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MEETING LANCE
I first met Lance at Amplitudes 2010 in London as a young PhD 
student and knew him as the founder of the field and the expert 
who can do "integrals" (while we just played with integrands)

I got to know Lance more in 2014/2015 when he (and Zvi) spent 
his sabbatical at Caltech - this was a great time!



LANCE AS A NEIGHBOR
After moving to UC Davis in 2016, I have been very fortunate to 
be Lance's restroom stop between SLAC and his vacation home

Great opportunity for discussions and collaborations!



CALIFORNIA AMPLITUDES
Starting 2019, we established annual/bi-annual amplitudes 
workshops for California-based people



LANCE IN PRAGUE
Amplitudes 2022 conference
where we celebrated Lance's 

induction into the NAS



LANCE IN PRAGUE

Also (unsuccessful) hunt for 
Lance's ancestors in Klatovy



PROJECT WITH LANCE
✤ Our recent paper originated from discussions during 

Lance's stops in Davis in the last 2 years

✤ We have been both attacking the question of computing 
amplitudes in the planar N=4 SYM theory to higher 
loops in perturbation theory:

Integrands: on-shell diagrams, recursion relations, 
Amplituhedron 

Amplitudes: hexagon and symbol bootstrap, cluster 
algebras, anti-podal duality

(Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Goncharov, Postnikov, JT, .....)

(Dixon, Drummond, Henn, McLeod, von Hippel, Gurdogan, Papathanasiou, 
Basso, Caron-Huot, Dulat, Wilhelm, Spradlin, Vergu, Volovich,.....)



✤ In the collaboration with Lance, Shruti (Brown), my 
student Umut (UC Davis -> Arizona), Shun (MPP -> Penn 
State), Yongqun we evaluated certain higher-loop objects:

Interesting interplay between 
positive geometries, loop integrands 
and polylogarithms, SZV and MZVs

Hopefully a part of a systematic 
attempt to solve planar N=4 SYM!

negative geometries

PROJECT WITH LANCE



FOUR POINT AMPLITUDES



BDS ANSATZ
In 2005, Bern, Dixon and Smirnov calculated 3-loop amplitude 

cusp-anomalous dimension 

The integrand obtained using unitarity methods, after 
integration they found the same iterative structure

Conjecture:

(Beisert, Eden, Staudacher, 2006)



HIGHER LOOPS
In next two years, 4-loop and 5-loop integrands were constructed
(Bern, Czakon, Dixon, Kosower, Smirnov, 2006) (Bern, Carrasco, Johansson, Kosower, 2007)

Numerators can be chosen to be invariant under dual conformal symmetry
(Drummond, Henn, Korchemsky, Sokatchev, 2008)

Integrand up to 12 loops using soft-collinear bootstrap and f-graphs
(Bourjaily, DiRe, Skaikh, Spradlin, Volovich, 2011) (Bourjaily, Heslop, Tran, 2015)

(Bourjaily, Heslop, Tran, 2016) (He, Shi, Tang, Zhang 2024) (Bourjaily, He, Shi, Tang, 2025)



LOOP INTEGRAND
In 2010, we took the planar integrand seriously and formulated recursion 
relations for N=4 SYM in momentum twistor space

(Hodges, 2009) (Arkani-Hamed, Cachazo, Cheng, 2009) (Mason, Skinner 2009)
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Z4 External momenta parametrized by 
points in projective space

Loop momenta correspond to lines

Global variables for planar amplitudes

the integrand is a unique rational function 
<latexit sha1_base64="jUh+rBK6gIz4pWjJB8DEPF2SguE="></latexit>

I`�loop
n,k (AB1, AB2, . . ., AB`, Z1, Z2, . . ., Zn)

(Arkani-Hamed, Bourjaily, Cachazo, Trnka, 2010)
(Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, Trnka, 2012)

connection to on-shell diagrams, 
positive Grassmannian



AMPLITUHEDRON
Loop integrand: rational function of 4-brackets
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external propagators internal propagators

<latexit sha1_base64="E/GHggGYqwYU69TPRPHkmmLYPzQ="></latexit>

⌦L�loop =
N(ABi, Zi) dµQ

ihABi12ihABi23ihABi34ihABi41i
Q

ijhABiABji
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hXY ZW i = ✏abcdX
aY bZcW d
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I`�loop
4 =

interpreted as the canonical
differential form on the 

Amplituhedron

<latexit sha1_base64="/altwdKI6zuxLjJd4E+cQ3u/Wzk="></latexit>

I`�loop
4 ! ⌦`�loop

4
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(

triangulations: BCFW recursion (origami), Feynman diagrams,......

(Arkani-Hamed, JT, 2013) (Arkani-Hamed, Thomas, JT, 2017) (Damgaard, Ferro, Lukowski 2019)



IR DIVERGENCIES
<latexit sha1_base64="ubrIWl2MCSVIoaUNe4Waz+PWBo8="></latexit>

ML�loop
n (✏) =

a

✏2L
+

b

✏2L�1
+ . . . at L loops

Exponentiation of IR divergencies:
<latexit sha1_base64="zyTBOeBlOGTCsAlU4rtY3Fxe8F4="></latexit>

Mn(✏) =
1X

L=0

g2LML�loop
n (✏) = exp

✓
�(g)

✏2
+ . . .

◆
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lnMn(✏) =
�(g)

✏2
+ . . .

Logarithm of the amplitude only mildly divergent:
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g2 =
g2YMN

16⇡

t'Hooft coupling

Integrate the integrand: amplitudes are IR divergent - regulate

leading IR divergence



GAMMA CUSP
Leading IR divergence of amplitudes: cusp anomalous dimension
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�cusp(g)
(Beisert, Eden, Staudacher 2005)

How to derive the all-loop formula from amplitudes?

very special property:
only single zeta values

at weak coupling
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⇣k =
1X

n=1

1

nk
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�(g) = 8g2 � 8⇡2

3
g4 � 88⇡4

45
g6 � 16

✓
73⇡6

630
+ 4⇣23

◆
g8 + . . .
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�(g) = 2g � 3 ln 2

2⇡
+ . . .
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�cusp(g)

(Basso, Korchemsky, Kotanski 2007)

Reduction of amplitude (function of kinematical variables) to a 
number at each loop order -- resummed: function of coupling

Exact expression known from integrability



AMPLITUDE LOGARITHM

each term         divergent,
combination only         divergent
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1/✏2

<latexit sha1_base64="7M/0t0yGPqa9aSOVcudyzxyMBPA=">AAAB83icbVDLSgNBEOyNr7i+oh69DGYFT2E3IHrwEPDiMYJ5QHYJs5PZZMjsg5leIYT8hhcPinj1Z7z5N06SPWhiQUNR1U13V5hJodF1v63SxubW9k55197bPzg8qhyftHWaK8ZbLJWp6oZUcykS3kKBknczxWkcSt4Jx3dzv/PElRZp8oiTjAcxHSYiEoyikXzHsX0UMde24/QrVbfmLkDWiVeQKhRo9itf/iBlecwTZJJq3fPcDIMpVSiY5DPbzzXPKBvTIe8ZmlCzJ5gubp6RC6MMSJQqUwmShfp7YkpjrSdxaDpjiiO96s3F/7xejtFNMBVJliNP2HJRlEuCKZkHQAZCcYZyYghlSphbCRtRRRmamGwTgrf68jpp12veVc19qFcbt0UcZTiDc7gED66hAffQhBYwyOAZXuHNyq0X6936WLaWrGLmFP7A+vwBlm+QEA==</latexit>⇥

