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This program will bring together physicists and mathematicians with expertise in different facets of particle scattering in
planar N=4 super-Yang-Mills theory, in order to try to solve the theory for generic values of the coupling and kinematical
variables.

It has been a long-standing quest to solve strongly-interacting four-dimensional relativistic quantum field theories by
analytical methods. N = 4 super-Yang-Mills theory (SYM) is the “hydrogen atom” of gauge theories. It is the archetype
for the AdS/CFT correspondence, connecting it to string theory and gravity, particularly at strong coupling.
Perturbatively, its gluon scattering amplitudes closely resemble those for the gauge theory of the strong interactions,
quantum chromodynamics (QCD). Hence it has proven indispensable as a testing ground for powerful new
computational methods for precision collider physics. In the planar limit of a large number of colors (gauge group
SU(Nc) with Nc → ∞), N = 4 SYM is integrable, and its scattering amplitudes are dual to the expectation values of
Wilson loops for closed light-like polygons. The perturbative expansion of planar N = 4 SYM has remarkable geometric
features, centered around polytopes related to various Grassmannians and the
differential forms that live on them.

There are currently three independent descriptions of scattering amplitudes in planar N = 4 SYM, illustrated in the figure.

A weak-coupling formulation makes contact with perturbative methods involving Feynman diagrams; a “holographic”
strong-coupling formulation employs minimal-area surfaces in Anti-de Sitter space; and a pentagon operator product
expansion (POPE) approach exploits the two-dimensional integrability of a dual string picture at finite coupling in various
kinematic limits. These formulations are all mutually consistent. (Indeed the compatibility of the POPE and perturbative
approaches can be established through eight loop orders.) But they are formulated in mathematically very distinct ways,
based on different underlying physical principles, and they make different properties of amplitudes manifest. In this
program, the goal is to find a unified description of amplitudes in this theory that matches onto each of these
formulations in the appropriate limit. Mathematically, the proposal is to search for functions that are able to interpolate
between weak and strong coupling, for arbitrary kinematics, using all the knowledge we have about them in the
respective limits. In this way one could gain a quantitative picture of how weak coupling excitations (gluons) evolve into
strong coupling ones (strings) under a variety of physical circumstances.  The spin-off for QCD could also be very
important.

This program also has an associated workshop: Mathematical Aspects of N=4 Super-Yang-Mills Theory: February 26-
March 1, 2024

MINI COURSE SCHEDULE

WEEK 1: January 8 – January 9, 2024

Monday 1/8/24: 1:30PM-2:30PM – Seminar Room – 313
Tuesday 1/9/24: 10:30AM-11:30AM- Seminar Room – 313
Tuesday 1/9/24: 1:30PM-2:30PM –  Seminar Room – 313

Speaker: Lauren Williams
Title: The positive (tropical) Grassmannian, the amplituhedron, and cluster algebras

In this talk I will discuss the amplituhedron, focusing on the problem of finding tilings, as well as the connection to
cluster algebras, such as the “cluster adjacency” phenomenon.  I’ll start by describing what we know for the m=2
amplituhedron, including its connection to the positive tropical Grassmannian, and then I’ll describe the state of the
art for m=4.

WEEK 1: January 10 – January 12, 2024

Wednesday 1/10/24: 10:30AM-11:30AM – Seminar Room – 313
Thursday 1/11/24: 10:30AM-11:30AM – Seminar Room – 313
Friday 1/12/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Clément Dupont
Title: Motivic coaction for periods and amplitudes

The motivic coaction is a general structure of the algebra of periods (integrals on algebraic varieties) which
extends the classical Galois theory of algebraic numbers. In these lectures I will give an introduction to this
formalism and illustrate it with examples arising in particle physics. In particular, I will explain how the techniques of
twisted cohomology explain the existence of a ‘cosmic Galois theory’ for Feynman integrals in dimensional
regularization.

WEEK 2: January 16 – January 18, 2024

Tuesday 1/16/24: 10:30AM-11:30AM – Seminar Room – 313
Wednesday 1/17/24: 10:30AM-11:30AM – Seminar Room – 313
Thursday 1/18/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Lionel Mason
Title: Strong Coupling and Minimal Surfaces

Alday & Maldacena conjectured an equivalence between string amplitudes in AdS5 ×S5 and null polygonal Wilson
loops in planar N = 4 super-Yang-Mills (SYM).  At strong coupling this identifies SYM amplitudes with (regularized)
areas of minimal surfaces in AdS.  In collaboration with Gaiotto, Sever & Vieira they introduced a Y-system and a
thermodynamic Bethe ansatze (TBA) expressing the complete integrability that could in principle be used to solve
for the amplitude. These lectures will review the parts of this material that we need and use them to identify new
geometric structures on the spaces of kinematics for super Yang-Mills amplitudes.   In AdS3, we find that the
nontrivial part of these amplitudes at strong coupling, the remainder function,  is the (pseudo-)Kahler scalar for a
(pseudo-)hyper-Kaher geometry. It satisfies an integrable system and we give its Lax form. The result follows from
a new perspective on Y-systems more generally as defining a natural twistor space associated to some integrable
geometry. This connection to pseudo-hyperkahler and related geometries therefore extends to form-factors and full
kinematics and suggests new structures underpinning the N=4 SYM amplitudes that might well be important
beyond strong coupling.

Wednesday 1/17/24 – 1:30PM – Seminar Room 313

Speaker: Congkao Wen
Title: Exact integrated correlators in N=4 super-Yang-Mills theory

Over the past few years, it has been shown that, when integrating out the spacetime dependence with certain
integration measures, some four-point correlation functions in N=4 super-Yang-Mills theory (N=4 SYM) can be
computed exactly. These physical quantities are called integrated correlators. In perturbation, they are related to
periods of certain conformal invariant Feynman integrals. Non-perturbatively, they are functions of (complexified)
Yang-Mills coupling, and transform under the S-duality of N=4 SYM. In this talk, I will review some of the recent
developments regarding these integrated correlators.

WEEK 3: January 22 -January 24, 2024

Monday 1/22/24: 10:30AM-11:30AM – Seminar Room 313
Tuesday 1/23/24: 10:30AM-11:30AM – Seminar Room – 313
Wednesday 1/24/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Mark Spradlin
Title: Cluster Algebras and Symbol Alphabets
Abstract: Modern perturbative calculations of multi-loop amplitudes in planar N=4 SYM theory rely heavily on
knowledge or assumptions about the types of functions that can appear and their singularity structure. I will review
what is known, conjectured, and proposed about the connections between this structure and Grassmannian cluster
algebras.

Thursday 1/25/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Song He
Title: The unity of colored scalars, pions and gluons
Abstract: I will report on a new discovery that all-loop “stringy” amplitudes of tr phi^3 (the simplest theory of
colored scalars) secretly contain the scattering amplitudes for pions and non-supersymmetric gluons in arbitrary
dimensions. In particular, tree amplitudes of tr phi^3 , non-linear sigma model and Yang-Mills theory are given by
expanding around different kinematic points of the same function, the Veneziano-Koba-Nielsen string amplitude,
which in turn explains another surprise: tree amplitudes of all these colored theories have a hidden pattern of zeros
and new factorizations near such zeros.

Friday 1/26/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Carolina Figueiredo
Title: Gluons from Surfaces
Abstract: Scattering amplitudes for the simplest theory of colored scalars— Tr \phi^3 theory — have been
understood as arising from a counting problem associated with curves on a surface (arXiv:2309.15913). This
formulation produces “stringy” integrals for the amplitudes, built off of variables defined on the surface, from which
the field theory limit as α′→ 0 can easily be extracted. Recently, extensions of this approach to theories closer to
the real world — in particular the non-linear sigma model and Yang-Mills theory — have been proposed
(arXiv:2401.05483,arXiv:2401.00041). In this talk, we will focus on the gluon case.

WEEK 4: January 29 – February 2, 2024

Tuesday 1/30/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Aidan Herderschee
Title: Three Point Amplitudes in Matrix Theory
Abstract: The BFSS matrix model, a 1d matrix model that realizes 32 supercharges, is conjecturally dual to M-
theory in eleven dimensional asymptotically flat space and provides a concrete example of celestial holography.
Although the model could be viewed as a simpler version of N=4 SYM, it is in many ways more poorly understood.
For example, there is no systematic proof that BFSS amplitudes obey the eleven dimensional Lorentz symmetry of
the bulk theory. I will give a short overview of 2312.12592 where the three point amplitude in BFSS is computed by
relating it to an index computation. I will first give a quick introduction to BFSS and motivate the computation. I will
then outline how to compute the index in the matrix model and its relation to the 3-point amplitude. I will conclude
with a short discussion of how one could use this result, in combination with other assumptions, to argue that
generic BFSS n-point amplitudes are Lorentz symmetric in the large-N limit.

Wednesday 1/31/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Henrik Johansson
Title: Constructing Non-Planar Integrands for N=4 SYM
Abstract: The many successes of the planar sector of N=4 SYM have not yet spilled over to the corresponding
non-planar amplitudes, where the state-of-the-art calculations are at modest 4pt or 5pt level. While the planar
integrand has been bypassed in favor of powerful amplitudes bootstrap methods, the integrand is still needed for
non-planar N=4 SYM. The notion of a non-planar integrand is sometimes contentious, but for practical purposes a
well-defined integrand can be obtained through standard unitarity-based calculations. I will discuss two new
methods for bootstrapping the non-planar integrand of N=4 SYM, one of which was used to uniquely obtain a 6-
loop 4pt integrand without any input from cuts constructed from complicated state sums. The two methods are
universal, in the sense that they apply to any massless gauge theory.

Thursday 2/1/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Andrew McLeod
Title: Bootstrapping Feynman Integrals via Landau Analysis
Abstract: Feynman integrals play a central role in perturbative quantum field theory calculations, and exhibit many
intricate types of mathematical structure. In this talk, I will highlight recent progress that has been made towards
untangling one important facet of this structure—the location and nature of their singularities. In particular, I will
show how strong constraints can be placed on the analytic structure of Feynman integrals by connecting methods
first pioneered by Landau to our modern understanding of the types of special functions that appear in perturbative
computations. I will illustrate the power of these constraints by using them to bootstrap the complete functional
form of several examples of Feynman integrals that involve both massive and massless particles.

Friday 2/2/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Kai Yan
Title: Novel Aspects of Energy Correlators

Abstract: Energy Correlator observables probe the distributions of energy flow in the final states of particle
scattering experiments.They provide valuable data for studies ranging from conformal field theories to jet
substructure, and a potential playground for novel onshell methods in scattering amplitudes. We propose the study
of N-point energy correlators in N=4 super Yang-Mills theory, as an integrated N+1-point super form factor of
protected operators with manifest dual conformal symmetry. In the collinear limit, they admit parametric
representations similar to Feynman loop integrals, linking to novel computational methods that operate directly in
Feynman parametric space. We present the analytic result for the four-point energy correlator and comment on its
singularity structures, which provide experiences for bootstrapping cross-section level observables.

WEEK 5: February 5 – February 9, 2024

Monday 2/5/24: 10:30AM-11:30AM – Seminar Room 313
Tuesday 2/6/24: 10:30AM-11:30AM – Seminar Room – 313
Wednesday 2/7/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Amit Sever
Title: The OPE approach for scattering amplitudes

Abstract: One approach for computing planar scattering amplitudes in N=4 SYM theory is based on an analogue
of an operator product expansion (OPE) for these observables. In this mini-course, we will review the main ideas of
the amplitude OPE. We will start at weak coupling, bootstrap the finite-coupling OPE building blocks, and end with
a reconstruction of the strong-coupling minimal area. A summary of extensions of the amplitude OPE and related
open questions will be given.

