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From Jets to Jet Substructure

Jet Kinematic Distributions Jet Substructure
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FIG. 6: The pT distributions of the leading five jets in W − + 5-jet production at the LHC at

√
s = 7 TeV. In the upper panels, the NLO predictions are shown as solid (black) lines, while

the LO predictions are shown as dashed (blue) lines. The lower panels show the predictions for

the LO distribution and scale-dependence bands normalized to the NLO prediction (at the scale

µ = Ĥ ′
T/2). The LO distribution is the dashed (blue) line, and the scale-dependence bands are

shaded (gray) for NLO and cross-hatched (brown) for LO.

can be a sensitive probe of new physics [63]. The table also shows the jet-production ra-

tios [7, 64] for either sign of the W charge, here defined by the ratio of the total cross section

for W ± + n-jet to W ± + (n−1)-jet production. The charge-asymmetry ratios are all sig-

nificantly greater than unity, and grow with increasing numbers of jets. The jet-production

ratios are of order 1/4, and decrease with increasing numbers of jets. The NLO corrections

to the charge-asymmetry are quite small, and the corrections to the jet-production ratios

are modest but noticeable.

These values of the charge-asymmetry ratio reflect the excess of up quarks over down

quarks in the proton. The W+ bosons are necessarily emitted by up-type quarks, whereas

W − bosons are emitted by down-type quarks. The up-quark excess in the proton then leads

17
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Energy Correlators

• Energy Correlators are a particularly simple class of observables
originally proposed in e+e− colliders (Ellis et al. 1977).

VOLUME 41, NUMBER 2) PHYSICAL RKVIKW LKTTKRS 4 DECEMBER 1978

total energy W, the energy pattern cross section is given by
00 dN — N E

2

Z 3'' 1+, (1+cos'8) + ~, (1—3 cos'8)

Here a is the fine-structure constant (-1/137),
!

Qz is the electric charge of a specific quark type quark
(fiavor), and 8 is the angle between the direction These
r of the detected energy and the beam direction distrib
t, cos8=r l. The asymptotic behavior of the run- cally'
ning coupling is given by quark s

(2)

and gluons among the observed hadrons.
confinement effects further broaden the
ution. They can be treated phenomenologi-
by assuming that the fragmentation of the
(produced with a 1y cos'8 distribution) in-

to hadrons occurs with a distribution character-
ized by a strong cutoff in momentum transverse
to the quark direction. These effects produce a
contribution to the coefficient of the 1-3cos'0
term in Eq. (2) of order (h~)/W, where (h~) is
the average transverse momentum in a quark
fragmentation jet. At presently available ener-
gies the two contributions to this coefficient are
of comparable magnitude, but the confinement

(3)

where N& is the number of quark flavors, and p
is the one-dimensional parameter introduced into
the theory via the renormalization-group analy-
sis. gt is taken to have a value 500 MeV in order
to minimizev the O(1/ln2W) corrections to Eq. (3).
Experimentally, the important feature of the per-
turbative energy cross section (2) is the broaden-
ing of the lowest-order 1+ cos pattern due to
hard gluon emission. Nonperturbative confine-
ment effects distribute the energy carried by the

(Here S„represents the factorials necessary to avoid multiple counting of identical particles. ) Energy
conservation guarantees that the integral of the energy cross section is the usual total cross section.
The inclusive energy summation in the energy cross section should render its perturbative formulation
free (to all orders) of collinear infrared singularities. The energy weighting should remove those sin-
gularities which arise from soft gluon emission.
It should be emphasized that the measurement of the energy cross section, Eq. (1), does not vequi~e

any detailed event by ev-ent -analysis as is the case for tests which specify a quantity involving the de-
finition of a jet axis in each event. '
The order-g result for the energy cross section corresponds to the graphs shown in Fig. 1. This

result is indeed free of mass singularities. Assuming unpolarized electron-positron beams with total
energy R', the energy cross section takes the form'

(0) (b)

(c)
FIG. 1. (a) Lowest-order Feynman graph for e+e

qq. (b) Vertex modification (wave-function renor-
malization not shown). (c), (d) Lowest-order gluon
emission graphs. FIG. 2. Geometry for the experiment.

1586

forward and backward correlati ons depend on as ( q2 !. )  wi th q!. = 2 Wsin  0/2 ,  the 

effective range of the argument is extended down to about 1 GeV . 

2 .  Data taki ng and defi n i ti on of correl ati ons 

For deta i l s  of the PLUTO-detector the reader is referred to references 9) ( DORIS 

vers i on )  and lO ) ( at PETRA ) . Charged tracks are measured i n  the central detector 

wi thi n a sol i d  angl e of 92% of 4n . Their  momenta are analysed i n  the homogenous 

magneti c fie ld  of 1 . 65 Tesl a .  For the attri buted parti cl e energy al l parti cl es 

are treated as pi ons . Neutral energy i s  detected by shower counters over 97% of 

4n . Both charged and neutral part ic le  correlations have been studi ed and found 

to agree wel l ,  but only the charged correl ati ons fi nal ly entered i nto the 

analys i s  because of better angu l ar preci s i on .  The techni que of the data analys i s  

i s  gi ven i n  deta i l  i n  the references 4 l . The correl ation functi on , f (0 ) ,  i s  de­

fi ned by the fol l ow ing formul a  

( 2 )  f ( 0 )  
dl: 

de 

where za , b  = E a , b/W are the fractional energi es of part i cl es "a "  and "b"  of an 

event.  The sum is extended over al l N parti c l es of an event , l i ke the one shown 

in Fi g .  la . 

PLUTO a) EVENT 155 Ru. 21442 eo.1 no 

5944 22296 31,t 

Fig . 1 ( a )  A typ i cal  2-jet event i s  shown i n  a projection transverse to the 
beams . The curved ful l  l i nes are charged, the dotted strai ght l i nes are 
neutral tracks . ( b )  Shows a typ i cal three jet,  one of which is i nter­
preted as gl uon jet.  
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The paper is organized as follows. In Section 2 we compute the multi-point energy cor-

relations hE(n1) . . . E(nk)iH in a free theory and show that they satisfy (1.4) in the limit of

large scaling dimension of the source. In Section 3 we consider the energy-energy correlation

hE(n1)E(n2)iH in planar N = 4 SYM at weak coupling. We choose the source operator to be

the simplest half-BPS operator built out of K scalar fields and examine the dependence of the

energy correlation on K at the leading order in the coupling constant (Born level). In Section 4

we compute the one- and two-loop perturbative corrections to the energy-energy correlation for

arbitrary K and show that they verify the relation (1.4) at large K. In Section 5 we present

an approach that allows us to compute the O(1/K) correction to (1.4) directly, without going

through the details at finite K. In Section 6 we obtain the contact terms necessary to describe

the singular behavior of the energy correlations at the end points, for finite K and for K !1.

In Section 7 we compute the same observable at strong coupling including the first stringy

correction. In Section 8 we present arguments in favor of (1.4) in a generic interacting CFT.

The paper contains several appendices and ancillary files.

2 Energy correlations in the free scalar theory

The energy correlations for a heavy source are expected to have the general form (1.4). In this

section, we show that the relations (1.4) are indeed satisfied in the free scalar theory.

We consider a free massless scalar field �(x) and choose the source operator to be OK(x) =

�K(x). It creates the state |H(q)i =
R

d4x eiqxOK(x)|0i containing K massless scalar particles

with the total momentum qµ (with q0 > 0 and q2 > 0).

Figure 1. Multi-point energy correlation hE(n1) . . . E(nk)i in the final state created by a heavy source.

The di↵erential cross-section describing the probability to find K particles in a final state
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• Analogous to correlators in the CMB.

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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• Never measured at hadron colliders. Not on the radar of my
generation (or at least of me).
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Cross Section Level Observables Can Be Beautiful
• Energy correlators provide an example of an analytically
understandable collider observable.

Energy Correlators: Simplicity in Perturbation Theory

• Physical observables can be beautiful: Belitsky, Hohenegger,
Korchemsky, Sokatchev, Zhiboedov (2013) illustrated the simplicity of
energy correlators in perturbation theory (in N = 4 Super Yang-Mills)

<latexit sha1_base64="on4XhDadQu/a2clZMskb5BfY9CE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahXViTItWNUHTjsoJ9QBPKZDpph04yYeZGaEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nv8mDMFtv1tZFZW19Y3spu5re2d3T1z/6ChRCIJrRPBhWz5WFHOIloHBpy2Yklx6HPa9Ae3E7/5SKViInqAYUy9EPciFjCCQUsd82h0XXDOXCJUwYU+BVwsnpc7Zt4u2VNYy8SZkzyao9Yxv9yuIElIIyAcK9V27Bi8FEtghNNxzk0UjTEZ4B5taxrhkCovnV4/tk610rUCIXVFYE3V3xMpDpUahr7uDDH01aI3Ef/z2gkEV17KojgBGpHZoiDhFghrEoXVZZIS4ENNMJFM32qRPpaYgA4sp0NwFl9eJo1yyamUKvcX+erNPI4sOkYnqIAcdImq6A7VUB0RNELP6BW9GU/Gi/FufMxaM8Z85hD9gfH5AwC5k6k=</latexit>

z = (1 � cos(�))/2

PSfrag replacements

�

E(�n) E(�n0)

Figure 4: Graphical representation of the double energy correlation: particles produced out of the
vacuum by the source are captured by the two detectors located at spatial infinity in the directions of
the unit vectors ~n and ~n0.

back-to-back. For 0 < � < �, the double-energy correlation receives a non-zero contribution
starting from one loop. It comes from the three-particle transitions MO20��ssg and MO20��s��,

hE(�n)E(�n0)i = ��1
tot

�
dPS3

3�

i,j=1

k0
i k0

j �
(2)(��ki

� ��n)�(2)(��kj
� ��n�)

�
�
|MO20��s(k1)s(k2)g(k3)|2 + |MO20��s(k1)�(k2)�(k3)|2

�
. (3.15)

Using the explicit expressions for the matrix elements (3.2) we find (see Appendix C for details)

hE(�n)E(�n0)i =
g2

2(2�)4

q2
0

sin2 �

� 1

0

d�1

1 � �1(1 � cos �)/2
+ O(g4)

=
g2

(2�)4
q2
0

1 + cos �

sin4 �
ln

2

1 + cos �
+ O(g4) , (3.16)

where the logarithmic correction arises from the integration over the energy fraction of one of
the particles, �1 = 2k0

1/q
0. For � � 0, the expression in the right-hand side of (3.16) scales as

O(��2), whereas for w = � � � � 0 it has the well-known Sudakov behavior O(w�2 ln(w�2)).
Both asymptotics are modified at higher loops in a controllable way [25].

It is convenient to rewrite (3.16) by introducing the scaling variable

z = (1 � cos �)/2 , (3.17)

where 0 < � < � is the angle between the detector vectors �n and �n0. Then, the double-energy
correlation takes the following form at one loop

hE(�n)E(�n0)i =
a

4�2

q2
0

8z3

�
�z ln(1 � z)

1 � z

�
+ O(a2) , (3.18)

with z varying in the range 0 < z < 1 and a = g2/(4�2), as defined earlier. It is instructive to
compare (3.18) with the analogous expression in QCD. In that case, the final state is created by

17
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Following the Lüscher-Mack procedure, we can ana-
lytically continue (9) to obtain the four-point Wightman
functions in Minkowski space [8]. Finally, performing the
limit and integration as indicated in (5) we obtain from
(4) and (7) the following representation for F (z; a) [6]

F (z; a) =
�

dj1dj2
(2�i)2M(j1, j2; a)KEEC(j1, j2; z) . (10)

The dependence on the coupling constant resides in the
Mellin amplitude, while the z-dependence enters only the
kernel encoding the information about the calorimeters,

KEEC(j1, j2; z) =
2 �(1 � j1 � j2)

�
z

1� z

��j1�j2

�(j1 + j2)[�(1 � j1)�(1 � j2)]2
. (11)

Thus, Eq. (10) yields EEC in N = 4 SYM as the convo-
lution of two well-defined functions.

To compute (10) at next-to-leading order, we have to
expand the Mellin amplitude to orderO(a2). To this end,
we make use of the known two-loop result [9, 10] for the
function (9)

�(u, v; a) = a�(1)(u, v) + a2
�

1
2(1 + u+ v)

�
�(1)(u, v)

�2

+ 2
�
�(2)(u, v) + 1

u
�(2)(v/u, 1/u) + 1

v
�(2)(1/v, u/v)
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in terms of Euclidean scalar box integrals �(1) and �(2)

whose explicit form can be found in Refs. [9–11]. All that
we need for our purposes is their Mellin transforms [11]
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expression for the Mellin amplitude in (9),
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Substituting (11) and (12) into (10) we find F (z; a) as
a sum of nested Mellin integrals which can be computed
using standard techniques.

To save space we present the final result of our calcu-
lation and defer the details to a separate publication. It
is convenient to write EEC as

F (z; a) = aF1(z) + a2 [(1 � z)F2(z) + F3(z)] , (13)

where 0 < z < 1 and Fw(z) stands for a linear com-
bination of functions of homogenous weight w = 1, 2, 3
specified below. To lowest order in the coupling we have

F1(z) = � ln(1 � z) (14)

in agreement with (8). At next-to-leading order, the
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Both functions are given by sums of basis func-
tions of weight two {Li2, ln ln, �2} and weight three
{Li3,Li2 ln, ln ln ln, �2 ln, �3}, respectively, with nontriv-
ial arguments. The unusual features of F2(z) and F3(z)
is that the basis functions come with factors of

�
z and

z for the former and prefactors being at most quadratic

in z for the latter. Eq. (15) represents the main result of
this work.

The following comments are in order. Even though the
functions F2(z) and F3(z) depend on

�
z, they are man-

ifestly invariant under
�
z � ��

z, so that their expan-
sion near z = 0 runs in integer powers of z as described
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Jet Substructure

• What is the theoretical question we are trying to ask in Jet
Substructure?
“How do we characterize a quantum mechanical system using only
asymptotic measurements?”

=
�

i

hiOi (1.1)

=
�

j

cjDj (1.2)

Figure 2: In an experiment involving a QFT Q, the probe (hammer) can be expanded in op-
erators Oi that are intrinsic to Q, schematically eq. (1.1). Similarly, a far-away measurement
apparatus (camera) can be expanded in detectors Di that are intrinsic to Q, eq. (1.2). These
twin expansions cleanly separate the details of the experiment (contained in the coe�cients
hi and cj) from the dynamics of the theory (encoded in matrix elements hOi|Dj |Oki).

local operator detector

“measure at a point” “measure in cross-sections”
UV divergence IR divergence

need to renormalize need to renormalize
theory-dependent theory-dependent

OPE light-ray OPE
radial quantization ?

Table 1: A comparison between local operators and detectors.

of energy. The lack of IR-safety manifests as IR/collinear divergences in perturbation theory.

After suitably renormalizing the detector to remove the divergences, we obtain a new “good”

observable, but its anomalous dimension (suitably-defined) is theory-dependent.

Recall that the space of local operators has a simple nonperturbative definition via radial

quantization in the UV CFT: it is its Hilbert space of states on Sd�1. Thus, local operators

provide a basis of fundamental objects in which measurements at a point can be expanded.

Similarly, detectors provide a basis of fundamental objects in which measurements near in-

finity can be expanded, see figure 2. However, we do not currently possess a similarly clean

nonperturbative definition of the space of detectors. They are less well-understood objects,

and we seek to explore them in this work, focusing mostly on the case of conformal theories.

We summarize the analogy between detectors and local operators in table 1.

The simplest kind of detector is the integral of a local operator along a light-ray at future

null infinity I +. In this case, the way renormalization works is easy to understand: the

renormalized detector is the null integral of a renormalized local operator. For example, in

a free scalar theory, the operator EJ just mentioned can be defined for even integer J � 2

as a null-integral of OJ = ��µ1 · · · �µJ�. When interactions are turned on, OJ gets an

anomalous dimension, and thus so does EJ , leading to a nontrivial dependence on infrared

scales characterizing the measurement.

– 2 –

• This has proven to be a fruitful lens through which to study general
aspects of QFT.
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Insights from Conformal Field Theory

[Hofman, Maldacena]
[Korchemsky, Sterman]
[Ore, Sterman]
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I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

�

i,j

�
d�

EiEj

Q2
�

�
z � 1 � cos�ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

��

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z � 0 (the collinear limit) and z � 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z � 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�

N=4
J (�s) , (1.4)
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E(�n) = lim
r��

r2

��

0

dt niT0i(t, r�n)

h�|E(n̂1) · · · E(n̂k)|�i

• Calorimeter cells can be given a field theoretic definition in terms of
light-ray operators.

• Allows us to ask sharp questions about QFT from the asymptotic
energy flux.
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• Obtained this result by “light-transforming” the four-point function
hTTTT i bypassing the need for phase space integrals and the
cancellation of IR divergences.
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Energy Correlators: Simplicity in Perturbation Theory

• Physical observables can be beautiful: Belitsky, Hohenegger,
Korchemsky, Sokatchev, Zhiboedov (2013) illustrated the simplicity of
energy correlators in perturbation theory (in N = 4 Super Yang-Mills)

<latexit sha1_base64="on4XhDadQu/a2clZMskb5BfY9CE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahXViTItWNUHTjsoJ9QBPKZDpph04yYeZGaEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nv8mDMFtv1tZFZW19Y3spu5re2d3T1z/6ChRCIJrRPBhWz5WFHOIloHBpy2Yklx6HPa9Ae3E7/5SKViInqAYUy9EPciFjCCQUsd82h0XXDOXCJUwYU+BVwsnpc7Zt4u2VNYy8SZkzyao9Yxv9yuIElIIyAcK9V27Bi8FEtghNNxzk0UjTEZ4B5taxrhkCovnV4/tk610rUCIXVFYE3V3xMpDpUahr7uDDH01aI3Ef/z2gkEV17KojgBGpHZoiDhFghrEoXVZZIS4ENNMJFM32qRPpaYgA4sp0NwFl9eJo1yyamUKvcX+erNPI4sOkYnqIAcdImq6A7VUB0RNELP6BW9GU/Gi/FufMxaM8Z85hD9gfH5AwC5k6k=</latexit>

z = (1 � cos(�))/2

PSfrag replacements

�

E(�n) E(�n0)

Figure 4: Graphical representation of the double energy correlation: particles produced out of the
vacuum by the source are captured by the two detectors located at spatial infinity in the directions of
the unit vectors ~n and ~n0.

back-to-back. For 0 < � < �, the double-energy correlation receives a non-zero contribution
starting from one loop. It comes from the three-particle transitions MO20��ssg and MO20��s��,

hE(�n)E(�n0)i = ��1
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Using the explicit expressions for the matrix elements (3.2) we find (see Appendix C for details)

hE(�n)E(�n0)i =
g2

2(2�)4

q2
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sin2 �

� 1

0

d�1
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+ O(g4)

=
g2

(2�)4
q2
0

1 + cos �

sin4 �
ln

2

1 + cos �
+ O(g4) , (3.16)

where the logarithmic correction arises from the integration over the energy fraction of one of
the particles, �1 = 2k0

1/q
0. For � � 0, the expression in the right-hand side of (3.16) scales as

O(��2), whereas for w = � � � � 0 it has the well-known Sudakov behavior O(w�2 ln(w�2)).
Both asymptotics are modified at higher loops in a controllable way [25].

It is convenient to rewrite (3.16) by introducing the scaling variable

z = (1 � cos �)/2 , (3.17)

where 0 < � < � is the angle between the detector vectors �n and �n0. Then, the double-energy
correlation takes the following form at one loop

hE(�n)E(�n0)i =
a

4�2

q2
0

8z3

�
�z ln(1 � z)

1 � z

�
+ O(a2) , (3.18)

with z varying in the range 0 < z < 1 and a = g2/(4�2), as defined earlier. It is instructive to
compare (3.18) with the analogous expression in QCD. In that case, the final state is created by
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Substituting (11) and (12) into (10) we find F (z; a) as
a sum of nested Mellin integrals which can be computed
using standard techniques.

To save space we present the final result of our calcu-
lation and defer the details to a separate publication. It
is convenient to write EEC as

F (z; a) = aF1(z) + a2 [(1 � z)F2(z) + F3(z)] , (13)

where 0 < z < 1 and Fw(z) stands for a linear com-
bination of functions of homogenous weight w = 1, 2, 3
specified below. To lowest order in the coupling we have

F1(z) = � ln(1 � z) (14)

in agreement with (8). At next-to-leading order, the
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Both functions are given by sums of basis func-
tions of weight two {Li2, ln ln, �2} and weight three
{Li3,Li2 ln, ln ln ln, �2 ln, �3}, respectively, with nontriv-
ial arguments. The unusual features of F2(z) and F3(z)
is that the basis functions come with factors of

�
z and

z for the former and prefactors being at most quadratic

in z for the latter. Eq. (15) represents the main result of
this work.

