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As Ruth already described, in 2000, Ruth, Freddy, Mark
and | all were taking a String Theory Class together and
Lance’s “Strings on Orbifolds” paper (with Harvey, Vafa
and Witten) was one of the assigned papers to read and
to present. This is how I first heard about Lance.



It wasn’t until
the 2004 KITP Collider Physics program
when | first met Lance in person, and
realized it is the same person!
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The work that | will describe is motivated
by the beautiful mathematical structures
and incredible explicit analytic results that
have been uncovered in

N=4 Yang-Mills

by Lance and collaborators.




N=4 Yang-Mills

| only wrote one paper with Lance (also
with Bern, Kosower, Roiban, Spradlin,

Vergu, all are here) in 2008.

arXiv:0803.1465v2 [hep-th] 26 Aug 2008

We computed (numerically!) the
2-loop 6-point MHV amplitude

in N=4 Yang-Mills.

The Two-Loop Six-Gluon MHV Amplitude in Maximally
Supersymmetric Yang-Mills Theory

7. Bern®, L. J. Dixon?, D. A. Kosower<, R. Roiban¢, M. Spradlin®, C. Vergu® and A. Volovich®
“Department of Physics and Astronomy, UCLA, Los Angeles, CA 90095-1547, USA
b Stanford Lincar Accelerator Center, Stanford University, Stanford, CA 94309, USA
“Institut de Physique Théorique, CEA-Saclay, F-91191 Gif-sur-Yuvette cedex, France
Department of Physics, Pennsyluania State University, University Park, PA 16802, USA
Department of Physics, Brown University, Box 1843, Providence, RI 02912, USA

Abstract

We give a representation of the parity-even part of the planar two-loop six-gluon MIV amplitude
of A = 4 super-Yang-Mills theory, in terms of loop-momentum integrals with simple dual confor-
mal properties. We evaluate the integrals numerically in order to test directly the ABDK/BDS
all-loop ansatz for planar MHLV amplitudes. We find that the ausatz requires an additive remain-
der function, in accord with previous indications from strong-coupling and Regge limits. The
planar six-gluon amplitude can also be compared with the hexagonal Wilson loop computed by
Drummond, Henn, Korchemsky and Sokatchev in arXiv:0803.1466 hep-th]. After accounting for
differing singularities and other constants independent of the kinematics, we find that the Wil
son loop and MHV-amplitude remainders are identical, to within our numerical precision. This
result provides nou-trivial confirmation of a proposed n-point equivalence between Wilson loops
and planar MHV amplitudes, and suggests that an additional mechanism besides dual conformal

symmetry fixes their form at six points and beyond.
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Abstract
We give a representation of the parity-even part of the planar two-loop six-glion MIV amplitude
of ' = 4 super-Yang-Mills theory, in terms of loop-momentum integrals with simple dual confor-
‘mal properties. We evaluate the integrals numerically in order to test directly the ABDK/BDS
all-loop ansatz for planar MHV amplitudes. We find that the ansatz requires an additive remain-
der function, in accord with previous indications from strong-coupling and Regge limits. The
planar six-gluon amplitude can also be compared with the hexagonal Wilson loop computed by

Drummond, Henn, Korchemsky and Sokatchev in arXiv:0803.1466 [hep-th]. After accounting for

differing singularities and other constants independent of the kinematics, we find that the Wik

son loop and MHV-amplitude remainders are identical, to within our numerical precision. This
result provides non-trivial confirmation of a proposed n-point equivalence between Wilson loops
and planar MHV amplitudes, and suggests that an additional mechanism besides dual conformal

symmetry fixes their form at six points and beyond.