Thursday 2/8/24: 10:30AM-11:30AM – Seminar Room 313

Speaker: Tianji Cai
Title: Transformers to transform Scattering Amplitudes Calculation

Abstract: AI for fundamental physics is now a burgeoning field, with numerous efforts pushing the boundaries of
experimental and theoretical physics. In this talk, I will introduce a recent innovative application of Natural
Language Processing to state-of-the-art calculations for scattering amplitudes. Specifically, we use Transformers to
predict the symbols at high loop orders of the three-gluon form factors in planar N=4 Super Yang-Mills theory. Our
first results have demonstrated great promises of Transformers for amplitude calculations, opening the door for an
exciting new scientific paradigm where discoveries and human insights are inspired and aided by AI.

Friday 2/9/24: 10:30AM-11:30AM – Seminar Room 313

Speaker: Enrico Olivucci
Title: Multipoint Feynman Diagrams via Integrability

Abstract: Multi-point Feynman Diagrams (FD) in a d-dimensional CFT are highly nontrivial functions of conformal-
invariants. To understand the class of functions that describes conformal FD is an intriguing open problem for the
perturbative description of CFTs in d=4 dimensions, and data are usually hard to access beyond few loops.
Following A. Zamolodchikov I will argue that here exists a wide class of conformal FD where the problem can be
treated due to the braid “star-triangle” symmetry of the FD, allowing to formulate such integrals as partition
functions of an Integrable spin-magnet in some infinite-dimensional representation of the conformal group
SO(1,d+1). In particular, I will concentrate on the class of planar 4d Fishnet multi-point integrals with disk topology
and derive an integrability-based representation over the spectrum of separated variables. In the simplest case of
multi-point generalization of Davydichev-Usyukina Ladder integrals, I will explain how to get efficiently the light-
cone-OPE in multiple channels, at any loop order.

WEEK 6: February 12 – February 16, 2024

Monday 2/12/24: 10:30AM-11:30AM – Seminar Room 313
Thursday 2/15/24: 1:30PM-2:30PM- Seminar Room – 313
Friday 2/16/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Lance Dixon
Title: Amplitude Bootstrap

Abstract: Planar N=4 SYM amplitudes (and form factors) are dual to light-like polygonal Wilson loops (in a
periodic space). They are nontrivial only for six or more gluons (three or more gluons). The spaces of functions
which describe them are so restrictive that only a few constraints from the Pentagon OPE or other limits are
needed to “write down the answer”, through seven loops in the six-gluon case, four loops in the seven-gluon case,
and eight loops for the three-gluon form factor of the chiral part of the stress-energy tensor. I will review the
construction of the relevant spaces of functions using the symbol and coaction. I will also describe a mysterious
“antipodal self-duality”, which maps the four-gluon form factor into itself while reversing the order of all terms in its
symbol, and which “explains” an antipodal duality between the three-gluon form factor and the six-gluon amplitude.

Friday 2/16/24: 1:30PM – 2:30PM – Seminar Room – 313

Speaker: Zhenjie Li (SLAC)
Title: Kinematics, cluster algebras and Feynman integrals

Abstract:Cluster algebras are found in not only amplitudes but also Feynman integrals in recent years. In this talk,
I will provide evidence how cluster algebras appear in the alphabet of some planar kinematics of conformal
Feynman integrals in four dimensions. They can be identified as non-trivial sub-algebras of the top-dimensional
Grassmannian G(4,n) corresponding to n-point massless kinematics. By sending a point to infinity, this method
applies for non-conformal planar Feynman integrals. With dimension reduction, it also provides some insight into
the cluster algebra of Feynman integrals in 3D theory.

WEEK 7: February 19 – February 23, 2024

Tuesday 2/20/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Chi Zhang
Title: Elliptic bootstrap program through Schubert analysis

Abstract: In this talk, I will briefly review the symbology for multiple polylogarithms and elliptic multiple
polylogarithms with the sunrise integrals and the 10-point double-box integrals as examples. Then I will introduce
the so-called Schubert problem and describe how to predict the symbol alphabet for the 12-point double-box
integral using the Schubert problem and comment on the result obtained by the bootstrap program.

Wednesday 2/21/24: 10:30AM-11:30AM – Seminar Room – 313
Thursday 2/22/24: 10:30AM-11:30AM- Seminar Room – 313
Friday 2/23/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: James Drummond
Title: Solving N=4 Super Yang-Mills theory via Wilson Loops

Abstract: Scattering amplitudes are related to light-like (super) Wilson loops in N=4 Super Yang-Mills theory in the
large N_c limit. I will recall some of the methods for computing such amplitudes/Wilson loops (e.g. BCFW
recursion, Twistorial super Wilson loops and Qbar equations) and show that these methods extend to correlation
functions of multiple Wilson loops.

WEEK 8: February 26 – March 1, 2024
Workshop: Mathematical Aspects of N=4 Super-Yang-Mills Theory

WEEK 9: March 4 – March 8, 2024

Monday 3/4/24: 10:30AM-11:30AM – Seminar Room 313
Tuesday 3/5/24: 10:30AM-11:30AM – Seminar Room – 313
Wednesday 3/6/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Fernando Alday
Title: Tree level string amplitudes on AdS

Abstract: After reviewing properties of string theory amplitudes in flat space, in these lectures we will introduce a
set of tools to construct tree-level string theory amplitudes on AdS Backgrounds, in a large radius expansion. This
will combine the AdS/CFT duality, CFT tools, results from integrability and recent developments in number theory.

Thursday 3/7/24: 10:30AM-11:30AM – Seminar Room – 313

Speaker: Matthias Staudacher
Title: Brick wall diagrams as a completely integrable system

Abstract: We study the free energy of an integrable, planar, chiral and non-unitary four-dimensional Yukawa
theory, the bi-fermion fishnet theory. The typical Feynman-diagrams of this model are of regular “brick-wall”-type,
replacing the regular square lattices of standard fishnet theory. We adapt A. B. Zamolodchikov’s powerful classic
computation of the thermodynamic free energy of fishnet graphs to the brick-wall case in a transparent fashion,
and find the result in closed form. Finally, we briefly discuss two further candidate integrable models in three and
six dimensions related to the brick wall model, and make some comments on the relation to the exact solution of
integrable N=4 Super Yang-Mills Theory.

Thursday 3/7/24: 1:30PM-2:30PM – Seminar Room – 313

Speaker: Tomasz Lukowski
Title: Solving (strikethrough N=4 SYM) ABJM theory via scattering amplitudes

Abstract: In this talk I will introduce a remarkably simple positive geometry defined in the three-dimensional
Minkowski space that encodes the integrands of scattering amplitudes for ABJM theory. For one-loop, the
geometry is a curvy version of a simple polytope and its canonical differential form can be found for all
multiplicities, providing previously unknown one-loop integrands for any number of particles. I will also comment on
prospects for higher loops and other open questions.
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Correlators and polygons

Planar single-trace correlators can be tessellated into hexagons (seams = Wick contractions)

[Fleury,Komatsu] 
[Eden,Sfondrini] 

[BB,Komatsu,Vieira]

Ex. 4-point function

4 hexagons are needed here 
(2 in the front/back)
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New polygons from correlation functions
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7-pt function tilling

Polygon correlators [Fleury,Komatsu] 
[Bargheer,Caetano,Fleury,Komatsu,Vieira] 

[Coronado] 
[Caron-Huot,Coronado] 

[Caron-Huot,Coronado,Muhlmann] 
[Fleury,Gonçalves] 

[Bercini,Fernandes,Gonçalves] 
[Crisanti,Eden,Gottwald,Mastrolia,Scherdin] 

[Bargheer,Bekov,Bercini,Coronado]

Hexagons glued together into bigger polygons

Polygons are easier to study than punctured spheres (less hexagons)

The more we glue the more intricate the sums become

Gluing hexagons together leads to sums and integrals over magnons

Simplification: large-charge correlators = polygon correlators



Off-shell Scattering Amplitudes or Amplitudes on Coulomb Branch (IR reg.)

Hexagons glued together into bigger polygons

[Caron-Huot,Coronado]

Polygons are easier to study than punctured spheres (less hexagons)

<latexit sha1_base64="qx80hwmzyAE3HLE/kkGU3pB1GwM=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXFje4q2AdMh5JJM21oJhmSO0IZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1gYNgvUQzEoeCdcPJbe53n5g2XMlHmCYsiMlI8ohTAlby+zGBMSUiu5kNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6l6j3ni4rDXvizrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dfuRaQ==</latexit>

A

[Fleury,Komatsu] 
[Bargheer,Caetano,Fleury,Komatsu,Vieira] 

[Coronado] 
[Caron-Huot,Coronado] 

[Caron-Huot,Coronado,Muhlmann] 
[Fleury,Gonçalves] 

[Bercini,Fernandes,Gonçalves] 
[Crisanti,Eden,Gottwald,Mastrolia,Scherdin] 

[Bargheer,Bekov,Bercini,Coronado]

The more we glue the more intricate the sums become

Gluing hexagons together leads to sums and integrals over magnons

Polygon correlators

Simplification: large-charge correlators = polygon correlators

A new correlator/polygon/amplitude duality

Massive external states, but massless states propagating in loops



Motivation 2: Every Superhero/amplitude    
needs an Origin Story

• For n = 6, when all 3 cross ratios 𝑢𝑖 → 0, logarithm of MHV 
amplitude is remarkably simple, ∝ 𝑐(𝜁) ln2𝑢𝑖 through L = 7
Caron-Huot, LD, Dulat, von Hippel, McLeod, Papathanasiou, 1960.07116

• Zeta-valued coefficients now understood to all orders 
Basso, LD, Papathanasiou, 2001.05460; hexagon origin story next by B. Basso

• How about n = 7?   
• Analogous origin (due to Gram det): first 6 𝑢𝑖 → 0, 𝑢7 → 1
• MHV symbol, known to 4 loops, is consistent with this, but 

provides no z-valued information       
LD, Drummond, Harrington, McLeod, Papathanasiou, Spradlin, 1612.08976

L. Dixon      Lifting Heptagons Amplitudes 2020 7

?Origin Story
For MHV amplitude

Double-log behavior when 
many cross ratios vanish 
simultaneously / Origin limits

First observed at 6-points

Generalization using cluster 
algebra and tilted cusp

From very beginning: behavior was similar to behavior of Octagon correlator in null limit



Null limit for n = 4

Phenomenon extends to higher polygons with new anomalous dimensions

Coefficient exactly known

[Coronado] 
[Kostov,Petkova,Serban] 

[Belitsky,Korchemsky]

<latexit sha1_base64="8LzECBNFsiunOCV2nnHEGwstao0="></latexit>

�oct =
2

⇡2
log cosh (2⇡g)

<latexit sha1_base64="OFSdZqiCwepHz/sIusLrS4IcP+A=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCBymJSPVY0IPHCqYttKFstpt26WYTdjeWEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKa+sbm1vF7dLO7t7+gV0+bKo4lYR6JOaxbAdYUc4E9TTTnLYTSXEUcNoKRjczv/VIpWKxeNCThPoRHggWMoK1kXp22TtHza5kg6HGUsZj5PTsilN15kCrxM1JBXI0evZXtx+TNKJCE46V6rhOov0MS80Ip9NSN1U0wWSEB7RjqMARVX42P32KTo3SR2EsTQmN5urviQxHSk2iwHRGWA/VsjcT//M6qQ6v/YyJJNVUkMWiMOVIx2iWA+ozSYnmE0MwkczcisgQS0y0SatkQnCXX14lzYuqW6vW7i8r9ds8jiIcwwmcgQtXUIc7aIAHBMbwDK/wZj1ZL9a79bFoLVj5zBH8gfX5AyQMk04=</latexit>

U, V ! 0Octagon (n=4) develops large logarithms in cross ratios in null limit

Exact re-summation is possible with a simple Sudakov behavior
<latexit sha1_base64="9aVjbq4PQdNLwQx2m/Il3UT2SOk="></latexit>

logO ⇡ ��oct

16
log2 (UV ) + . . .