<latexit sha1_base64="CDUARbYbmTSXKP/Y1JD1MqDUdIs=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eCl48VrAf0Iay2W7apbubsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz86KUM218/9spbWxube+Ud929/YPDo8rxSVsnmSK0RRKeqG6ENeVM0pZhhtNuqigWEaedaHI39ztPVGmWyEczTWko8EiymBFsrNTxPDdwPW9Qqfo1fwG0ToKCVKFAc1D56g8TkgkqDeFY617gpybMsTKMcDpz+5mmKSYTPKI9SyUWVIf54twZurDKEMWJsiUNWqi/J3IstJ6KyHYKbMZ61ZuL/3m9zMQ3Yc5kmhkqyXJRnHFkEjT/HQ2ZosTwqSWYKGZvRWSMFSbGJuTaEILVl9dJu14Lrmr+Q73auC3iKMMZnMMlBHANDbiHJrSAwASe4RXenNR5cd6dj2VrySlmTuEPnM8fUiSNkQ==</latexit>

1

<latexit sha1_base64="YjAKM1856mjPQ2bk7AvUH5TVL38=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiB48FLx4rGA/oA1ls920SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz88JUcG087xuVNja3tnfKu87e/sHhUeX4pK2TTFHWoolIVDckmgkuWctwI1g3VYzEoWCdcHI39ztPTGmeyEczTVkQk5HkEafEWKnjuk7dcd1BperVvAXwOvELUoUCzUHlqz9MaBYzaaggWvd8LzVBTpThVLCZ0880SwmdkBHrWSpJzHSQL86d4QurDHGUKFvS4IX6eyInsdbTOLSdMTFjverNxf+8XmaimyDnMs0Mk3S5KMoENgme/46HXDFqxNQSQhW3t2I6JopQYxNybAj+6svrpF2v+Vc176FebdwWcZThDM7hEny4hgbcQxNaQGECz/AKbyhFL+gdfSxbS6iYOYU/QJ8/U6uNkg==</latexit>

2
<latexit sha1_base64="KZqf/bPHRZjY+5Y88xXX4yDbFoU=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKK6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VTKNkw==</latexit>

3

<latexit sha1_base64="PopDXD2bHyVLDJmteTc+3I7IpuQ=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKi6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VrmNlA==</latexit>

4

<latexit sha1_base64="YjAKM1856mjPQ2bk7AvUH5TVL38=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiB48FLx4rGA/oA1ls920SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz88JUcG087xuVNja3tnfKu87e/sHhUeX4pK2TTFHWoolIVDckmgkuWctwI1g3VYzEoWCdcHI39ztPTGmeyEczTVkQk5HkEafEWKnjuk7dcd1BperVvAXwOvELUoUCzUHlqz9MaBYzaaggWvd8LzVBTpThVLCZ0880SwmdkBHrWSpJzHSQL86d4QurDHGUKFvS4IX6eyInsdbTOLSdMTFjverNxf+8XmaimyDnMs0Mk3S5KMoENgme/46HXDFqxNQSQhW3t2I6JopQYxNybAj+6svrpF2v+Vc176FebdwWcZThDM7hEny4hgbcQxNaQGECz/AKbyhFL+gdfSxbS6iYOYU/QJ8/U6uNkg==</latexit>

2

<latexit sha1_base64="KZqf/bPHRZjY+5Y88xXX4yDbFoU=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKK6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VTKNkw==</latexit>

3
<latexit sha1_base64="PopDXD2bHyVLDJmteTc+3I7IpuQ=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKi6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VrmNlA==</latexit>

4

<latexit sha1_base64="CDUARbYbmTSXKP/Y1JD1MqDUdIs=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eCl48VrAf0Iay2W7apbubsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz86KUM218/9spbWxube+Ud929/YPDo8rxSVsnmSK0RRKeqG6ENeVM0pZhhtNuqigWEaedaHI39ztPVGmWyEczTWko8EiymBFsrNTxPDdwPW9Qqfo1fwG0ToKCVKFAc1D56g8TkgkqDeFY617gpybMsTKMcDpz+5mmKSYTPKI9SyUWVIf54twZurDKEMWJsiUNWqi/J3IstJ6KyHYKbMZ61ZuL/3m9zMQ3Yc5kmhkqyXJRnHFkEjT/HQ2ZosTwqSWYKGZvRWSMFSbGJuTaEILVl9dJu14Lrmr+Q73auC3iKMMZnMMlBHANDbiHJrSAwASe4RXenNR5cd6dj2VrySlmTuEPnM8fUiSNkQ==</latexit>

1

<latexit sha1_base64="CDUARbYbmTSXKP/Y1JD1MqDUdIs=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eCl48VrAf0Iay2W7apbubsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz86KUM218/9spbWxube+Ud929/YPDo8rxSVsnmSK0RRKeqG6ENeVM0pZhhtNuqigWEaedaHI39ztPVGmWyEczTWko8EiymBFsrNTxPDdwPW9Qqfo1fwG0ToKCVKFAc1D56g8TkgkqDeFY617gpybMsTKMcDpz+5mmKSYTPKI9SyUWVIf54twZurDKEMWJsiUNWqi/J3IstJ6KyHYKbMZ61ZuL/3m9zMQ3Yc5kmhkqyXJRnHFkEjT/HQ2ZosTwqSWYKGZvRWSMFSbGJuTaEILVl9dJu14Lrmr+Q73auC3iKMMZnMMlBHANDbiHJrSAwASe4RXenNR5cd6dj2VrySlmTuEPnM8fUiSNkQ==</latexit>

1
<latexit sha1_base64="CDUARbYbmTSXKP/Y1JD1MqDUdIs=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eCl48VrAf0Iay2W7apbubsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz86KUM218/9spbWxube+Ud929/YPDo8rxSVsnmSK0RRKeqG6ENeVM0pZhhtNuqigWEaedaHI39ztPVGmWyEczTWko8EiymBFsrNTxPDdwPW9Qqfo1fwG0ToKCVKFAc1D56g8TkgkqDeFY617gpybMsTKMcDpz+5mmKSYTPKI9SyUWVIf54twZurDKEMWJsiUNWqi/J3IstJ6KyHYKbMZ61ZuL/3m9zMQ3Yc5kmhkqyXJRnHFkEjT/HQ2ZosTwqSWYKGZvRWSMFSbGJuTaEILVl9dJu14Lrmr+Q73auC3iKMMZnMMlBHANDbiHJrSAwASe4RXenNR5cd6dj2VrySlmTuEPnM8fUiSNkQ==</latexit>

1
<latexit sha1_base64="YjAKM1856mjPQ2bk7AvUH5TVL38=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiB48FLx4rGA/oA1ls920SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz88JUcG087xuVNja3tnfKu87e/sHhUeX4pK2TTFHWoolIVDckmgkuWctwI1g3VYzEoWCdcHI39ztPTGmeyEczTVkQk5HkEafEWKnjuk7dcd1BperVvAXwOvELUoUCzUHlqz9MaBYzaaggWvd8LzVBTpThVLCZ0880SwmdkBHrWSpJzHSQL86d4QurDHGUKFvS4IX6eyInsdbTOLSdMTFjverNxf+8XmaimyDnMs0Mk3S5KMoENgme/46HXDFqxNQSQhW3t2I6JopQYxNybAj+6svrpF2v+Vc176FebdwWcZThDM7hEny4hgbcQxNaQGECz/AKbyhFL+gdfSxbS6iYOYU/QJ8/U6uNkg==</latexit>