Now we consider this amplitude “the simplest non-trivial”
amplitude. It exhibits mathematical structures (cluster algebras,
cluster adjacency, symbols, multiple polylogarithms), that appear

at higher (likely all) loop order.
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Eight loop form factors, amplitudes and patterns in

Lance and collaborators
planar N = 4 super-Yang-Mills theory analytically to 8-loops

Lance J. Dixon, Zhenjie Li

The simplest nontrivial amplitude in planar N* = 4 super-Yang-Mills theory is six-gluon
scattering in the maximally-helicity-violating configuration. It has been computed to 8 loops



Lance’s 8-loop results stand at the forefront of
perturbative calculations in N=4 Yang-Mills
(and quantum field theory in general) and,

in my opinion, serve as a benchmark - or a
“challenge” - against which any “Al takeover”
should be measured.
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de Sitter Wavefunction from

Quadrangular Polylogarithms

2603.08670, 2605.06542
Paranjape, Skowronek, Spradlin, AV, Weng

Ferro, Lukowski, Ren, Spradlin, AV, Weng, Zhang

We presented an explicit formula for the n-site chain graph
contribution to the cosmological wavefunction for conformally
coupled @3 theory in de Sitter. Our result relies on the recent
finding that symbol of this function satisfies total compatibility
with respect to A:.zcluster algebra, and that Rudenko
QLi-polylogs provide a complete basis for such functions.


https://arxiv.org/pdf/2603.08670
https://arxiv.org/pdf/2605.06542

Outline

. de Sitter wavefunction
. two- and three-site chain functions

. (total!) cluster compatibility
. quadrangular polylogarithms

. recursion relations
. solution of the recursion



The de Sitter Wavefunction
Wavefunction coefficients for a conformally

coupled scalar in de Sitter space have been
studied for many years.

M(VTW Sk /(,/ (4) +ab) AT
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Amplitudes 2017, Edinburgh, Arkani-Hamed



Two-site chain

The simplest example is the integral

| 00 Yio
ho (X ’X.-;Y n) = dxq dx: ,
Ya(X1, Xo; Y1 2) /0 L1./0E2 (21 + X1 + 22 + Xo)(z1 + X7 + Y12) (22 + Xo + Y1 0)

which computes the contribution to the de Sitter
wavefunction coefficient from “two-site chain” graph

d(k1) d(ks) d(ks) oKy Arkani-Hamed, Benincasa,

\/ \/ Postnikov 1709.02813

X1 = [kq| + |kof X = |ks| + [kq] Y: o = [k + ko



https://arxiv.org/pdf/1709.02813

Two-site chain

Let us embed X and Y variables into
the Grassmannian Gr(2,5) via

the 2x5 matrix representative

1 1 1 1 0
0 X1+Y12 X1 —Yi2 X;+X21

and use Plucker coordinates



Two-site chain

Aoz A Ai3A Aq4A Aq3A Aoz A Ao A
S(tg) = 28015 o 213025 14023 o Q13024 | D23045 o Q24435

A12A35 A12A35 N A34A12 A34A12 A25A34 A25A34

The symbol entries are Plucker coordinates on Gr(2,5),
which are cluster variables of the A, cluster algebra.
The adjacent symbol entries correspond to
non-crossing chords of the pentagon
which manifests cluster compatibility.

FLRSVWZ 2605.06542



https://arxiv.org/abs/2605.06542

Two-site chain

Unlocking this structure allowed us to
write down the function

Qﬁg — F2(5, 1,2, 3) — F2(4, 1,2, 3) -+ F2(4, 9,2, 3)

b c

F3(a,b,c,d) = = Liz(gabed) — Li1(gabed) 1og(gabed)
a < d
where F2is associated to Byl
a rooted square. 9 Ay,

FLRSVWZ 2605.06542



https://arxiv.org/abs/2605.06542

Three-site chain

The integral which computes the contribution to
the de Sitter wavefunction coefficient
from the “three-site chain” graph

Y12 Y>3
® & o
X1 Xo X3
IS

0o 4Y1 2Y5 3 1 1
b3(X1, Xo, Xa; Va0, Yaz) = | day day dog 22
1}/3( 1y422,A3,11.2 2,3) /(; Bl £3BlBQB:3B4 (BS+BG)