The following comments are in order. Even though the
functions F2(z) and F3(z) depend on

�
z, they are man-

ifestly invariant under
�
z � ��

z, so that their expan-
sion near z = 0 runs in integer powers of z as described
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Jet Substructure

• What is the theoretical question we are trying to ask in Jet
Substructure?
“How do we characterize a quantum mechanical system using only
asymptotic measurements?”

=
�

i

hiOi (1.1)

=
�

j

cjDj (1.2)

Figure 2: In an experiment involving a QFT Q, the probe (hammer) can be expanded in op-
erators Oi that are intrinsic to Q, schematically eq. (1.1). Similarly, a far-away measurement
apparatus (camera) can be expanded in detectors Di that are intrinsic to Q, eq. (1.2). These
twin expansions cleanly separate the details of the experiment (contained in the coe�cients
hi and cj) from the dynamics of the theory (encoded in matrix elements hOi|Dj |Oki).

local operator detector

“measure at a point” “measure in cross-sections”
UV divergence IR divergence

need to renormalize need to renormalize
theory-dependent theory-dependent

OPE light-ray OPE
radial quantization ?

Table 1: A comparison between local operators and detectors.

of energy. The lack of IR-safety manifests as IR/collinear divergences in perturbation theory.

After suitably renormalizing the detector to remove the divergences, we obtain a new “good”

observable, but its anomalous dimension (suitably-defined) is theory-dependent.

Recall that the space of local operators has a simple nonperturbative definition via radial

quantization in the UV CFT: it is its Hilbert space of states on Sd�1. Thus, local operators

provide a basis of fundamental objects in which measurements at a point can be expanded.

Similarly, detectors provide a basis of fundamental objects in which measurements near in-

finity can be expanded, see figure 2. However, we do not currently possess a similarly clean

nonperturbative definition of the space of detectors. They are less well-understood objects,

and we seek to explore them in this work, focusing mostly on the case of conformal theories.

We summarize the analogy between detectors and local operators in table 1.

The simplest kind of detector is the integral of a local operator along a light-ray at future

null infinity I +. In this case, the way renormalization works is easy to understand: the

renormalized detector is the null integral of a renormalized local operator. For example, in

a free scalar theory, the operator EJ just mentioned can be defined for even integer J � 2

as a null-integral of OJ = ��µ1 · · · �µJ�. When interactions are turned on, OJ gets an

anomalous dimension, and thus so does EJ , leading to a nontrivial dependence on infrared

scales characterizing the measurement.

– 2 –

• This has proven to be a fruitful lens through which to study general
aspects of QFT.
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Insights from Conformal Field Theory

[Hofman, Maldacena]
[Korchemsky, Sterman]
[Ore, Sterman]

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

�

i,j

�
d�

EiEj

Q2
�

�
z � 1 � cos�ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

��

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z � 0 (the collinear limit) and z � 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z � 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�

N=4
J (�s) , (1.4)
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E(�n) = lim
r��

r2

��

0

dt niT0i(t, r�n)

h�|E(n̂1) · · · E(n̂k)|�i

• Calorimeter cells can be given a field theoretic definition in terms of
light-ray operators.

• Allows us to ask sharp questions about QFT from the asymptotic
energy flux.
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• Obtained this result by “light-transforming” the four-point function
hTTTT i bypassing the need for phase space integrals and the
cancellation of IR divergences.
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Fig. 1. Energy-energy correlations for different c.m. energies. Full lines show expectations from fragmentation models (q~ below 
10 GeV, ref. [8] ; q~:lg above, ref. [9], with A = 200 MeV). Dashed lines give pure QCD predictions according to ref. [5] ( 0 ° -50° ) ,  
refs. [ 3,4 ] (50 ° -  120 °) and ref. [ !8 ] (120 ° - 180 °). The value A = 200 MeV has been taken in all o f  them. The dot ted lines repre- 
sent the continuation of  these predictions out of  the regions defined above. 

within errors the data have become nearly energy in- 
dependent. This behaviour is well reproduced by the 
Monte Carlo simulation, as indicated by the full curves 
in fig. 1, provided gluon bremsstrahlung is incorpo- 
rated at high energies [8,9]. 

As a possible alternative description of  these data 
we also show in fig. 1 as dashed curves the predictions 
from a model [6,13] which uses the leading log same 
side predictions [5] for the angular range 0 ~ 50 °, first 

order calculations [3,4] in the central region 50 ° ~ 0 
< 120 ° and leading log opposite side predictions * 2 in 
the backward regime 120 ° < 0. These predictions de- 
pend on only one parameter namely the strong cou- 
pling constant a s or the QCD scale parameter A. The 
value A = 200 MeV has been taken, corresponding to 

,2  Predictions have been taken from eq. (3.3) o f  ref. [ 18]. 
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Despite this progress, the all orders logarithmic struc-
ture in the collinear limit remains less well understood for
a generic quantum field theory. The leading logarithms
(LL) in the � ! 0 limit have been resummed to all or-
ders in QCD using the jet calculus approach [20, 22–25].
However, there has not been a systematic framework for
resumming subleading logarithms. In addition to being
of formal interest, the collinear limit is particularly rel-
evant for the study of jets and their substructure at the
Large Hadron Collider (LHC), motivating an improved
quantitative understanding.

In this paper we present a factorization formula de-
scribing the � ! 0 limit of the EEC in a generic mass-
less quantum field theory, conformal or asymptotically
free. All logarithms in the perturbative expansion can
be resummed using the renormalization group evolution
of certain jet functions appearing in the factorization for-
mula. We show that the anomalous dimensions of these
functions are related to the timelike twist-two anoma-
lous dimensions governing the evolution of fragmentation
functions for identified hadrons. These timelike split-
ting kernels, along with the corresponding hard functions
or matching coe�cients, are known through NNLO in
QCD [26–30]. These results facilitate the determination
of the asymptotic behavior of the EEC in the � ! 0
limit to high perturbative orders. We explicitly resum
the EEC to NNLL accuracy in QCD and in N = 1 SYM,
improving by two logarithmic orders the best known re-
sults in the literature. In the particular case of N = 4
SYM, a reciprocity that relates timelike and spacelike
anomalous dimensions [31–38] allows us to express our
result as a power law, where the exponent is the twist-
two spin-three spacelike anomalous dimension [4]. This
relation provides a link between timelike dynamics and
spacelike data.

An outline of this paper is as follows. In Sec. II we re-
view the definition of the EEC observable. In Sec. III we
present our factorization formula for the collinear limit of
the EEC. In Sec. IV we discuss a sum rule arising from
the overall normalization of the cross section and how
this enables us to obtain the two loop jet function for the
EEC. In Secs. V, VI and VII we study the behavior of
the collinear limit of the EEC in QCD, N = 1 SYM and
N = 4 SYM, highlighting several interesting features of
each case. We conclude in Sec. VIII, and discuss a num-
ber of interesting future directions. We also provide an
ancillary file supplying an iterative solution through nine
loops to the NNLL jet function evolution equations in
QCD.

II. OBSERVABLE DEFINITION

The EEC is defined as [1]

d�

dz
=
X

i,j

Z
d�

EiEj

Q2
�

✓
z � 1 � cos�ij

2

◆
, (1)

where d� is the product of the squared matrix element
and the phase-space measure, Ei and Ej are the energies
of final-state partons i and j in the center-of-mass frame,
and their angular separation is �ij . For convenience, we
have chosen to work with the variable z satisfying

0  z =
1 � cos�

2
 1 . (2)

Due to the fact that Q2 = (
P

i Ei)
2 =

P
i,j EiEj , the

EEC observable satisfies the normalization condition

Z 1

0

dz
d�

dz
= �tot . (3)

As we will see in Sec. IV, this relation places strong con-
straints on the cross section, and in particular, links the
singular behavior at the two kinematic endpoints.

In the collinear limit, z ! 0, the perturbative contri-
butions to the EEC exhibits a single logarithmic series

d�

dz
=

1X

L=1

L�1X

j=�1

✓
↵s(µ)

4⇡

◆L

cL,jLj(z) + . . . , (4)

where L�1(z) = �(z) and Lj(z) =
⇥
lnj z/z

⇤
+

for j � 0

denotes a standard plus distribution. The ellipses denote
terms with a less singular power than 1/z. (Note that
�(z) ⇠ 1/z.) One of our primary goals will be to describe
this logarithmic structure to all orders.

III. FACTORIZATION FORMULA

It is convenient to work in terms of the cumulant of
the EEC,

⌃
⇣
z, ln

Q2

µ2
, µ
⌘

⌘ 1

�0

Z z

0

dz0
d�

dz

⇣
z0, ln

Q2

µ2
, µ
⌘

, (5)

where �0 is the Born-level total cross section. The cumu-
lant maps

⇥
lnj z/z

⇤
+

! 1/(j+1)⇥lnj+1 z and �(z) ! 1.

The µ-dependence in the last arguments of ⌃ and d�/dz
is entirely through the strong coupling ↵s(µ); we just
write it as µ to save space. One of the main results of
this paper is a factorization formula for ⌃ in the z ! 0
limit

⌃(z, ln
Q2

µ2
, µ) =

Z 1

0

dx x2 ~J(ln
zx2Q2

µ2
, µ) · ~H(x,

Q2

µ2
, µ) .

(6)

This formula factorizes the dynamics in the collinear limit
into a hard function H, which describes the dynamics of
the source, but is independent of the measurement, z,
and a jet function, J , which describes the z dependence,
but is independent of the source. This is illustrated in
Fig. 1. Both the hard function and jet function are vec-
tors in flavor space. For the particular case of QCD,

where we have quarks and gluons, we have ~J = {Jq, Jg}

3

and ~H = {Hq, Hg}. It is not necessary to distinguish q
and q̄ due to the charge conjugation invariance of QCD
and the symmetry of the source. Corrections to this fac-
torization formula are suppressed by an integer power of
z, as can be shown from the known structure of higher
twist distribution functions [39].

The jet functions are gauge invariant non-local opera-
tors. The quark jet function is defined as

Jq(z) =
X

X

X

i,j2X

h0|�̄n|Xi EiEj

(Q/2)2
⇥(✓ij < �)hX|�n|0i ,

(7)

where �n is a gauge invariant collinear quark field in
SCET [40–43]. The ⇥ function on the parton separation

angle ✓ij is appropriate for the cumulant definition of ~J
in Eq. (6). The gluon jet function is defined in a similar
manner, using a gauge invariant gluon field. (In a more
general context, Q/2 would be replaced by the jet energy
in an appropriate frame.)

The jet and hard functions both satisfy renormaliza-
tion group (RG) evolution equations which allow for the
resummation of logarithms of z. The RG equation for
the hard function is given by

d ~H(x, Q2
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d ln µ2
= �

Z 1
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bPT (y, µ) · ~H

✓
x

y
,
Q2

µ2
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◆
, (8)

where bPT is the singlet timelike splitting kernel matrix

bPT =
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◆
. (9)

The jet function obeys the RG equation
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d ln µ2
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Z 1
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dy y2 ~J(ln
zy2Q2

µ2
, µ) · bPT (y, µ) .

(10)

This equation can be derived by requiring the cumulant
⌃ in Eq. (6) to be RG invariant, combined with the evo-
lution equation (8) for the hard function.

As indicated in Eq. (6), logarithms in the jet function
are minimized at the scale µ2 = zx2Q2 ⌘ q2

T , which
physically corresponds to a transverse momentum scale
qT ⇡ �xQ/2 associated with the splitting at momentum
xQ and angle � measured by the EEC. The logarithms
of the hard function are minimized at the scale µ2 =
Q2, which corresponds to the energy scale of the source.
Resummation is achieved by computing the boundary
values of the jet and hard functions at these scales, and
then performing the RG evolution from one scale to the
other.

The factorization formula in Eq. (6) is more compli-
cated than the standard jet calculus formula which de-
scribes the leading logarithms [20, 22–25], due to the
presence of the convolution in the momentum variable
x. This convolution is only required beyond LL; at LL

it su�ces to set x = 1 in the argument of ~J . The evo-
lution equation (10) then simplifies to a multiplicative
renormalization,
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where �T ⌘ �T (3) is the N = 3 moment of the LO
timelike singlet splitting kernel. At LO, the timelike and
spacelike moments are identical, and are given by
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� 7
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14
5 CA + 2

3nf

◆
. (12)

We adopt the conventions of refs. [27–30] for splitting
kernels and anomalous dimensions, which are related by
a Mellin transform,

�T (N) ⌘ �
Z 1

0

dy yN�1 bPT (y). (13)

We also use the perturbative expansion parameter as ⌘
↵s/(4⇡).

An exact solution to Eq. (11) is given by
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where �0 = (11CA � 2nf )/3, V is the matrix that diag-

onalizes �
(0)
T , and ~�

(0)
T is the diagonal vector of the diag-

onalized matrix. Substituting this solution into Eq. (6),
using that

~HLL(x) =

✓
1
2�(1 � x)

0

◆
, (15)

and di↵erentiating ⌃ to obtain d�/dz, we reproduce the
LL resummation formula obtained using jet calculus. Be-
yond LL, the convolution in the momentum fraction vari-
able, x, cannot be eliminated. Indeed, we will see in
Sec. VII that this convolution is crucial to obtain a cor-
respondence with the spacelike picture in a conformal
field theory (CFT).

IV. JET FUNCTIONS AND SUM RULES

The hard function and the timelike splitting kernel en-
tering our factorization formula are known in QCD to
NNLO [27–30], however, the EEC jet functions are new.
They can be computed from their operator definition,
which at NLO is equivalent to integrating the splitting
functions against the EEC measurement function. One
subtlety when computing the jet functions is that the
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The energy-energy-correlator (EEC) observable in e+e� annihilation measures the energy de-
posited in two detectors as a function of the angle between the detectors. The collinear limit,
where the angle between the two detectors approaches zero, is of particular interest for describing
the substructure of jets produced at hadron colliders as well as in e+e� annihilation. We derive a
factorization formula for the leading power asymptotic behavior in the collinear limit of a generic
quantum field theory, which allows for the resummation of logarithmically enhanced terms to all
orders by renormalization group evolution. The relevant anomalous dimensions are expressed in
terms of the timelike data of the theory, in particular the moments of the timelike splitting func-
tions, which are known to high perturbative orders. We relate the small angle and back-to-back
limits to each other via the total cross section and an integral over intermediate angles. This rela-
tion, for the EEC in e+e� and in Higgs decay to gluons, provides us with the initial conditions for
quark and gluon jet functions at order ↵2

s. In QCD and in N = 1 super-Yang-Mills theory, we then
perform the resummation to next-to-next-to-leading logarithm, improving previous calculations by
two perturbative orders. We highlight the important role played by the non-vanishing � function
in these theories, which while subdominant for Higgs decays to gluons, dominates the behavior of
the EEC in the collinear limit for e+e� annihilation, and in N = 1 super-Yang-Mills theory. In
conformally invariant N = 4 super-Yang-Mills theory, reciprocity between timelike and spacelike
evolution can be used to express our factorization formula as a power law with exponent equal to the
spacelike twist-two spin-three anomalous dimensions, thus providing a connection between timelike
and spacelike approaches.

I. INTRODUCTION

Jet and event shape observables play a crucial role
in our understanding of QCD, and are interesting more
generally for understanding the structure of Lorentzian
observables in quantum field theory. A particularly in-
teresting infrared-safe observable is the energy-energy
correlator (EEC), originally defined in e+e� annihila-
tion [1, 2], which measures the energy in two detectors
separated by an angle �, see Fig. 1. The EEC can be de-
fined within QCD also for a gluonic source, namely the
decays of a Higgs boson to hadrons that are mediated by
a heavy top quark loop [3]. The EEC has also been stud-
ied in conformally invariant N = 4 super-Yang-Mills the-
ory (SYM) for sources that are protected by supersym-
metry [4–7]. It exhibits kinematic singularities in both
the back-to-back (� ! ⇡) and collinear (� ! 0) limits,
allowing its behavior in these limits to be understood to
all orders in perturbation theory using renormalization
group techniques. The compatibility of these two limits
suggests a particularly rigid structure, perhaps enabling
an all orders perturbative understanding of the EEC.

The EEC has attracted significant recent attention,
which has further revealed its perturbative simplicity.
Advances include analytic results for arbitrary � to next-
to-leading order (NLO) in QCD [3, 8] and at both NLO
[7] and NNLO [9] in N = 4 SYM; an understanding of
the all orders logarithmic structure in the back-to-back
limit � ! ⇡ [10, 11]; and numerical results at NNLO in
QCD [12] that have been matched [13] to the next-to-

next-to-leading logarithms (NNLL) in the back-to-back
limit [14] and used to determine the strong coupling [15].

FIG. 1: a) The EEC observable for a generic angle�.
b) In the collinear limit the EEC factorizes into a
hard function, H(x), describing the production of a
parton of momentum fraction x from the source, and
a collinear jet function, J(x, �), describing the
measurement.

Recently a description of the all-orders behavior in
the collinear limit for a conformal field theory has been
given [16, 17] based on the light-ray operator formal-
ism [18, 19]. The limit is described by a spacelike op-
erator product expansion (OPE) controlled by the twist-
two spin-three operator whose role was identified ear-
lier [4, 20]. Another spacelike approach to the collinear
limit in a CFT has been developed more recently [21],
based on the representation of the EEC in terms of the
Mellin amplitude of the four-point function [5–7].
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• In a conformal theory, the energy correlator exhibits a powerlaw
scaling zγ , in the collinear limit (Hofman, Maldacena).

• Using renormalization group techniques, we provided a description of
the collinear limit of the EEC in non-conformal theories, such as real
world QCD:

• Scaling in the collinear limit is a clean experimental observable,
potentially measurable inside jets at the LHC.

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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Few months at SLAC, then cut short by COVID
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Energy Correlators in Real World

• Energy Correlators had not received experimental
attention since the 90s.

• Worked with YenJie Lee to measure them
in archival LEP data.
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QCD Correlations in Focus
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Energy Correlators from Partons to Hadrons

ALEPH
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FIG. 1. (a) E↵ective luminosity for the single-jet triggers as a function of the cumulative number of LBs, ordered in time.
Note that the Jet300 trigger used for our jet studies turns on after around 50 pb�1 has already been collected, but this is a
relatively small fraction of the total 2.3 fb�1 collected over the course of Run 2011A. The luminosity profile as a function of
date is shown in Fig. 18 of App. A. (b) E↵ective cross section for the single-jet triggers in each LB where the trigger fired. The
flatness of these curves indicates that the trigger behavior is roughly constant across the entire run, apart from moments where
the trigger criteria or prescale factors changed. The horizontal dashed lines correspond to the total e↵ective cross section for
that trigger from Table I.

samples with non-overlapping hard-scattering parton p̂T

ranges [67–81], totaling 13.4 TB. They are labeled by
CMS as QCD Pt-MINtoMAX TuneZ2 7TeV pythia6, where
p̂T 2 [MIN, MAX] GeV. These events are then simu-
lated and reconstructed using the CMS detector simu-
lation based on Geant 4 [83]. Throughout this paper,
we use “generation” to refer to the output of the parton
shower generator, and “simulation” to refer to the output
of the detector simulation.

Both the generation-level and simulation-level objects
are stored in AODSIM format by CMS, and we convert
them to our MOD format using MODProducer. Apart
from the generation-level event record from Pythia, the
AODSIM format is very similar to AOD. In particu-
lar, AODSIM includes reconstructed AK5 jets, simulated
trigger information, as well as the addition of pileup. We
store the simulated PFCs, the final-state particles in the
Pythia event record, and the 2 ! 2 hard-scattering
process for anticipated future studies related to parton
flavor. If an association between simulation-level and
generation-level jets is needed, jets are matched if their
jet axes are within �R = 0.5 of each other. To enable
future jet flavor studies, generation-level jets are also
matched to hard-process partons if they are less than
�R = 1.0 apart.

Because of the steep dependence of the QCD dijet cross
section on p̂T , the MC events have di↵erent weights,
though the weights for all events in a single MC sam-
ple are the same. Therefore, when filling histograms, we
have to weight each MC event by the generated cross
section �MC

e↵ divided by the number of events in the MC
sample, as given in Table II. As discussed in App. B,
we also weight the MC events according to the number
of primary vertices in order to match the distribution of
pileup seen in the data.

One subtlety in using the generation-level Pythia in-
formation is that there is a cuto↵ on the hadron life-
time above which they are considered stable. This cuto↵
is set to c ⌧stable = 10mm, which means that various
hadrons with non-zero strangeness are considered stable,
notably the K0

S meson. Typically, these strange hadrons
decay within the CMS detector volume and are often
reconstructed as if the decay products came from the
primary vertex. For example, K0

S ! ⇡+⇡� will typi-
cally be reconstructed as two pion-labeled PFCs. This
leads to a mismatch in observables like track multiplic-
ity unless we manually decay these strange hadrons. As
a workaround, we load the generation-level event record
into Pythia 8.235 [123] and adjust the hadron lifetime
threshold to c ⌧stable = 1000mm. Because the kinemat-
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Lightray-Hadron Transition

• High resolution image of correlations in QCD energy flux: Beautiful
playground for testing understanding of QCD.