2
<latexit sha1_base64="YjAKM1856mjPQ2bk7AvUH5TVL38=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiB48FLx4rGA/oA1ls920SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz88JUcG087xuVNja3tnfKu87e/sHhUeX4pK2TTFHWoolIVDckmgkuWctwI1g3VYzEoWCdcHI39ztPTGmeyEczTVkQk5HkEafEWKnjuk7dcd1BperVvAXwOvELUoUCzUHlqz9MaBYzaaggWvd8LzVBTpThVLCZ0880SwmdkBHrWSpJzHSQL86d4QurDHGUKFvS4IX6eyInsdbTOLSdMTFjverNxf+8XmaimyDnMs0Mk3S5KMoENgme/46HXDFqxNQSQhW3t2I6JopQYxNybAj+6svrpF2v+Vc176FebdwWcZThDM7hEny4hgbcQxNaQGECz/AKbyhFL+gdfSxbS6iYOYU/QJ8/U6uNkg==</latexit>

2

<latexit sha1_base64="KZqf/bPHRZjY+5Y88xXX4yDbFoU=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKK6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VTKNkw==</latexit>

3
<latexit sha1_base64="KZqf/bPHRZjY+5Y88xXX4yDbFoU=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKK6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VTKNkw==</latexit>

3
<latexit sha1_base64="PopDXD2bHyVLDJmteTc+3I7IpuQ=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKi6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VrmNlA==</latexit>

4
<latexit sha1_base64="PopDXD2bHyVLDJmteTc+3I7IpuQ=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKi6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VrmNlA==</latexit>

4

<latexit sha1_base64="5urrXFeLEBy5ZrE+JIZ3mSbRObk=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUYQhJIURA8eCl48VrAf0Iay2W7apbubsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz86KUM218/9tZW9/Y3Nou7bi7e/sHh+Wj45ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0fhu5refqNIskY9mktJQ4KFkMSPYWKntee6l63n9csWv+nOgVRIUpAIFGv3yV2+QkExQaQjHWncDPzVhjpVhhNOp28s0TTEZ4yHtWiqxoDrM5+dO0blVBihOlC1p0Fz9PZFjofVERLZTYDPSy95M/M/rZia+CXMm08xQSRaL4owjk6DZ72jAFCWGTyzBRDF7KyIjrDAxNiHXhhAsv7xKWrVqcFX1H2qV+m0RRwlO4QwuIIBrqMM9NKAJBMbwDK/w5qTOi/PufCxa15xi5gT+wPn8AUj6jYs=</latexit>

+

<latexit sha1_base64="Xpec1fi2C93uw2Jw5JLGxYsvoks=">AAAB9XicbVBNS8NAEJ3Urxq/qh69LDaCF0tSKHrwUPDisYL9gDaWzXbTLt1swu5GKaH/w4sHRbz6X7z5b9y2OWjrg4HHezPMzAsSzpR23W+rsLa+sblV3LZ3dvf2D0qHRy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB+Obmd9+pFKxWNzrSUL9CA8FCxnB2kgPjmNf9EKJiVe1HadfKrsVdw60SryclCFHo1/66g1ikkZUaMKxUl3PTbSfYakZ4XRq91JFE0zGeEi7hgocUeVn86un6MwoAxTG0pTQaK7+nshwpNQkCkxnhPVILXsz8T+vm+rwys+YSFJNBVksClOOdIxmEaABk5RoPjEEE8nMrYiMsAlBm6BsE4K3/PIqaVUrXq3i3lXL9es8jiKcwCmcgweXUIdbaEATCEh4hld4s56sF+vd+li0Fqx85hj+wPr8AfN8kC4=</latexit>

�1

2

<latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit>

)
: integrand for 

cut structure encodes
mild IR divergencies

<latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit>

)

<latexit sha1_base64="/GoreR3iigeT2OwgKXlT2AKA7Xc=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih6LXrwIFewHtKFstpt26WYTdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMvCDhTGnX/bYKG5tb2zvFXXtv/+DwqHR80lJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2ML6d++0JlYrF4lFPE+pHeChYyAjWRvIdx+5xge77Vdtx+qWyW3EXQOvEy0kZcjT6pa/eICZpRIUmHCvV9dxE+xmWmhFOZ3YvVTTBZIyHtGuowBFVfrY4eoYujDJAYSxNCY0W6u+JDEdKTaPAdEZYj9SqNxf/87qpDq/9jIkk1VSQ5aIw5UjHaJ4AGjBJieZTQzCRzNyKyAhLTLTJyTYheKsvr5NWteLVKu5DtVy/yeMowhmcwyV4cAV1uIMGNIHAEzzDK7xZE+vFerc+lq0FK585hT+wPn8ATcKP1g==</latexit>

lnM2

<latexit sha1_base64="XUaECKPqrJ3046SbMeyYk+Uubkk=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4UKtgPaEPZbDft0s0m7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeUHCmdKu+20V1tY3NreK2/bO7t7+QenwqKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHQz81tjKhWLxaOeJNSP8ECwkBGsjeQ7jt3lAt337mzH6ZXKbsWdA60SLydlyFHvlb66/ZikERWacKxUx3MT7WdYakY4ndrdVNEEkxEe0I6hAkdU+dn86Ck6M0ofhbE0JTSaq78nMhwpNYkC0xlhPVTL3kz8z+ukOrzyMyaSVFNBFovClCMdo1kCqM8kJZpPDMFEMnMrIkMsMdEmJ9uE4C2/vEqa1Yp3UXEfquXadR5HEU7gFM7Bg0uowS3UoQEEnuAZXuHNGlsv1rv1sWgtWPnMMfyB9fkDdXiP8A==</latexit>

lnML

<latexit sha1_base64="LBVKlCbnY8iQ99kyH8BXMwuDkk0="></latexit>

= g2M (1) + g4

M (2) � 1

2
(M (1))2

�
+ g6


M (3) �M (2)M (1) +

1

3
(M (1))3

�
+ . . .

Take logarithm seriously: calculate it in the perturbation theory

<latexit sha1_base64="ZX/BIiylqihP6w5Ty6OJbwLWAck=">AAAB+3icbVBNS8NAEJ34WeNXrEcvwUbwVJOi6LHoxWMF+wFtLJvtpl262Q27G7GU/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvShlV2ve/rZXVtfWNzcKWvb2zu7fvHBQbSmQSkzoWTMhWhBRhlJO6ppqRVioJSiJGmtHwZuo3H4lUVPB7PUpJmKA+pzHFSBup6xQ9zw7OOiRVlAn+cG57Xtcp+WV/BneZBDkpQY5a1/nq9ATOEsI1ZkipduCnOhwjqSlmZGJ3MkVShIeoT9qGcpQQFY5nt0/cE6P03FhIU1y7M/X3xBglSo2SyHQmSA/UojcV//PamY6vwjHlaaYJx/NFccZcLdxpEG6PSoI1GxmCsKTmVhcPkERYm7hsE0Kw+PIyaVTKwUXZv6uUqtd5HAU4gmM4hQAuoQq3UIM6YHiCZ3iFN2tivVjv1se8dcXKZw7hD6zPH7w8kk0=</latexit>

1/✏4

<latexit sha1_base64="pW1rj2O8NNTcKAbEVekT9Fq+5Kc="></latexit>

lnM = ln
⇣
1 + g2M (1) + g4M (2) + g6M (3) + . . .