Different from usual IR divergences controlled by cusp anomalous dimension!
[Caron-Huot,Coronado] 

[BB,Dixon,Liu,Papathanasiou] 
[Bercini,Fernandes,Gonçalves] 

[Bargheer,Bekov,Bercini,Coronado] 
[Belitsky,Bork,Lee,Onishchenko,Smirnov]



Motivation 2: Every Superhero/amplitude    
needs an Origin Story

• For n = 6, when all 3 cross ratios 𝑢𝑖 → 0, logarithm of MHV 
amplitude is remarkably simple, ∝ 𝑐(𝜁) ln2𝑢𝑖 through L = 7
Caron-Huot, LD, Dulat, von Hippel, McLeod, Papathanasiou, 1960.07116

• Zeta-valued coefficients now understood to all orders 
Basso, LD, Papathanasiou, 2001.05460; hexagon origin story next by B. Basso

• How about n = 7?   
• Analogous origin (due to Gram det): first 6 𝑢𝑖 → 0, 𝑢7 → 1
• MHV symbol, known to 4 loops, is consistent with this, but 

provides no z-valued information       
LD, Drummond, Harrington, McLeod, Papathanasiou, Spradlin, 1612.08976
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?Origin Story
For MHV amplitude

Double-log behavior when 
many cross ratios vanish 
simultaneously / Origin limits

First observed at 6-points

Generalization using cluster 
algebra and tilted cusp

From very beginning: behavior was similar to behavior of Octagon correlator in null limit

Origin story for polygon correlators? Not clear in general, but evidence in 2d



2d kinematics and positive region

Distances: 
<latexit sha1_base64="RGN9sGgm7dZ2ycPBjGWPGpoVUDI="></latexit>

x2
ij = (xi − xj)

2 ∝ 〈ij〉 × [ij]

<latexit sha1_base64="IpAUy3btBB3PHEh3XjpFLjAtJGI="></latexit>

hiji = ε↵�λ
↵
i λ

�
jwhere and similarly for 

<latexit sha1_base64="lT9okGuz8qTlNxYPSqt40xz/fls=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCHjxWsB+QhrLZbtq1u5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Cb3u09UaRbLBzNNaCDwSLKIEWxyyWePwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdK5qHuNeuP+sta8LeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w/8To46</latexit>

[ij]

Focus on two-dimensional kinematics, with all operators lying in a plane
<latexit sha1_base64="beuunYnBnHRXTjspQm16u7/FVOo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFcSElEqsuCLlxWsQ9oY5lMJ+3QySTMTAol5E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2Cxtlbd3dvf27YPDlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98U3utydUKhaJRz2NqRfioWABI1gbqW/bvRDrke+nD9lT6p67Wd+uOFVnBrRM3IJUoECjb3/1BhFJQio04VipruvE2kux1IxwmpV7iaIxJmM8pF1DBQ6p8tJZ8gydGmWAgkiaJzSaqb83UhwqNQ19M5nnVIteLv7ndRMdXHspE3GiqSDzQ0HCkY5QXgMaMEmJ5lNDMJHMZEVkhCUm2pRVNiW4i19eJq2Lqlur1u4vK/Xboo4SHMMJnIELV1CHO2hAEwhM4Ble4c1KrRfr3fqYj65Yxc4R/IH1+QMScpNQ</latexit>

R1,1

<latexit sha1_base64="sd5ceJf5rBRThPKQmjOva8ZzZvs=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgVSklEqxuhoAuXFewDmhAmk2k7dDIJMxOhhHyJG3/FjQtFBFf6N07aLLT1wMDhnHO5c48fMyqVZX0bS8srq2vrpY3y5tb2zq65t9+RUSIwaeOIRaLnI0kY5aStqGKkFwuCQp+Rrj++zv3uAxGSRvxeTWLihmjI6YBipLTkmedOWnWYzgfIS2lWg46PRFooWS6d1CC9srXBgkhJWIPcyTyzYtWtKeAisQtSAQVanvnpBBFOQsIVZkjKvm3Fyk2RUBQzkpWdRJIY4TEakr6mHIVEuun0vAweayWAg0joxxWcqr8nUhRKOQl9nQyRGsl5Lxf/8/qJGly6KeVxogjHs0WDhEEVwbwrGFBBsGITTRAWVP8V4hESCCvdaFmXYM+fvEg6p3W7UW/cnVWaN0UdJXAIjkAV2OACNMEtaIE2wOARPINX8GY8GS/Gu/Exiy4ZxcwB+APj6wdlaaFl</latexit>

{(λi, λ̄i), i = 1, . . . , n}= two sets of n real spinors

Hard to explore Origins in full kinematics : lack “good” variables / cluster algebras

Positive region = domain defined by inequalities
<latexit sha1_base64="R3rB4glWTmEwBfWrqeCrFG7BVPo=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiuCqJSHVZ0IXLCvYCTSiT6Uk6djKJMxOhhK7c+CpuXCji1mdw59s4vSy09YeBj/+cw5nzBylnSjvOt1VYWl5ZXSuulzY2t7Z37N29pkoySaFBE57IdkAUcCagoZnm0E4lkDjg0AoGl+N66wGkYom41cMU/JhEgoWMEm2srn3ocSIiDpjdeXJKXgT3yrgaO1277FScifAiuDMoo5nqXfvL6yU0i0FoyolSHddJtZ8TqRnlMCp5mYKU0AGJoGNQkBiUn0/OGOFj4/RwmEjzzPaJ+3siJ7FSwzgwnTHRfTVfG5v/1TqZDi/8nIk00yDodFGYcawTPM4E95gEqvnQAKGSmb9i2ieSUG2SK5kQ3PmTF6F5WnGrlerNWbl2NYujiA7QETpBLjpHNXSN6qiBKHpEz+gVvVlP1ov1bn1MWwvWbGYf/ZH1+QOju5ic</latexit>

hiji > 0
<latexit sha1_base64="n1d7idFZxy2tEleMSa7Q096zexo=">AAACBHicbVC7SgNBFL0bXzG+opZpBoNgFXZFooVFQAvLCOYByRJmJ3eTMbMPZ2aFEFLY+Cs2ForY+hF2/o2TZEFNPDBw7jn3cuceLxZcadv+sjJLyyura9n13Mbm1vZOfnevrqJEMqyxSESy6VGFgodY01wLbMYSaeAJbHiDi4nfuEepeBTe6GGMbkB7Ifc5o9pInXzBaQu8U4KGmnByfkt+SuMW7ZI9BVkkTkqKkKLayX+2uxFLAgw1E1SplmPH2h1RqTkTOM61E4UxZQPaw5ahIQ1QuaPpEWNyaJQu8SNpntk+VX9PjGig1DDwTGdAdV/NexPxP6+VaP/MHfEwTjSGbLbITwTREZkkQrpcItNiaAhlkpu/EtankjJtcsuZEJz5kxdJ/bjklEvl65Ni5TKNIwsFOIAjcOAUKnAFVagBgwd4ghd4tR6tZ+vNep+1Zqx0Zh/+wPr4Bpkol3Q=</latexit>

1 6 i < j 6 n

Boundary = where distances are going to zero = where correlators develop singularities

Facet = codim1 face where                for some       
<latexit sha1_base64="WDR88G/9VSumiklETLs8J9FZljQ=">AAAB/nicbZDLSgMxFIbPeK31Niqu3ASL4KrMiFQ3QkEXLivYC3RKyaSnbWwmMyQZoQwFX8WNC0Xc+hzufBvTy0Jbfwh8/OcczskfJoJr43nfztLyyuraem4jv7m1vbPr7u3XdJwqhlUWi1g1QqpRcIlVw43ARqKQRqHAeji4Htfrj6g0j+W9GSbYimhP8i5n1Fir7R4GgsqeQMIfAjWlK+K13YJX9CYii+DPoAAzVdruV9CJWRqhNExQrZu+l5hWRpXhTOAoH6QaE8oGtIdNi5JGqFvZ5PwRObFOh3RjZZ80ZOL+nshopPUwCm1nRE1fz9fG5n+1Zmq6l62MyyQ1KNl0UTcVxMRknAXpcIXMiKEFyhS3txLWp4oyYxPL2xD8+S8vQu2s6JeKpbvzQvlmFkcOjuAYTsGHCyjDLVSgCgwyeIZXeHOenBfn3fmYti45s5kD+CPn8wfjkpTO</latexit>

hiji = 0
<latexit sha1_base64="5wUB8/saG0qSBvXhFdu/gzpjoJ8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBg5RdKdVjQQ8eK9gPaJeSTbNtbJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxkfueJKs0i+WCmMfUFHkkWMoJNJrEL9DgoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVn16tX6fa3SuM3jKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPWASNzg==</latexit>

i, j

Vertex = intersection of (n-3) facets = where singularities are in a sense “maximal”

Configuration space = two copies of Grassmannian
<latexit sha1_base64="8hc+7h4cG73p11U5cYWiPlWTGkw=">AAACE3icbVBNS8NAEN34bf2qevSyWIRWpCZF1GNBQY9VbC00adlst3bpZhN2J2IJ+Q9e/CtePCji1Ys3/43bmoNWHww83pthZp4fCa7Btj+tqemZ2bn5hcXc0vLK6lp+faOhw1hRVqehCFXTJ5oJLlkdOAjWjBQjgS/YtT84GfnXt0xpHsorGEbMC8iN5D1OCRipk991gd2BCpIzlRYre1iW9nHRDQj0fT+5TNuJCzxgOi21TXPBLttj4L/EyUgBZah18h9uN6RxwCRQQbRuOXYEXkIUcCpYmnNjzSJCB+SGtQyVxCzykvFPKd4xShf3QmVKAh6rPycSEmg9DHzTObpWT3oj8T+vFUPv2Eu4jGJgkn4v6sUCQ4hHAeEuV4yCGBpCqOLmVkz7RBEKJsacCcGZfPkvaVTKzmH58OKgUD3N4lhAW2gbFZGDjlAVnaMaqiOK7tEjekYv1oP1ZL1ab9+tU1Y2s4l+wXr/AvNEnZ4=</latexit>

Gr(2, n)/(R⇥)n



Cluster algebra 
• Conformally invariant description using cluster coordinates

Each vertex is associated with set of cluster variables / triangulation
Cluster coordinate z is defined locally by a simple geometric rule

<latexit sha1_base64="hxJ7TbRkpnqXUk2MbjMlln2sV7Y=">AAACRHicbVDLSgMxFM34rPVVdekmWAquyoxIdSMUdOGygn1Apwx30kwbmskMSUaoQz/OjR/gzi9w40IRt2Lajq/WA4HDOecmucePOVPath+thcWl5ZXV3Fp+fWNza7uws9tQUSIJrZOIR7Llg6KcCVrXTHPaiiWF0Oe06Q/Ox37zhkrFInGthzHthNATLGAEtJG8QvvWS8Ef4TPsBhJI6nIQPU4xdLErp/RLIn6mjH5SZC7lfw+OvELRLtsT4HniZKSIMtS8woPbjUgSUqEJB6Xajh3rTgpSM2Luy7uJojGQAfRo21ABIVWddFLCCJeM0sVBJM0RGk/U3xMphEoNQ7NrKQTdV7PeWPzPayc6OO2kTMSJpoJMHwoSjnWEx43iLpOUaD40BIhk5q+Y9MGUqU3veVOCM7vyPGkclZ1KuXJ1XKxeZHXk0D46QIfIQSeoii5RDdURQXfoCb2gV+veerberPdpdMHKZvbQH1gfn9xXsgM=</latexit>

zab =
hadihcbi
hacihbdi

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="giX4jazC00QEvlGE4BNHI9hZ9xE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqBP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwByHOM8Q==</latexit>

b

<latexit sha1_base64="ExPOFqwgX7g7fJydxXWEELr0MCc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqsH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AyfeM8g==</latexit>c