Energy Correlators: Simplicity in Perturbation Theory

• Physical observables can be beautiful: Belitsky, Hohenegger,
Korchemsky, Sokatchev, Zhiboedov (2013) illustrated the simplicity of
energy correlators in perturbation theory (in N = 4 Super Yang-Mills)
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z = (1 � cos(�))/2
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Figure 4: Graphical representation of the double energy correlation: particles produced out of the
vacuum by the source are captured by the two detectors located at spatial infinity in the directions of
the unit vectors ~n and ~n0.

back-to-back. For 0 < � < �, the double-energy correlation receives a non-zero contribution
starting from one loop. It comes from the three-particle transitions MO20��ssg and MO20��s��,
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�
. (3.15)

Using the explicit expressions for the matrix elements (3.2) we find (see Appendix C for details)

hE(�n)E(�n0)i =
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� 1
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1 + cos �
+ O(g4) , (3.16)

where the logarithmic correction arises from the integration over the energy fraction of one of
the particles, �1 = 2k0

1/q
0. For � � 0, the expression in the right-hand side of (3.16) scales as

O(��2), whereas for w = � � � � 0 it has the well-known Sudakov behavior O(w�2 ln(w�2)).
Both asymptotics are modified at higher loops in a controllable way [25].

It is convenient to rewrite (3.16) by introducing the scaling variable

z = (1 � cos �)/2 , (3.17)

where 0 < � < � is the angle between the detector vectors �n and �n0. Then, the double-energy
correlation takes the following form at one loop

hE(�n)E(�n0)i =
a

4�2

q2
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8z3

�
�z ln(1 � z)

1 � z

�
+ O(a2) , (3.18)

with z varying in the range 0 < z < 1 and a = g2/(4�2), as defined earlier. It is instructive to
compare (3.18) with the analogous expression in QCD. In that case, the final state is created by
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Following the Lüscher-Mack procedure, we can ana-
lytically continue (9) to obtain the four-point Wightman
functions in Minkowski space [8]. Finally, performing the
limit and integration as indicated in (5) we obtain from
(4) and (7) the following representation for F (z; a) [6]

F (z; a) =
�

dj1dj2
(2�i)2M(j1, j2; a)KEEC(j1, j2; z) . (10)

The dependence on the coupling constant resides in the
Mellin amplitude, while the z-dependence enters only the
kernel encoding the information about the calorimeters,

KEEC(j1, j2; z) =
2 �(1 � j1 � j2)

�
z

1� z

��j1�j2

�(j1 + j2)[�(1 � j1)�(1 � j2)]2
. (11)

Thus, Eq. (10) yields EEC in N = 4 SYM as the convo-
lution of two well-defined functions.

To compute (10) at next-to-leading order, we have to
expand the Mellin amplitude to orderO(a2). To this end,
we make use of the known two-loop result [9, 10] for the
function (9)

�(u, v; a) = a�(1)(u, v) + a2
�
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+ 2
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,

in terms of Euclidean scalar box integrals �(1) and �(2)

whose explicit form can be found in Refs. [9–11]. All that
we need for our purposes is their Mellin transforms [11]

M (1)(j1, j2) = �1
4 [�(�j1)�(�j2)�(1 + j1 + j2)]2 ,
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Using these relations it is straightforward to work out the
expression for the Mellin amplitude in (9),

M =aM (1)(j1, j2) + a2
�

1
2

�M (2)(j1, j2) + �M (2)(j1, j2 � 1)

+2M (2)(j1, j2) + 4M (2)(j1,�1 � j1 � j2)
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, (12)

where �M (2)(j1, j2) is the Mellin amplitude for [�(1)]2,
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2).

Substituting (11) and (12) into (10) we find F (z; a) as
a sum of nested Mellin integrals which can be computed
using standard techniques.

To save space we present the final result of our calcu-
lation and defer the details to a separate publication. It
is convenient to write EEC as

F (z; a) = aF1(z) + a2 [(1 � z)F2(z) + F3(z)] , (13)

where 0 < z < 1 and Fw(z) stands for a linear com-
bination of functions of homogenous weight w = 1, 2, 3
specified below. To lowest order in the coupling we have

F1(z) = � ln(1 � z) (14)

in agreement with (8). At next-to-leading order, the
functions F2(z) and F3(z) take the form
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Both functions are given by sums of basis func-
tions of weight two {Li2, ln ln, �2} and weight three
{Li3,Li2 ln, ln ln ln, �2 ln, �3}, respectively, with nontriv-
ial arguments. The unusual features of F2(z) and F3(z)
is that the basis functions come with factors of

�
z and

z for the former and prefactors being at most quadratic

in z for the latter. Eq. (15) represents the main result of
this work.

The following comments are in order. Even though the
functions F2(z) and F3(z) depend on

�
z, they are man-

ifestly invariant under
�
z � ��

z, so that their expan-
sion near z = 0 runs in integer powers of z as described
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is convenient to write EEC as

F (z; a) = aF1(z) + a2 [(1 � z)F2(z) + F3(z)] , (13)

where 0 < z < 1 and Fw(z) stands for a linear com-
bination of functions of homogenous weight w = 1, 2, 3
specified below. To lowest order in the coupling we have

F1(z) = � ln(1 � z) (14)

in agreement with (8). At next-to-leading order, the
functions F2(z) and F3(z) take the form
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Both functions are given by sums of basis func-
tions of weight two {Li2, ln ln, �2} and weight three
{Li3,Li2 ln, ln ln ln, �2 ln, �3}, respectively, with nontriv-
ial arguments. The unusual features of F2(z) and F3(z)
is that the basis functions come with factors of

�
z and

z for the former and prefactors being at most quadratic

in z for the latter. Eq. (15) represents the main result of
this work.

The following comments are in order. Even though the
functions F2(z) and F3(z) depend on

�
z, they are man-

ifestly invariant under
�
z � ��

z, so that their expan-
sion near z = 0 runs in integer powers of z as described

Jet Substructure

• What is the theoretical question we are trying to ask in Jet
Substructure?
“How do we characterize a quantum mechanical system using only
asymptotic measurements?”

=
�

i

hiOi (1.1)

=
�

j

cjDj (1.2)

Figure 2: In an experiment involving a QFT Q, the probe (hammer) can be expanded in op-
erators Oi that are intrinsic to Q, schematically eq. (1.1). Similarly, a far-away measurement
apparatus (camera) can be expanded in detectors Di that are intrinsic to Q, eq. (1.2). These
twin expansions cleanly separate the details of the experiment (contained in the coe�cients
hi and cj) from the dynamics of the theory (encoded in matrix elements hOi|Dj |Oki).

local operator detector

“measure at a point” “measure in cross-sections”
UV divergence IR divergence

need to renormalize need to renormalize
theory-dependent theory-dependent

OPE light-ray OPE
radial quantization ?

Table 1: A comparison between local operators and detectors.

of energy. The lack of IR-safety manifests as IR/collinear divergences in perturbation theory.

After suitably renormalizing the detector to remove the divergences, we obtain a new “good”

observable, but its anomalous dimension (suitably-defined) is theory-dependent.

Recall that the space of local operators has a simple nonperturbative definition via radial

quantization in the UV CFT: it is its Hilbert space of states on Sd�1. Thus, local operators

provide a basis of fundamental objects in which measurements at a point can be expanded.

Similarly, detectors provide a basis of fundamental objects in which measurements near in-

finity can be expanded, see figure 2. However, we do not currently possess a similarly clean

nonperturbative definition of the space of detectors. They are less well-understood objects,

and we seek to explore them in this work, focusing mostly on the case of conformal theories.

We summarize the analogy between detectors and local operators in table 1.

The simplest kind of detector is the integral of a local operator along a light-ray at future

null infinity I +. In this case, the way renormalization works is easy to understand: the

renormalized detector is the null integral of a renormalized local operator. For example, in

a free scalar theory, the operator EJ just mentioned can be defined for even integer J � 2

as a null-integral of OJ = ��µ1 · · · �µJ�. When interactions are turned on, OJ gets an

anomalous dimension, and thus so does EJ , leading to a nontrivial dependence on infrared

scales characterizing the measurement.

– 2 –

• This has proven to be a fruitful lens through which to study general
aspects of QFT.

Boost 2023 August 4, 2023 4 / 61

Insights from Conformal Field Theory
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I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

�

i,j

�
d�

EiEj

Q2
�

�
z � 1 � cos�ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

��

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z � 0 (the collinear limit) and z � 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z � 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�

N=4
J (�s) , (1.4)
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E(�n) = lim
r��

r2

��

0

dt niT0i(t, r�n)

h�|E(n̂1) · · · E(n̂k)|�i

• Calorimeter cells can be given a field theoretic definition in terms of
light-ray operators.

• Allows us to ask sharp questions about QFT from the asymptotic
energy flux.
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• Obtained this result by “light-transforming” the four-point function
hTTTT i bypassing the need for phase space integrals and the
cancellation of IR divergences.
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Impact of Advances in Perturbative QCD

G.P. Korchemsky, A. V. Radyushkin / Wilson loops 

momentum one for the one-dimensional fermions being 

z ( l )  = fo °° doei°~t+i°)z(o). 

351 

In addition to ordinary QCD gluon vertices the action (3) brings in two other 
elements, viz., the propagator of the one-dimensional fermions and the vertex 
describing the interaction between gluons and these fermions: 

/ i 
°1 -- - °2 0 ( o 2 - o l )  

l +  i0 ' 

, ~k ~, i g n ~ ( n o )  
0 

ign~A~( k ) 8( l '  + ( kn ) - l ) , 

(25) 

where n,  = (p ,  or q,) is one of the vectors characterizing the directions of the two 
lines shown in fig. 2. 

It is worth noting here that fig. 2 may be treated as an amplitude of the elastic 
scattering of an on-mass-shell (l = 0) one-dimensional fermion on a colour singlet 
potential. The contributions to this amplitude are due to both the self-energy 
corrections ~(1) = ~(0) + lON(O)/Ol + . . .  to the fermion lines and vertex correc- 
tions T(I, l ' ;  3,). The latter satisfy the equality 

r ( 0 , 0 ; 0 ) =  0f(t)01 ,=0 

following from the gauge properties of eq. (3). Hence, the total result for the cusp 
singularity of the diagram shown in fig. 2 is given by 

r ( 0 , 0 ;  7) + ~ = V(0,0; y) - V(0,0; 0) (26) 
l=O 

and to calculate it one can consider only the vertex corrections which in the lowest 
nontrivial order in the strong coupling constant a s are determined by the diagrams 
shown in fig. 3. In the following the K~SRMs subtraction procedure is used. 

\ 

Fig. 3. Diagram contributing to the one-loop cusp anomalous dimension. 
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total energy W, the energy pattern cross section is given by
00 dN — N E

2

Z 3'' 1+, (1+cos'8) + ~, (1—3 cos'8)

Here a is the fine-structure constant (-1/137),
!

Qz is the electric charge of a specific quark type quark
(fiavor), and 8 is the angle between the direction These
r of the detected energy and the beam direction distrib
t, cos8=r l. The asymptotic behavior of the run- cally'
ning coupling is given by quark s

(2)

and gluons among the observed hadrons.
confinement effects further broaden the
ution. They can be treated phenomenologi-
by assuming that the fragmentation of the
(produced with a 1y cos'8 distribution) in-

to hadrons occurs with a distribution character-
ized by a strong cutoff in momentum transverse
to the quark direction. These effects produce a
contribution to the coefficient of the 1-3cos'0
term in Eq. (2) of order (h~)/W, where (h~) is
the average transverse momentum in a quark
fragmentation jet. At presently available ener-
gies the two contributions to this coefficient are
of comparable magnitude, but the confinement

(3)

where N& is the number of quark flavors, and p
is the one-dimensional parameter introduced into
the theory via the renormalization-group analy-
sis. gt is taken to have a value 500 MeV in order
to minimizev the O(1/ln2W) corrections to Eq. (3).
Experimentally, the important feature of the per-
turbative energy cross section (2) is the broaden-
ing of the lowest-order 1+ cos pattern due to
hard gluon emission. Nonperturbative confine-
ment effects distribute the energy carried by the

(Here S„represents the factorials necessary to avoid multiple counting of identical particles. ) Energy
conservation guarantees that the integral of the energy cross section is the usual total cross section.
The inclusive energy summation in the energy cross section should render its perturbative formulation
free (to all orders) of collinear infrared singularities. The energy weighting should remove those sin-
gularities which arise from soft gluon emission.
It should be emphasized that the measurement of the energy cross section, Eq. (1), does not vequi~e

any detailed event by ev-ent -analysis as is the case for tests which specify a quantity involving the de-
finition of a jet axis in each event. '
The order-g result for the energy cross section corresponds to the graphs shown in Fig. 1. This

result is indeed free of mass singularities. Assuming unpolarized electron-positron beams with total
energy R', the energy cross section takes the form'

(0) (b)

(c)
FIG. 1. (a) Lowest-order Feynman graph for e+e

qq. (b) Vertex modification (wave-function renor-
malization not shown). (c), (d) Lowest-order gluon
emission graphs. FIG. 2. Geometry for the experiment.

1586

Figure 1: One of the more complicated diagrams. Single lines represent gluons, and the
external double lines represent the background field. The presence of the 10 purely gluonic
vertices creates a large expression after the substitution of the Feynman rules.

2.2 Group notations

In this section we introduce our notations for the group invariants appearing in the results

of the next section. T a are the generators of the representation of the fermions, and fabc are

the structure constants of the Lie algebra of a compact simple Lie group,

T aT b − T bT a = ifabc T c . (2.12)

The quadratic Casimir operators CF and CA of the N -dimensional fermion and the NA-

dimensional adjoint representation are given by [T aT a]ik = CF δik and f acdf bcd = CAδ
ab,

respectively. The trace normalization of the fermion representation is Tr(T aT b) = TF δ
ab.

At L ≥ 4 loops also quartic group invariants enter the beta function. These can be expressed

in terms of contractions of the totally symmetric tensors

d abcd
F = 1

6 Tr(T a T b T c T d + five bcd permutations ) ,

d abcd
A = 1

6
Tr(CaCbCcCd + five bcd permutations ) . (2.13)

Here the matrices [ Ca ]bc = −if abc are the generators of the adjoint representation. It

should be noted that in QCD-like theories without particles that are colour neutral, Furry’s

theorem [36] prevents the occurrence of symmetric tensors with an odd number of indices.

For the fermions transforming according to the fundamental representation and the stan-

dard normalization of the SU(N) generators, these ‘colour factors’ have the values

TF =
1

2
, CA = N , CF =

NA

2N
=

N2 − 1

2N
,

d abcd
A d abcd

A

NA
=

N2(N2 + 36)

24
,

d abcd
F d abcd

A

NA
=

N(N2 + 6)

48
,

d abcd
F d abcd

F

NA
=

N4 − 6N2 + 18

96 N2
. (2.14)

The results for QED (i.e., the group U(1)) are obtained for CA = 0, d abcd
A = 0, CF = 1,

TF = 1, dabcd
F = 1, and NA = 1. For a discussion of other gauge groups the reader is referred

to ref. [11].

4
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gard.
Let us consider a Yang-Mills theory given by

the Lagrangian
a~ P

pp a

where the C„,are the structure constants of
some (semisimple) Lie group G. Since the theory
is massless, the renormalization is performed
at an (arbitrary) Euclidean point. For example,
the wave-function renormalization constant Z, (g,
A/I) will be defined in terms of the unrenormal-
ized vector-meson propagator D „,'' (in the Lan-
da.u gauge),

(6)

(For a thorough discussion of the renormalization
see the work of Lee and Zinn-Justin. ") The re-
normalization-group equations for this theory are
easily derived. " In the Landau gauge they are
identical with (1). In order to investigate the sta-
bility of the origin, it is sufficient to calculate P
to lowest order in perturbation theory. To this
order we have

where A is a UV cutoff, and Z, the charge-renor-
malization constant. In Abelian gauge theories
~, = Z, = 1 -g'C ink (C & 0), as a consequence of
gauge invariance and the Kallen-Lehman repre-
sentation, and thus P (g) =—g~ which leads to IR
stability at g = 0. Non-Abelian theories have no
such requirement; Z, and Z, are gauge dependent
and can be greater tha, n 1. Thus P(g), which
must be gauge independent in lowest order, could
have any sign at g= 0. We have calculated Z, and
3 for the above Lagrangian, and we find that'

P y
= —(g'/16vr')~~~ C,(G) + 0(g'),

where C,(G) is the quadratic Casimir operator of
the adjoint representation of the group G: g„c„,
&&c„,=C,(G) 5,~ [e.g. , C,(SU(N)) =N]. The solu-
tion of (3) is then g'(t) =g'/(1 —2P~g 'A, and g-0 as t-~ as long as the physical coupling con-
stant g is in the domain of attraction of the ori-
gin. "
We have thus established that for all non-Abel-

ian gauge theories based on semisimple Lie
groups the origin is UV stable. It is easy to in-
corporate fermions into such a theory without de-
stroying the UV stability. The fermion interac-

tion is given by L~= ttI(z y-5 g—y B'l8'}/+ mass
terms, where M' are the matrices of some rep-
resentation A of the gauge group C. The only ef-
fect of the fermions is to change the value of
P(g) by the amount"

P~(R}= (g'/16m') —,
' T(A),

where Tr(M'M') = T(A)5,~, T(A) = C( A)d(R)/x,
d(A) is the dimension of the representation A,
and r is the order of the group, i.e., the number
of generators, and C,(A) is the quadratic Casimir
operator of the representation. Although the fer-
mions tend to destabilize the origin, there is
room to spare. For example, in the case of
SU(3): P „=—ll, whereas P~(3) =~, P~(8) = 4,
etc., so that one could accomodate as many as
sixteen triplets. One can therefore construct
many asymptotically free theories with fermions.
The vector mesons, however, will remain mass-
less until the gauge symmetry is spontaneously
broken. One might hope that this would be a con-
sequence of the dynamics, "but at the present the
only known way of achieving this is to introduce
scalar Higgs mesons, whose nonvanishing vacuum
expectation values break the symmetry.
The introduction of scalar mesons has a very

destabilizing effect on the UV stability of the ori-
gin. Their contribution to P(g) is small; a sca, lar
meson transforming under a complex (real) rep-
resentation A of the gauge group adds to P a
term equal to z (-,') of Eq. (9). The problem with
scalar mesons is that they necessarily have
their own quartic couplings, and one must deal
with a new coupling constant. Consider the La-
grangian for the coupling of scalars belonging to
a representation A of G:

where V(p) contains cubic, quadratic, and linear
terms in y (which have no effect on the UV be-
havior of the theory) plus, perhaps, additional
quartic terms invariant under G. The renormal-
ization-group equations have an additional term,
P ~(g, A) 8/BA, and one must investigate the UU
stability of the origin (g= A = 0) with respect to
both g and A. [if there are other quartic invariants
in V(y) there will be additional coupling constants
to consider]. The structure of the renormaliza-
tion-group equation for g is unchanged to lowest
order, whereas for the coupling constant I —= A/g'
we have"

dr(r, f, g')/df=g '[Xr'+Br+ C]
(where we have neglected terms of order g", g'I',
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Energy Correlators from Partons to Hadrons

• The last 50 years have seen extraordinary advances in perturbative
QCD

• � functions
• Twist-2 operators
• Cusped Wilson loops
• Scattering Amplitudes

178 AM Polyakov / Gauge fields as ritlgs of glue 

Fig. 2. Contour with a corner. 

one angle y in it. In this case the extra divergent contribution in (4.1) comes from 
the vicinity of the corner at the point so. Expanding X&V) near so we get 

dr dr’ 
f(c) = G+(%)“-(so”+ _Y_(so) r’) Qa2 (4.6) 

plus a contribution from the smooth part of the contour. 
The logarithmic contributions coming from these two terms combine to give 

f(c) = >(c) + (7 cot y - 1) log f t finite terms 

(Here (i+(so)X_(so)) = cos y.) The qualitative nature of the extra term in (4.7) 
is associated with the violent brensstrahlung that takes place at the corner. This 
phenomenon plays an important role in the interaction of loops, as we will see later. 
Let us return now to the discussion of the conjecture (4.5). To perform higher- 
order calculations it appears to be very helpful to use dimensional regularization of 
all integrals. By that we mean that the contour itself has a fixed number of dimen- 
sions, but the propagator is chosen to belong to 4 - E dimensional space. Diver- 
gences, as usual, are replaced by the poles in E. This trick is convenient, since the 
linear divergence in (4.1) disappears and the conjecture (4.5) is replaced by the 
simple statement that all poles in E can be absorbed in the charge renormalization. 
Let us check this in the fourth order of perturbation theory. We have 

(Tr G(c)) = 1 +g$r(c) +gzf2(c) + . . . . 