⌘
<latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit>

)

<latexit sha1_base64="OtEyHBE5bW0+mwnIke1FMrTa+WM=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5JURI9FL16ECvYD2lA22027dLOJu5tCCf0dXjwo4tUf481/47bNQVsfDDzem2FmXpBwprTrfluFtfWNza3itr2zu7d/UDo8aqo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN3O/NaYSsVi8agnCfUjPBAsZARrI/mOY3e5QPe9C9txeqWyW3HnQKvEy0kZctR7pa9uPyZpRIUmHCvV8dxE+xmWmhFOp3Y3VTTBZIQHtGOowBFVfjY/eorOjNJHYSxNCY3m6u+JDEdKTaLAdEZYD9WyNxP/8zqpDq/9jIkk1VSQxaIw5UjHaJYA6jNJieYTQzCRzNyKyBBLTLTJyTYheMsvr5JmteJdVtyHarl2k8dRhBM4hXPw4ApqcAd1aACBJ3iGV3izxtaL9W59LFoLVj5zDH9gff4AT0mP1w==</latexit>

lnM3

<latexit sha1_base64="92omonWK2zlsZ3VRgHPjvyCEyo8=">AAACA3icbVBNS8NAEN3Urxq/ot70stgKnkpSED0WvSh4qGA/oC1ls5m2SzebsLtRSih48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsyZ0q77beWWlldW1/Lr9sbm1vaOs7tXV1EiKdRoxCPZ9IkCzgTUNNMcmrEEEvocGv7wcuI37kEqFok7PYqhE5K+YD1GiTZS1zkoFu32AwtAMx5A2qaE4+tx98YuFrtOwS25U+BF4mWkgDJUu85XO4hoEoLQlBOlWp4b605KpGaUw9huJwpiQoekDy1DBQlBddLpD2N8bJQA9yJpSmg8VX9PpCRUahT6pjMkeqDmvYn4n9dKdO+8kzIRJxoEnS3qJRzrCE8CwQGTQDUfGUKoZOZWTAdEEqpNbLYJwZt/eZHUyyXvtOTelguViyyOPDpER+gEeegMVdAVqqIaougRPaNX9GY9WS/Wu/Uxa81Z2cw++gPr8wdQ2pYE</latexit>

eIL



<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#
<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#

<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#

<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#
<latexit sha1_base64="aIf4uMzUvDgzGaN2bfccl83ziPw=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FpoQtlsNu3SzSbsbgol9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcaZ0q77bVU2Nre2d6q79t7+weFR7fikq9JcEtohKU9lL8SKciZoRzPNaS+TFCchp0/h+G7uP02oVCwVj3qa0SDBQ8FiRrA2ku84tj+JUq1sxxnU6m7DXQCtE68kdSjRHtS+/CgleUKFJhwr1ffcTAcFlpoRTme2nyuaYTLGQ9o3VOCEqqBY3DxDF0aJUJxKU0Kjhfp7osCJUtMkNJ0J1iO16s3F/7x+ruOboGAiyzUVZLkozjnSKZoHgCImKdF8aggmkplbERlhiYk2MdkmBG/15XXSbTa8q4b70Ky3bss4qnAG53AJHlxDC+6hDR0gkMEzvMKblVsv1rv1sWytWOXMKfyB9fkDrauQJA==</latexit>...

integrate over

integrate over

rational function

all are
IR finite

IR divergent, BDS ansatz
<latexit sha1_base64="XUaECKPqrJ3046SbMeyYk+Uubkk=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4UKtgPaEPZbDft0s0m7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeUHCmdKu+20V1tY3NreK2/bO7t7+QenwqKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHQz81tjKhWLxaOeJNSP8ECwkBGsjeQ7jt3lAt337mzH6ZXKbsWdA60SLydlyFHvlb66/ZikERWacKxUx3MT7WdYakY4ndrdVNEEkxEe0I6hAkdU+dn86Ck6M0ofhbE0JTSaq78nMhwpNYkC0xlhPVTL3kz8z+ukOrzyMyaSVFNBFovClCMdo1kCqM8kJZpPDMFEMnMrIkMsMdEmJ9uE4C2/vEqa1Yp3UXEfquXadR5HEU7gFM7Bg0uowS3UoQEEnuAZXuHNGlsv1rv1sWgtWPnMMfyB9fkDdXiP8A==</latexit>

lnML

integrate over

integrate over

<latexit sha1_base64="aIf4uMzUvDgzGaN2bfccl83ziPw=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FpoQtlsNu3SzSbsbgol9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcaZ0q77bVU2Nre2d6q79t7+weFR7fikq9JcEtohKU9lL8SKciZoRzPNaS+TFCchp0/h+G7uP02oVCwVj3qa0SDBQ8FiRrA2ku84tj+JUq1sxxnU6m7DXQCtE68kdSjRHtS+/CgleUKFJhwr1ffcTAcFlpoRTme2nyuaYTLGQ9o3VOCEqqBY3DxDF0aJUJxKU0Kjhfp7osCJUtMkNJ0J1iO16s3F/7x+ruOboGAiyzUVZLkozjnSKZoHgCImKdF8aggmkplbERlhiYk2MdkmBG/15XXSbTa8q4b70Ky3bss4qnAG53AJHlxDC+6hDR0gkMEzvMKblVsv1rv1sWytWOXMKfyB9fkDrauQJA==</latexit>...

<latexit sha1_base64="zFRbf1JThuDXq1S9MizuL36q0sc=">AAAB83icbVBNS8NAEJ3Urxq/qh69BBvBU0kKoseiFw8eKthaaELZbCft0s0m7G6EUvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvCjjTGnP+7ZKa+sbm1vlbXtnd2//oHJ41FZpLim2aMpT2YmIQs4EtjTTHDuZRJJEHB+j0c3Mf3xCqVgqHvQ4wzAhA8FiRok2UuC6doCc9+5s1+1Vql7Nm8NZJX5BqlCg2at8Bf2U5gkKTTlRqut7mQ4nRGpGOU7tIFeYEToiA+waKkiCKpzMb546Z0bpO3EqTQntzNXfExOSKDVOItOZED1Uy95M/M/r5jq+CidMZLlGQReL4pw7OnVmATh9JpFqPjaEUMnMrQ4dEkmoNjHZJgR/+eVV0q7X/Iuad1+vNq6LOMpwAqdwDj5cQgNuoQktoJDBM7zCm5VbL9a79bFoLVnFzDH8gfX5Az9sj9w=</latexit>

`L

<latexit sha1_base64="5z/LSHphjEfzboUO1pCG19BDaVc=">AAAB+3icbVDLSsNAFJ3UV42vWJduBhvBjSUpiC6Lbly4qGAf0IYwmd62QycPZiZiCfkVNy4UceuPuPNvnLZZaOuBC4dz7uXee4KEM6kc59sora1vbG6Vt82d3b39A+uw0pZxKii0aMxj0Q2IBM4iaCmmOHQTASQMOHSCyc3M7zyCkCyOHtQ0AS8ko4gNGSVKS75VsW2zD5z72V12nru5adu+VXVqzhx4lbgFqaICTd/66g9imoYQKcqJlD3XSZSXEaEY5ZCb/VRCQuiEjKCnaURCkF42vz3Hp1oZ4GEsdEUKz9XfExkJpZyGge4MiRrLZW8m/uf1UjW88jIWJamCiC4WDVOOVYxnQeABE0AVn2pCqGD6VkzHRBCqdFymDsFdfnmVtOs196Lm3NerjesijjI6RifoDLnoEjXQLWqiFqLoCT2jV/Rm5MaL8W58LFpLRjFzhP7A+PwBMJ2Slw==</latexit>

`L�1

<latexit sha1_base64="0jdPJ6onESiUPpriXAyS9s8XOxc=">AAAB9XicbVBNS8NAEJ3Urxq/qh69BBvBU0kKoseiF48V7Ae0sWy203bpZhN2N0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHCmtOd9W4W19Y3NreK2vbO7t39QOjxqqjiVFBs05rFsh0QhZwIbmmmO7UQiiUKOrXB8M/NbjygVi8W9niQYRGQo2IBRoo304Lp2FznvZdWp7bq9UtmreHM4q8TPSRly1Hulr24/pmmEQlNOlOr4XqKDjEjNKMep3U0VJoSOyRA7hgoSoQqy+dVT58wofWcQS1NCO3P190RGIqUmUWg6I6JHatmbif95nVQProKMiSTVKOhi0SDljo6dWQROn0mkmk8MIVQyc6tDR0QSqk1QtgnBX355lTSrFf+i4t1Vy7XrPI4inMApnIMPl1CDW6hDAyhIeIZXeLOerBfr3fpYtBasfOYY/sD6/AHiP5DO</latexit>