<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d

[Huge literature]

Vertex = point where all z variables are going to zero

They encode transformations of cluster coordinates associated with flips of edges in triangulation
• Move from one vertex to another using cluster mutations

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="giX4jazC00QEvlGE4BNHI9hZ9xE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqBP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwByHOM8Q==</latexit>

b

<latexit sha1_base64="ExPOFqwgX7g7fJydxXWEELr0MCc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqsH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AyfeM8g==</latexit>c

<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="giX4jazC00QEvlGE4BNHI9hZ9xE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqBP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwByHOM8Q==</latexit>

b

<latexit sha1_base64="ExPOFqwgX7g7fJydxXWEELr0MCc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqsH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AyfeM8g==</latexit>c

<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d

flip

Rules use information encoded in quiver diagram of the triangulation <latexit sha1_base64="Of5UUEmNeYVi6vmUgi+y2gifg2c="></latexit>

zj ! z′j = zj
�
1 + z

Bij

i

�Bij

<latexit sha1_base64="IM9CMbp++FJ+r8Vow2khBKhOyg0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNoFXdFoo0Q0MIygnlAsiyzk9lkyOzMMjOrJEsKG3/FxkIRWz/Czr9xkmyhiQcuHM65l3vvCWJGlXacbyu3tLyyupZfL2xsbm3v2Lt7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcDXxm/dEKir4nR7GxItQj9OQYqSN5NvFkU87kvb6GkkpHuDoyKfwEronRvftklN2poCLxM1ICWSo+fZXpytwEhGuMUNKtV0n1l6KpKaYkXGhkygSIzxAPdI2lKOIKC+dPjGGh0bpwlBIU1zDqfp7IkWRUsMoMJ0R0n01703E/7x2osMLL6U8TjTheLYoTBjUAk4SgV0qCdZsaAjCkppbIe4jibA2uRVMCO78y4ukcVp2K+XK7Vmpep3FkQdFcACOgQvOQRXcgBqoAwwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8AdCaXVQ==</latexit>

zi ! z′i = 1/zi



Vertices : triangulations = set of cluster coordinates

Exchange graph
Exchange graph of the n-gon cluster algebra            

<latexit sha1_base64="6SAKekdQdYk3nEvC5Z0wHyN/As4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbCrEj1G9OAxgnlAsoTZSScZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqd+8wmV5pF8NOMY/ZAOJO9zRo2VmjfdVJ5dTLrFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezcyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf1rP+UyTgxKNl/UTwQxEZn+TnpcITNibAllittbCRtSRZmxCRVsCN7iy8ukcV72KuXKw2WpepfFkYcjOIZT8OAKqnAPNagDgxE8wyu8ObHz4rw7H/PWnJPNHMIfOJ8/u/OPMw==</latexit>

An�3

Interior of the exchange graph corresponds to positive region, 
defined as the set of points reached by assigning positive values 
to the cluster coordinates

Edges : flips = mutations (bi-rational chart transformations)

Positive region

Boundary of this region are limits where cluster coordinates vanish or 
become large

<latexit sha1_base64="e24ojX+es89wQhEb90i6oqXxLU0=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rGiB48VTFtoS9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dtbWNza3tgs7xd29/YPD0tFxU8epYuizWMSqHVCNgkv0DTcC24lCGgUCW8H4dua3nlBpHstHM0mwF9Gh5CFn1FjJv+ln1Wm/VHYr7hxklXg5KUOORr/01R3ELI1QGiao1h3PTUwvo8pwJnBa7KYaE8rGdIgdSyWNUPey+bFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XSU143cu4TFKDki0WhakgJiazz8mAK2RGTCyhTHF7K2EjqigzNp+iDcFbfnmVNKsVr1apPVyW63d5HAU4hTO4AA+uoA730AAfGHB4hld4c6Tz4rw7H4vWNSefOYE/cD5/AIG/joM=</latexit>

A2

(n = 5) <latexit sha1_base64="p1lXwOLVuQYeerxsHzSEna95Nos=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsp+3SzSbsboQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMfRZLGLVDqlGwSX6hhuB7UQhjUKBrXB8O/Nbj6g0j+WDmSQYRHQo+YAzaqzkP/Uyb9orV9yqOwdZJV5OKpCj0St/dfsxSyOUhgmqdcdzExNkVBnOBE5L3VRjQtmYDrFjqaQR6iCbHzslZ1bpk0GsbElD5urviYxGWk+i0HZG1Iz0sjcT//M6qRlcBxmXSWpQssWiQSqIicnsc9LnCpkRE0soU9zeStiIKsqMzadkQ/CWX14lzYuqV6vW7i8r9Zs8jiKcwCmcgwdXUIc7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8f1uiOuQ==</latexit>z1

<latexit sha1_base64="UUVsnAGRIzFCrMPpS4Kq63G0QiI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMF0xbaUDbbbbt0swm7E6GG/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumjjVjPsslrFuh9RwKRT3UaDk7URzGoWSt8Lx7cxvPXJtRKwecJLwIKJDJQaCUbSS/9TLqtNeqexW3DnIKvFyUoYcjV7pq9uPWRpxhUxSYzqem2CQUY2CST4tdlPDE8rGdMg7lioacRNk82On5NwqfTKItS2FZK7+nshoZMwkCm1nRHFklr2Z+J/XSXFwHWRCJSlyxRaLBqkkGJPZ56QvNGcoJ5ZQpoW9lbAR1ZShzadoQ/CWX14lzWrFq1Vq95fl+k0eRwFO4QwuwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox6J1zclnTuAPnM8f2G2Oug==</latexit>z2

<latexit sha1_base64="TTfqLCJtoCeBmDknh5kggX/dWa8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseKHjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR08SpZtxnsYx1O6SGS6G4jwIlbyea0yiUvBWOb2d+64lrI2L1iJOEBxEdKjEQjKKV/Jte5k175Ypbdecgq8TLSQVyNHrlr24/ZmnEFTJJjel4boJBRjUKJvm01E0NTygb0yHvWKpoxE2QzY+dkjOr9Mkg1rYUkrn6eyKjkTGTKLSdEcWRWfZm4n9eJ8XBdZAJlaTIFVssGqSSYExmn5O+0JyhnFhCmRb2VsJGVFOGNp+SDcFbfnmVNC+qXq1ae7is1O/yOIpwAqdwDh5cQR3uoQE+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIA6joI=</latexit>

A1

(n = 4)

<latexit sha1_base64="p1lXwOLVuQYeerxsHzSEna95Nos=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsp+3SzSbsboQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMfRZLGLVDqlGwSX6hhuB7UQhjUKBrXB8O/Nbj6g0j+WDmSQYRHQo+YAzaqzkP/Uyb9orV9yqOwdZJV5OKpCj0St/dfsxSyOUhgmqdcdzExNkVBnOBE5L3VRjQtmYDrFjqaQR6iCbHzslZ1bpk0GsbElD5urviYxGWk+i0HZG1Iz0sjcT//M6qRlcBxmXSWpQssWiQSqIicnsc9LnCpkRE0soU9zeStiIKsqMzadkQ/CWX14lzYuqV6vW7i8r9Zs8jiKcwCmcgwdXUIc7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8f1uiOuQ==</latexit>z1

Origin (cluster definition) “where singularities are maximal”

= Origin of a system of cluster coordinate (vertex <=> triangulation)

Similar to Origins in [BB,Dixon,Liu,Papathanasiou]



Binary geometry

Relations take the elegant form

Basis of                  cross ratios in 2d (only n-3 are independent)
<latexit sha1_base64="cw6E7WoYDUPQavaYdtERmB/sjNA=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUgyWpUj0W9OCxgv2ANpTNdtMu3WzC7qZQQv6JFw+KePWfePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB8dt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+9mfntCpWKReNLTmHohHgoWMIK1kfq23QskJqkoi8uriyytZn275FScOdAqcXNSghyNvv3VG0QkCanQhGOluq4Tay/FUjPCaVbsJYrGmIzxkHYNFTikykvnl2fo3CgDFETSlNBorv6eSHGo1DT0TWeI9UgtezPxP6+b6ODWS5mIE00FWSwKEo50hGYxoAGTlGg+NQQTycytiIywiUKbsIomBHf55VXSqlbcWqX2eF2q3+dxFOAUzqAMLtxAHR6gAU0gMIFneIU3K7VerHfrY9G6ZuUzJ/AH1ucPlBWS/w==</latexit>

n(n� 3)

2
<latexit sha1_base64="nssf+rMvXcJnONU462g/OnFS8cA="></latexit>

uij +
Y

(kl) crossing (ij)

ukl = 1

with product running over all chords crossing <latexit sha1_base64="4P5KqHhG+1BU46KQ47UjuAdEdoQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3nlBpHssHM07Qj+hA8pAzaqx0zx97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNM8rXrVSvbso127yOApwDCdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD5mtjW4=</latexit>

ij

Attach a “u variable” (cross ratio) to each diagonal 
<latexit sha1_base64="6MacVfGn9xcVh9ulFz3TzxB805I=">AAACTnicbVFdS8MwFE3n15xfVR99CQ5B2BityPRFGPri4wT3AWsZaZZumWlaklQYpb/QF/HNn+GLD4pothWd2y4Ezj33HG5y4kWMSmVZr0ZuZXVtfSO/Wdja3tndM/cPmjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyHm7G89YjEZKG/F6NIuIGqM+pTzFSmuqaJO4mdJjCK+j4AuHEYYj3GYG0PCzZjpg2v2TJLg8zMp2VLhX++dOuWbQq1qTgIrAzUARZ1bvmi9MLcRwQrjBDUnZsK1JugoSiWO8uOLEkEcIPqE86GnIUEOkmkzhSeKKZHvRDoQ9XcMLOOhIUSDkKPK0MkBrI+dmYXDbrxMq/dBPKo1gRjqeL/JhBFcJxtrBHBcGKjTRAWFB9V4gHSMeq9A8UdAj2/JMXQfOsYlcr1bvzYu06iyMPjsAxOAU2uAA1cAvqoAEweAJv4AN8Gs/Gu/FlfE+lOSPzHIJ/lcv/AL80s4k=</latexit>

uij =
hi, j + 1ihi+ 1, ji
hi, jihi+ 1, j + 1i

<latexit sha1_base64="MJUpIUafdnYROEkkupp6lwflOv8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1Fipwfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD06mM+g==</latexit>

i

<latexit sha1_base64="M1fhd1OT1xJhO1RFk4M4imcAWAk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BPXhMwDwgWcLspDeZZHZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7+Z+6wmV5rF8NJME/YgOJA85o8ZK9VGvWHLL7gJknXgZKUGGWq/41e3HLI1QGiao1h3PTYw/pcpwJnBW6KYaE8rGdIAdSyWNUPvTxaEzcmGVPgljZUsaslB/T0xppPUkCmxnRM1Qr3pz8T+vk5rw1p9ymaQGJVsuClNBTEzmX5M+V8iMmFhCmeL2VsKGVFFmbDYFG4K3+vI6aV6VvUq5Ur8uVe+zOPJwBudwCR7cQBUeoAYNYIDwDK/w5oycF+fd+Vi25pxs5hT+wPn8AdUtjPs=</latexit>

j

<latexit sha1_base64="kwkXyo+m8CasLRk/ZMU8qmicGi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoM6MFjRPOAJITZyWwyZnZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunu8mMpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmvE6i2SkWz41XArF6yhQ8lasOQ19yZv+6HrqN5+4NiJSDziOeTekAyUCwSha6f7xzOsVS27ZnYEsEy8jJchQ6xW/Ov2IJSFXyCQ1pu25MXZTqlEwySeFTmJ4TNmIDnjbUkVDbrrp7NQJObFKnwSRtqWQzNTfEykNjRmHvu0MKQ7NojcV//PaCQZX3VSoOEGu2HxRkEiCEZn+TfpCc4ZybAllWthbCRtSTRnadAo2BG/x5WXSOC97lXLl7qJUvcniyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOm8OO/Ox7w152Qzh/AHzucPq3WNaw==</latexit>

j + 1

<latexit sha1_base64="miaDKQIIWaFGQj2dxkHAgoxSzGQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQklEqseCHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlB37u9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmleVLxqpXp/Wa7d5nEU4BhO4Aw8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w+p741q</latexit>

i+ 1

[Arkani-Hamed,He,Lam] 
[Arkani-Hamed,He,Lam,Thomas] 