Our conjecture concerning renormalization in this order means that 

b 
f2(c) = -fi(c) + terms finite as e + 0 

E 

(4.8) 

(4.9) 

(where b = !$ C2(G) (167~~)~~). If (4.9) is true then by redefining the coupling con- 
stant we are able to cancel the divergent part of (Tr G(c)). The computation leading 
to (4.9) will not be given here. We have verified that (4.9) is true, but will not 
present the computation here. We merely note that up to fourth order our reformaliza- 
tion conjecture checks. We lack, however, a general proof of it and can present here 
only some non-rigorous arguments. Let us examine the divergent part of the log 
(Tr G(c)) E W(c), which is the effective action for the test particle guided along c. 
Let us guess that this divergent part depends locally on the trajectory x(s). The 
linearly divergent part of W(c). M’,(c), should be parametrization invariant and 
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FIG. 1. (a) The vertex for "Ov (order 0). (b) The
vertex for "0+ (order 0). (c) The vertex for "Ov (order
g). (d) The vertex for "0 (order g).

as is shown by explicit calculation.
It is argued in detail in Appendix A that one can

solve this problem by going to a gauge in which
no ghosts are present, so that the mixing does not
appear. Moreover, the anomalous dimensions of
the gauge-invariant operators "0,"0~ and their
mixing are gauge-independent, so they may be
calculated in the standard Fermi-type gauges.
In the remainder of the text we shall take the re-
sults of Appendix A for granted and ignore the
ghost mixings.
According to the prescriptions of Sec. II the

light-cone behavior of the coefficients in the
Wilson expansion, and thereby the high-q' be-
havior of the moments of the structure functions,
will be controlled by the renormalization group
Eqs. (20). The only missing ingredient in these
equations is the matrix y.
As was briefly mentioned in Sec. II, operators

of the same structure (tensor and symmetry prop-
erties) and twist will mix, and only certain linear
combinations of them will be multiplicatively re-
normalizable in the usual sense. This phenom-
enon appears already in Fig. 2(a), where we see
that "0", which in lowest order vanishes between
fermion states, acquires (logarithmically diver-
gent) contributions in higher order. In order to
compute the y matrix of Eq. (21}to second order
in g we must according to Eq. (22) express the
renormalized operators in terms of the bare ones.

(d)

FIG. 2. Graphs for computing p (radiative corrections
to matrix elements). (a) The matrix element of "Ov
between fermion states. (b) The matrix element of
"0+between vector states. (c) The matrix element of
"0 between vector states. (d) The matrix element of

between fermion states.

This is most easily done by taking matrix elements
between vector and fermion states, since the bare
operators have trivial matrix elements. We are
thus lead to computing the logarithmically diver-
gent pieces of the matrix elements of "0 and "0
with the same tensor structure (twist) as "0»,„
and "0~ „between these states. From this we
determine the wave-function renormalization ma-
trix and thereby y. The computations involve
evaluating the graphs of Figs. 2(a)-2(d}. Because
we want to amputate the external propagators
there will also be an order-g' contribution to the
diagonal elements of y due to the possibility of
seU-energy insertions on the propagators, as in
Eq. I(5.18).
To summarize the results we introduce the ma-

trix

"y=
yvv yvv

where "y~« is given by g(&/6 p) In(Z)~«and so
forth.
The results of the computations are (for n =even,
n) 2)

(a) (b) (c)

Figure 1. Sample four-loop diagrams contributing to different color structures in eq. (2.4). Dou-
ble lines denote the four light-like Wilson lines, and wavy lines represent gluons. Diagram (a)
contributes to Γ

(4)
s or Γ

(4)
f for a scalar or fermion in the loop, respectively; diagram (b) contributes

to Γ(4); diagram (c) contributes to Γ(4) and Γ
(4)
g .

insertion. Section 3 is dedicated to the analytic calculation of the relevant three-loop
Feynman integrals. After reviewing the definitions in 3.1, we explain in section 3.2 our
method for choosing a basis of integrals possessing simple transcendental weight properties.
We make use of a convenient choice of loop variables to simplify this analysis. In section 3.3
we apply the differential equations method to compute all basis integrals. We present the
integrated results for F to three loops in section 4. In section 5, we derive general formulae
for performing the integration over the Lagrangian insertion, to extract the cusp anomalous
dimension at the next loop order. Section 6 contains the main results of this paper – the
expressions for the four-loop cusp anomalous dimension in N = 4 super Yang-Mills and in
QCD, for an arbitrary representation of the Wilson line. Finally, we conclude and give an
outlook in section 7.

2 Cusp anomalous dimension from a correlation function

The connection between infrared asymptotics of on-shell scattering amplitudes and form
factors and ultraviolet divergences of semi-infinite cusped Wilson loops has been previously
used to obtain the cusp anomalous dimension. In this paper, we follow another approach
to computing the cusp anomalous dimension that relies on the relation between off-shell
correlation functions of local operators and light-like Wilson loops.

2.1 The quartic Casimir terms in different gauge theories

As was mentioned above, the cusp anomalous dimension governs the ultraviolet divergences
of light-like Wilson loops. The simplest example of such an object is a null rectangular
Wilson loop

〈WA(x1, x2, x3, x4)〉 =
1

NA
〈trA P exp

(
i

∮

C
dx · A(x)

)
〉 , (2.1)

where the contour C is a rectangle with vertices located at four points xi that are light-like
separated, x2

i,i+1 = 0 (with i = 1, . . . , 4 and i + 4 ≡ i). We took the representation to be

– 4 –
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A zero of P at which dP/dg&0 is said to be an in-
frared- (IR) stable fixed point, since g approaches
such a fixed point when X-0 (t- -~).
A theory is said to be asymPtotically free if g„

vanishes. In that case y(g„) =0 and the Green' s
functions can be expanding for large Euclidean mo-
menta, in a asymptotic series in g(t ) I plus a
modification due to the integral in (2.29)]. Since
in all theories P(0) =0, the origin of coupling-con-
stant space is either UV- or IR-stable. It has
recently been proved" that no renormalizable field
theory without non-Abelian gauge fields can be
asymptotically free.
Asymptotically free field theories are clearly of

great theoretical interest. They provide one with
models in which the asymptotic behavior of am-
plitudes is calculable by ordinary perturbation the-
ory. In addition there appears to be evidence, ex-
perimental and theoretical, that such theories are
required to explain deep- inelastic scatter ing. The
phenomenon of scaling predicted by Bjorken" is,
up to logarithmic corrections, a true asymptotic
feature of asymptotically free theories. Further-
more, it now appears that Bjorken scaling can
only occur if the strong interactions are asymp-
totically free." The fact that the only theories
that can be asymptotically free are those involving
non-Abelian gauge fields and that, as we shall see
in the following, asymptotically free gauge theo-
ries can be constructed, is a strong argument for
a gauge theory of the strong interactions.

III. CALCULATION OF THE RENORMALIZATION-GROUP
PARAMETERS

We shall now proceed to calculate the renormal-
ization-group parameters P and y to lowest non-
trivial order in perturbation theory, that is to or-
der g' and g', respectively. To calculate these
functions one must calculate the renormalization
constants Z, and Z, to order g' and use Eqs. (2.18)
and (2.19). These constants can only depend on the
renormalization point p via the ratio A/g, where
A is the ultraviolet cutoff. It is therefore sufficient
to calculate the logarithmically diver gent terms
(of order g') in Z, and Z, . It then follows that

(3 1)

(a) 2

(b) I

2

(c)

FIG. 2. The vector-meson self-energy graphs.

graphs shown in Fig. 2. We calculate from these
graphs and (2.6) that

(3.3)

c.„c„,= c,(c)6.„.
C,

(3.4)

in the case of SV(N), C,(SV(N)) =N
Similarly the charge renormalization constant is

determined by the Feynman graphs shown in Fig.
3 and yields

Z =1+ ———C (G) lnA .g 17 3+
$677 6 2 (3.6)

A useful check on the above calculations is pro-
vided by the Ward identity, Eq. (2.10), which re-
lates the vector-meson and the ghost-renormaliza-
tion constants. The latter are much easier to cal-
culate. The relevant graphs are shown in Figs. 4

(a)

I

2 + 2 crossed graphs

where C,(G) is the value of the quadratic Casimir
operator for the adjoint representation of the gauge
group G. Namely,

(3.2)

(We denote the anomalous dimension of the vector
mesons by y~. ) The calculations are thus greatly
simplified. In particular it is not necessary to
specify the regularization method employed.
The wave-function renormalization constant is

determined by the vector-meson self-energy

(c) crossed graph

FIG. 3. The trilinear vector-meson vertex correc-
tions.

2
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FIG. 1. Sample Feynman diagrams for off-shell quark self energies with an operator insertion (crossed vertex) contributing to
different color coefficients of the splitting functions P

(3)±
ns (upper two rows) and P

(3)s
ns (lower row) at four loops. Both, planar

and non-planar diagrams contribute. The operator insertion may involve up to four gluons (curly lines) in addition to the two
quarks (straight lines).

The renormalization of the non-singlet operators takes
a multiplicative form

OR
ns(µ, n) = Zns(µ, n)OB

ns(n) , (6)

with OB and OR denoting the bare and renormalized
operators, respectively. This simple multiplicative renor-
malization is in stark contrast to the quark singlet sec-
tor, which mixes with the gluon operator and with fur-
ther gauge-variant operators, leading to a conceptually
involved renormalization pattern [6, 13, 38] that could
be fully understood only quite recently [18, 39–41].

The anomalous dimension �ns is defined through

dZns(µ, n)

d ln µ
= �2�ns(µ, n) Zns(µ, n) . (7)

Its perturbative expansion in the renormalized coupling
as = ↵s(µ)/(4⇡) reads

�ns =

1X

l=0

al+1
s �(l)

ns , (8)

where �
(l)
ns is the (l + 1) loop contribution. The de-

pendence on the Mellin moment index n is omitted for
brevity. Employing dimensional regularization in 4 � 2✏
dimensions, one can extract the anomalous dimensions
from the single ✏-pole terms of renormalization constants
Zns(µ, n).

At one-loop order, all three non-singlet anomalous di-
mensions agree with each other. ��ns and �+

ns differ from
two loops onwards and �V

ns deviates from ��ns starting at
three loops.

To compute the four-loop anomalous dimensions, we
calculate Feynman diagrams for matrix elements (4) with
two external quarks and an operator insertion on a quark
line. We generate O(16k) diagrams with Qgraf [42], from
which we select the ones contributing to the non-singlet
anomalous dimensions. Example diagrams are shown in
fig. 1.

We perform the Lorentz, Dirac and color algebra with
Form [43, 44] and Color.h [45]. For an operator of spin n
the corresponding Feynman rule gives rise to terms like
(�·k)n�1, where k is the momentum of any particle adja-
cent to the operator. These symbolic powers in numera-
tor insertions can be transformed into linear propagators
by the introduction of an auxiliary parameter t [46, 47].
For example, we replace

(� · k)n�1 !
1X

n=1

tn(� · k)n�1 =
t

1 � t� · k
, (9)

thus allowing to perform symbolic manipulations and re-
expand the final result to extract the contribution for a
specific value n.

The resulting scalar Feynman integrals can be indexed
by 52 complete sets of standard and linear propaga-
tors (integral families) and assigned to 549 top-level sec-
tors with 13 different propagators and their subsectors.
Here, a sector refers to a set of different propagator de-
nominators. We encounter O(3M) unreduced integrals
with at most 13 different propagators. Using momentum
shift relations, this number reduces to O(260k) integrals,
with up to 5 irreducible scalar products in the numera-

Figure 1. Parent diagrams for the various two quark and two gluon primitive amplitudes.

Straight lines represent fermions, curly lines gluons, and wavy lines a vector boson (γ∗ or Z).

It turns out to be useful, in diagrams of the type shown in figs. 1b, c and d, to replace a

gluon loop contribution with two separate contributions, that of a scalar and that of the difference

of a gluon and scalar, as shown in fig. 2. This separates the gluon loop contribution into two

gauge-invariant pieces. As we shall discuss in section 3 this separation is advantageous because of

differing analytic properties of the two pieces. Terms where a scalar replaces a gluon are labeled with

a superscript ‘sc’, while those with the difference of gluon and scalar are labeled with a superscript

‘cc’. (As we shall discuss in section 3.1 the ‘cc’ terms are ‘cut-constructible’ meaning that they can

be constructed solely from four-dimensional cuts.) Furthermore, terms proportional either to the

number of scalars∗ ns (which vanishes in QCD), or fermions nf , are separately gauge invariant so we

∗ As in refs. [17,19], each scalar here contains four states (to match the four states of Dirac fermions) so that ns

must be divided by two for comparisons to conventional normalizations of scalars.
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(a) (b)

FIG. 1. (a) E↵ective luminosity for the single-jet triggers as a function of the cumulative number of LBs, ordered in time.
Note that the Jet300 trigger used for our jet studies turns on after around 50 pb�1 has already been collected, but this is a
relatively small fraction of the total 2.3 fb�1 collected over the course of Run 2011A. The luminosity profile as a function of
date is shown in Fig. 18 of App. A. (b) E↵ective cross section for the single-jet triggers in each LB where the trigger fired. The
flatness of these curves indicates that the trigger behavior is roughly constant across the entire run, apart from moments where
the trigger criteria or prescale factors changed. The horizontal dashed lines correspond to the total e↵ective cross section for
that trigger from Table I.

samples with non-overlapping hard-scattering parton p̂T

ranges [67–81], totaling 13.4 TB. They are labeled by
CMS as QCD Pt-MINtoMAX TuneZ2 7TeV pythia6, where
p̂T 2 [MIN, MAX] GeV. These events are then simu-
lated and reconstructed using the CMS detector simu-
lation based on Geant 4 [83]. Throughout this paper,
we use “generation” to refer to the output of the parton
shower generator, and “simulation” to refer to the output
of the detector simulation.

Both the generation-level and simulation-level objects
are stored in AODSIM format by CMS, and we convert
them to our MOD format using MODProducer. Apart
from the generation-level event record from Pythia, the
AODSIM format is very similar to AOD. In particu-
lar, AODSIM includes reconstructed AK5 jets, simulated
trigger information, as well as the addition of pileup. We
store the simulated PFCs, the final-state particles in the
Pythia event record, and the 2 ! 2 hard-scattering
process for anticipated future studies related to parton
flavor. If an association between simulation-level and
generation-level jets is needed, jets are matched if their
jet axes are within �R = 0.5 of each other. To enable
future jet flavor studies, generation-level jets are also
matched to hard-process partons if they are less than
�R = 1.0 apart.

Because of the steep dependence of the QCD dijet cross
section on p̂T , the MC events have di↵erent weights,
though the weights for all events in a single MC sam-
ple are the same. Therefore, when filling histograms, we
have to weight each MC event by the generated cross
section �MC

e↵ divided by the number of events in the MC
sample, as given in Table II. As discussed in App. B,
we also weight the MC events according to the number
of primary vertices in order to match the distribution of
pileup seen in the data.

One subtlety in using the generation-level Pythia in-
formation is that there is a cuto↵ on the hadron life-
time above which they are considered stable. This cuto↵
is set to c ⌧stable = 10mm, which means that various
hadrons with non-zero strangeness are considered stable,
notably the K0

S meson. Typically, these strange hadrons
decay within the CMS detector volume and are often
reconstructed as if the decay products came from the
primary vertex. For example, K0

S ! ⇡+⇡� will typi-
cally be reconstructed as two pion-labeled PFCs. This
leads to a mismatch in observables like track multiplic-
ity unless we manually decay these strange hadrons. As
a workaround, we load the generation-level event record
into Pythia 8.235 [123] and adjust the hadron lifetime
threshold to c ⌧stable = 1000mm. Because the kinemat-
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FIG. 1. (a) E↵ective luminosity for the single-jet triggers as a function of the cumulative number of LBs, ordered in time.
Note that the Jet300 trigger used for our jet studies turns on after around 50 pb�1 has already been collected, but this is a
relatively small fraction of the total 2.3 fb�1 collected over the course of Run 2011A. The luminosity profile as a function of
date is shown in Fig. 18 of App. A. (b) E↵ective cross section for the single-jet triggers in each LB where the trigger fired. The
flatness of these curves indicates that the trigger behavior is roughly constant across the entire run, apart from moments where
the trigger criteria or prescale factors changed. The horizontal dashed lines correspond to the total e↵ective cross section for
that trigger from Table I.

samples with non-overlapping hard-scattering parton p̂T

ranges [67–81], totaling 13.4 TB. They are labeled by
CMS as QCD Pt-MINtoMAX TuneZ2 7TeV pythia6, where
p̂T 2 [MIN, MAX] GeV. These events are then simu-
lated and reconstructed using the CMS detector simu-
lation based on Geant 4 [83]. Throughout this paper,
we use “generation” to refer to the output of the parton
shower generator, and “simulation” to refer to the output
of the detector simulation.

Both the generation-level and simulation-level objects
are stored in AODSIM format by CMS, and we convert
them to our MOD format using MODProducer. Apart
from the generation-level event record from Pythia, the
AODSIM format is very similar to AOD. In particu-
lar, AODSIM includes reconstructed AK5 jets, simulated
trigger information, as well as the addition of pileup. We
store the simulated PFCs, the final-state particles in the
Pythia event record, and the 2 ! 2 hard-scattering
process for anticipated future studies related to parton
flavor. If an association between simulation-level and
generation-level jets is needed, jets are matched if their
jet axes are within �R = 0.5 of each other. To enable
future jet flavor studies, generation-level jets are also
matched to hard-process partons if they are less than
�R = 1.0 apart.

Because of the steep dependence of the QCD dijet cross
section on p̂T , the MC events have di↵erent weights,
though the weights for all events in a single MC sam-
ple are the same. Therefore, when filling histograms, we
have to weight each MC event by the generated cross
section �MC

e↵ divided by the number of events in the MC
sample, as given in Table II. As discussed in App. B,
we also weight the MC events according to the number
of primary vertices in order to match the distribution of
pileup seen in the data.

One subtlety in using the generation-level Pythia in-
formation is that there is a cuto↵ on the hadron life-
time above which they are considered stable. This cuto↵
is set to c ⌧stable = 10mm, which means that various
hadrons with non-zero strangeness are considered stable,
notably the K0

S meson. Typically, these strange hadrons
decay within the CMS detector volume and are often
reconstructed as if the decay products came from the
primary vertex. For example, K0

S ! ⇡+⇡� will typi-
cally be reconstructed as two pion-labeled PFCs. This
leads to a mismatch in observables like track multiplic-
ity unless we manually decay these strange hadrons. As
a workaround, we load the generation-level event record
into Pythia 8.235 [123] and adjust the hadron lifetime
threshold to c ⌧stable = 1000mm. Because the kinemat-
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FIG. 1. (a) E↵ective luminosity for the single-jet triggers as a function of the cumulative number of LBs, ordered in time.
Note that the Jet300 trigger used for our jet studies turns on after around 50 pb�1 has already been collected, but this is a
relatively small fraction of the total 2.3 fb�1 collected over the course of Run 2011A. The luminosity profile as a function of
date is shown in Fig. 18 of App. A. (b) E↵ective cross section for the single-jet triggers in each LB where the trigger fired. The
flatness of these curves indicates that the trigger behavior is roughly constant across the entire run, apart from moments where
the trigger criteria or prescale factors changed. The horizontal dashed lines correspond to the total e↵ective cross section for
that trigger from Table I.

samples with non-overlapping hard-scattering parton p̂T

ranges [67–81], totaling 13.4 TB. They are labeled by
CMS as QCD Pt-MINtoMAX TuneZ2 7TeV pythia6, where
p̂T 2 [MIN, MAX] GeV. These events are then simu-
lated and reconstructed using the CMS detector simu-
lation based on Geant 4 [83]. Throughout this paper,
we use “generation” to refer to the output of the parton
shower generator, and “simulation” to refer to the output
of the detector simulation.

Both the generation-level and simulation-level objects
are stored in AODSIM format by CMS, and we convert
them to our MOD format using MODProducer. Apart
from the generation-level event record from Pythia, the
AODSIM format is very similar to AOD. In particu-
lar, AODSIM includes reconstructed AK5 jets, simulated
trigger information, as well as the addition of pileup. We
store the simulated PFCs, the final-state particles in the
Pythia event record, and the 2 ! 2 hard-scattering
process for anticipated future studies related to parton
flavor. If an association between simulation-level and
generation-level jets is needed, jets are matched if their
jet axes are within �R = 0.5 of each other. To enable
future jet flavor studies, generation-level jets are also
matched to hard-process partons if they are less than
�R = 1.0 apart.

Because of the steep dependence of the QCD dijet cross
section on p̂T , the MC events have di↵erent weights,
though the weights for all events in a single MC sam-
ple are the same. Therefore, when filling histograms, we
have to weight each MC event by the generated cross
section �MC

e↵ divided by the number of events in the MC
sample, as given in Table II. As discussed in App. B,
we also weight the MC events according to the number
of primary vertices in order to match the distribution of
pileup seen in the data.