`2

<latexit sha1_base64="IGyQvDqDQXiHzDlzrzhiZV9c1kA=">AAAB9XicbVDLSgNBEOyNr7i+oh69DGYFT2E3IHoMevEYwTwgWcPspJMMmX0wM6uEJf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VJIIr7brfVmFtfWNzq7ht7+zu7R+UDo+aKk4lwwaLRSzbAVUoeIQNzbXAdiKRhoHAVjC+mfmtR5SKx9G9niToh3QY8QFnVBvpwXHsLgrRy7yp7Ti9UtmtuHOQVeLlpAw56r3SV7cfszTESDNBlep4bqL9jErNmcCp3U0VJpSN6RA7hkY0ROVn86un5MwofTKIpalIk7n6eyKjoVKTMDCdIdUjtezNxP+8TqoHV37GoyTVGLHFokEqiI7JLALS5xKZFhNDKJPc3ErYiErKtAnKNiF4yy+vkma14l1U3LtquXadx1GEEziFc/DgEmpwC3VoAAMJz/AKb9aT9WK9Wx+L1oKVzxzDH1ifP+C3kM0=</latexit>

`1

weight 2 function
weight 2(L-1) function 

<latexit sha1_base64="KvlqB5W22THtcVq9if8YV8pcqF0="></latexit>

z =
hAB12ihAB34i
hAB23ihAB14i

<latexit sha1_base64="LYiSuArgHiZVirSAUhNQQT4QxHA=">AAACAnicbVDLSsNAFJ3UV42vqCtxM9gIdWFJCmKXBUFcuKhgH9CGMJlO26GTSZiZCDUEN/6KGxeKuPUr3Pk3TtsstHrgwuGce7n3niBmVCrH+TIKS8srq2vFdXNjc2t7x9rda8koEZg0ccQi0QmQJIxy0lRUMdKJBUFhwEg7GF9M/fYdEZJG/FZNYuKFaMjpgGKktORbB7Ztpj2MGLzM/PQ6Pc3crHx/Ytq2b5WcijMD/EvcnJRAjoZvffb6EU5CwhVmSMqu68TKS5FQFDOSmb1EkhjhMRqSrqYchUR66eyFDB5rpQ8HkdDFFZypPydSFEo5CQPdGSI1koveVPzP6yZqUPNSyuNEEY7niwYJgyqC0zxgnwqCFZtogrCg+laIR0ggrHRqpg7BXXz5L2lVK+5Zxbmpluq1PI4iOARHoAxccA7q4Ao0QBNg8ACewAt4NR6NZ+PNeJ+3Fox8Zh/8gvHxDZJ5lO8=</latexit>

FL�1(z)

Can we extract an IR finite function from the integrand?

If we integrate over all loops: IR divergence

<latexit sha1_base64="enGjE37RWqEX2GWVvOqs/nNSJJI=">AAACGnicbVDLSgMxFM34dnxVXboJtkKFUmYKokvRjYILBdsKnTJkMrdtMPMguaOUod/hxl9x40IRd+LGvzF9LNR6IHByzr03uSdIpdDoOF/WzOzc/MLi0rK9srq2vlHY3GroJFMc6jyRiboJmAYpYqijQAk3qQIWBRKawe3p0G/egdIiia+xn0I7Yt1YdARnaCS/4JZKtncvQkAhQ8g9ziQ9H/gXZQ+k9N1K7oUJ6kFldL3Yt0slv1B0qs4IdJq4E1IkE1z6hQ8zg2cRxMgl07rlOim2c6ZQcAkD28s0pIzfsi60DI1ZBLqdj1Yb0D2jhLSTKHNipCP1Z0fOIq37UWAqI4Y9/dcbiv95rQw7R+1cxGmGEPPxQ51MUkzoMCcaCgUcZd8QxpUwf6W8xxTjaNK0TQju35WnSaNWdQ+qzlWteHwyiWOJ7JBdUiYuOSTH5Ixckjrh5IE8kRfyaj1az9ab9T4unbEmPdvkF6zPbyvBnw4=</latexit>

eIL(`1, . . ., `L)

4pt: single cross ratio

AMPLITUDE LOGARITHM

Do not integrate 
the last loop!

<latexit sha1_base64="aIf4uMzUvDgzGaN2bfccl83ziPw=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FpoQtlsNu3SzSbsbgol9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcaZ0q77bVU2Nre2d6q79t7+weFR7fikq9JcEtohKU9lL8SKciZoRzPNaS+TFCchp0/h+G7uP02oVCwVj3qa0SDBQ8FiRrA2ku84tj+JUq1sxxnU6m7DXQCtE68kdSjRHtS+/CgleUKFJhwr1ffcTAcFlpoRTme2nyuaYTLGQ9o3VOCEqqBY3DxDF0aJUJxKU0Kjhfp7osCJUtMkNJ0J1iO16s3F/7x+ruOboGAiyzUVZLkozjnSKZoHgCImKdF8aggmkplbERlhiYk2MdkmBG/15XXSbTa8q4b70Ky3bss4qnAG53AJHlxDC+6hDR0gkMEzvMKblVsv1rv1sWytWOXMKfyB9fkDrauQJA==</latexit>...

<latexit sha1_base64="Nv5rxDJLBV1gcpATnBBUlqdaA3Q="></latexit>

F(g, z) =
1X

L=0

g2LFL(z)



WILSON LOOP DUALITY

✤  strong coupling: expansion in      
<latexit sha1_base64="aBPrx7OrDEatrNsbhsRm/2w/Eks="></latexit>

F(g, z) = g
z

(z � 1)3
[2(1� z) + (z + 1) log z] + · · ·+O

✓
1

g

◆

✤ weak coupling: expansion in      (known up to 3-loops)      
(Alday, Henn, Sikorowski, 2013)

Lagrangian
insertion

<latexit sha1_base64="qjD3O5zw/XTsioHgyHS/x4ufRwQ=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRY9OKxgv2Qdi3ZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA8d/BYdT2vVyr7FX8OtEqCnJQhR71X+ur2E5IJKg3hWOtO4KcmnGBlGOF06nYzTVNMRnhAO5ZKLKgOJ/ODp+jMKn0UJ8qWNGiu/p6YYKH1WES2U2Az1MveTPzP62QmvgonTKaZoZIsFsUZRyZBs+9RnylKDB9bgoli9lZEhlhhYmxGrg0hWH55lTSrleCi4t9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP84djnE=</latexit>

g2

<latexit sha1_base64="MiGbu0YHDEtppv7/w+OrGN6LVBE=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnupuQfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ8N7gYuJ7XK5X9ij8HWiVBTsqQo94rfXX7CckElYZwrHUn8FMTTrAyjHA6dbuZpikmIzygHUslFlSHk/nBU3RmlT6KE2VLGjRXf09MsNB6LCLbKbAZ6mVvJv7ndTITX4cTJtPMUEkWi+KMI5Og2feozxQlho8twUQxeysiQ6wwMTYj14YQLL+8SprVSnBZ8e+r5dpNHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH4QyjkE=</latexit>

1/g
(Alday, Buchbinder, Tseytlin, 2011)

Same object appeared in the study of Wilson loops
<latexit sha1_base64="d1MfMnVekj/71wvj4B6O+GPRCBA="></latexit>

hWF (x1, x2, x3, x4)L(x0)i
hWF (x1, x2, x3, x4)i

=
g2

⇡2

h1234i2

hAB12ihAB23ihAB34ihAB41iF(g, z)

(Engelund, Roiban, 2011, 2012)

(Henn, Korchemsky, Mistlberger 2019)