[Brown][DelDuca,Druc,Drummond,Duhr, 
Dulat,Marzucca,Papathanasiou,Verbeek]

Nice properties: Variables are bounded when evaluated on positive region <latexit sha1_base64="73WfTkLTzs2w2Hl1J5hoGQrfUBE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5REpHrooaAHjxXsB7QhbLabdu1mE3Y3hRL6T7x4UMSr/8Sb/8Ztm4O2Phh4vDfDzLwg4Uxpx/m2CmvrG5tbxe3Szu7e/oF9eNRScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6nfntMZWKxeJRTxLqRXggWMgI1kbybbt3gRxUQ6mfsacpqrm+XXYqzhxolbg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDot9VJFE0xGeEC7hgocUeVl88un6MwofRTG0pTQaK7+nshwpNQkCkxnhPVQLXsz8T+vm+rwxsuYSFJNBVksClOOdIxmMaA+k5RoPjEEE8nMrYgMscREm7BKJgR3+eVV0rqsuNVK9eGqXL/L4yjCCZzCObhwDXW4hwY0gcAYnuEV3qzMerHerY9Fa8HKZ47hD6zPH8hdkdg=</latexit>

0 < uij < 1

Bounds are saturated at boundary of this region

Facet corresponds to limit where a “u” approaches 0, while crossing-related “u’s” go to 1
<latexit sha1_base64="YVXzC1eZ8mzmgRTgZtLctxFjXJ8=">AAACK3icbVDLSsNAFJ34rPUVdelmsAiuSiJSXRZ14bKKfUATwmQyacdOJunMRCmh/+PGX3GhCx+49T+ctgFt64GBwznncuceP2FUKsv6MBYWl5ZXVgtrxfWNza1tc2e3IeNUYFLHMYtFy0eSMMpJXVHFSCsRBEU+I02/dzHym/dESBrzWzVIiBuhDqchxUhpyTPPUy+jd0PoCNrpKiRE/AAtp99PUQCdm18tl3S6x6bTtmeWrLI1Bpwndk5KIEfNM1+cIMZpRLjCDEnZtq1EuRkSimJGhkUnlSRBuIc6pK0pRxGRbja+dQgPtRLAMBb6cQXH6t+JDEVSDiJfJyOkunLWG4n/ee1UhWduRnmSKsLxZFGYMqhiOCoOBlQQrNhAE4QF1X+FuIsEwkrXW9Ql2LMnz5PGcdmulCvXJ6XqZV5HAeyDA3AEbHAKquAK1EAdYPAInsEbeDeejFfj0/iaRBeMfGYPTMH4/gGpXqiO</latexit>

uij ! 0 ) ukl ! 1

Vertex labeled by binary sequence indicating which (n − 3) u’s are sent to 0 and which are set to 1



Origin limits (full definition)
We have both a left and a right polygon to parametrize

Physical distances or cross ratios are products of left and right variables

<latexit sha1_base64="gHPtrIiajvzjh5WlI3EYMWxhm5s=">AAACJnicbZDJSgNBEIZ7XGPcoh69NAbBU5gRiV4E0YsHD1HMApkYejo12qZnobtGDMM8jRdfxYuHiIg3H8VOMuBa0PDzf1VU1+/FUmi07Xdranpmdm6+sFBcXFpeWS2trTd0lCgOdR7JSLU8pkGKEOooUEIrVsACT0LT65+MePMOlBZReImDGDoBuw6FLzhDY3VLh/VuKm4zekiTq9RFuEcVpGfgY5ZNgIsiAP2dXnzRbqlsV+xx0b/CyUWZ5FXrloZuL+JJACFyybRuO3aMnZQpFFxCVnQTDTHjfXYNbSNDZnZ30vGZGd02To/6kTIvRDp2v0+kLNB6EHimM2B4o3+zkfkfayfoH3RSEcYJQsgni/xEUozoKDPaEwo4yoERjCth/kr5DVOMo0m2aEJwfp/8VzR2K061Uj3fKx8d53EUyCbZIjvEIfvkiJySGqkTTh7IExmSF+vRerZerbdJ65SVz2yQH2V9fAKiMafI</latexit>

Uij = uLeft
ij ⇥ uReft

ij

Number of vanishing cross ratios maximized when the sets of internal diagonals in the 
left and right triangulations are mutually disjoint

In that case, 2(n − 3) cross ratios approach zero, while the remaining ones approach one

We call such configurations Origins or Origin limits, in analogy with scattering amplitudes
[BB,Dixon,Liu,Papathanasiou]

<latexit sha1_base64="Qhe7M4yoFD/enO5P3mNtYu1t5eA="></latexit>

uLeft
ij =

hi, j + 1ihj, i+ 1i
hi, jihi+ 1, j + 1i

<latexit sha1_base64="1xV2/smvbQ7SFuauDFgmvUsZVHE="></latexit>

uRight
ij =

[i, j + 1][j, i+ 1]

[i, j][i+ 1, j + 1]



Examples I

4-point function 

5-point function 

1) Other choices for n=5 give cyclic images of the limit above

Origin limits

<latexit sha1_base64="sarCDEoN8uLZ1zKRzR7+7e6KmGQ=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExoCopVWGsBANjkUhbqY0ix3Vaq44d2Q6oirqw8CssDCDEyj+w8Te4bQZoOdLVPTrnXtn3hAmjSjvOt7W0vLK6tl7YKG5ube/s2nv7TSVSiYmHBROyHSJFGOXE01Qz0k4kQXHISCscXk381j2Rigp+p0cJ8WPU5zSiGGkjBfaRF2Tu+fgMml6pjmFX0v5AIynFA3QCu+SUnSngInFzUgI5GoH91e0JnMaEa8yQUh3XSbSfIakpZmRc7KaKJAgPUZ90DOUoJsrPpleM4YlRejAS0hTXcKr+3shQrNQoDs1kjPRAzXsT8T+vk+ro0s8oT1JNOJ49FKUMagEnkcAelQRrNjIEYUnNXyEeIImwNsEVTQju/MmLpFkpu7Vy7bZaql/ncRTAITgGp8AFF6AObkADeACDR/AMXsGb9WS9WO/Wx2x0ycp3DsAfWJ8/fK+XUw==</latexit>

U13, U24 ! 0

<latexit sha1_base64="d/ysh9WrCmEMF8PlmopHfGS1Ueo=">AAACFXicbVDLSsNAFJ34rPUVdelmsAguSklqrS4LunBZwT6gDWEynbRDJ5MwM1FKyE+48VfcuFDEreDOv3HSRtDWC8M5nHMvd+7xIkalsqwvY2l5ZXVtvbBR3Nza3tk19/bbMowFJi0cslB0PSQJo5y0FFWMdCNBUOAx0vHGl5nfuSNC0pDfqklEnAANOfUpRkpLrlluuYl9mpZhhrUZVn/wLIV9QYcjhYQI76HlmiWrYk0LLhI7JyWQV9M1P/uDEMcB4QozJGXPtiLlJEgoihlJi/1YkgjhMRqSnqYcBUQ6yfSqFB5rZQD9UOjHFZyqvycSFEg5CTzdGSA1kvNeJv7n9WLlXzgJ5VGsCMezRX7MoAphFhEcUEGwYhNNEBZU/xXiERIIKx1kUYdgz5+8SNrVil2v1G9qpcZVHkcBHIIjcAJscA4a4Bo0QQtg8ACewAt4NR6NZ+PNeJ+1Lhn5zAH4U8bHN6kAnK8=</latexit>

U13, U14, U24, U25 ! 0
<latexit sha1_base64="FxXEMVfZaLMmNWbjJqMJAbD2mH0=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQ+qsuCLlxWsA9oQ5hMJ+3QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5BwprTjfFsLi0vLK6uFteL6xubWtr2z21BxKgmtk5jHshVgRTkTtK6Z5rSVSIqjgNNmMLga+817KhWLxZ0eJtSLcE+wkBGsjeTb+3U/Oz0foY5kvb7GUsYPyPXtklN2JkDzxM1JCXLUfPur041JGlGhCcdKtV0n0V6GpWaE01GxkyqaYDLAPdo2VOCIKi+bXD9CR0bpojCWpoRGE/X3RIYjpYZRYDojrPtq1huL/3ntVIeXXsZEkmoqyHRRmHKkYzSOAnWZpETzoSGYSGZuRaSPJSbaBFY0IbizL8+TxknZrZQrt2el6nUeRwEO4BCOwYULqMIN1KAOBB7hGV7hzXqyXqx362PaumDlM3vwB9bnD4t4lKo=</latexit>

U35 ! 1

2) No more than 4 cross ratios can approach zero simultaneously. maximal number in 2d.

Left Right

1

2
3

4
5

1

2

3

4

<latexit sha1_base64="CkeMTk11fZVe49oMm8vGHLzJshw=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgQcquSNVbwYvHCvYDukvJptk2NJusyWyhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXpgIbsB1v53C2vrG5lZxu7Szu7d/UD48ahmVasqaVAmlOyExTHDJmsBBsE6iGYlDwdrh6G7mt8dMG67kI0wSFsRkIHnEKQErBf4F9kM+UMBjZnrlilt158CrxMtJBeVo9Mpffl/RNGYSqCDGdD03gSAjGjgVbFryU8MSQkdkwLqWSmKXBNn86Ck+s0ofR0rbkoDn6u+JjMTGTOLQdsYEhmbZm4n/ed0Uopsg4zJJgUm6WBSlAoPCswRwn2tGQUwsIVRzeyumQ6IJBZtTyYbgLb+8SlqXVa9WrT1cVeq3eRxFdIJO0Tny0DWqo3vUQE1E0RN6Rq/ozRk7L86787FoLTj5zDH6A+fzB0QLkcU=</latexit>O

<latexit sha1_base64="CkeMTk11fZVe49oMm8vGHLzJshw=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgQcquSNVbwYvHCvYDukvJptk2NJusyWyhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXpgIbsB1v53C2vrG5lZxu7Szu7d/UD48ahmVasqaVAmlOyExTHDJmsBBsE6iGYlDwdrh6G7mt8dMG67kI0wSFsRkIHnEKQErBf4F9kM+UMBjZnrlilt158CrxMtJBeVo9Mpffl/RNGYSqCDGdD03gSAjGjgVbFryU8MSQkdkwLqWSmKXBNn86Ck+s0ofR0rbkoDn6u+JjMTGTOLQdsYEhmbZm4n/ed0Uopsg4zJJgUm6WBSlAoPCswRwn2tGQUwsIVRzeyumQ6IJBZtTyYbgLb+8SlqXVa9WrT1cVeq3eRxFdIJO0Tny0DWqo3vUQE1E0RN6Rq/ozRk7L86787FoLTj5zDH6A+fzB0QLkcU=</latexit>O