One subtlety in using the generation-level Pythia in-
formation is that there is a cuto↵ on the hadron life-
time above which they are considered stable. This cuto↵
is set to c ⌧stable = 10mm, which means that various
hadrons with non-zero strangeness are considered stable,
notably the K0

S meson. Typically, these strange hadrons
decay within the CMS detector volume and are often
reconstructed as if the decay products came from the
primary vertex. For example, K0

S ! ⇡+⇡� will typi-
cally be reconstructed as two pion-labeled PFCs. This
leads to a mismatch in observables like track multiplic-
ity unless we manually decay these strange hadrons. As
a workaround, we load the generation-level event record
into Pythia 8.235 [123] and adjust the hadron lifetime
threshold to c ⌧stable = 1000mm. Because the kinemat-
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FIG. 1. (a) E↵ective luminosity for the single-jet triggers as a function of the cumulative number of LBs, ordered in time.
Note that the Jet300 trigger used for our jet studies turns on after around 50 pb�1 has already been collected, but this is a
relatively small fraction of the total 2.3 fb�1 collected over the course of Run 2011A. The luminosity profile as a function of
date is shown in Fig. 18 of App. A. (b) E↵ective cross section for the single-jet triggers in each LB where the trigger fired. The
flatness of these curves indicates that the trigger behavior is roughly constant across the entire run, apart from moments where
the trigger criteria or prescale factors changed. The horizontal dashed lines correspond to the total e↵ective cross section for
that trigger from Table I.

samples with non-overlapping hard-scattering parton p̂T

ranges [67–81], totaling 13.4 TB. They are labeled by
CMS as QCD Pt-MINtoMAX TuneZ2 7TeV pythia6, where
p̂T 2 [MIN, MAX] GeV. These events are then simu-
lated and reconstructed using the CMS detector simu-
lation based on Geant 4 [83]. Throughout this paper,
we use “generation” to refer to the output of the parton
shower generator, and “simulation” to refer to the output
of the detector simulation.

Both the generation-level and simulation-level objects
are stored in AODSIM format by CMS, and we convert
them to our MOD format using MODProducer. Apart
from the generation-level event record from Pythia, the
AODSIM format is very similar to AOD. In particu-
lar, AODSIM includes reconstructed AK5 jets, simulated
trigger information, as well as the addition of pileup. We
store the simulated PFCs, the final-state particles in the
Pythia event record, and the 2 ! 2 hard-scattering
process for anticipated future studies related to parton
flavor. If an association between simulation-level and
generation-level jets is needed, jets are matched if their
jet axes are within �R = 0.5 of each other. To enable
future jet flavor studies, generation-level jets are also
matched to hard-process partons if they are less than
�R = 1.0 apart.

Because of the steep dependence of the QCD dijet cross
section on p̂T , the MC events have di↵erent weights,
though the weights for all events in a single MC sam-
ple are the same. Therefore, when filling histograms, we
have to weight each MC event by the generated cross
section �MC

e↵ divided by the number of events in the MC
sample, as given in Table II. As discussed in App. B,
we also weight the MC events according to the number
of primary vertices in order to match the distribution of
pileup seen in the data.

One subtlety in using the generation-level Pythia in-
formation is that there is a cuto↵ on the hadron life-
time above which they are considered stable. This cuto↵
is set to c ⌧stable = 10mm, which means that various
hadrons with non-zero strangeness are considered stable,
notably the K0

S meson. Typically, these strange hadrons
decay within the CMS detector volume and are often
reconstructed as if the decay products came from the
primary vertex. For example, K0

S ! ⇡+⇡� will typi-
cally be reconstructed as two pion-labeled PFCs. This
leads to a mismatch in observables like track multiplic-
ity unless we manually decay these strange hadrons. As
a workaround, we load the generation-level event record
into Pythia 8.235 [123] and adjust the hadron lifetime
threshold to c ⌧stable = 1000mm. Because the kinemat-
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• Testing the formula we derived with Lance:

• Experimental errors beating theory. Still more work to do!
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Scaling in Jet Substructure

• Measurements by CMS up to 1784 GeV compared to calculations

• Clean scaling in complex hadronic environment!
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Fig. 1. Energy-energy correlations for different c.m. energies. Full lines show expectations from fragmentation models (q~ below 
10 GeV, ref. [8] ; q~:lg above, ref. [9], with A = 200 MeV). Dashed lines give pure QCD predictions according to ref. [5] ( 0 ° -50° ) ,  
refs. [ 3,4 ] (50 ° -  120 °) and ref. [ !8 ] (120 ° - 180 °). The value A = 200 MeV has been taken in all o f  them. The dot ted lines repre- 
sent the continuation of  these predictions out of  the regions defined above. 

within errors the data have become nearly energy in- 
dependent. This behaviour is well reproduced by the 
Monte Carlo simulation, as indicated by the full curves 
in fig. 1, provided gluon bremsstrahlung is incorpo- 
rated at high energies [8,9]. 

As a possible alternative description of  these data 
we also show in fig. 1 as dashed curves the predictions 
from a model [6,13] which uses the leading log same 
side predictions [5] for the angular range 0 ~ 50 °, first 

order calculations [3,4] in the central region 50 ° ~ 0 
< 120 ° and leading log opposite side predictions * 2 in 
the backward regime 120 ° < 0. These predictions de- 
pend on only one parameter namely the strong cou- 
pling constant a s or the QCD scale parameter A. The 
value A = 200 MeV has been taken, corresponding to 

,2  Predictions have been taken from eq. (3.3) o f  ref. [ 18]. 
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within errors the data have become nearly energy in- 
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in fig. 1, provided gluon bremsstrahlung is incorpo- 
rated at high energies [8,9]. 

As a possible alternative description of  these data 
we also show in fig. 1 as dashed curves the predictions 
from a model [6,13] which uses the leading log same 
side predictions [5] for the angular range 0 ~ 50 °, first 

order calculations [3,4] in the central region 50 ° ~ 0 
< 120 ° and leading log opposite side predictions * 2 in 
the backward regime 120 ° < 0. These predictions de- 
pend on only one parameter namely the strong cou- 
pling constant a s or the QCD scale parameter A. The 
value A = 200 MeV has been taken, corresponding to 

,2  Predictions have been taken from eq. (3.3) o f  ref. [ 18]. 
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side predictions [5] for the angular range 0 ~ 50 °, first 

order calculations [3,4] in the central region 50 ° ~ 0 
< 120 ° and leading log opposite side predictions * 2 in 
the backward regime 120 ° < 0. These predictions de- 
pend on only one parameter namely the strong cou- 
pling constant a s or the QCD scale parameter A. The 
value A = 200 MeV has been taken, corresponding to 

,2  Predictions have been taken from eq. (3.3) o f  ref. [ 18]. 

294 

Volume 99B, number 3 PHYSICS LETTERS 19 February 1981 

, , i -  

5.0 

2.0 

1.0 
0.5 

0.2 
0.1 
5.0 

2.0 
1.0 

0.5 

02 
0.1 
5.0 

2.0 

1.0 

05 

0.2 

0.1 
5,0 

2.0 

1.0 

0.5 

0.2 
0.1 

' '  I ! 

O PLUTO 

13.0 GeV :~ 
, ~ |  

' . . x  ~ /.~.:" 
, .,%. ".N Z.." 

r ""?" " /  ....--. 

12.0 GeV '" " .,~- 

: / . "  

" ""~N-- ,,. '/" "" 

]--- 

~l 9.t, GeV ..'." "b ,."" 
"..\ 

" / . /  4 

" ".X 4," 

r 

:-~, 

# '"" tx ... J "  

, I I " ' " .  I l ' "  I I I 
0 60 120 180 ° 

o 

5.0 

2.0 
1.0 

0.5 

0.2 
0 j  
5.0 

2.0 

1.0 

0.5 

0.2 
0.1 
5.0 

2.0 

1.0 

0.5 

0.2 

0.1 
5.0 

2.0 
1.0 

0.5 

0.2 
0.1 

0 

I I ' ' 

b PLUTO i~ 
30.0-31.6 GeV .'~ i JL 

_ 

. - ~  ~ . . . .  - .  

2Z6 GeV .~ 

• ...x..~,, ~ .... 

_ "-'...'7---- ..." 
-: 

22.0 GeV ." o 

'~>, ' ' #~t / " "  
,,,,¢,. 

% .  ., 

17.0 GeV - 

..\ / . 7  

, r.. , i," I t i 
60 120 180 ° 

o 

Fig. 1. Energy-energy correlations for different c.m. energies. Full lines show expectations from fragmentation models (q~ below 
10 GeV, ref. [8] ; q~:lg above, ref. [9], with A = 200 MeV). Dashed lines give pure QCD predictions according to ref. [5] ( 0 ° -50° ) ,  
refs. [ 3,4 ] (50 ° -  120 °) and ref. [ !8 ] (120 ° - 180 °). The value A = 200 MeV has been taken in all o f  them. The dot ted lines repre- 
sent the continuation of  these predictions out of  the regions defined above. 

within errors the data have become nearly energy in- 
dependent. This behaviour is well reproduced by the 
Monte Carlo simulation, as indicated by the full curves 
in fig. 1, provided gluon bremsstrahlung is incorpo- 
rated at high energies [8,9]. 
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side predictions [5] for the angular range 0 ~ 50 °, first 

order calculations [3,4] in the central region 50 ° ~ 0 
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pling constant a s or the QCD scale parameter A. The 
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• Lots of fun exploring theory + phenomenological applications.

• Thanks to Lance for getting us started in this direction!
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Colliders in Other Systems

• General “collider” paradigm is not unique to relativistic systems.

• Many experimentally realizable systems are non-relativistic/ exhibit
non-isotropic scaling in space/time.

=
X

i

hiOi (1.1)

=
X

j

cjDj (1.2)

Figure 2: In an experiment involving a QFT Q, the probe (hammer) can be expanded in op-

erators Oi that are intrinsic to Q, schematically eq. (1.1). Similarly, a far-away measurement

apparatus (camera) can be expanded in detectors Di that are intrinsic to Q, eq. (1.2). These

twin expansions cleanly separate the details of the experiment (contained in the coe�cients

hi and cj) from the dynamics of the theory (encoded in matrix elements hOi|Dj|Oki).

local operator
detector

“measure at a point” “measure in cross-sections”

UV divergence IR divergence

need to renormalize need to renormalize

theory-dependent theory-dependent

OPE
light-ray OPE

radial quantization
?

Table 1: A comparison between local operators and detectors.

of energy. The lack of IR-safety manifests as IR/collinear divergences in perturbation theory.

After suitably renormalizing the detector to remove the divergences, we obtain a new “good”

observable, but its anomalous dimension (suitably-defined) is theory-dependent.

Recall that the space of local operators has a simple nonperturbative definition via radial

quantization in the UV CFT: it is its Hilbert space of states on Sd�1. Thus, local operators

provide a basis of fundamental objects in which measurements at a point can be expanded.

Similarly, detectors provide a basis of fundamental objects in which measurements near in-

finity can be expanded, see figure 2. However, we do not currently possess a similarly clean

nonperturbative definition of the space of detectors. They are less well-understood objects,

and we seek to explore them in this work, focusing mostly on the case of conformal theories.

We summarize the analogy between detectors and local operators in table 1.

The simplest kind of detector is the integral of a local operator along a light-ray at future

null infinity I +. In this case, the way renormalization works is easy to understand: the

renormalized detector is the null integral of a renormalized local operator. For example, in

a free scalar theory, the operator EJ just mentioned can be defined for even integer J � 2

as a null-integral of OJ = �@µ1
· · · @µJ

�. When interactions are turned on, OJ gets an

anomalous dimension, and thus so does EJ , leading to a nontrivial dependence on infrared

scales characterizing the measurement.

– 2 –

Statistics of fractionalized excitations through threshold spectroscopy
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We show that the anyonic statistics of fractionalized excitations display characteristic signatures in threshold
spectroscopic measurements. Drawing motivation from topologically ordered phases such as gapped quantum
spin liquids and fractional chern insulators which possess fractionalized excitations, we consider gapped systems
with abelian anyonic excitations. The low energy onset of associated correlation functions near the threshold
show universal behaviour depending on the statistics of the anyons. This explains some recent theoretical results
in spin systems and also provides a route towards detecting statistics in experiments such as neutron scattering
and tunneling spectroscopy.

Quantum mechanics allows for the possibility of phases
that are not characterized by symmetry breaking, including
the complex of the fractional quantum Hall effects[1, 2].
These are characterized from a theoretical point of view by
subtle characteristics of their quantum entanglement known as
topological order[3–5].This phenomenon may also appear in
quantum spin liquids, of which we have several candidates[6–
8]. From an experimental point of view the most interest-
ing phenomenon in such phases is not the lack of long-range
order – a negative characteristic – but rather the existence
of fractionalized quasiparticle excitations that have anyonic
statistics[9–11]. In this paper we suggest a way to mea-
sure these quantum statistics through the threshold behavior
of spectroscopic cross-sections for creating these excitations.
This method is simpler for spin liquid materials than the in-
terference phenomena that have been studied in the fractional
quantum Hall effect.

Existing methods to determine those statistics are over-
whelmingly theoretical. They rely on explicit microscopic
calculations determining the Berry phase acquired on ex-
change of particles in trial wavefunctions[12]; or on nu-
merical methods, such as recent techniques utilizing de-
generate ground states on a torus[13]. Proposals for ex-
perimental signatures include proposals of performing any-
onic interferometry[14] and various schemes to measure non-
abelian statistics through the entropy associated with the
quasiparticles[15]. Clearly, it is desirable to identify addi-
tional signatures of braiding statistics in quantities accessible
to established experimental techniques.

Spectroscopic studies, such as scattering experiments, are
a plausible place to seek such signatures. In classic work,
Wigner demonstrated that the onset behavior of cross-sections
near production thresholds is often dominated by long-range
interactions (electric charge, or statistical “interactions” gov-
erning effective centrifugal forces)[16]. Relevant cross-
sections often can be related to dynamic correlation functions
(spectral functions), such as the dynamic structure factor in
inelastic neutron scattering studies of spin systems. This con-
nection has already been used to demonstrate signatures of

(a) (b)

Figure 1. (a) In phases with topological order, scattering processes
can create fractionalized anyonic excitations above some threshold
energy. (b) The statistics of the excitations mediate long-range ef-
fects between them

fractionalization in candidate spin liquids[17–19]. Here the
corresponding characteristic feature is the absence of sharp
dispersive features (e.g., magnons). They are replaced by a
broad continuum, plausibly interpreted as arising from dif-
ferent ways of sharing momentum among the fractionalized
quasiparticles, i.e., from their center of mass motion. It is nat-
ural, given such exotic fractional quasiparticles, to investigate
whether they also exhibit fractional, "anyon" statistics, accu-
mulating unusual phase factors as they braid around one an-
other. Such anyons have already been predicted theoretically
in several candidate phases.

We will derive the behaviour of the cross-section near
threshold for two free anyons analytically, and also perform
numerics to verify the robustness of that behaviour to interac-
tions. We then discuss which types of excitations one could
identify using this method experimentally in spin liquids. We
will also use our method to rederive recent results for the dy-
namic structure factor in topologically ordered phases. Ex-
tending our results, we explore the corresponding behavior for
three particles. This too displays an interesting dependence on
the statistics, reflecting the braiding of three particles.

Set-up and eigenvalue problem We consider a 2D system
in which gapped fractionalized excitations can be created by
the action of a local operator (Fig. 1). For example, we can
consider inelastic neutron scattering on a gapped spin liq-
uid, resulting in the creation of n fractionalized excitations,
which in general obey anyonic exchange and mutual statistics.
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• Can formalizing such measurements in terms of detector operators
enable the identification of universal signatures in strongly coupled
systems?
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Non-Relativistic CFTs

• Non-relativistic CFTs provide a universal description for
non-relativistic systems interacting via a contact interaction, tuned to
infinite scattering length.

• Recall that for an s-wave scattering, the cross section can be written:

σ = 4π
k2+k2 cot2 δ0

, k cot δ0(k) = − 1
a + 1

2rek
2 + · · ·

• In the limit a → ∞ and re → 0, σ ∼ 4π/k2 is scale invariant.

• Few and many body physics can be realized experimentally, most
famously in the BEC-BCS crossover: “fermions at unitarity”

  

Realization of Crossover

● Tuning this interaction leads to three regimes:

– BEC a > 0

– Unitary a -> inf

– BCS a < 0

● Interesting behavior in the crossover/unitary 
regime – interactions are the strongest
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proximately 20–60 degrees. Combined with the trajec-
tory of the incident 8He ions, this allowed for the recon-
struction of the reaction vertex [76].

The charged fragments 4,6He were momentum ana-
lyzed using the SAMURAI spectrometer [77, 78]. The
momenta of forward-going neutrons were determined
from their time-of-flight (� ⇡ 160 ps) and hit positions
measured by the NeuLAND [79] and NEBULA [80] plas-
tic scintillator arrays. The combination of these two
arrays (with a total thickness of 88 cm) improved sig-
nificantly the multineutron detection efficiency, enabling
the direct detection of three beam-velocity neutrons.
Crosstalks—neutrons scattered within and detected more
than once in the neutron arrays—were eliminated in the
offline analysis using a rejection algorithm specifically de-
veloped for the present three-wall configuration [81, 82].

8He

NeuLAND

SAMURAI

4He

neutrons

HODO

NEBULA
MINOS

Target

FDC2

FDC0

BDC1 BDC2

NaI(Tl) array

FIG. 1. Schematic view of the experimental setup. The in-
cident 8He beam was tracked by two drift chambers (BDC1,
BDC2) onto the liquid hydrogen target system (MINOS). Re-
coil protons from the (p, pn) reaction were tracked using a
cylindrical time projection chamber surrounding the target,
and their energies were measured by an array of 36 NaI(Tl)
crystals. The charged fragments 4He (6He) were momentum
analyzed using the SAMURAI spectrometer and two drift
chambers (FDC0, FDC2), and detected in a plastic scintil-
lator array (HODO). The forward-going beam-velocity neu-
trons were detected by the multi-element NeuLAND (single-
wall) and NEBULA (two separated walls) plastic scintillator
arrays, located approximately 11 m and 14 m downstream of
the target, respectively.

The relative energies of the 6He+n, 4He+2n and
4He+3n decay channels were reconstructed from the mo-
menta of the He fragments and the coincident decay neu-
trons using the invariant-mass method. The 1n, 2n, and
3n efficiencies varied smoothly with the relative energy
(Fig. S1 [83]), reaching some 40%, 14%, and 3%, re-
spectively, at 1 MeV. The relative-energy spectra were
fit using Breit-Wigner (BW) line shapes with energy-
dependent widths for the resonances and a non-resonant
contribution (arising from the non-resonant continuum
and, for the 4He+2n channel, uncorrelated neutrons from
the decay of 7He to 6He⇤) estimated using a simulation of
the non-interacting AHe+xn system [86]. All lineshapes
were input into a GEANT4 simulation of the complete
setup, which incorporated the geometrical acceptances,
efficiencies, and resolutions of the individual detectors,

as well as the characteristics of the 8He beam, target and
reaction effects. The simulated data were then analyzed
in the same manner as the experimental data, including
the crosstalk rejection. As such, the residual crosstalk
contamination was included in the simulated spectra and
was estimated to be ⇠2% for the 2n channel and ⇠7%
for the 3n channel. The uncertainties reported below in-
clude both statistical and systematic components, with
the latter evaluated by varying the fit range, parame-
ters of the crosstalk rejection algorithm, and potential
fragment-neutron momentum misalignments.

One- and two-neutron channels.— The 6He+n
relative-energy spectrum (Fig. 2a) exhibits a single nar-
row structure near threshold, corresponding to the well-
known 7He g.s. [43]. The resolution (FWHM), deter-
mined from simulations, varies as ⇠0.16E0.57

6He�n MeV, and
is 110 keV at E6He�n=0.5 MeV. The spectrum is well de-
scribed by a single `=1 BW resonance with an energy of
Er=379(2) keV and a width of �r=137(10) keV, in agree-
ment with previous measurements of proton-induced neu-
tron knockout from 8He, albeit with a narrower width
[44, 45]. The high statistics and broad acceptance of this
measurement have allowed us to rule out the population
of any higher-lying resonances in this decay channel with
a bin-by-bin significance well below 1� (details in [83]).
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FIG. 2. Relative-energy spectra for (a) 6He+n and (b)
4He+2n events. The red line shows the best fit (see text).
The vertical error bars are statistical only.

The ↵+2n spectrum (Fig. 2b) exhibits a narrow peak
at ⇠0.8 MeV above threshold, corresponding to the well-
known 2+

1 state of 6He [43]. The resolution varies as
⇠0.17E0.56

↵2n MeV and is 150 keV at E↵2n=0.8 MeV. The
spectrum was fit up to 3 MeV using a combination of
a BW resonance2 and the non-resonant component de-
scribed above. The red solid line shows the best fit, with
Er=823(6) keV and �r=228(29) keV, in agreement with
the known energy but with a broader width.