Fantastic object to study!!
IR finite object, depends only on one cross-ratio, 
contains 4pt amplitude
Direct prescription to extract gamma cusp



NEGATIVE GEOMETRIES
(Arkani-Hamed, Henn, JT, 2021) (Chicherin, Henn, JT, Zhang 2024) (Chicherin, Henn, Mazzucchelli, JT, Yang, Zhang 2025)

(Paranjape, Skowronek, Spradlin, Volovich, Weng 2026) (Dixon, Oktem, Paranjape, JT, Xu, Zhang, 2026)



NEGATIVE GEOMETRIES
Amplituhedron gives us a new type of expansion

Each vertex = loop

More edges = more complicated

<latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit>

)

Each diagram is a canonical form on geometry = integrand

From practical point of view, this is an integrand expansion in terms 
of new nice objects

Why special? Finite if we integrate over all loops except one

 = IR finite function, contribution 
     to the 4-loop object 

(this is not manifest in other expansions)

<latexit sha1_base64="aPkT9KJH9thdSgIX2WwjBI7UBMw=">AAAB/HicbVDLSsNAFJ34rPEV7dLNYCPUTUmKosuiIC4r2Ae0IUymk3boZBJmJkIM9VfcuFDErR/izr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWweHbRmnApMWjlksugGShFFOWooqRrqJICgKGOkE4+up33kgQtKY36ssIV6EhpyGFCOlJd8q27aZ9zFi8Gbin1UfT03b9q2KU3NmgMvELUgFFGj61ld/EOM0IlxhhqTsuU6ivBwJRTEjE7OfSpIgPEZD0tOUo4hIL58dP4EnWhnAMBa6uIIz9fdEjiIpsyjQnRFSI7noTcX/vF6qwksvpzxJFeF4vihMGVQxnCYBB1QQrFimCcKC6lshHiGBsNJ5mToEd/HlZdKu19zzmnNXrzSuijhK4AgcgypwwQVogFvQBC2AQQaewSt4M56MF+Pd+Ji3rhjFTBn8gfH5A+eOklc=</latexit>

F4(z)



Natural hierarchy of objects: number of internal cycles in graphs

NEGATIVE GEOMETRIES

Physical perspective: each negative 
geometry is just "some nice integrand" 

integrand

We can find the integrand for all 0-cycle (tree) and 1-cycle negative 
geometries for any number of loops

That is good but are these sets meaningful in any way? 
Can we integrate them? Are low cycles simpler?

Loops of loops expansion



One-loop integral: only one contribution = directly 

EXPLICIT FORMULAS

Tree graphs

One-cycle graph

<latexit sha1_base64="cm3CSUXDMwD9AQceN+TiiD2HKC8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IUxB6LXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbP+GDYf+zHacfqXq1twF0DrxClKFAq1+5csfJCSLqdCEY6V6npvqIMdSM8LpzPYzRVNMxnhIe4YKHFMV5IujZ+jCKAMUJdKU0Gih/p7IcazUNA5NZ4z1SK16c/E/r5fpqBHkTKSZpoIsF0UZRzpB8wTQgElKNJ8agolk5lZERlhiok1OtgnBW315nXTqNe+q5t7Xq81GEUcZzuAcLsGDa2jCHbSgDQSe4Ble4c2aWC/Wu/WxbC1Zxcwp/IH1+QMFRZBG</latexit>)

<latexit sha1_base64="cm3CSUXDMwD9AQceN+TiiD2HKC8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IUxB6LXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbP+GDYf+zHacfqXq1twF0DrxClKFAq1+5csfJCSLqdCEY6V6npvqIMdSM8LpzPYzRVNMxnhIe4YKHFMV5IujZ+jCKAMUJdKU0Gih/p7IcazUNA5NZ4z1SK16c/E/r5fpqBHkTKSZpoIsF0UZRzpB8wTQgElKNJ8agolk5lZERlhiok1OtgnBW315nXTqNe+q5t7Xq81GEUcZzuAcLsGDa2jCHbSgDQSe4Ble4c2aWC/Wu/WxbC1Zxcwp/IH1+QMFRZBG</latexit>)

(Arkani-Hamed, Henn, JT, 2021)

<latexit sha1_base64="+Uv1h7jy1JX37uAE9SlkUODROew=">AAAB/HicbVDLSsNAFJ3UV42vaJduBhuhbkpSEF0WBXFZwT6gDWEynbRDJ5MwMxFiqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBultfWNza3ytrmzu7d/YB0edWScCkzaOGax6AVIEkY5aSuqGOklgqAoYKQbTK5nfveBCEljfq+yhHgRGnEaUoyUlnyrYttmPsCIwZup79Yez0zb9q2qU3fmgKvELUgVFGj51tdgGOM0IlxhhqTsu06ivBwJRTEjU3OQSpIgPEEj0teUo4hIL58fP4WnWhnCMBa6uIJz9fdEjiIpsyjQnRFSY7nszcT/vH6qwksvpzxJFeF4sShMGVQxnCUBh1QQrFimCcKC6lshHiOBsNJ5mToEd/nlVdJp1N3zunPXqDavijjK4BicgBpwwQVoglvQAm2AQQaewSt4M56MF+Pd+Fi0loxipgL+wPj8AeLwklQ=</latexit>

F1(z)

Two-loop integrals: three different negative geometries

Same transcendentality weight, but more cycles = more complicated functions



For                we get a surprising result:

(Arkani-Hamed, Henn, JT, 2021)

<latexit sha1_base64="9xbkvj1vBGngVEbxhhXXDnJAsAo=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDZC3ZSkILosutBlBfuAJoTJdNIOnUnCzEQooeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r0nTBmVynG+jdLK6tr6RnnT3Nre2d2z9g/aMskEJi2csER0QyQJozFpKaoY6aaCIB4y0glH11O/80CEpEl8r8Yp8TkaxDSiGCktBdaRbZveDeIcBbknOMSZTCfVwZlp24FVcWrODHCZuAWpgALNwPry+gnOOIkVZkjKnuukys+RUBQzMjG9TJIU4REakJ6mMeJE+vnshwk81UofRonQFSs4U39P5IhLOeah7uRIDeWiNxX/83qZii79nMZppkiM54uijEGVwGkgsE8FwYqNNUFYUH0rxEMkEFY6NlOH4C6+vEza9Zp7XnPu6pXGVRFHGRyDE1AFLrgADXALmqAFMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AHaJ5W5</latexit>

�cusp(g)
<latexit sha1_base64="SRP2ryEBrC5auXsFK09EBi75Xp4="></latexit>

�tree(g) !
(

4g2 � 8⇣2g4 + . . . g ⌧ 1
8
⇡ g � 1 + . . . g � 1

<latexit sha1_base64="SRP2ryEBrC5auXsFK09EBi75Xp4="></latexit>

�tree(g) !
(

4g2 � 8⇣2g4 + . . . g ⌧ 1
8
⇡ g � 1 + . . . g � 1

exact

our tree approximation

Very good approximation (maybe a total accident?)