Comments

same as null square limit



Examples II

1

2

3

4
<latexit sha1_base64="CkeMTk11fZVe49oMm8vGHLzJshw=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgQcquSNVbwYvHCvYDukvJptk2NJusyWyhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXpgIbsB1v53C2vrG5lZxu7Szu7d/UD48ahmVasqaVAmlOyExTHDJmsBBsE6iGYlDwdrh6G7mt8dMG67kI0wSFsRkIHnEKQErBf4F9kM+UMBjZnrlilt158CrxMtJBeVo9Mpffl/RNGYSqCDGdD03gSAjGjgVbFryU8MSQkdkwLqWSmKXBNn86Ck+s0ofR0rbkoDn6u+JjMTGTOLQdsYEhmbZm4n/ed0Uopsg4zJJgUm6WBSlAoPCswRwn2tGQUwsIVRzeyumQ6IJBZtTyYbgLb+8SlqXVa9WrT1cVeq3eRxFdIJO0Tny0DWqo3vUQE1E0RN6Rq/ozRk7L86787FoLTj5zDH6A+fzB0QLkcU=</latexit>O

5

6

1

2

3

4
<latexit sha1_base64="CkeMTk11fZVe49oMm8vGHLzJshw=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgQcquSNVbwYvHCvYDukvJptk2NJusyWyhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXpgIbsB1v53C2vrG5lZxu7Szu7d/UD48ahmVasqaVAmlOyExTHDJmsBBsE6iGYlDwdrh6G7mt8dMG67kI0wSFsRkIHnEKQErBf4F9kM+UMBjZnrlilt158CrxMtJBeVo9Mpffl/RNGYSqCDGdD03gSAjGjgVbFryU8MSQkdkwLqWSmKXBNn86Ck+s0ofR0rbkoDn6u+JjMTGTOLQdsYEhmbZm4n/ed0Uopsg4zJJgUm6WBSlAoPCswRwn2tGQUwsIVRzeyumQ6IJBZtTyYbgLb+8SlqXVa9WrT1cVeq3eRxFdIJO0Tny0DWqo3vUQE1E0RN6Rq/ozRk7L86787FoLTj5zDH6A+fzB0QLkcU=</latexit>O

5

6

<latexit sha1_base64="nL6dJGJRS3F3nLMXmhTQZ/qQCxk=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEgKqElsBYCQbGIpG2UhtFjuu0Vp2HbAdURdlZ+BUWBhBi5QfY+BvcNAO0HMm6R+fcq+t7vJhRIQ3jWyutrK6tb5Q3K1vbO7t7+v5BR0QJx8TGEYt4z0OCMBoSW1LJSC/mBAUeI11vcjXzu/eECxqFd3IaEydAo5D6FCOpJFev2m7aOM9OVWlaeWlYGRxwOhpLxHn0AE1Xrxl1IwdcJmZBaqBA29W/BsMIJwEJJWZIiL5pxNJJEZcUM5JVBokgMcITNCJ9RUMUEOGk+S0ZPFbKEPoRVy+UMFd/T6QoEGIaeKozQHIsFr2Z+J/XT6R/6aQ0jBNJQjxf5CcMygjOgoFDygmWbKoIwpyqv0I8RhxhqeKrqBDMxZOXSeesblp167ZZa10XcZTBEaiCE2CCC9ACN6ANbIDBI3gGr+BNe9JetHftY95a0oqZQ/AH2ucP5AWZuQ==</latexit>

U35, U46, U36 ! 1

<latexit sha1_base64="bRU3FAiSrouY0gU32lBnqUM8PtU=">AAACJXicbVBNS8NAEN34WetX1KOXxSJ4kJLUtnrwUNCDxwqmLbQhbLabdukmG3Y3Sgn5M178K148WETw5F9x2+agrQ+WefNmhtl5fsyoVJb1Zaysrq1vbBa2its7u3v75sFhS/JEYOJgzrjo+EgSRiPiKKoY6cSCoNBnpO2Pbqb19iMRkvLoQY1j4oZoENGAYqS05JnXjpfaF9k51LFSnUe7luf1PM/1Si2DPUEHQ4WE4E/Q8sySVbZmgMvEzkkJ5Gh65qTX5zgJSaQwQ1J2bStWboqEopiRrNhLJIkRHqEB6WoaoZBIN51dmcFTrfRhwIV+kYIz9fdEikIpx6GvO0OkhnKxNhX/q3UTFVy5KY3iRJEIzxcFCYOKw6llsE8FwYqNNUFYUP1XiIdIIKy0sUVtgr148jJpVcp2vVy/r5Yat7kdBXAMTsAZsMElaIA70AQOwOAZvIJ3MDFejDfjw/ict64Y+cwR+APj+wcmfqIN</latexit>

U13, U24, U15, U26, U14, U25 ! 0

<latexit sha1_base64="xLSeqwZOClZaCRNdCji9RuvOngk=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEgKqklMJYCQbGIpG2UhtFjuu0Vp04sh1QFXVn4VdYGECIlR9g429w0wzQciTrHp1zr67v8WNGpbKsb6Owsrq2vlHcLG1t7+zumfsHbckTgYmDOeOi6yNJGI2Io6hipBsLgkKfkY4/vpr5nXsiJOXRnZrExA3RMKIBxUhpyTPLjpfa9empLrXzrJw1prAv6HCkkBD8AdqeWbGqVga4TOycVECOlmd+9QccJyGJFGZIyp5txcpNkVAUMzIt9RNJYoTHaEh6mkYoJNJNs1um8FgrAxhwoV+kYKb+nkhRKOUk9HVniNRILnoz8T+vl6jg0k1pFCeKRHi+KEgYVBzOgoEDKghWbKIJwoLqv0I8QgJhpeMr6RDsxZOXSbtWtRvVxm290rzO4yiCI1AGJ8AGF6AJbkALOACDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8f2lCZsw==</latexit>

U14, U25, U36 ! 1

<latexit sha1_base64="b8hoeROllCHrBqlPmCQLBBzdKpQ=">AAACJXicbVC7TsMwFHV4lvIKMLJYVEgMqEraEhgYKsHAWCTSVmqjyHGd1qrzkO2Aqig/w8KvsDBQISQmfgW3yQAtR7LO8bn3yr7HixkV0jC+tJXVtfWNzdJWeXtnd29fPzhsiyjhmNg4YhHvekgQRkNiSyoZ6cacoMBjpOONb2b1ziPhgkbhg5zExAnQMKQ+xUgqy9WvbTc169k5VFxr5Fy/yLlh5WwW95qVwT6nw5FEnEdP0HD1ilE15oDLwixEBRRoufq0P4hwEpBQYoaE6JlGLJ0UcUkxI1m5nwgSIzxGQ9JTMkQBEU463zKDp8oZQD/i6oQSzt3fEykKhJgEnuoMkByJxdrM/K/WS6R/5aQ0jBNJQpw/5CcMygjOIoMDygmWbKIEwpyqv0I8QhxhqYItqxDMxZWXRbtWNa2qdd+oNG+LOErgGJyAM2CCS9AEd6AFbIDBM3gF72CqvWhv2of2mbeuaMXMEfgD7fsHMEyiEw==</latexit>

U13, U24, U35, U46, U15, U26 ! 0

Ex.1

Ex.2

Many Origins are dihedral images of one another. Classification of orbits?

6-point function 

Origin limits

...

same as null hexagon limit



Origin classes for hexagon

where the subscripts are defined mod 6 for the u’s and mod 3 for the v’s, and the reflection

u1 → u5 , u2 → u4 , v2 → v3 , (3.3)

which leaves u3, u6 and v1 invariant.

For n = 6 we find the table 1 for the inequivalent classes of Origins. We show one

representative per class. Other images are obtained by acting on the selected representatives

with elements of the dihedral group. Doing this way, we find orbits with 6, 3, 12, 6, 6, 1 elements

for O1 to O6, respectively.

Origin Class u1 u2 u3 u4 u5 u6 v1 v2 v3

O1 0 0 1 0 0 1 0 0 1

O2 0 1 0 0 1 0 0 0 1

O3 0 0 1 0 1 0 0 0 1

O4 1 0 0 0 0 1 0 0 1

O5 0 0 1 0 0 0 0 1 1

O6 0 0 0 0 0 0 1 1 1

Table 1. We find 6 dihedrally inequivalent origin classes for a polygon with n = 6 edges. Here, zeros
represent infinitesimal values for the corresponding cross ratios. There are 6 infinitesimal cross ratios
for all origins.

– 2 –

Define

Inequivalent classes of Origins are given by

Images are obtained by acting on above representatives with dihedral group

Orbits with 6,3,12,6,6,1 elements for O1 to O6 respectively

<latexit sha1_base64="dWCMWGLzxRd1UE8FTNwlVndeyZ4="></latexit>

(u1, u2, u3, u4, u5, u6; v1, v2, v3) = (U13, U24, U35, U46, U15, U26;U14, U25, U36)



Higher polygons? In progress for all 6-point Origins…

Can we do better than that? Master formula (all-loop, all-point)

One-loop analysis
Perturbative data can be produced using hexagonalization

5pt function through 5 loops at least

4pt function through all loops

<latexit sha1_base64="Vph6sUgGSjFqdidEdBg4QmpQfOE=">AAACLHicbVDLSgMxFM3UV62vUZdugkWoUMpMrdVloS5cVnDaQqeUTJq2oZkHSUYpw3yQG39FEBcWcet3mOnMorbeEM7hnHtJ7nECRoU0jLmW29jc2t7J7xb29g8Oj/Tjk7bwQ46JhX3m866DBGHUI5akkpFuwAlyHUY6zrSZ+J0nwgX1vUc5C0jfRWOPjihGUkkDvWkNIjMuQwXVFGopXMfQ5nQ8kYhz/xkadjk5sKSsq3jZMS8HetGoGIuC68TMSBFk1Rro7/bQx6FLPIkZEqJnGoHsR4hLihmJC3YoSIDwFI1JT1EPuUT0o8WyMbxQyhCOfK6uJ+FCXZ6IkCvEzHVUp4vkRKx6ifif1wvl6LYfUS8IJfFw+tAoZFD6MEkODiknWLKZIghzqv4K8QRxhKXKt6BCMFdXXiftasWsV+oPtWLjLosjD87AOSgBE9yABrgHLWABDF7AG/gEc+1V+9C+tO+0NadlM6fgT2k/v/a4pak=</latexit>

U1, U2, U4, U5 ! 0 (U3 ! 1)

<latexit sha1_base64="x+JJCCBnhvPxhh8YWheyyIMKE1A="></latexit>

log C4 ⇡ �g2 logU1 logU2 +O(g4)

<latexit sha1_base64="hBN5Z9PsZ00BTJF/6696rQqiGGY="></latexit>

log C5 ⇡ �g2(logU1 logU2 + logU4 logU5 + logU1 logU5) +O(g4)

<latexit sha1_base64="HxWZrotXP/99un8Rsft1p1vq/L8=">AAACA3icbVDLSgMxFM34rPU16k43wSK4kDJTpLos6MJlBacttMOQSTNtaCYZkoxShgE3/oobF4q49Sfc+Tem7Sy09cDlHs65l+SeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/pUQqMfGwYEJ2QqQIo5x4mmpGOokkKA4ZaYejq4nfvidSUcHv9DghfowGnEYUI22kwD70gszNz6BptRz2JB0MNZJSPEAnsCtO1ZkCLhK3IBVQoBnYX72+wGlMuMYMKdV1nUT7GZKaYkbyci9VJEF4hAakayhHMVF+Nr0hhydG6cNISFNcw6n6eyNDsVLjODSTMdJDNe9NxP+8bqqjSz+jPEk14Xj2UJQyqAWcBAL7VBKs2dgQhCU1f4V4iCTC2sRWNiG48ycvklat6tar9dvzSuO6iKMEjsAxOAUuuAANcAOawAMYPIJn8ArerCfrxXq3PmajS1axcwD+wPr8AYmNltg=</latexit>