Three-neutron channel.— The 4He+3n relative-energy
spectrum (Fig. 3) exhibits a broad structure peaking at

2 d�
dE↵2n

/ �(E↵2n)

(Er�E↵2n)2+[�(E↵2n)/2]2
, with �(E↵2n) = �r

E2
↵2n
E2

r
.

4

B

UA

A
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1 U
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FIG. 1. A nuclear reaction with an unnucleus U (represented by the shaded region) in the final

state.

where A1 and A2 are some initial particles, B is a particle and U is the unnucleus. For

simplicity, we assume all particles involved in the reaction are nonrelativistic, though our

main conclusion requires that only U is. We work in the center-of-mass frame. The total

kinetic energy available to final products is

Ekin = (MA1 + MA2 � MB � MU)c2 +
p2

A1

MA1

+
p2

A2

MA2

. (11)

Unless U is a particle, the energy spectrum of B is continuous. Let E and p be the energy

of the particle B, E = p2/2mB. We are interested in the di↵erential cross section d�/dE.

We can think about a term in the e↵ective Lagrangian

Lint = g U †B†A1A2 + h.c. (12)

where g is some coupling constant. The di↵erential cross section can be computed to be

d�

dE
⇠ |M|2

p
E Im GU(Ekin�E, p). (13)

For the Lagrangian (12) M = g, but in principle M can contain dependence on the momenta

of the incoming and outgoing particles. The statement of Eq. (13) is that the cross section

can be factorized into two parts, one (encoded by M) corresponding to the primary process

A1 +A2 ! B +U , the other (encoded by Im GU) corresponding to the final-state interaction

between the constituents of U . Such a factorization requires that the energy scale of the

primary scattering process is much larger than that of the interaction between the neutrons

and is the essence of the Watson-Migdal approach to final-state interaction [6, 7].

According to Eq. (9),

Im GU(Ekin�E, p) ⇠
✓

Ekin � E � p2

2MU

◆�� 5
2

=


Ekin �

✓
1 +

MB

MU

◆
E

��� 5
2

. (14)

Denote the maximal value of the recoil energy received by the particle B as

E0 =

✓
1 +

MB

MU

◆�1

Ekin. (15)
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In the regime E0 � E ⌧ E0, ignoring the energy dependence of all other factors, we can

write
d�

dE
⇠ (E0 � E)�� 5

2 . (16)

Thus, a characteristic feature of processes involving an unnucleus is the power-law depen-

dence of the di↵erential cross section on the recoil energy near the end point.

IV. MULTI-NEUTRON FINAL STATES AS UNNUCLEI

So far the search for relativistic unparticles has been unsuccessful [2–4]. In nuclear

physics, however, there are natural approximate unnuclei due to the fortuitous occurrence of

fine tuning in several nuclear systems. In particular, neutrons have a large s-wave scattering

length: a ⇡ �19 fm, compared to the e↵ective range r0 ⇡ 2.8 fm. A system of neutrons

can be considered as an unnucleus if the relative momentum between any two neutrons in

the system is between ~/a and ~/r0. If this is the case, they are described by a well known

nonrelativistic conformal field theory—the theory of fermions at unitarity.

B

A

A

n

n

n

1

2

FIG. 2. A nuclear reaction with three neutrons in the final state.

Thus, the real-world realizations of the reaction pictured in Fig. 1 are reactions with a few

neutrons in the final state. A typical reaction with three final-state neutrons is schematically

depicted in Fig. 2. The di↵erential cross section d�/dE considered above is now an inclusive

cross section, where the momenta of the neutrons are left unmeasured. Reactions of this

type are abundant in nuclear physics. Some examples are

3H + 3H ! 4He + 2n , (17)
7Li + 7Li ! 11C + 3n , (18)

4He + 8He ! 8Be + 4n . (19)

The final-state neutrons can be considered as forming an unnucleus when the kinetic energy

of the system of neutrons in its center-of-mass frame (neutron kinetic energy) is between

"0 = ~2/ma2 ⇠ 0.1 MeV and ~2/mr2
0 ⇠ 5 MeV. Only in this kinematic regime, our predic-

tion (16) for d�/dE applies. Physically, in this regime the neutrons travel together and keep

interacting with each other until the distance between them becomes larger than a. If the

total kinetic energy of the final scattering products Ekin is much larger than ~2/mr2
0, then

• Neutrons are famously fine tuned, a = −18.9 fm and re = 2.75 fm,
allowing access to few body physics of NRCFTs.

• Experiments studying neutron rich matter provide
data for “neutron bombs” (jets) of up to 6 neutrons.
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• Hammer and Son studied the “jet rate”.

• Exhibits a scaling with the exactly computable non-integer scaling
dimension of an NRCFT three-body operator.
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calculation (circles) and the plane wave impulse approximation (squares). We have converted

0 0.5 1 1.5 2 2.5
E

3n
 [MeV]

0

0.2

0.4

0.6

d
Γ

/d
E

γ [
1
0

1
5
/(

fm
s)

] c E
3n

3

c E
3n

1.77

c E
3n

1.77
 + d  E

3n

2.17

3
H(π

-
,γ)3n

0 0.5 1 1.5 2 2.5
E

3n
 [MeV]

0

0.5

1

1.5

d
Γ

/d
E

ν
 [
(M

e
V

s)
-1

] c E
3n

3

c E
3n

1.77

c E
3n

1.77
 + d  E

3n

2.17

3
H(µ

-
,ν

µ
)3n

FIG. 4. Center-of-mass energy spectrum of three neutrons in the reaction 3H(⇡�, �)3n (left panel)

and 3H(µ�, ⌫µ)3n (right panel). The circles/squares give the full/plane wave calculations by Golak

et al. [23, 24]. Di↵erent fits are explained in the legend and in the main text.

the calculated photon spectra to three-neutron spectra for convenience. As expected, the

free neutron behavior, E3 (dashed line), can describe the full calculation (circles) only at the

lowest energies. However, the plane wave impulse approximation (squares) can be described

up to about 2.5 MeV. The full calculation including final state interaction displays clear

unnucleus behavior, E1.77 (solid line) for energies also up to about 2.5 MeV, where it starts

to deviate from the prediction. This is somewhat smaller than the value 5 MeV expected from

the scattering length. We suspect that this is due to the wave function of the triton, which

has finite extent, making the reaction a less than ideal “point source” of the neutrons and

causing the factorization formula (13) to break down earlier than expected. The description

cannot be significantly improved by including the next state which behaves as E2.17 (dash-

dotted line). Analogous behavior is exhibited by the theoretical spectra for the reaction
3H(µ�, ⌫µ)3n calculated by Golak et al. [24] using the same interaction model (see right

panel of Fig. 4). In this reaction, the energy scale of the primary scattering process is

slightly smaller such that the corrections to factorization are larger.

A four-neutron spectrum was recently measured by Kisamori et al. in the reaction
4He(8He,8Be)4n [25], but the number of events is too low to extract evidence of unnu-

cleus behavior. It may, however, be possible to extract such behavior from the spectra of a

new experiment using the reaction 8He(p, p↵)4n, which are currently being analyzed [18].
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FIG. 1. A nuclear reaction with an unnucleus U (represented by the shaded region) in the final

state.

where A1 and A2 are some initial particles, B is a particle and U is the unnucleus. For

simplicity, we assume all particles involved in the reaction are nonrelativistic, though our

main conclusion requires that only U is. We work in the center-of-mass frame. The total

kinetic energy available to final products is

Ekin = (MA1 + MA2 � MB � MU)c2 +
p2

A1

MA1

+
p2

A2

MA2

. (11)

Unless U is a particle, the energy spectrum of B is continuous. Let E and p be the energy

of the particle B, E = p2/2mB. We are interested in the di↵erential cross section d�/dE.

We can think about a term in the e↵ective Lagrangian

Lint = g U †B†A1A2 + h.c. (12)

where g is some coupling constant. The di↵erential cross section can be computed to be

d�

dE
⇠ |M|2

p
E Im GU(Ekin�E, p). (13)

For the Lagrangian (12) M = g, but in principle M can contain dependence on the momenta

of the incoming and outgoing particles. The statement of Eq. (13) is that the cross section

can be factorized into two parts, one (encoded by M) corresponding to the primary process

A1 +A2 ! B +U , the other (encoded by Im GU) corresponding to the final-state interaction

between the constituents of U . Such a factorization requires that the energy scale of the

primary scattering process is much larger than that of the interaction between the neutrons

and is the essence of the Watson-Migdal approach to final-state interaction [6, 7].

According to Eq. (9),

Im GU(Ekin�E, p) ⇠
✓

Ekin � E � p2

2MU

◆�� 5
2

=


Ekin �

✓
1 +

MB

MU

◆
E

��� 5
2

. (14)

Denote the maximal value of the recoil energy received by the particle B as

E0 =

✓
1 +

MB

MU

◆�1

Ekin. (15)
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the power-law behavior of the di↵erential cross section (16) is expected in a region near, but

not too close to, the maximal recoil energy.

According to the general formalism [5] the dimension of an operator is equal to the energy

of the corresponding state in the harmonic potential with unit oscillator frequency. This

leads to an nontrivial connection between the few-body physics of fermions at unitarity

and the physics of nuclear reactions. Namely, the spectrum of fermions at unitarity in a

harmonic trap determines the behavior of the processes involving emission of neutrons in a

certain kinematic regime.

For emission of two neutrons, the ground state of two unitary fermions in a harmonic

trap (with opposite spins) is known exactly, and corresponds to the “dimer” operator of

conformal dimension � = 2. The di↵erential cross section thus grows toward the endpoint

d�

dE
⇠ 1p

E0 � E
. (20)

This growth stops very close to the end point when the neutron kinetic energy is of order

"0, after which, the two neutrons become e↵ectively noninteracting, and the unnucleus now

becomes an operator in free field theory n#n" with dimension � = 3, and the di↵erential cross

section decreases as
p

E0 � E. This non-monotonic behavior of d�/dE is well known [7]. In

fact, the whole behavior of the di↵erential cross section in the crossover region can be read

o↵ from the propagator of the dimer field in e↵ective field theory,

Gd(!, 0) ⇠ 1
1
a

+ i
p

m!
) Im Gd(!, 0) ⇠

p
!

"0 + !
, (21)

so
d�

dE
⇠

p
E0 � E

E0 � E +
⇣
1 + MB

MU

⌘�1

"0

. (22)

which reaches a maximum at E0 � E = (1 + MB/MU)�1"0.

For the problem of three final-state neutrons, we know that the ground state of three

fermions at unitarity in a harmonic trap corresponds is a state with S = 1
2
, L = 1 and

energy � ⇡ 4.27272 in units of the trap frequency [8, 9]. Thus the di↵erential cross section

behaves as
d�

dE
⇠ (E0 � E)1.77272. (23)

The first excited state of three in the trap is a S = 1
2
, L = 0 state with � ⇡ 4.66622, corre-

sponding to a contribution (E0 � E)2.1662. This is suppressed compared to the contribution

from the ground state, but, due to the relatively small di↵erence between the exponents,

may need to be taken into account to describe real data.

At very small E0 � E there is a crossover from Eq. (23) to the free-neutron behavior,

controlled by the dimension of the operator nnrn in free field theory (with one derivative

because of the Pauli exclusion principle): (E0 � E)3. This behavior can also be obtained

by multiplying the three-particle phase space (E0 � E)2 and a suppression factor E0 � E

coming from the fermionic statistics of the neutrons.

....
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Slow Neutron Jet Substructure

• Neutrons exhibit interesting correlations in velocity and angle.

• Can we compute “jet substructure” observables in NRCFTs?

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?

t<latexit sha1_base64="3dz/RxiC1WAJpbh5+C2eyFV8gYA="></latexit>

10
10yr

<latexit sha1_base64="M2YUKL/PwPy6HpVOBY8eRcGXEDE="></latexit>

10
5yr

<latexit sha1_base64="SWRV6Pk+9jc3vaiAbxIG9oDZNEg="></latexit>

10
�32s?

<latexit sha1_base64="EZhaTIlj+O4XyIjF6s0orYdbrCQ="></latexit>

4

B

UA

A
2

1 U
<latexit sha1_base64="Zp0mAZmdnyu3Gsq+I7V93iyzTYY=">AAACAXicbVA9SwNBFHwXv2L8ilraLAbBKtzZaCEYsLGM4CWBSwh7m71kye7tsbsnhCOV+BNstbYTWyt/hqW1f8K9JIVJHFgYZt7jzU6YcKaN6345hZXVtfWN4mZpa3tnd6+8f9DQMlWE+kRyqVoh1pSzmPqGGU5biaJYhJw2w+F17jfvqdJMxndmlNCOwP2YRYxgY6WgLbAZEMwzf9wtV9yqOwFaJt6MVK4+fx4RANS75e92T5JU0NgQjrUOPDcxnQwrwwin41I71TTBZIj7NLA0xoLqTjaJPEYnVumhSCr7YoMm6t+NDAutRyK0k3lEvejl4n9ekJroopOxOEkNjcn0UJRyZCTK/496TFFi+MgSTBSzWREZYIWJsS3NXQlF3om32MAyaZxVPbfq3bqV2iVMUYQjOIZT8OAcanADdfCBgIQneIYX58F5dd6c9+lowZntHMIcnI9fC7Wahw==</latexit><latexit sha1_base64="6B46F/+pT6wPxxHRXyaInLg7nms=">AAACAXicbVC7SgNBFJ2NrxhfUUtBBoNgFXZttBAM2Fgm4CaBTQizk9lkyDyWmVkhLKnET7DV2k6sBCs/w9JaP8LZJIVJPDBwOOde7pkTxoxq47qfTm5peWV1Lb9e2Njc2t4p7u7VtUwUJj6WTKpmiDRhVBDfUMNIM1YE8ZCRRji4yvzGLVGaSnFjhjFpc9QTNKIYGSsFLY5MHyOW+qNOseSW3THgIvGmpHT58X1/+Fb7qXaKX62uxAknwmCGtA48NzbtFClDMSOjQivRJEZ4gHoksFQgTnQ7HUcewWOrdGEklX3CwLH6dyNFXOshD+1kFlHPe5n4nxckJjpvp1TEiSECTw5FCYNGwuz/sEsVwYYNLUFYUZsV4j5SCBvb0syVkGedePMNLJL6adlzy17NLVUuwAR5cACOwAnwwBmogGtQBT7AQIIH8AienDvn2XlxXiejOWe6sw9m4Lz/AsN6nHo=</latexit><latexit sha1_base64="6B46F/+pT6wPxxHRXyaInLg7nms=">AAACAXicbVC7SgNBFJ2NrxhfUUtBBoNgFXZttBAM2Fgm4CaBTQizk9lkyDyWmVkhLKnET7DV2k6sBCs/w9JaP8LZJIVJPDBwOOde7pkTxoxq47qfTm5peWV1Lb9e2Njc2t4p7u7VtUwUJj6WTKpmiDRhVBDfUMNIM1YE8ZCRRji4yvzGLVGaSnFjhjFpc9QTNKIYGSsFLY5MHyOW+qNOseSW3THgIvGmpHT58X1/+Fb7qXaKX62uxAknwmCGtA48NzbtFClDMSOjQivRJEZ4gHoksFQgTnQ7HUcewWOrdGEklX3CwLH6dyNFXOshD+1kFlHPe5n4nxckJjpvp1TEiSECTw5FCYNGwuz/sEsVwYYNLUFYUZsV4j5SCBvb0syVkGedePMNLJL6adlzy17NLVUuwAR5cACOwAnwwBmogGtQBT7AQIIH8AienDvn2XlxXiejOWe6sw9m4Lz/AsN6nHo=</latexit><latexit sha1_base64="b+uUCpaUtLqlGTizldP/iWfLhyE=">AAACAXicbVA9T8MwFHwpX6V8FRhZLCokpiphgYGhEgtjkUhbKY0qx3Vaq7YT2Q5SFXXiN7DCzIZY+SWM/BOcNgNtOcnS6e49vfNFKWfauO63U9nY3Nreqe7W9vYPDo/qxycdnWSKUJ8kPFG9CGvKmaS+YYbTXqooFhGn3WhyV/jdJ6o0S+SjmaY0FHgkWcwINlYK+gKbMcE892eDesNtunOgdeKVpAEl2oP6T3+YkExQaQjHWgeem5owx8owwums1s80TTGZ4BENLJVYUB3m88gzdGGVIYoTZZ80aK7+3cix0HoqIjtZRNSrXiH+5wWZiW/CnMk0M1SSxaE448gkqPg/GjJFieFTSzBRzGZFZIwVJsa2tHQlEkUn3moD66Rz1fTcpvfgNlq3ZTtVOINzuAQPrqEF99AGHwgk8AKv8OY8O+/Oh/O5GK045c4pLMH5+gVt75f3</latexit>

FIG. 1. A nuclear reaction with an unnucleus U (represented by the shaded region) in the final

state.

where A1 and A2 are some initial particles, B is a particle and U is the unnucleus. For

simplicity, we assume all particles involved in the reaction are nonrelativistic, though our

main conclusion requires that only U is. We work in the center-of-mass frame. The total

kinetic energy available to final products is

Ekin = (MA1 + MA2 � MB � MU)c2 +
p2

A1

MA1

+
p2

A2

MA2

. (11)

Unless U is a particle, the energy spectrum of B is continuous. Let E and p be the energy

of the particle B, E = p2/2mB. We are interested in the di↵erential cross section d�/dE.

We can think about a term in the e↵ective Lagrangian

Lint = g U †B†A1A2 + h.c. (12)

where g is some coupling constant. The di↵erential cross section can be computed to be

d�

dE
⇠ |M|2

p
E Im GU(Ekin�E, p). (13)

For the Lagrangian (12) M = g, but in principle M can contain dependence on the momenta

of the incoming and outgoing particles. The statement of Eq. (13) is that the cross section

can be factorized into two parts, one (encoded by M) corresponding to the primary process

A1 +A2 ! B +U , the other (encoded by Im GU) corresponding to the final-state interaction

between the constituents of U . Such a factorization requires that the energy scale of the

primary scattering process is much larger than that of the interaction between the neutrons

and is the essence of the Watson-Migdal approach to final-state interaction [6, 7].

According to Eq. (9),

Im GU(Ekin�E, p) ⇠
✓

Ekin � E � p2

2MU

◆�� 5
2

=


Ekin �

✓
1 +

MB

MU

◆
E

��� 5
2

. (14)

Denote the maximal value of the recoil energy received by the particle B as

E0 =

✓
1 +

MB

MU

◆�1

Ekin. (15)
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Detector Operators in NRCFTs

• Would like to develop a language to compute asymptotic observables
from local correlators in NRCFTs.

Jet Substructure

• What is the theoretical question we are trying to ask in Jet
Substructure?
“How do we characterize a quantum mechanical system using only
asymptotic measurements?”

=
�

i

hiOi (1.1)

=
�

j

cjDj (1.2)

Figure 2: In an experiment involving a QFT Q, the probe (hammer) can be expanded in op-
erators Oi that are intrinsic to Q, schematically eq. (1.1). Similarly, a far-away measurement
apparatus (camera) can be expanded in detectors Di that are intrinsic to Q, eq. (1.2). These
twin expansions cleanly separate the details of the experiment (contained in the coe�cients
hi and cj) from the dynamics of the theory (encoded in matrix elements hOi|Dj |Oki).

local operator detector

“measure at a point” “measure in cross-sections”
UV divergence IR divergence

need to renormalize need to renormalize
theory-dependent theory-dependent

OPE light-ray OPE
radial quantization ?

Table 1: A comparison between local operators and detectors.

of energy. The lack of IR-safety manifests as IR/collinear divergences in perturbation theory.

After suitably renormalizing the detector to remove the divergences, we obtain a new “good”

observable, but its anomalous dimension (suitably-defined) is theory-dependent.

Recall that the space of local operators has a simple nonperturbative definition via radial

quantization in the UV CFT: it is its Hilbert space of states on Sd�1. Thus, local operators

provide a basis of fundamental objects in which measurements at a point can be expanded.

Similarly, detectors provide a basis of fundamental objects in which measurements near in-

finity can be expanded, see figure 2. However, we do not currently possess a similarly clean

nonperturbative definition of the space of detectors. They are less well-understood objects,

and we seek to explore them in this work, focusing mostly on the case of conformal theories.

We summarize the analogy between detectors and local operators in table 1.

The simplest kind of detector is the integral of a local operator along a light-ray at future

null infinity I +. In this case, the way renormalization works is easy to understand: the

renormalized detector is the null integral of a renormalized local operator. For example, in

a free scalar theory, the operator EJ just mentioned can be defined for even integer J � 2

as a null-integral of OJ = ��µ1 · · · �µJ�. When interactions are turned on, OJ gets an

anomalous dimension, and thus so does EJ , leading to a nontrivial dependence on infrared

scales characterizing the measurement.

