rivet v3 [80], illustrating the showers in
their NLL and NNLL variants, with ω

ms
s (MZ) = 0.118 for

both. We use 2-jet NLO matching [74], and the NODS
colour scheme [6], which guarantees full-colour accuracy
in terms up to NLL for global event shapes. Our showers
are implemented in a pre-release of PanScales [81] v0.2.0,
interfaced to Pythia v8.311 [3] for hadronisation, with
non-perturbative parameters tuned to ALEPH [79, 82]
and L3 [83] data (starting from the Monash 13 tune [84],
cf. Ref. [72] § 5; the tune has only a modest impact on the

Ferrario Ravasio et al, 2307.11142, van Beekveld et al, 2406.02661

Difference relative to known 
NNLL

need to analyse and account for all possible 
sources of NNLL contribution 
(some, which don’t affect event shapes, are still work in progress)

https://arxiv.org/abs/2307.11142
https://arxiv.org/abs/2406.02661
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just involve the Sudakov non-emission probability) to
the shower’s double-soft emissions, as anticipated below
Eq. (3). The connection with the ARES NNLL formal-
ism [51, 52, 58] is discussed in Ref. [72], § 4.

Besides the analytic proof, we also carry out a series
of numerical verifications of the NNLL accuracy of sev-
eral parton showers with the above elements, using a
leading-colour limit 2CF = CA = 3. These tests help
provide confidence both in the overall picture and in our
specific implementation for final-state showers. Fig. 2
shows a suitably normalised logarithm of the ratio of the
cumulative shower and resummed cross sections, for a
specific observable, the two-to-three jet resolution pa-
rameter, y23, for the Cambridge jet algorithm [73] in
Z → qq̄ (left) and H → gg (right) processes. Focusing
on the PGsdf

ωps=0
shower, the plots show results with vari-

ous subsets of ingredients. A zero result indicates NNLL
accuracy. Only with 2-jet NLO matching [74], double-
soft corrections [29], B2 [67, 68] terms, 3-loop running of
ωs [75, 76], K2 contributions [58, 66], and the drift cor-
rection of this Letter does one obtain agreement with the
known NNLL predictions [52, 77]. For this shower and
observable, the drift correction dominates.

Tests across a wider range of observables and shower
variants are shown in Fig. 3 for a fixed value of ε =
ωs ln v = ↑0.4. With the drifts and all other contribu-
tions included, there is good agreement with the NNLL
predictions [45–52, 58, 61, 77].

Earlier work on NLL accuracy had found that the co-
e!cients of NLL violations in common showers tended
to be moderate for relatively inclusive observables like
event shapes [5]. In contrast, here we see that non-NNLL

FIG. 3. Summary of NNLL tests across observables and
shower variants. Results consistent with zero (shown in green)
are in agreement with NNLL. The observables correspond to
the event shapes used in Ref. [5] and they are grouped accord-
ing to the power (ϑobs) of their dependence on the emission
angle. All showers that include the corrections of this Letter
agree with NNLL.

FIG. 4. Results for the Thrust and Durham y23 [78] ob-
servables with the PanGlobal showers compared to ALEPH
data [79], using εs(MZ) = 0.118. The lower (middle) panel
shows the ratios of the NNLL (NLL) shower variants to data.

showers di”er from NNLL accuracy with coe!cients of
order one. That suggests a potential non-negligible phe-
nomenological e”ect.
Fig. 4 compares three PanGlobal showers with ALEPH

data [79] using Rivet v3 [80], illustrating the showers in
their NLL and NNLL variants, with ω

ms
s (MZ) = 0.118 for

both. We use 2-jet NLO matching [74], and the NODS
colour scheme [6], which guarantees full-colour accuracy
in terms up to NLL for global event shapes. Our showers
are implemented in a pre-release of PanScales [81] v0.2.0,
interfaced to Pythia v8.311 [3] for hadronisation, with
non-perturbative parameters tuned to ALEPH [79, 82]
and L3 [83] data (starting from the Monash 13 tune [84],
cf. Ref. [72] § 5; the tune has only a modest impact on the

https://arxiv.org/abs/2307.11142
https://arxiv.org/abs/2406.02661
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Comparing to LEP event-shape data

NNLL brings 20% 
effects ( ) 

Dramatically improves 
agreement with data, 
using a “normal” 

  

NB: 3-jet @ NLO still 
missing for robust 
pheno conclusions

∼ αs

αs = 0.118
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FIG. 4. Results for the Thrust and Durham y23 [78] ob-
servables with the PanGlobal showers compared to ALEPH
data [79], using εs(MZ) = 0.118. The lower (middle) panel
shows the ratios of the NNLL (NLL) shower variants to data.

showers di”er from NNLL accuracy with coe!cients of
order one. That suggests a potential non-negligible phe-
nomenological e”ect.
Fig. 4 compares three PanGlobal showers with ALEPH

data [79] using Rivet v3 [80], illustrating the showers in
their NLL and NNLL variants, with ω

ms
s (MZ) = 0.118 for

both. We use 2-jet NLO matching [74], and the NODS
colour scheme [6], which guarantees full-colour accuracy
in terms up to NLL for global event shapes. Our showers
are implemented in a pre-release of PanScales [81] v0.2.0,
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non-perturbative parameters tuned to ALEPH [79, 82]
and L3 [83] data (starting from the Monash 13 tune [84],
cf. Ref. [72] § 5; the tune has only a modest impact on the

NNLL

Ferrario Ravasio et al, 2307.11142,  
van Beekveld et al, 2406.02661

for event shapes; 
not yet general NNLL

https://arxiv.org/abs/2307.11142
https://arxiv.org/abs/2406.02661
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EEC, e+e– Alliance measurement on archived data
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Comparison to Parton Shower Generators

Jingyu Zhang (June 2026)

• State-of-the-art PanScales @ NNLL 
describe the data well without 
parton shower tuning 
• 3-jets in the ME 

• Leading Log Pythia8 generator also 
describe the data with parton 
shower tuning

Preliminary

non-pertubative
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parton shower tuning 
• 3-jets in the ME 

• Leading Log Pythia8 generator also 
describe the data with parton 
shower tuning

Preliminary

NNLL ( )αn
s Ln−1LL ( )αn

s Ln

LO ( )αs

z ∼ 0.5

1 − z ≪ 1

z ≪ 1
non-pertubative
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Gavin Salam Lancefest, Edinburgh, June 2026

The promise of perturbative QFT

Follow the rules (Feynman diagrams) 

Ask a computer to work through maths 

Out comes a prediction 

Ask the computer to draw more diagrams, work harder, and you get more accuracy

37

the hope is that the technology that gets developed for “standard” pQFT 
calculations can be leveraged to get accuracy not just at fixed order,  

but across the full range of perturbative scales in simulations