U1, U2 ! 0



All-loop master formula
Drawing inspiration from scattering amplitudes and generalizing 
observations made for 4-point function, we are led to conjecture that disk 
correlation functions exponentiate in any Origin limit and that the exponent 
is a quadratic polynomial in the logarithms of the U cross ratios 

Conjecture: we expect the disk n-point function to take the form

1)     is a function of the coupling constant known as tilted cusp anomalous dimension
<latexit sha1_base64="ZCXMkEvQ+3TrqRHxdzEtca1SvSE=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgQkoipbosKOiygn1AE8tkOmmHTiZhZqKU0P9w40IRt/6LO//GSZuFth4YOJxzL/fM8WPOlLbtb6uwsrq2vlHcLG1t7+zulfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxx1eZ33mkUrFI3OtJTL0QDwULGMHaSA/uGXJDrEcE8/Rm2i9X7Ko9A1omTk4qkKPZL3+5g4gkIRWacKxUz7Fj7aVYakY4nZbcRNEYkzEe0p6hAodUeeks9RSdGGWAgkiaJzSaqb83UhwqNQl9M5lFVIteJv7n9RIdXHopE3GiqSDzQ0HCkY5QVgEaMEmJ5hNDMJHMZEVkhCUm2hRVMiU4i19eJu3zqlOv1u9qlcZ1XkcRjuAYTsGBC2jALTShBQQkPMMrvFlP1ov1bn3MRwtWvnMIf2B9/gDzUZIw</latexit>

G

2)      is the string integrand coding the kinematics: it is rational in z and quadratic in log U’s
<latexit sha1_base64="dKhKVcshJ+zS4ekyPO3qQ712J4A=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgQkoiUl0WdOGyon1AE8pkOmmHTiZhZlIooX/ixoUibv0Td/6NkzYLbT0wcDjnXu6ZEyScKe0431ZpbX1jc6u8XdnZ3ds/sA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxre535lQqVgsnvQ0oX6Eh4KFjGBtpL5texfIi7AeEcyzx1nfSFWn5syBVolbkCoUaPbtL28QkzSiQhOOleq5TqL9DEvNCKezipcqmmAyxkPaM1TgiCo/myefoTOjDFAYS/OERnP190aGI6WmUWAm85Bq2cvF/7xeqsMbP2MiSTUVZHEoTDnSMcprQAMmKdF8aggmkpmsiIywxESbsiqmBHf5y6ukfVlz67X6w1W1cVfUUYYTOIVzcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH4vRklXsHMMfWJ8/CPGTTg==</latexit>

Sn

<latexit sha1_base64="YxECTz1HUKQ273W/bKaCPLchxjA="></latexit>

log Cn ⇡ �1

2

I

Cn

(z � 1/z)dz

2⇡iz
G(z, g)⇥ Sn(z, {logUij})

[BB,Dixon,Liu,Papathanasiou] 
[Coronado] 

[Belitsky,Korchemsky] 
[Kostov,Petkova,Serban]

[BB,Fleury,Kaluç,Serban - in progress]

3)       (contour) is such as to enclose the poles of        in the plane of z  
<latexit sha1_base64="dKhKVcshJ+zS4ekyPO3qQ712J4A=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgQkoiUl0WdOGyon1AE8pkOmmHTiZhZlIooX/ixoUibv0Td/6NkzYLbT0wcDjnXu6ZEyScKe0431ZpbX1jc6u8XdnZ3ds/sA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxre535lQqVgsnvQ0oX6Eh4KFjGBtpL5texfIi7AeEcyzx1nfSFWn5syBVolbkCoUaPbtL28QkzSiQhOOleq5TqL9DEvNCKezipcqmmAyxkPaM1TgiCo/myefoTOjDFAYS/OERnP190aGI6WmUWAm85Bq2cvF/7xeqsMbP2MiSTUVZHEoTDnSMcprQAMmKdF8aggmkpmsiIywxESbsiqmBHf5y6ukfVlz67X6w1W1cVfUUYYTOIVzcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH4vRklXsHMMfWJ8/CPGTTg==</latexit>

Sn
<latexit sha1_base64="8P2VEqBgPWe/Dq0VP+69q3GxTp4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdCPXisYNpCG8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhYng2rjut1PY2Nza3inulvb2Dw6PyscnLR2niqHPYhGrTkg1Ci7RN9wI7CQKaRQKbIeTxtxvP6HSPJaPZppgENGR5EPOqLGS3+hnctYvV9yquwBZJ15OKpCj2S9/9QYxSyOUhgmqdddzExNkVBnOBM5KvVRjQtmEjrBrqaQR6iBbHDsjF1YZkGGsbElDFurviYxGWk+j0HZG1Iz1qjcX//O6qRneBhmXSWpQsuWiYSqIicn8czLgCpkRU0soU9zeStiYKsqMzadkQ/BWX14nrauqV6vWHq4r9bs8jiKcwTlcggc3UId7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8f3/uOwQ==</latexit>

Cn

Three main ingredients Variable z = spectral parameter



All-loop master formula
Drawing inspiration from scattering amplitudes and generalizing 
observations made for 4-point function, we are led to conjecture that disk 
correlation functions exponentiate in any Origin limit and that the exponent 
is a quadratic polynomial in the logarithms of the U cross ratios 

Conjecture: we expect the disk n-point function to take the form

1)     is a function of the coupling constant known as tilted cusp anomalous dimension
<latexit sha1_base64="ZCXMkEvQ+3TrqRHxdzEtca1SvSE=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgQkoipbosKOiygn1AE8tkOmmHTiZhZqKU0P9w40IRt/6LO//GSZuFth4YOJxzL/fM8WPOlLbtb6uwsrq2vlHcLG1t7+zulfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxx1eZ33mkUrFI3OtJTL0QDwULGMHaSA/uGXJDrEcE8/Rm2i9X7Ko9A1omTk4qkKPZL3+5g4gkIRWacKxUz7Fj7aVYakY4nZbcRNEYkzEe0p6hAodUeeks9RSdGGWAgkiaJzSaqb83UhwqNQl9M5lFVIteJv7n9RIdXHopE3GiqSDzQ0HCkY5QVgEaMEmJ5hNDMJHMZEVkhCUm2hRVMiU4i19eJu3zqlOv1u9qlcZ1XkcRjuAYTsGBC2jALTShBQQkPMMrvFlP1ov1bn3MRwtWvnMIf2B9/gDzUZIw</latexit>

G

<latexit sha1_base64="YxECTz1HUKQ273W/bKaCPLchxjA="></latexit>

log Cn ⇡ �1

2

I

Cn

(z � 1/z)dz

2⇡iz
G(z, g)⇥ Sn(z, {logUij})

[BB,Dixon,Liu,Papathanasiou] 
[Coronado] 

[Belitsky,Korchemsky] 
[Kostov,Petkova,Serban]

[BB,Fleury,Kaluç,Serban - in progress]

Three main ingredients Variable z = spectral parameter

<latexit sha1_base64="S/EnWiYW/v6c8WWHlWvjugtGe20=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoMQJYRdkehFCCjEYwTzgGwIvZNJMmRmd5mZFeKSf/Dir3jxoIhXL978G2eTHDSxoKGo6qa7yws5U9q2v63U0vLK6lp6PbOxubW9k93dq6sgkoTWSMAD2fRAUc58WtNMc9oMJQXhcdrwhleJ37inUrHAv9OjkLYF9H3WYwS0kTrZE7eAXQF6QIDHlXH+oYD7x/gSuxUQAjqxCzwcwDhvxE42ZxftCfAicWYkh2aodrJfbjcgkaC+JhyUajl2qNsxSM0Ip+OMGykaAhlCn7YM9UFQ1Y4nP43xkVG6uBdIU77GE/X3RAxCqZHwTGdyvpr3EvE/rxXp3kU7Zn4YaeqT6aJexLEOcBIQ7jJJieYjQ4BIZm7FZAASiDYxZkwIzvzLi6R+WnRKxdLtWa58PYsjjQ7QIcojB52jMrpBVVRDBD2iZ/SK3qwn68V6tz6mrSlrNrOP/sD6/AHQ2pxE</latexit>

G(z, g) = �↵(g)
<latexit sha1_base64="xtS/XO6i5D8wIHfkQV9uvW5n9pY=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYkmKVC9CQQ8eK9gPaGPZbDft0s0m7G6UGvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+baWlldW19ZzG/nNre2dXbuw11BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7yc+M17KhWLxK0exdQLcV+wgBGsjdS1C4/oAp3Qu7TMOpjHAzzu2kWn5EyBFombkSJkqHXtr04vIklIhSYcK9V2nVh7KZaaEU7H+U6iaIzJEPdp21CBQ6q8dHr6GB0ZpYeCSJoSGk3V3xMpDpUahb7pDLEeqHlvIv7ntRMdnHspE3GiqSCzRUHCkY7QJAfUY5ISzUeGYCKZuRWRAZaYaJNW3oTgzr+8SBrlklspVW5Oi9WrLI4cHMAhHIMLZ1CFa6hBHQg8wDO8wpv1ZL1Y79bHrHXJymb24Q+szx8HYZM+</latexit>

z = �e2i↵with



Tilted cusp
Some things get better when tilted

<latexit sha1_base64="uYyVwsUMX9Syx4zlGFuR9kjtWlQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FL3qrYD+kCWWy3bRLN5uwuxFK6a/w4kERr/4cb/4bt20O2vpg4PHeDDPzwlRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kirIGTUSi2iFqJrhkDcONYO1UMYxDwVrh8Gbqt56Y0jyRD2aUsiDGvuQRp2is9OifEx9FOsBuqexW3BnIMvFyUoYc9W7py+8lNIuZNFSg1h3PTU0wRmU4FWxS9DPNUqRD7LOOpRJjpoPx7OAJObVKj0SJsiUNmam/J8YYaz2KQ9sZoxnoRW8q/ud1MhNdB2Mu08wwSeeLokwQk5Dp96THFaNGjCxBqri9ldABKqTGZlS0IXiLLy+T5kXFq1aq95fl2l0eRwGO4QTOwIMrqMEt1KEBFGJ4hld4c5Tz4rw7H/PWFSefOYI/cD5/AAOQj/A=</latexit>↵

Also for the cusp anomalous dimension!
Tilted BES equation gives a family of tilted 
anomalous dimensions

Not just true for Pisa tower



�↵(g) = 4g2(1 +K(↵))�1
11

<latexit sha1_base64="SPHjCjQqk4pf/Tf0cneHoNXUqMs="></latexit>

�↵ = 4g2 � 16⇣2 cos
2 ↵ g4 + 32⇣4 cos

2 ↵(3 + 5 cos2 ↵) g6 + . . .