– 2 –

• This has proven to be a fruitful lens through which to study general
aspects of QFT.
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Insights from Conformal Field Theory

[Hofman, Maldacena]
[Korchemsky, Sterman]
[Ore, Sterman]

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?

t
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Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

�

i,j

�
d�

EiEj

Q2
�

�
z � 1 � cos�ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(�n) =

��

0

dt lim
r��

r2niT0i(t, r�n) , (1.2)

where it is given by

d�

dz
=

hOE(�n1)E(�n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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E(~n) = lim
r!1

r2

1Z

0

dt niT0i(t, r~n)

h |E(n̂1) · · · E(n̂k)| i

• Calorimeter cells can be given a field theoretic definition in terms of
light-ray operators.

• Allows us to ask sharp questions about QFT from the asymptotic
energy flux.
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FIG. 13: An illustration of an energy operator in a Pen-
rose diagram for Minkowski spacetime. In a generic QFT,
the detector operator is defined using a limiting proce-
dure, illustrated by the dashed line. In a CFT, the oper-
ator can be directly placed at null infinity, illustrated by
the solid blue line.

of light-ray operators with an eye towards their applica-
tion in collider physics. In particular, we will cover the
topics of the quantum numbers of light-ray operators,
Regge trajectories, reciprocity, and Regge intercepts.

The energy operator as defined in (4) is expressed in
terms of an r ! 1 limit, making it di�cult to study.
Since the most important property of the energy opera-
tor discussed in this review is its scaling behavior under
boosts, it is convenient to map the Minkowski spacetime
into a finite region using a Penrose diagram. This is rep-
resented in Fig. 13, where the full spacetime is mapped
into a finite region by a conformal transformation that
preserves the causal structure. For the sake of illustra-
tion, we have only shown two spatial dimensions. The
detector sitting at r and and integrated over the time
component is represented by the dashed blue line. Light-
like radiation from the origin in the direction of the de-
tector will be recorded by the detector.

From a theoretical perspective, it is convenient to
express the energy operator in a manifestly covariant
form (Belitsky et al., 2014b). For a light-like particle
propagating in the n̂ direction, we introduce two null ref-
erence vectors nµ = (1, n̂) and n̄ = (1,�n̂). Using these
reference vectors, we can define light-cone coordinates
x+ = x� = n̄ · x, x� = x+ = n · x, in terms of which any
four vector can be decomposed as

xµ =
x+

n · n̄
nµ +

x�
n · n̄

n̄µ + xµ
? . (27)

The large r limit should be understood as taking x+ ! 1
while keeping x� fixed. We can then write the energy

operator as

E(n) = lim
x+!1

(x+)2

(n · n̄)4

1Z

�1

dx+T++(x) . (28)

This is represented as the solid blue line at future null in-
finity in Fig. 13. The definition in (28) make manifest the
symmetry of the energy operator under boosts. Under a
scaling nµ ! ⇢nµ, E(⇢n) = ⇢�3E(n) (Hofman and Mal-
dacena, 2008; Belitsky et al., 2014b). Since energy opera-
tors are a physical observable, the manifestation of boost
symmetry is significant because it allows us to under-
stand certain properties of measurements using symme-
try, notably the scaling behavior when two detectors be-
come close (Hofman and Maldacena, 2008; Kologlu et al.,
2021; Chang et al., 2020; Chen et al., 2020c), as in Eq. 20.

The transformation that maps a local operator to a
null-integrated operator is referred to as the light trans-
form (Kravchuk and Simmons-Du�n, 2018). The result-
ing operator is commonly called a light-ray operator. A
number of other integral transforms were also introduced
in (Kravchuk and Simmons-Du�n, 2018). To charac-
terize a light-ray operator, it is useful to consider its
Lorentzian collinear spin JL, which corresponds to the
quantum number under boosts, and its Lorentzian scal-
ing dimension �L. For the energy operator, these quan-
tities are given by

JL = 1 �� = �3 , �L = 1 � J = �1 , (29)

where � = 4 and J = 2 represent the scaling dimension
and spin, respectively, of the local energy-momentum
tensor operator.

Among light-ray operators, the energy operator stands
out as one of the most significant example. Perhaps its
most important property is that expectation values of the
energy operator are non-negative in any state in a QFT,

hE(n)i � 0 , (30)

also known as the average null energy condition (ANEC).
In general relativity, the violation of ANEC can lead to
the construction of time machines from wormhole solu-
tions (Morris et al., 1988). As a result, significant e↵ort
has has been devoted to rigorously proving the ANEC in
(30).

In a free field theory, the ANEC is straightforward to
understand because it corresponds to the measurement
of the energy of freely propagating particles in a specific
direction n̂, as shown in Eq. (2), where k0 is manifestly
positive. For an interacting, Lorentz-invariant QFT, the
ANEC has been proven using two distinct approaches.
The first approach relies on the microcausality of the
theory (Hartman et al., 2017), while the second employs
methods from quantum information theory, particularly
the monotonicity of relative entropy (Faulkner et al.,
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Non-Relativistic CFT Primer

• NRCFTs are invariant under a non-isotropic (z = 2) scaling
(t, xi) → (λ2t, λxi)

• Scale invariance is often enhanced to the full Schrodinger group
• Space+time translations: P0, Pi

• Galilean Boosts: Ki

• Spatial Rotations: Mij

• Special Conformal transformations: C0

• Dilatations: D

• Algebra has a central element, the particle number, N (mass)

• Local operators are characterized by their particle number, NO,
scaling dimension, ∆O, and spin, l:

detector, it is nevertheless not obvious that the detector observable faithfully captures the

total energy injected into the system.

Below, we resolve this by demonstrating, purely from symmetry arguments and without

recourse to the free theory, that
Z

d⌦bn

Z
dv hEv(bn)iO(!,~k)

= !. (2.13)

We will also show that Ev(bn) obeys two additional integral identities that measure the momen-

tum and particle number. In doing so, we also derive the constraints imposed by Schrödinger

symmetry on the one-point function of Ev(bn), fixing its functional form in the velocity space.

We first review the symmetry algebra of non-relativistic CFTs [12]. It consists of rotation

Mij , spatial translation Pi, time translation H, Galilean boost Ki, dilatation D, special

conformal transformation C, and particle number N which is central. The non-vanishing

commutators are

[Mij , Mkl] = i(�ikMjl � �jkMil + �ilMkj � �jlMki),

[Mij , Pk] = i(�ikPj � �jkPi), [Mij , Kk] = i(�ikKj � �jkKi),

[Ki, Pj ] = i�ijN, [C, Pi] = iKi,

[D, Pi] = iPi, [D, Ki] = �iKi,

[D, C] = �2iC, [H, Ki] = �iPi,

[H, C] = �iD, [D, H] = 2iH. (2.14)

For the class of free and interacting non-relativistic fermionic theories considered in this work,

the generators of the Schrödinger algebra admit the representation where n(~x) and ji(~x) de-

note the particle number density and momentum density and obey the algebra corresponding

to volume preserving di↵eomorphisms (SDC: cite ?),

N =

Z
d3~x n(~x), Pi =

Z
d3~x ji(~x), Mij =

Z
d3~x

�
xijj(~x)� xjji(~x)

�
,

Ki =

Z
d3~x xin(~x), C =

Z
d3~x

x2

2
n(~x), D =

Z
d3~x xiji(~x),

[n(~x), n(~y)] = 0, [n(~x), ji(~y)] = �in(~y)@x
i �

(3)(~x� ~y),

[ji(~x), jj(~y)] = �i
�
jj(~x)@x

i + ji(~y)@x
j

�
�(3)(~x� ~y). (2.15)

In NRCFTs, a local operator O is characterized by its “particle number” NO, scaling

dimension �O, and angular momentum l,

[N, O(0)] = NOO(0), [D, O(0)] = i�OO(0), [Mij , O(0)] = Sl
ij · O(0), (2.16)

where Sl
ij are matrices acting on the spin-l representation of SO(3) that satisfy the same

algebra as Mij . Throughout, we adopt the convention N = �1, N † = 1, which follows from

the canonical commutation relations of the fundamental field  . In particular, both the n

– 9 –

• Examples: Free particles, fermions at unitarity in 3+1 d, anyons in
2+1d, null reductions
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Detector Operators in NRCFTs

• In a non-relativistic theory, asymptotic fluxes can be measured as a
function of both angle and velocity

• We can define an energy detector operator in terms of the number
operator

Ev(n̂) = v
2 limr→∞ r3n

(
r
v , rn̂

)

• Easily understood in “harmonic trap” coordinates:

~x

t

Flat space

⌧

~y

+
⇡
2

�⇡2

Harmonic trap

Figure 2: Harmonic trap geometry from [20]. The red blob at the centre describes our

collider event which propagates outwards. The line in red denotes the path over which our

detector is integrated over in (2.13) in the Harmonic trap geometry.

and depicted in figure 2. In this geometry, the time evolution in ⌧ is generated by H + C.

Under this mapping, a primary operator O transforms as [26],

O(t, ~x) = (cos ⌧)�O exp

✓
� i

2
NO ~y2 tan ⌧

◆
Õ(⌧, ~y), (2.22)

where Õ denotes the operator expressed in harmonic trap coordinates,

Õ(⌧, ~y) = ei(H+C)⌧O(0, ~y)e�i(H+C)⌧ , (2.23)

and O(0, ~y) = Õ(0, ~y). Combining this with (2.20), we find that the number density n and

current ~j transform as

ji(t, ~x) = (cos ⌧)4
⇥
j̃i(⌧, ~y) + tan ⌧ yiñ(⌧, ~y)

⇤
, n(t, ~x) = (cos ⌧)3 ñ(⌧, ~y), (2.24)

Our Ev(bn) detector is defined in the limit t = r
v , ~x = rbn, r ! 1. In the harmonic trap

coordinates (2.21), this corresponds to ⌧ = ⇡
2 , ~y = vbn. Furthermore, using (2.24), we find

that the two definitions in (2.8) using n and ~j are equivalent, and can both be written as

Ev(bn) =
v4

2
ñ
⇣⇡

2
, vbn
⌘

. (2.25)

Geometrically, the detector is localized at ⌧ = ⇡
2 and spatial position ~y = vbn in the HT

geometry. We illustrate the integration domain in the Ward identity (2.13) in the right panel

of Fig. 2. In the example shown, the direction bn takes only two discrete values. The integral

over v integrates along a fixed ray in the bn direction, while the subsequent integration over

bn sums over all such rays. In higher dimensions therefore the integral over bn corresponds to

integrating over a codimension-one surface at fixed oscillator time ⌧ = ⇡
2 .

– 11 –

and ~j have particle number zero. Let us also review the notion of primary operators. By

definition, primary operators are annihilated by the Galilean boost generators Ki and the

special conformal generator C at the origin,

[Ki, O(0)] = [C, O(0)] = 0. (2.17)

The transformation laws at an arbitrary spacetime point follow from translation in time

and space generated by H and Pi,

[H, O(t, ~x)] = �i@tO(t, ~x), [Pi, O(t, ~x)] = i@iO(t, ~x), (2.18)

which gives O(t, ~x) = eiHt�i ~P ·~xO(0)e�iHt+i ~P ·~x. Together with the commutation relations of

the Schrödinger algebra, we find

[D, O(t, ~x)] = i (2t@t + xi@i + �O) O(t, ~x),

[Mij , O(t, ~x)] = �i(xi@j � xj@i)O(t, ~x) + Sl
ij · O(t, ~x),

[Ki, O(t, ~x)] = (�it @i + xiNO) O(t, ~x),

[C, O(t, ~x)] = �i
�
t2@t + t xi@i + t�O

�
O(t, ~x) +

x2

2
NO O(t, ~x). (2.19)

We note that while the density operator is a primary operator, the current operator ~j is

not. It is an example of the “alien operators” which are neither primary nor descendant [24,

25]. In particular, the transformation laws of ~j under Galilean boosts and special conformal

transformations are di↵erent from the ones in (2.19), and they are given by

[Ki, jj(t, ~x)] = �it@ijj(t, ~x) + i�ijn(t, ~x),

[C,~j(t, ~x)] = �i
�
t2@t + txi@i + t�j

�
~j(t, ~x) + i~xn(t, ~x), (2.20)

where �j = �n + 1 = 4. This can be obtained using the current algebra (2.15).

A more convenient basis to impose symmetries is using the non-relativistic state-operator

correspondence [12, 20, 26] which states that operators of the NRCFT are in one-to-one map

with states in the harmonic trap (HT) geometry. The geometry can be thought of as the

nonrelativistic version of the Lorentzian cylinder [27], and is obtained by the coordinate

transformation,2

t = tan(⌧), ⌧ = arctan(t),

$

~x = ~y sec(⌧), ~y =
~xp

1 + t2
, (2.21)

2Conventionally, the harmonic trap geometry comes with a parameter ! so that !t = tan(!⌧), ~x = ~y sec(!⌧).

Since we also use ! for the energy of the state, we always set ! = 1 for the HT geometry in this paper to avoid

confusion.
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• Behave as local operators in a d-1 scale invariant, Euclidean theory in
“velocity space”.

• Behave as local operators in a d-1 scale invariant, Euclidean theory in
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2 ñ
(
τ = π

2 , vn̂
)
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Detector Operators

• Interesting formal analogy between massless local operators,
: (ϕ†)nϕn : in NRCFTs and lightray operators in relativistic theories.

• Intuitively understood via null-reduction.

Jet Substructure

• What is the theoretical question we are trying to ask in Jet
Substructure?
“How do we characterize a quantum mechanical system using only
asymptotic measurements?”

=
�

i

hiOi (1.1)

=
�

j

cjDj (1.2)

Figure 2: In an experiment involving a QFT Q, the probe (hammer) can be expanded in op-
erators Oi that are intrinsic to Q, schematically eq. (1.1). Similarly, a far-away measurement
apparatus (camera) can be expanded in detectors Di that are intrinsic to Q, eq. (1.2). These
twin expansions cleanly separate the details of the experiment (contained in the coe�cients
hi and cj) from the dynamics of the theory (encoded in matrix elements hOi|Dj |Oki).

local operator detector

“measure at a point” “measure in cross-sections”
UV divergence IR divergence

need to renormalize need to renormalize
theory-dependent theory-dependent

OPE light-ray OPE
radial quantization ?

Table 1: A comparison between local operators and detectors.

of energy. The lack of IR-safety manifests as IR/collinear divergences in perturbation theory.

After suitably renormalizing the detector to remove the divergences, we obtain a new “good”

observable, but its anomalous dimension (suitably-defined) is theory-dependent.

Recall that the space of local operators has a simple nonperturbative definition via radial

quantization in the UV CFT: it is its Hilbert space of states on Sd�1. Thus, local operators

provide a basis of fundamental objects in which measurements at a point can be expanded.

Similarly, detectors provide a basis of fundamental objects in which measurements near in-

finity can be expanded, see figure 2. However, we do not currently possess a similarly clean

nonperturbative definition of the space of detectors. They are less well-understood objects,

and we seek to explore them in this work, focusing mostly on the case of conformal theories.

We summarize the analogy between detectors and local operators in table 1.

The simplest kind of detector is the integral of a local operator along a light-ray at future

null infinity I +. In this case, the way renormalization works is easy to understand: the

renormalized detector is the null integral of a renormalized local operator. For example, in

a free scalar theory, the operator EJ just mentioned can be defined for even integer J � 2

as a null-integral of OJ = ��µ1 · · · �µJ�. When interactions are turned on, OJ gets an

anomalous dimension, and thus so does EJ , leading to a nontrivial dependence on infrared

scales characterizing the measurement.
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• This has proven to be a fruitful lens through which to study general
aspects of QFT.
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I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

�

i,j

�
d�

EiEj

Q2
�

�
z � 1 � cos�ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(�n) =

��

0

dt lim
r��

r2niT0i(t, r�n) , (1.2)

where it is given by

d�

dz
=

hOE(�n1)E(�n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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E(~n) = lim
r!1

r2

1Z

0

dt niT0i(t, r~n)

h |E(n̂1) · · · E(n̂k)| i

• Calorimeter cells can be given a field theoretic definition in terms of
light-ray operators.

• Allows us to ask sharp questions about QFT from the asymptotic
energy flux.
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FIG. 13: An illustration of an energy operator in a Pen-
rose diagram for Minkowski spacetime. In a generic QFT,
the detector operator is defined using a limiting proce-
dure, illustrated by the dashed line. In a CFT, the oper-
ator can be directly placed at null infinity, illustrated by
the solid blue line.

of light-ray operators with an eye towards their applica-
tion in collider physics. In particular, we will cover the
topics of the quantum numbers of light-ray operators,
Regge trajectories, reciprocity, and Regge intercepts.

The energy operator as defined in (4) is expressed in
terms of an r ! 1 limit, making it di�cult to study.
Since the most important property of the energy opera-
tor discussed in this review is its scaling behavior under
boosts, it is convenient to map the Minkowski spacetime
into a finite region using a Penrose diagram. This is rep-
resented in Fig. 13, where the full spacetime is mapped
into a finite region by a conformal transformation that
preserves the causal structure. For the sake of illustra-
tion, we have only shown two spatial dimensions. The
detector sitting at r and and integrated over the time
component is represented by the dashed blue line. Light-
like radiation from the origin in the direction of the de-
tector will be recorded by the detector.

From a theoretical perspective, it is convenient to
express the energy operator in a manifestly covariant
form (Belitsky et al., 2014b). For a light-like particle
propagating in the n̂ direction, we introduce two null ref-
erence vectors nµ = (1, n̂) and n̄ = (1,�n̂). Using these
reference vectors, we can define light-cone coordinates
x+ = x� = n̄ · x, x� = x+ = n · x, in terms of which any
four vector can be decomposed as

xµ =
x+

n · n̄
nµ +

x�
n · n̄

n̄µ + xµ
? . (27)

The large r limit should be understood as taking x+ ! 1
while keeping x� fixed. We can then write the energy

operator as

E(n) = lim
x+!1

(x+)2

(n · n̄)4

1Z

�1

dx+T++(x) . (28)

This is represented as the solid blue line at future null in-
finity in Fig. 13. The definition in (28) make manifest the
symmetry of the energy operator under boosts. Under a
scaling nµ ! ⇢nµ, E(⇢n) = ⇢�3E(n) (Hofman and Mal-
dacena, 2008; Belitsky et al., 2014b). Since energy opera-
tors are a physical observable, the manifestation of boost
symmetry is significant because it allows us to under-
stand certain properties of measurements using symme-
try, notably the scaling behavior when two detectors be-
come close (Hofman and Maldacena, 2008; Kologlu et al.,
2021; Chang et al., 2020; Chen et al., 2020c), as in Eq. 20.

The transformation that maps a local operator to a
null-integrated operator is referred to as the light trans-
form (Kravchuk and Simmons-Du�n, 2018). The result-
ing operator is commonly called a light-ray operator. A
number of other integral transforms were also introduced
in (Kravchuk and Simmons-Du�n, 2018). To charac-
terize a light-ray operator, it is useful to consider its
Lorentzian collinear spin JL, which corresponds to the
quantum number under boosts, and its Lorentzian scal-
ing dimension �L. For the energy operator, these quan-
tities are given by

JL = 1 �� = �3 , �L = 1 � J = �1 , (29)

where � = 4 and J = 2 represent the scaling dimension
and spin, respectively, of the local energy-momentum
tensor operator.

Among light-ray operators, the energy operator stands
out as one of the most significant example. Perhaps its
most important property is that expectation values of the
energy operator are non-negative in any state in a QFT,

hE(n)i � 0 , (30)

also known as the average null energy condition (ANEC).
In general relativity, the violation of ANEC can lead to
the construction of time machines from wormhole solu-
tions (Morris et al., 1988). As a result, significant e↵ort
has has been devoted to rigorously proving the ANEC in
(30).

In a free field theory, the ANEC is straightforward to
understand because it corresponds to the measurement
of the energy of freely propagating particles in a specific
direction n̂, as shown in Eq. (2), where k0 is manifestly
positive. For an interacting, Lorentz-invariant QFT, the
ANEC has been proven using two distinct approaches.
The first approach relies on the microcausality of the
theory (Hartman et al., 2017), while the second employs
methods from quantum information theory, particularly
the monotonicity of relative entropy (Faulkner et al.,

~x

t

Flat space

⌧

~y

+
⇡
2

�⇡2

Harmonic trap

Figure 2: Harmonic trap geometry from [20]. The red blob at the centre describes our

collider event which propagates outwards. The line in red denotes the path over which our

detector is integrated over in (2.13) in the Harmonic trap geometry.

and depicted in figure 2. In this geometry, the time evolution in ⌧ is generated by H + C.