Sum all tree graphs

TREE-LEVEL RESUMMATION

naively do not expect anything sensible 

<latexit sha1_base64="UrQGjlohNT8rh5OXsL2DZsB+eLE=">AAACCXicbVDLSsNAFJ34rPEVdelmsBFchaRQ7LLoxmUF+4AmlMl00g6dJMPMRCwhWzf+ihsXirj1D9z5N07bLLT1wIXDOfdy7z0hZ1Qq1/021tY3Nre2Kzvm7t7+waF1dNyRaSYwaeOUpaIXIkkYTUhbUcVIjwuC4pCRbji5nvndeyIkTZM7NeUkiNEooRHFSGlpYEHbNv1IIJw3itzntIA+4lykD7Dm1OumbQ+squu4c8BV4pWkCkq0BtaXP0xxFpNEYYak7HsuV0GOhKKYkcL0M0k4whM0In1NExQTGeTzTwp4rpUhjFKhK1Fwrv6eyFEs5TQOdWeM1FguezPxP6+fqagR5DThmSIJXiyKMgZVCmexwCEVBCs21QRhQfWtEI+RzkXp8Ewdgrf88irp1Byv7ri3tWrzqoyjAk7BGbgAHrgETXADWqANMHgEz+AVvBlPxovxbnwsWteMcuYE/IHx+QPpTpfm</latexit>

8

⇡
⇡ 2.55



We evaluated all 3-loop negative geometries, re-derived the 
Wilson loop computation

FULL THREE-LOOP RESULT
(Dixon, Oktem, Paranjape, JT, Xu, Zhang, 2026)

(Henn, Korchemsky, Mistlberger 2019)

Negative geometry expansion:
0-cycle diagrams = all are logs, understood to any L
Higher cycles: we can construct the integrands and integrate 
explicitly -- maximal transcendental IR finite functions

Is there any additional property that distinguishes different cycles? 



Symbol of the 1-cycle vs 2-cycle diagrams:

FULL THREE-LOOP RESULT

They both have the same 
transcendentality weight

but differ in the
depth of the function

<latexit sha1_base64="tm8ZeTFGvKmZXSr9j4JevIy2ZVE=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CAxoCopFBgrWDoWiT6kNooc12mtOk5kO0hV1JmFX2FhACFWvoCNv8FtM0DhSEc6Oude2fcECaNSOc6XUVhaXlldK66bG5tb2zvW7l5LxqnApIljFotOgCRhlJOmooqRTiIIigJG2sHoZpq374mQNOZ3apwQL0IDTkOKkdKWbx3atln3M+S7p8ivaJ5pnmtWNS8mpm37VskpOzPAv8LNRQnkaPjWZ68f4zQiXGGGpOy6TqK8DAlFMSMTs5dKkiA8QgPS1ZKjiEgvm50ygcfa6cMwFppcwZn7cyNDkZTjKNCTEVJDuZhNzf+ybqrCKy+jPEkV4Xj+UJgyqGI47QX2qSBYsbEWCAuq/wrxEAmElW7P1CW4iyf/Fa1K2a2WndtKqXad11EEB+AInAAXXIIaqIMGaAIMHsATeAGvxqPxbLwZ7/PRgpHv7INfMD6+ATxBlss=</latexit>

Ha1,a2,a3,a4,a5,a6

number of non-zero entries

also easily encoded
in the symbol

(Dixon, Oktem, Paranjape, JT, Xu, Zhang, 2026)



At higher loops, the integration technology does not exist yet

HIGHER LOOPS

For certain geometries, we can use a differential equation trick:

<latexit sha1_base64="Pp1fbl+qbZ8wAShk1/5VaMbEU74=">AAAB8XicbVBNTwIxEJ3FL1y/UI9eGlkTT2SXxOiR4MUjJgJG2JBu6UJDt920XSMh/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCopWWmCG0SyaW6j7CmnAnaNMxwep8qipOI03Y0up757UeqNJPizoxTGiZ4IFjMCDZWevA8t1uXT67n9Uplv+LPgVZJkJMy5Gj0Sl/dviRZQoUhHGvdCfzUhBOsDCOcTt1upmmKyQgPaMdSgROqw8n84ik6s0ofxVLZEgbN1d8TE5xoPU4i25lgM9TL3kz8z+tkJr4KJ0ykmaGCLBbFGUdGotn7qM8UJYaPLcFEMXsrIkOsMDE2JNeGECy/vEpa1UpwUfFvq+VaPY+jCCdwCucQwCXU4AYa0AQCAp7hFd4c7bw4787HorXg5DPH8AfO5w/NL48J</latexit>⇤

<latexit sha1_base64="MrVPc5gdxh/+hMLqpadSqoVzu+8=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB5LvXisYD+gCWWz3bRLN5uwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZVyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh9G7h956oVCwRj3qW0iDGY8EiRrA2ku84tt9i43HNdpxhperW3SXQJvEKUoUC7WHlyx8lJIup0IRjpQaem+ogx1Izwunc9jNFU0ymeEwHhgocUxXky5vn6MooIxQl0pTQaKn+nshxrNQsDk1njPVErXsL8T9vkOnoNsiZSDNNBVktijKOdIIWAaARk5RoPjMEE8nMrYhMsMREm5hsE4K3/vIm6Tbq3nXdfWhUm60ijjJcwCXUwIMbaMI9tKEDBFJ4hld4szLrxXq3PlatJauYOYc/sD5/ANJVj5U=</latexit> <latexit sha1_base64="MrVPc5gdxh/+hMLqpadSqoVzu+8=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB5LvXisYD+gCWWz3bRLN5uwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZVyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh9G7h956oVCwRj3qW0iDGY8EiRrA2ku84tt9i43HNdpxhperW3SXQJvEKUoUC7WHlyx8lJIup0IRjpQaem+ogx1Izwunc9jNFU0ymeEwHhgocUxXky5vn6MooIxQl0pTQaKn+nshxrNQsDk1njPVErXsL8T9vkOnoNsiZSDNNBVktijKOdIIWAaARk5RoPjMEE8nMrYhMsMREm5hsE4K3/vIm6Tbq3nXdfWhUm60ijjJcwCXUwIMbaMI9tKEDBFJ4hld4szLrxXq3PlatJauYOYc/sD5/ANJVj5U=</latexit>  
<latexit sha1_base64="XPA+ug5ODALtS0P1zkX7W2263xk=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6EUoevFYwX5AG8pmu2mXbnbD7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b2dtfWNza7u04+7u7R8clo+OW1pmitAmkVyqToQ15UzQpmGG006qKE4iTtvR+G7mt5+o0kyKRzNJaZjgoWAxI9hYqe157o3ref1yxa/6c6BVEhSkAgUa/fJXbyBJllBhCMdadwM/NWGOlWGE06nbyzRNMRnjIe1aKnBCdZjPz52ic6sMUCyVLWHQXP09keNE60kS2c4Em5Fe9mbif143M/F1mDORZoYKslgUZxwZiWa/owFTlBg+sQQTxeytiIywwsTYhFwbQrD88ipp1arBZdV/qFXqt0UcJTiFM7iAAK6gDvfQgCYQGMMzvMKbkzovzrvzsWhdc4qZE/gD5/MHZkaNow==</latexit>=

This allows us to solve classes of geometries:

for example:

(Dixon, Oktem, Paranjape, JT, Xu, Zhang, 2026)

(Arkani-Hamed, Henn, JT, 2021)



MULTIPLE ZETA VALUES

They all cancel in the BES formula for gamma cusp!

Simple analysis suggest that higher cycles:
<latexit sha1_base64="BgFJvTcTGq/zchtvSYnNwHhhIsU=">AAACEXicbZC7SgNBFIZnvcb1FrW0WUwEwRB2A6Jl0MYyglEhCcvZyYkOmb0wc1aIy76Cja9iY6GIrZ2db+Mk2cLbDwMf/zlnZs4fJFJoct1Pa2Z2bn5hsbRkL6+srq2XNzYvdJwqjm0ey1hdBaBRigjbJEjiVaIQwkDiZTA8Gdcvb1FpEUfnNEqwF8J1JAaCAxnLL+9Vq3b3Dgn8DHyvBn6j1u3HpA1lXZQy28+9PLerVb9ccevuRM5f8AqosEItv/xhLuJpiBFxCVp3PDehXgaKBJeY291UYwJ8CNfYMRhBiLqXTTbKnV3j9J1BrMyJyJm43ycyCLUehYHpDIFu9O/a2Pyv1klpcNTLRJSkhBGfPjRIpUOxM47H6QuFnOTIAHAlzF8dfgMKOJkQbROC93vlv3DRqHsHdfesUWkeF3GU2DbbYXvMY4esyU5Zi7UZZ/fskT2zF+vBerJerbdp64xVzGyxH7LevwBIiJtq</latexit>

⇣a1,a2,...,a`+1

We can extract the contribution to gamma cusp from full function

Mechanism of cancelation? Imprint of integrability?