Bi=X1+z1+ Y12 By = X1+ Xo + X3+ 21 + 22 + 23
By=Xo+xzo+Y1i20+Yes Bs=X1+Xo+z1+z2+Y23
B3 =X3+z3+Yo3 Bg=Xo+ X3 +x2+x3+ Y12



Three-site chain

Let us embed X and Y variables into
the Grassmannian Gr(2,7) via
the 2x7 matrix representative

1 1 1 1 1 1 0
(0 X14+Y12 X1 — Yo Xi+Xo+Yo3 Xi+Xo—Yo3 X1+ X0+ X3 1)

The symbol entries are
Plucker coordinates on Gr(2,7), which are
cluster variables of the A, cluster algebra.
The symbol also satisfies total compatibility!

Capuano, Ferro, Lukowski, Palazio, Zhang 2603.09965



https://arxiv.org/abs/2603.09965

Three-site chain

Unlocking this structure allowed us
to write down the function

?7D3 — F3(7, 1, 2,3,4, 5) — F3(6, 1,2, 3,4, 5) -+ F3(6, 7,2,3,4, 5)

e = +Fz(a,b, e, f)Li1(1/qbcde)

where F3 o Sem @
is associated
o rooted ,,@e — —F3(a,b,¢, ) Li1 (dedes)
hexagon and its <Z>
quadrangulations. @

FLRSVWZ 2605.06542



https://arxiv.org/abs/2605.06542

n-site chain

Yl 2 Yn—l,n

?

@ @ s @ @
X1 X9 Xn—1 Xn

The integrand is encoded geometrically in cosmological
polytope Arkani-Hamed, Benincasa, Postnikov 1709.02813
Differential equations for the integrals have been worked

out by graphical tubing rules Arkani-Hamed, Baumann, Hillman,

Joyce, Lee, Pimentel 2312.05303 De Pokraka 2308.03753 Capuano, Ferro,
Lukowski, Palazio 2505.14609

Explicit results for the integrals are known only up to
3-site Hillman 1912.09450

The symbol can be recursively computed for all n
Hillman 1912.09450 He, Jiang, Liu, Yang, Zhang 2407.17715



https://arxiv.org/pdf/1709.02813
https://arxiv.org/pdf/2312.05303
https://arxiv.org/abs/2308.03753
https://arxiv.org/abs/2505.14609
https://arxiv.org/pdf/1912.09450
https://arxiv.org/pdf/1912.09450
https://arxiv.org/abs/2407.17715

n-site chain

* Mazloumi, Xi 2512.14854 and Capuano, Ferro,
Lukowski, Palazio 2512.14869 noticed that symbol
alphabets for n-site chain graphs are cluster
variables for A2n-2-type cluster algebra.

* Paranjape, Skowronek, Spradlin, AV, Weng
2603.08670 showed that they satisfy cluster
compatibility.

* Capuano, Ferro, Lukowski, Palazio, Zhang
2603.09965 pointed out that they satisfy much
stronger condition of total compatibility.



https://arxiv.org/pdf/2512.14854
https://arxiv.org/pdf/2512.14859
https://arxiv.org/pdf/2603.08670
https://arxiv.org/abs/2603.09965

n-site chain

* Capuano, Ferro, Lukowski, Palazio, Zhang
2603.09965 pointed out that they satisfy much
stronger condition of total compatibility.

Remarkably, there is a class of functions satisfying
exactly this property that has been constructed by
mathematicians and played a critical role in

Rudenko’s proof of Goncharov’s depth conjecture.


https://arxiv.org/abs/2603.09965

Quadrangular Polylogarithms

. These functions are called QLim(0,..2n+1):
weight-m multiple polylog functions of
cross-rations of zo,z1,..2. € P! whose symbols
satisfy total compatibility with respect to A
cluster algebra.

. They were constructed by Rudenko 2012.05599
and 2208.01563 (with Matveiakin).