Under this mapping, a primary operator O transforms as [26],

O(t, ~x) = (cos ⌧)�O exp

✓
� i

2
NO ~y2 tan ⌧

◆
Õ(⌧, ~y), (2.22)

where Õ denotes the operator expressed in harmonic trap coordinates,

Õ(⌧, ~y) = ei(H+C)⌧O(0, ~y)e�i(H+C)⌧ , (2.23)

and O(0, ~y) = Õ(0, ~y). Combining this with (2.20), we find that the number density n and

current ~j transform as

ji(t, ~x) = (cos ⌧)4
⇥
j̃i(⌧, ~y) + tan ⌧ yiñ(⌧, ~y)

⇤
, n(t, ~x) = (cos ⌧)3 ñ(⌧, ~y), (2.24)

Our Ev(bn) detector is defined in the limit t = r
v , ~x = rbn, r ! 1. In the harmonic trap

coordinates (2.21), this corresponds to ⌧ = ⇡
2 , ~y = vbn. Furthermore, using (2.24), we find

that the two definitions in (2.8) using n and ~j are equivalent, and can both be written as

Ev(bn) =
v4

2
ñ
⇣⇡

2
, vbn
⌘

. (2.25)

Geometrically, the detector is localized at ⌧ = ⇡
2 and spatial position ~y = vbn in the HT

geometry. We illustrate the integration domain in the Ward identity (2.13) in the right panel

of Fig. 2. In the example shown, the direction bn takes only two discrete values. The integral

over v integrates along a fixed ray in the bn direction, while the subsequent integration over

bn sums over all such rays. In higher dimensions therefore the integral over bn corresponds to

integrating over a codimension-one surface at fixed oscillator time ⌧ = ⇡
2 .
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Figure 2: In an experiment involving a QFT Q, the probe (hammer) can be expanded in op-
erators Oi that are intrinsic to Q, schematically eq. (1.1). Similarly, a far-away measurement
apparatus (camera) can be expanded in detectors Di that are intrinsic to Q, eq. (1.2). These
twin expansions cleanly separate the details of the experiment (contained in the coe�cients
hi and cj) from the dynamics of the theory (encoded in matrix elements hOi|Dj |Oki).

local operator detector

“measure at a point” “measure in cross-sections”
UV divergence IR divergence

need to renormalize need to renormalize
theory-dependent theory-dependent

OPE light-ray OPE
radial quantization ?

Table 1: A comparison between local operators and detectors.

of energy. The lack of IR-safety manifests as IR/collinear divergences in perturbation theory.

After suitably renormalizing the detector to remove the divergences, we obtain a new “good”

observable, but its anomalous dimension (suitably-defined) is theory-dependent.

Recall that the space of local operators has a simple nonperturbative definition via radial

quantization in the UV CFT: it is its Hilbert space of states on Sd�1. Thus, local operators

provide a basis of fundamental objects in which measurements at a point can be expanded.

Similarly, detectors provide a basis of fundamental objects in which measurements near in-

finity can be expanded, see figure 2. However, we do not currently possess a similarly clean

nonperturbative definition of the space of detectors. They are less well-understood objects,

and we seek to explore them in this work, focusing mostly on the case of conformal theories.

We summarize the analogy between detectors and local operators in table 1.

The simplest kind of detector is the integral of a local operator along a light-ray at future

null infinity I +. In this case, the way renormalization works is easy to understand: the

renormalized detector is the null integral of a renormalized local operator. For example, in

a free scalar theory, the operator EJ just mentioned can be defined for even integer J � 2

as a null-integral of OJ = �@µ1 · · · @µJ�. When interactions are turned on, OJ gets an

anomalous dimension, and thus so does EJ , leading to a nontrivial dependence on infrared

scales characterizing the measurement.
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• This has proven to be a fruitful lens through which to study general
aspects of QFT.
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

�

i,j

�
d�

EiEj

Q2
�

�
z � 1 � cos�ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(�n) =

��

0

dt lim
r��

r2niT0i(t, r�n) , (1.2)

where it is given by

d�

dz
=

hOE(�n1)E(�n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)

– 2 –

I �

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

�

i,j

�
d�

EiEj

Q2
�

�
z � 1 � cos�ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(�n) =

��

0

dt lim
r��

r2niT0i(t, r�n) , (1.2)

where it is given by

d�

dz
=

hOE(�n1)E(�n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)

– 2 –

E(~n) = lim
r!1

r2

1Z

0

dt niT0i(t, r~n)

h |E(n̂1) · · · E(n̂k)| i

• Calorimeter cells can be given a field theoretic definition in terms of
light-ray operators.

• Allows us to ask sharp questions about QFT from the asymptotic
energy flux.

Boost 2023 August 4, 2023 9 / 61
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Exact Three-Body Spectra

• Local operators with particle number NO can be defined by their
matrix elements, expressed in terms of N-body wavefunctions with
Bethe-Peierls boundary conditions.

• Remarkably, the three body sector was solved by Efimov.
Wavefunctions and operator dimensions of all three-body operators
known analytically.

formalism is given in a recent review article by Nielsen, Fedorov, Jensen, and
Garrido [76].

r12

r3,123 1

2

Fig. 18. One of the three possible sets of Jacobi coordinates defined in Eqs. (83).
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Fig. 19. Three-body configurations with the same hyperradius R but different
hyperangles: α1 = π

12 , π
4 , and 5π

12 . Any configuration with atoms 2 and 3 at the
endpoints of a diameter of the dashed circle will have the same values of R and α
as the one shown.

In order to define hyperspherical coordinates, we first introduce Jacobi co-
ordinates. A set of Jacobi coordinates consists of the separation vector rij

between a pair of atoms and the separation vector rk,ij of the third atom from
the center-of-mass of the pair. For atoms of equal mass, the Jacobi coordinates
are

rij = ri − rj , rk,ij = rk − 1
2
(ri + rj) . (83)

In Fig. 18, we illustrate one of the three possible sets of Jacobi coordinates.
The hyperradius R is the root-mean-square separation of the three atoms:

R2 = 1
3

(
r2
12 + r2

23 + r2
31

)
= 1

2
r2
ij + 2

3
r2
k,ij . (84)

The hyperradius is small only if all three atoms are close together. It is large
if any single atom is far from the other two. The Delves hyperangle [77] αk is
defined by

55

14

l = 0 l = 1

2.16622 1.77272

5.12735 4.35825

7.11448 5.71643

8.83225 8.05319

TABLE I. The first four solutions for s for l = 0, 1.

3. Normalizing energy eigenstates

We normalize the three-body wave function by requiring

Z
d3~x1 d3~x2 d3~x3 | (~x1, ~x2, ~x3)|2 = 1. (86)

The three-body state is then related to the the wave function by

| i =
1p
2

Z
d3~x1 d3~x2 d3~x3 (~x1, ~x2, ~x3) 

†
"(~x1) 

†
#(~x2) 

†
"(~x3)|0i. (87)

The energy eigenstates are written as a function of the Jacobi coordinates as

 l,m
s,k (~Rcm, ~r, ~⇢) =

✓
2p
3

◆3/2

N l
k ei ~Pcm·~Rcm

Js(
p

2kR)

R2
�l,m

s (⌦), (88)

where N l
k is a normalization constant and the factor (2/

p
3)3/2 has been inserted for convenience. Using Eqs. (53)

and (57), the normalization integral can be written as

1 = |N l
k|2
Z

d3 ~Rcm

Z
RdR J2

s (
p

2kR)

Z
d⌦̄ |�l

s(⌦)|2, (89)

where d⌦̄ ⌘ 2 sin2 2↵d↵ d2⇢̂ d2r̂. As before, we assume that R̂cm is confined in a large, but finite box of volume V and

the hyperradius has a large, but finite maximal value of Rmax where the wave function vanishes, the normalization

factor is

|N l
k|2 =

p
2⇡k

V Rmaxf l
s

, (90)

where we have defined

f l
s ⌘

Z
d⌦̄ |�l,m

s (⌦)|2. (91)

4. Defining charge-three operators

In analogy with the case of the charge-two operator, we now define charge-three operators by its matrix element

between the vacuum and the three particle momentum eigenstate,

h0|Ol,m,s
3 (~Rcm)| (3)i = lim

R!0
R2�s

Z
d⌦̄ (3)(~Rcm, R,⌦)�l,m

s (⌦). (92)

For example, for the normalized energy eigenstate given by the wave function (88)

h0|Ol0,m0,s0

3 (~Rcm)| (3)
~Pcm,l,m,s,k

i =

✓
2p
3

◆3/2

N l
kf l

s

ks

2s/2�(s + 1)
ei ~Pcm·~Rcm�ss0�ll0�mm0 . (93)

13

The Faddeev component  12 can also be searched in the form

 12 =
F (R)

R2
�s,12(⌦), (74)

where �s,12(⌦) satisfies the equation

r2
⌦�s,12(⌦) = (�s2 + 4)�s,12(⌦), (75)

and F (R) satisfies Eq. (62). As the hyperradius R is symmetric under permutation [see Eq.(55)], �s,32 = P13�s,12.

From Eq. (72) one sees that �12 contains only the s-wave component in r̂, so one can set in the hyperangular Laplacian

r2
r̂ = 0 4. Searching for the solution of the form

�s,12(⌦) =
�l

s(↵)

sin(2↵)
Y m

l (⇢̂), (76)

where the spherical function is normalized as

Y m
l (✓, ') = eim'

s
(l �m)!

(l + m)!
Pm

l (cos(#)),

Z
d⌦ |Y m

l (✓, ')|2 =
4⇡

2l + 1
, (77)

we find the equation for �l
s(↵):

�l
s

00
(↵)� l(l + 1)

cos2 ↵
�l

s(↵) = �s2�l
s(↵). (78)

The Bethe-Pierls boundary condition (68), which should be imposed on �s,12(⌦) � P13�s(⌦), and the regularity in

⇢! 0 limit, in these coordinates, translate to the following condition on �(↵):

�0
l
s(0)� (�1)l 4p

3
�l

s(⇡/3) = 0, (79)

�l
s(⇡/2) = 0. (80)

In deriving Eq. (79) we have made use of the fact that that r ! 0 implies ↵ ! 0, P13↵ ! ⇡
3 , and P13⇢̂ ! �⇢̂. We

will be interested in the cases of l = 0 and l = 1. The hyperangular wave functions satisfying the second boundary

condition (80) are given by

�l=0
s (↵) = sin

h
s
⇣⇡

2
� ↵

⌘i
, �l=1

s (↵) = �s cos
h
s
⇣⇡

2
� ↵

⌘i
+ tan↵ sin

h
s
⇣⇡

2
� ↵

⌘i
, (81)

while the first boundary condition becomes an equation determining the spectrum of s,

l = 0 : s cos
⇣⇡

2
s
⌘

+
4p
3

sin
⇣⇡

6
s
⌘

= 0, (82)

l = 1 : (s2 � 1) sin
⇣⇡

2
s
⌘

+
4p
3
s cos

⇣⇡
6

s
⌘
� 4 sin

⇣⇡
6

s
⌘

= 0. (83)

(The equation for a general value of l can be found in Ref. [7].) There is an infinite number of solutions for each of

the equations; the numerical values for the lowest four solutions for each l are given in Table I. (The two spurious

solutions s = 2 for l = 0 and s = 1 for l = 1 have been ignored, since the both lead to �s(⌦) = 0.) We also note here

the asymptotic behavior of nth solution of each equation at large n,

sn =

(
2n + 1 + O

�
n�1

�
, l = 0,

2n + O
�
n�1

�
, l = 1.

(84)

Once the function s has been found, the hyperangular part of the wave function can be computed through

�s(⌦) = (1� P13)
�l

s(↵)

sin(2↵)
Y m

l (⇢̂). (85)

4 The authors thank Félix Werner for explaining this argument, due to Yvan Castin, to them.
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Energy Correlators in Three-Body States

• Using Efimov’s solution we can compute the one-point functions
⟨Ev(n⃗)⟩ in different three-body states.

 "

E = 2!
3 , v =

q
4!
3

 "

E = !
6 , v =

p
!
3

 #

E = !
6 , v =

p
!
3

Figure 4: Configuration of the charge-3 state that leads to the two singularities of ⇢(v) at

v =
p

!
3 and v =

q
4!
3 .

Near the peak at v =
q

4!
3 , ⇢(v) has a divergent behavior

⇢(v) ⇠ 1q
4!
3 � v2

, v !
r

4!

3
. (5.48)

To discuss the divergence, it is convenient to separate the hyperangular wavefunction �(⌦)

into two terms:

�(⌦) = �12(⌦) � �32(⌦), (5.49)

where �32(⌦) = P13�12(⌦). When the hyperangular coordinate ↵ becomes small (which

means ~x1 � ~x2 ! 0), the hyperangular wavefunction �12(⌦) must go like

�12(⌦) ⇠ 1

↵
(5.50)

due to the Bethe-Peierls boundary condition. Moreover, near v =
q

4!
3 , the hyperangular

coordinate ↵ goes like ↵ ⇠
q

4!
3 � v2. Combining these, we see that in (5.47), we have a

divergent piece

r
! � 3

4
v2 �0,0⇤

12,s(⌦~y1,~y2,bn)�0,0
12,s(⌦~y1,~y2,bn) ⇠ 1q

4!
3 � v2

. (5.51)

On the other hand, near the peak at v =
p

!
3 , we find that ⇢(v) has a logarithmic

divergence given by

⇢(v) ⇠ log(
!

3
� v2), v !

r
!

3
. (5.52)
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• Distribution strongly modified by interactions, producing enhanced
two neutron “jet state”.
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Excited Three-Body States and Conformal Collider Bounds

• We can also compute the result in excited and higher spin states:

0.0 0.2 0.4 0.6 0.8 1.0
v
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5

ρ3(v)

s=1.77272

s=4.35825

s=5.71643

s=8.05319

0.2 0.4 0.6 0.8 1.0
v

-1

1

2

3

α2(v)

s=1.77272

s=4.35825

s=5.71643

s=8.05319

⟨Ev(θ)⟩ = ρ̄3(v)
4π

(
1 + α2(v)(cos

2 θ − 1
3)
)

• Positivity of the Ev(θ) operator implies a non-relativistic
Hofman-Maldacena bound: −3

2 ≤ α2(v) ≤ 3
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Celestial Wavefunctions

• Correlators can be computed from a “celestial” multi-body
wavefunction, Ψ(v1, v2, · · · , vn), in velocity space at timelike infinity.

• Provides a simple, solvable example, structurally similar to
cosmological correlators or celestial holography.
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Future Directions

4

B

UA

A
2

1 U
<latexit sha1_base64="Zp0mAZmdnyu3Gsq+I7V93iyzTYY=">AAACAXicbVA9SwNBFHwXv2L8ilraLAbBKtzZaCEYsLGM4CWBSwh7m71kye7tsbsnhCOV+BNstbYTWyt/hqW1f8K9JIVJHFgYZt7jzU6YcKaN6345hZXVtfWN4mZpa3tnd6+8f9DQMlWE+kRyqVoh1pSzmPqGGU5biaJYhJw2w+F17jfvqdJMxndmlNCOwP2YRYxgY6WgLbAZEMwzf9wtV9yqOwFaJt6MVK4+fx4RANS75e92T5JU0NgQjrUOPDcxnQwrwwin41I71TTBZIj7NLA0xoLqTjaJPEYnVumhSCr7YoMm6t+NDAutRyK0k3lEvejl4n9ekJroopOxOEkNjcn0UJRyZCTK/496TFFi+MgSTBSzWREZYIWJsS3NXQlF3om32MAyaZxVPbfq3bqV2iVMUYQjOIZT8OAcanADdfCBgIQneIYX58F5dd6c9+lowZntHMIcnI9fC7Wahw==</latexit><latexit sha1_base64="6B46F/+pT6wPxxHRXyaInLg7nms=">AAACAXicbVC7SgNBFJ2NrxhfUUtBBoNgFXZttBAM2Fgm4CaBTQizk9lkyDyWmVkhLKnET7DV2k6sBCs/w9JaP8LZJIVJPDBwOOde7pkTxoxq47qfTm5peWV1Lb9e2Njc2t4p7u7VtUwUJj6WTKpmiDRhVBDfUMNIM1YE8ZCRRji4yvzGLVGaSnFjhjFpc9QTNKIYGSsFLY5MHyOW+qNOseSW3THgIvGmpHT58X1/+Fb7qXaKX62uxAknwmCGtA48NzbtFClDMSOjQivRJEZ4gHoksFQgTnQ7HUcewWOrdGEklX3CwLH6dyNFXOshD+1kFlHPe5n4nxckJjpvp1TEiSECTw5FCYNGwuz/sEsVwYYNLUFYUZsV4j5SCBvb0syVkGedePMNLJL6adlzy17NLVUuwAR5cACOwAnwwBmogGtQBT7AQIIH8AienDvn2XlxXiejOWe6sw9m4Lz/AsN6nHo=</latexit><latexit sha1_base64="6B46F/+pT6wPxxHRXyaInLg7nms=">AAACAXicbVC7SgNBFJ2NrxhfUUtBBoNgFXZttBAM2Fgm4CaBTQizk9lkyDyWmVkhLKnET7DV2k6sBCs/w9JaP8LZJIVJPDBwOOde7pkTxoxq47qfTm5peWV1Lb9e2Njc2t4p7u7VtUwUJj6WTKpmiDRhVBDfUMNIM1YE8ZCRRji4yvzGLVGaSnFjhjFpc9QTNKIYGSsFLY5MHyOW+qNOseSW3THgIvGmpHT58X1/+Fb7qXaKX62uxAknwmCGtA48NzbtFClDMSOjQivRJEZ4gHoksFQgTnQ7HUcewWOrdGEklX3CwLH6dyNFXOshD+1kFlHPe5n4nxckJjpvp1TEiSECTw5FCYNGwuz/sEsVwYYNLUFYUZsV4j5SCBvb0syVkGedePMNLJL6adlzy17NLVUuwAR5cACOwAnwwBmogGtQBT7AQIIH8AienDvn2XlxXiejOWe6sw9m4Lz/AsN6nHo=</latexit><latexit sha1_base64="b+uUCpaUtLqlGTizldP/iWfLhyE=">AAACAXicbVA9T8MwFHwpX6V8FRhZLCokpiphgYGhEgtjkUhbKY0qx3Vaq7YT2Q5SFXXiN7DCzIZY+SWM/BOcNgNtOcnS6e49vfNFKWfauO63U9nY3Nreqe7W9vYPDo/qxycdnWSKUJ8kPFG9CGvKmaS+YYbTXqooFhGn3WhyV/jdJ6o0S+SjmaY0FHgkWcwINlYK+gKbMcE892eDesNtunOgdeKVpAEl2oP6T3+YkExQaQjHWgeem5owx8owwums1s80TTGZ4BENLJVYUB3m88gzdGGVIYoTZZ80aK7+3cix0HoqIjtZRNSrXiH+5wWZiW/CnMk0M1SSxaE448gkqPg/GjJFieFTSzBRzGZFZIwVJsa2tHQlEkUn3moD66Rz1fTcpvfgNlq3ZTtVOINzuAQPrqEF99AGHwgk8AKv8OY8O+/Oh/O5GK045c4pLMH5+gVt75f3</latexit>

FIG. 1. A nuclear reaction with an unnucleus U (represented by the shaded region) in the final

state.

where A1 and A2 are some initial particles, B is a particle and U is the unnucleus. For

simplicity, we assume all particles involved in the reaction are nonrelativistic, though our

main conclusion requires that only U is. We work in the center-of-mass frame. The total

kinetic energy available to final products is

Ekin = (MA1 + MA2 � MB � MU)c2 +
p2

A1

MA1

+
p2

A2

MA2

. (11)

Unless U is a particle, the energy spectrum of B is continuous. Let E and p be the energy

of the particle B, E = p2/2mB. We are interested in the di↵erential cross section d�/dE.

We can think about a term in the e↵ective Lagrangian

Lint = g U †B†A1A2 + h.c. (12)

where g is some coupling constant. The di↵erential cross section can be computed to be

d�

dE
⇠ |M|2

p
E Im GU(Ekin�E, p). (13)

For the Lagrangian (12) M = g, but in principle M can contain dependence on the momenta

of the incoming and outgoing particles. The statement of Eq. (13) is that the cross section

can be factorized into two parts, one (encoded by M) corresponding to the primary process

A1 +A2 ! B +U , the other (encoded by Im GU) corresponding to the final-state interaction

between the constituents of U . Such a factorization requires that the energy scale of the

primary scattering process is much larger than that of the interaction between the neutrons

and is the essence of the Watson-Migdal approach to final-state interaction [6, 7].

According to Eq. (9),

Im GU(Ekin�E, p) ⇠
✓

Ekin � E � p2

2MU

◆�� 5
2

=


Ekin �

✓
1 +

MB

MU

◆
E

��� 5
2

. (14)

Denote the maximal value of the recoil energy received by the particle B as

E0 =

✓
1 +

MB

MU

◆�1

Ekin. (15)
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• Higher point correlation functions, e.g. ⟨E(v⃗1)E(v⃗2)⟩ can easily be
computed in three body states.

• Detector OPE predicts a universal scaling as two neutrons are brought
together in velocity space:

• Most importantly, hope to be able to compare with data soon!

E(v⃗1)E(v⃗2) =
∑ Ci

|v⃗1−v⃗2|∆i
D(v1)
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