<latexit sha1_base64="gkC8BQJszkszXRtNH5ln3wH3oFE="></latexit>

One-parameter family of deformation of cusp anomalous dimension

K(↵) = 2 cos↵


cos↵K�� sin↵K�•
sin↵K•� cos↵K••

�

<latexit sha1_base64="jh9Qf3f2Iq0OOUSqIt98ZmbwPk8="></latexit>

Tilted cusp anomalous dimension
[BB,Dixon,Liu,Papathanasiou]

[Beisert,Eden,Staudacher]

Same zeta-structure as for cusp but with loop coefficients dressed with trigonometric numbers

�oct = �↵=0

<latexit sha1_base64="736iy34X/tWMYBPja7HHlLKXyzU=">AAACFXicbZBNSwMxEIaz9bt+VT16CRbBg5RdKagHRfCgRwVrC91SZtO0DU12l2RWLMv+CS/+FS8eFPEqePPfmH4I2vpC4OWZGSbzBrEUBl33y8nNzM7NLywu5ZdXVtfWCxubtyZKNOMVFslI1wIwXIqQV1Cg5LVYc1CB5NWgdz6oV++4NiIKb7Af84aCTijaggFa1Czs+xegFDRTH/k9apVGDLOMntAfnvdBxl2wxM2ahaJbcoei08YbmyIZ66pZ+PRbEUsUD5FJMKbuuTE2UtAomORZ3k8Mj4H1oMPr1oaguGmkw6syumtJi7YjbV+IdEh/T6SgjOmrwHYqwK6ZrA3gf7V6gu2jRirCOEEestGidiIpRnQQEW0JzRnKvjXAtLB/pawLGhjaIPM2BG/y5Glze1DyyqXj63Lx7HQcxyLZJjtkj3jkkJyRS3JFKoSRB/JEXsir8+g8O2/O+6g154xntsgfOR/fleGeaw==</latexit>

�cusp = �↵=⇡/4

<latexit sha1_base64="8wuJzaxgZbM4+wmcahUrj3YyT+4=">AAACGnicbVDLSgNBEJyN7/iKevQyGARPcVcC6kERPOhRwRghG0LvZGKGzOwOM71iWPY7vPgrXjwo4k28+DdOHoKvgoaiqpvurkhLYdH3P7zCxOTU9MzsXHF+YXFpubSyemmT1DBeY4lMzFUElksR8xoKlPxKGw4qkrwe9Y4Hfv2GGyuS+AL7mjcVXMeiIxigk1qlIDwBpaCVhchv0aiMpVbnOT2gX0YxBKm7MFC02K7mrVLZr/hD0L8kGJMyGeOsVXoL2wlLFY+RSbC2EfgamxkYFEzyvBimlmtgPbjmDUdjUNw2s+FrOd10Spt2EuMqRjpUv09koKztq8h1KsCu/e0NxP+8RoqdvWYmYp0ij9loUSeVFBM6yIm2heEMZd8RYEa4WynrggGGLs2iCyH4/fJfcrlTCaqV/fNq+ehwHMcsWScbZIsEZJcckVNyRmqEkTvyQJ7Is3fvPXov3uuoteCNZ9bID3jvn3txoHo=</latexit>

In particular

Rotation of BES kernel using tilt angle 



Tilted cusp
Some things get better when tilted

<latexit sha1_base64="uYyVwsUMX9Syx4zlGFuR9kjtWlQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FL3qrYD+kCWWy3bRLN5uwuxFK6a/w4kERr/4cb/4bt20O2vpg4PHeDDPzwlRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kirIGTUSi2iFqJrhkDcONYO1UMYxDwVrh8Gbqt56Y0jyRD2aUsiDGvuQRp2is9OifEx9FOsBuqexW3BnIMvFyUoYc9W7py+8lNIuZNFSg1h3PTU0wRmU4FWxS9DPNUqRD7LOOpRJjpoPx7OAJObVKj0SJsiUNmam/J8YYaz2KQ9sZoxnoRW8q/ud1MhNdB2Mu08wwSeeLokwQk5Dp96THFaNGjCxBqri9ldABKqTGZlS0IXiLLy+T5kXFq1aq95fl2l0eRwGO4QTOwIMrqMEt1KEBFGJ4hld4c5Tz4rw7H/PWFSefOYI/cD5/AAOQj/A=</latexit>↵

Also for the cusp anomalous dimension!
Tilted BES equation gives a family of tilted 
anomalous dimensions

Not just true for Pisa tower

Physical meaning of tilt angle?
Not clear, but direct application to Origin limits 



2) String integrand

At strong coupling correlation functions are described by minimal surfaces in AdS

[Caetano,Toledo] 
[Bargheer,Coronado,Vieira] 

[BB,Kaluç,Serban] 
[Bargheer,Fleury,Lai WIP]

Integrability: area as the free energy of a system of TBA equations

AdS

Minimal 
surfaceSolutions for Y-functions simplify drastically in Origin limits: linear problem

<latexit sha1_base64="bKuHkKh0Odoc5fy/RW/USMEEH1A=">AAACH3icbVDLSgMxFM3UV62vqks3wSLUhWVGpLoRCrpQ3FSwD+mUIZNm2tjMZEgyQg3zJ278FTcuFBF3/RvTx0JbD1w4Oedecu/xY0alsu2hlVlYXFpeya7m1tY3Nrfy2zt1yROBSQ1zxkXTR5IwGpGaooqRZiwICn1GGn7/YuQ3HomQlEd3ahCTdoi6EQ0oRspIXr7sMt7V956mafHpMIXn0A0EwtpJtXMEb4z+MDFc3OEKXnt6/PbyBbtkjwHniTMlBTBF1ct/ux2Ok5BECjMkZcuxY9XWSCiKGUlzbiJJjHAfdUnL0AiFRLb1+L4UHhilAwMuTEUKjtXfExqFUg5C33SGSPXkrDcS//NaiQrO2ppGcaJIhCcfBQmDisNRWLBDBcGKDQxBWFCzK8Q9ZPJRJtKcCcGZPXme1I9LTrlUvj0pVC6ncWTBHtgHReCAU1ABV6AKagCDZ/AK3sGH9WK9WZ/W16Q1Y01ndsEfWMMfCRihvQ==</latexit>

log Yi(z) =
1

1�Kij(z)
· Ij(z)

Complete classification of how and where this simplification is still lacking

Free energy is obtained by integrating the string integrand
<latexit sha1_base64="XGzDpXRDF8ngIJiWRNsQyx0/Hy8="></latexit>

Sn(z) =
X

i

Ii(1/z) log Yi(z)



with
<latexit sha1_base64="ZSCM3WYgb7qw8WVbWf4mpIg8BDs="></latexit>

�↵=0 = �oct =
2

⇡2
log cosh (2⇡g) and

<latexit sha1_base64="F1w83CZIJLk0EPx0tmB24GlfLiA=">AAACCnicbVDLSgNBEJz1GeNr1aOX0SB4CHE3hOglEFDQYwTzgGwMvZNJMmRmd5mZFcKSsxd/xYsHRbz6Bd78GyePgyYWNBRV3XR3+RFnSjvOt7W0vLK6tp7aSG9ube/s2nv7NRXGktAqCXkoGz4oyllAq5ppThuRpCB8Tuv+4HLs1x+oVCwM7vQwoi0BvYB1GQFtpLZ95F2DENBOPOBRH7wsLnlZL2Jn+REu4ULvPt+2M07OmQAvEndGMmiGStv+8johiQUNNOGgVNN1It1KQGpGOB2lvVjRCMgAerRpaACCqlYyeWWET4zSwd1Qmgo0nqi/JxIQSg2FbzoF6L6a98bif14z1t2LVsKCKNY0INNF3ZhjHeJxLrjDJCWaDw0BIpm5FZM+SCDapJc2IbjzLy+SWj7nFnPF20KmfDWLI4UO0TE6RS46R2V0gyqoigh6RM/oFb1ZT9aL9W59TFuXrNnMAfoD6/MHKDCYpQ==</latexit>

�↵=⇡/2 = 4g2

In all cases the poles are on the unit circle and in most cases they are simple 

<latexit sha1_base64="XXKZJ8cfD3t6p/QCNfE5cwQHK/o="></latexit>

log Cn ⇡
X

↵

�↵(g)⇥ P↵({logUij})

where the set of alpha’s and associated polynomials are determined by the string integrand

Simplest example is given by the 4-point function with pole at 
<latexit sha1_base64="ok3IkTwcPVUpidZ6+5TolfL1IHs=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0YsQ0IPHCOYByRpmJ5NkyOzsMtMrxCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go+up33zk2ohI3eM45n5IB0r0BaNopebTQ5lcEa9bKLoldwayTLyMFCFDrVv46vQiloRcIZPUmLbnxuinVKNgkk/yncTwmLIRHfC2pYqG3Pjp7NwJObVKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+qlQcYJcsfmifiIJRmT6O+kJzRnKsSWUaWFvJWxINWVoE8rbELzFl5dJo1zyKqXK3XmxepPFkYNjOIEz8OACqnALNagDgxE8wyu8ObHz4rw7H/PWFSebOYI/cD5/ALN8joU=</latexit>

z2 = 1

3) Contour evaluation I

<latexit sha1_base64="ed0qzDQ1+gBoNjvGdb2QRq2AvEc="></latexit>

log C4 ⇡ � 1

16
�↵=0(g) log

2 (U1U2) +
1

16
�↵=⇡/2(g) log

2 (U1/U2)



where the set of alpha’s and associated polynomials are determined by string integrand

<latexit sha1_base64="yMxqC+dxjFoZUWi49h/EQIuOShw="></latexit>

log C5 ⇡ �⇡/12(g)P1({logUij}) + �5⇡/12(g)P2({logUij})

with

Perfect agreement with previous data through 5 loops (at least)!

For 5-point function we have poles at                           resulting in
<latexit sha1_base64="/KEftu0oRWZJoRPMK8+mH9qxKnI=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBhWSGGHRjQqILl5jII4GRdEoHGjqdse2Q4ITvcONCY9z6Me78GwvMQsGT3JuTc+5Nb48Xcaa0bX9bmZXVtfWN7GZua3tndy+/f9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpje8nvrNEZWKheJejyPqBrgvmM8I1kZynx7KRefM9FN05XTzBbtkz4CWiZOSAqSodfNfnV5I4oAKTThWqu3YkXYTLDUjnE5ynVjRCJMh7tO2oQIHVLnJ7OgJOjFKD/mhNCU0mqm/NxIcKDUOPDMZYD1Qi95U/M9rx9q/dBMmolhTQeYP+TFHOkTTBFCPSUo0HxuCiWTmVkQGWGKiTU45E4Kz+OVl0iiXnEqpcndeqN6kcWThCI6hCA5cQBVuoQZ1IPAIz/AKb9bIerHerY/5aMZKdw7hD6zPHw05kFo=</latexit>

z2(1� z2) = 1

In all cases the poles are on the unit circle and in most cases they are simple 

<latexit sha1_base64="XXKZJ8cfD3t6p/QCNfE5cwQHK/o="></latexit>

log Cn ⇡
X

↵

�↵(g)⇥ P↵({logUij})

3) Contour evaluation II

<latexit sha1_base64="vEjCm8SHh5FdaVe+37uHzsOsFSI="></latexit>

P1,2 =
1

2
Pone-loop ∓ 1

2
√
3
(log2 U1 + log2 U2 + log2 U4 + log2 U5 + logU1 logU4 + logU2 logU5)



Null polygon limit

Amplitude side: Infrared double logs depend non trivially on ratios of external masses

For n = 4 it is reduces to octagon dimension but for not for higher n!

Conjecture: sum over alpha’s associated with n-th roots of unity

Not an Origin limit for higher n
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log Cn = Quad-Log +Rn

Yet it is cornered by Origins = double-soft limits in 2d

Limit where consecutive operators become null separated from each other

This hints that a similar behavior should apply

[BB,Fleury,Kaluç,Serban]
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Quad-Log = � 1
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+ . . .

In agreement with all available perturbative data



The sky is the limit:


Lance’s demonstration


of the bootstrap method

Remainder function
Meaning of finite part?

Does it relate to amplitudes/null Wilson loops?

Same space of functions (multiple polylogs)

Same Steinmann relations

Not enough to prove relation to WLs

But good start to bootstrap to all loops? 9 loops
Hexagon

Need more data



Lance 
(March 
2024):


I have 
discovered 
a truly 
marvelous 
solution to 
N=4 SYM, 
which this 
margin is 
too narrow 
to 
contain…

Solving N = 4 SYM



Happy 65 Birthday! 

Thanks for your friendship and the many 
wonderful physics discussions!

Looking forward to many more collaborations 
and more keys to decoding N=4 SYM!