Multiple Zeta Values (MZV)
<latexit sha1_base64="lo7UYRromhZOIsfnNzLLHy9JsDg="></latexit>

⇣a,b =
X

n1>n2>0

1

na
1n

b
2

<latexit sha1_base64="5NCq5s6vPlQj3nN/eohmNudELyY=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FD3qsYGuhCWWz3bRLdzdhdyOU0r/hxYMiXv0z3vw3btsctPXBwOO9GWbmxRln2vj+t1NaW9/Y3Cpvuzu7e/sHlcOjtk5zRWiLpDxVnRhrypmkLcMMp51MUSxiTh/j0c3Mf3yiSrNUPphxRiOBB5IljGBjpdDz3PAWC4Fdz+tVqn7NnwOtkqAgVSjQ7FW+wn5KckGlIRxr3Q38zEQTrAwjnE7dMNc0w2SEB7RrqcSC6mgyv3mKzqzSR0mqbEmD5urviQkWWo9FbDsFNkO97M3E/7xubpKraMJklhsqyWJRknNkUjQLAPWZosTwsSWYKGZvRWSIFSbGxuTaEILll1dJu14LLmr+fb3auC7iKMMJnMI5BHAJDbiDJrSAQAbP8ApvTu68OO/Ox6K15BQzx/AHzucPN0CP1w==</latexit>

�

<latexit sha1_base64="E7sJM4FRcLA8QLipcIOXD1dpKV8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+lXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbL/JhkM/tx2nX6m6NXcBtE68glShQKtf+fIHCcliKjThWKme56Y6yLHUjHA6s/1M0RSTMR7SnqECx1QF+eLoGbowygBFiTQlNFqovydyHCs1jUPTGWM9UqveXPzP62U6uglyJtJMU0GWi6KMI52geQJowCQlmk8NwUQycysiIywx0SYn24Tgrb68Tjr1mndVc+/r1UaziKMMZ3AOl+DBNTTgDlrQBgJP8Ayv8GZNrBfr3fpYtpasYuYU/sD6/AEFOZBO</latexit>( <latexit sha1_base64="E7sJM4FRcLA8QLipcIOXD1dpKV8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+lXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbL/JhkM/tx2nX6m6NXcBtE68glShQKtf+fIHCcliKjThWKme56Y6yLHUjHA6s/1M0RSTMR7SnqECx1QF+eLoGbowygBFiTQlNFqovydyHCs1jUPTGWM9UqveXPzP62U6uglyJtJMU0GWi6KMI52geQJowCQlmk8NwUQycysiIywx0SYn24Tgrb68Tjr1mndVc+/r1UaziKMMZ3AOl+DBNTTgDlrQBgJP8Ayv8GZNrBfr3fpYtpasYuYU/sD6/AEFOZBO</latexit> (

(Dixon, Oktem, Paranjape, JT, Xu, Zhang, 2026)



Do low cycles actually dominate at a fixed loop order?

Can not answer for the full amplitude (depends on kinematics), 
but can answer for the gamma cusp

At 2-loops 
looks good!

LOW CYCLE DOMINANCE?
(Dixon, Oktem, Paranjape, JT, Xu, Zhang, 2026)

No reason for that, loops of loops is just an ad hoc expansion



At 3-loops does not 
quite work

LOW CYCLE DOMINANCE?
(Dixon, Oktem, Paranjape, JT, Xu, Zhang, 2026)

trees dominate, but 2-cycle contribution 
larger than 1-cycle... not perfect



NICE HIERARCHY

higher-loop data needed
but looks promising

At this order we have two structures
in gamma cusp

<latexit sha1_base64="bRwnv6GFyN6f0Qk9b7CMw6iqoBI=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDaCIJSk4mNZdOOygn1Ak4bJdNIOnUzCzESopeDGX3HjQhG3/oQ7/8Zpm4VWD1w4nHMv994TpoxK5ThfRmFhcWl5pbhqrq1vbG5Z2zsNmWQCkzpOWCJaIZKEUU7qiipGWqkgKA4ZaYaDq4nfvCNC0oTfqmFK/Bj1OI0oRkpLgbVn2yaCXko7Z/AYht49USg46VRM2w6sklN2poB/iZuTEshRC6xPr5vgLCZcYYakbLtOqvwREopiRsaml0mSIjxAPdLWlKOYSH80/WEMD7XShVEidHEFp+rPiRGKpRzGoe6MkerLeW8i/ue1MxVd+CPK00wRjmeLooxBlcBJILBLBcGKDTVBWFB9K8R9JBBWOjZTh+DOv/yXNCpl97Ts3FRK1cs8jiLYBwfgCLjgHFTBNaiBOsDgATyBF/BqPBrPxpvxPmstGPnMLvgF4+MbHIOUng==</latexit>

a⇡6 + b⇣23

look at them independently

LOW CYCLE DOMINANCE?
(Dixon, Oktem, Paranjape, JT, Xu, Zhang, 2026)



OUTLOOK
If we take the loops of loops expansion seriously, we can 
introduce a new parameter

tree graphs one-cycle graphs two-cycle graphs

Physical point is              but we expand around 
<latexit sha1_base64="D0S/FsnGnZA5/JjXGuzJLPOTbB0=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURC9C0YvHCvYD2lA22027dLOJu5tiCf0dXjwo4tUf481/47bNQVsfDDzem2FmXpBwprTrfluFtfWNza3itr2zu7d/UDo8aqo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN3O/NaYSsVi8aAnCfUjPBAsZARrI/mOY3efGLpGru04vVLZrbhzoFXi5aQMOeq90le3H5M0okITjpXqeG6i/QxLzQinU7ubKppgMsID2jFU4IgqP5sfPUVnRumjMJamhEZz9fdEhiOlJlFgOiOsh2rZm4n/eZ1Uh1d+xkSSairIYlGYcqRjNEsA9ZmkRPOJIZhIZm5FZIglJtrkZJsQvOWXV0mzWvEuKu59tVy7yeMowgmcwjl4cAk1uIM6NIDAIzzDK7xZY+vFerc+Fq0FK585hj+wPn8A3HaPjA==</latexit>

⇠ = 0
<latexit sha1_base64="mHVw0n8Xr2kSwRGIQQFstbc83gM=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURC9C0YvHCvYD2lA22027dLOJu5tiCf0dXjwo4tUf481/47bNQVsfDDzem2FmXpBwprTrfluFtfWNza3itr2zu7d/UDo8aqo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN3O/NaYSsVi8aAnCfUjPBAsZARrI/mOY3efGLpGnu04vVLZrbhzoFXi5aQMOeq90le3H5M0okITjpXqeG6i/QxLzQinU7ubKppgMsID2jFU4IgqP5sfPUVnRumjMJamhEZz9fdEhiOlJlFgOiOsh2rZm4n/eZ1Uh1d+xkSSairIYlGYcqRjNEsA9ZmkRPOJIZhIZm5FZIglJtrkZJsQvOWXV0mzWvEuKu59tVy7yeMowgmcwjl4cAk1uIM6NIDAIzzDK7xZY+vFerc+Fq0FK585hj+wPn8A3f2PjQ==</latexit>

⇠ = 1

Future steps: new computational method for higher-cycle 
graphs (for any L), MZV cancelation in gamma cusp, direct 
connection to BES equation, ........, solve planar N=4 SYM
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