. We studied these functions when they first
appeared, hoping to find some use for them in N=4
SYM (which is still elusive), but they are exactly the
functions we need for n-chain graphs!


https://arxiv.org/abs/2012.05599
https://arxiv.org/abs/2208.01564

Quadrangular Polylogarithms

QLis could be constructed recursively in terms
of quadrangulations of n-gons and one can
express them in terms of ordinary MPLs

Qle (CL b, c, d) ( ) le(Qabcd)

QLI;(CL, ba C, d7 €, f) — Lil,l(Qabcf: chef) — Lil,l(Qabefa 1/chde)
4 Liy 3.{ Gudet s Qabed) s

QL3 (a,b,¢,d, e, f) = — Lio 1(qabef Gedes) — Li1,2(qabef, Gedes)
+ Li2,1(qabess 1/ Qbede) + Li1,2(qavef, 1/ Qbede)
s Liz’l(qadef, Qabcd) - Lil,Z(Qadefa Qabcd) ?



n-site chain

The symbol for n-site chain can be
expressed recursively in terms of
(n-1)-site with shifted arguments

Hillman 1912.09450
He, Jiang, Liu, Yang, Zhang 2407.17715



https://arxiv.org/pdf/1912.09450
https://arxiv.org/abs/2407.17715

Solution of the Recursion

Yn = Fr(2n+1,1,...,2n—1) — F,,(2n,1,...,2n—1) + F,(2n,2n+1,2,...,2n—1)

Fo(0,...,2n—1) =
k

n—2
> X 0k (Quity (So) + QLify,  (So)log(as) ) [T QL) (59

k=0 SoLIS1L---LIS =1
={0,...,.2n—1}

where S;(j) is the j-th element of S;. Here the second sum runs over all dissections of the
polygon (0,...,2n—1) into even sub-polygons {Sy,..., Sk}, with Sy containing the root
edge (0,2n—1), to which we associate the cross-ratio given by

as, = H 40,50(21),S0(2i+1),50(2i+2) -

=1

FLRSVWZ 2605.06542



https://arxiv.org/abs/2605.06542

Four-site chain

3 4 3 4 3 4 3 4
F1(0,1,2,3,4,5,6,7) = 205 - 2@5 - 2@ - 2©5
1 6 i 6 i 6 1 6
0 76 0 T 0 s 0 7
_ 2 ] < 5 _ 2 ? X 5 _ 2 ’ < 5 _ 2 ’ < 5 _ 2 ’ N 5 F4
D@t )
0 7 0 i 0 i€ 0 T 0 7 [ ] [ )
O O = O S Y is associated
IS A v
to
+ 7] + 7 T+ + 2 ! of T*L NP KT

a rooted

3 4
©5 — QLi}(0,1,2,3,4,5,6,7) + QLT (0,1,2,3,4,5,6,7) log(qo1234567) » O Ct 3 go N an d
1 6
0 T

3 4
@ = (QLi# (0,5,6,7) + QLif (0, 5,6, 7) log(qose7)) QLT (0,1,2,3,4,5) , its
1 y . 6
)

(5.11)

° = (QLi (0,1,4,5,6,7) + QLi7 (0,1,4, 5,6, 7) log(qo14567)) QLi; (1,2,3,4),
6

quadrangulations.

FLRSVWZ 2605.06542



https://arxiv.org/abs/2605.06542

Summary

 We presented an explicit formula for the
n-site chain graph contribution to the
cosmological wavefunction for conformally
coupled @° theory in de Sitter.

* Our result relies on the recent finding that
symbol of this function satisfies total
compatibility with respect to Azn-2 cluster
algebra, and that Rudenko QLi-polylogs
provide a complete basis for such functions.

e We proved our formula by showing it satisfies
the recursion relations.



Outlook

We are currently working on generalizing these
results to

* Loops (B-type cluster algebra)
* Correlators
* FRW cosmology

Capuano, Ferro, Lukowski, Palazio, Zhang,
Paranjape, Ren, Spradlin, AV, Weng



Thank you,
Lance,
for all of your
support,
encouragement,
and
inspiration

over the years!




Happy Birthday, Lance!
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