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"The realisation of equivalent relationships
is of the highest importance for life"

- Piet Mondrian



Dual

conformal integra. &
(IMD ,

Heny , Smirnov, Sokatcher '86)

·

Dual

(Pi = Xite-X : ) If 4 :O then & = FK But pi = o -> divergences .





Alday , Maldacena 107 : (c .
f. Diet Mondrian)

P : = Xite- Xi

↑

T-duality
- C 7

Amplitude - Area of minimal surface ~

Light-like Wilson loop X.. ---, Xe

A - W - It Di] exp[Ecusp Fo]4
↑

strong coupling : matches ABDK/BDS exponentiation

Perhaps surprising : AcvWp at one loop (JMD
, Korchemsky , Sokatcher 107)

AnuWa IS / (Brandhaber
, Heslop , Travaglini'07)



(MHV) Amplitude/WL duality => Amplitude must have symmetries of wh

↓
Dual conformal symmetry

=> (Dual) conformal Ward Identity : (JMD
,
Henu , Korchemsty , Sokatcher 107)

* Fn = [inXbir-XGir) Fr

- Trusp[/2xin-Xitem-Xi-um) log Xin, it

=> ABDK/BDS exponentiation for n= 4 , 5

↓
'remainder' - function of cross-ratios ,

e .g .

Fn = Tcspfu + Ru

= v= w = X

↑ XXzs

can compute from one-loop answer for n = 6.



So does amplitude/wh duality hold more generally ?

What about exponentiation ?

- Alday Maldacena Wh computation for large n

itto- 2-loop hexagon We computation (numerical -

(JMD
,
Henn

, Korchemsky ,
Sohahhar ( '07 for WL

- Bartels
, Lipator , SabioVera looked at multi-Regye Kinematics of

contradictions

with exponentiation

↓
- . Bern

,
Dixon

,
Kosower

,
Roiban

, Spradlin , Veryn ,
VolovichI Amp IWL

· JMD
,
Henu

, Korchemsky ,
Sokatchev Oy duality holds

for u= 6 at

Lots of fun comparing numerics ! two loops .



1 g
These two columns

agree !



2008 : I met Lance
,
David & Zvi at ENS

during a visit to Paris by Emery ,
Johannes & myself.

Among other things we discussed what happens for nowMH
emplitudes...

Eventually -> Dual superconformal symmetry (JMD
, Henu , Korchesky , Sokatchel

Fermionic T-duality /Berkovits
,
Maldavena)

Super Wilson loops (Mason, Shinner) (Loron-Hoot)



So
,
what is RE ?

- Del Dua , Duhr ,
Smirnov obtained many-page expression

from WL diagrams -> 'Goncharov polylogarithms' 109

- youcharov , Spradlin , Vergu , Volovich 110 used symbol to

simplify result into a couple of lives involving
logs ,

Lin , Lie , Lip .!

R(1)= L Witxit- [Lin-til]-y(Lin(-t)



"

Harrison Ford in Harris tweed
"

- Dan Brown

Typical professor of symbology->



Symbol (Chen
, Goucharor , Brown --.

Consider class of functions defined via

aft = Z fadlog

Sif)=If a

= (a ...a dieA
d

I ↑
monodromies act here derivatives act here



2011 & CERN

~
Lance visited 2010/2011

I was chatting to Johannes Henn about integrals like :

i
Johannes was already in contact with Lance on 6d integral :

We naturally ended
up discussing together...



Idea : Bootstrap the symbol !

Note df" = If "dlog a

dif = Idfa"a dloga

=If dlogb a dlog

= I fab Yas was
↑

(Integrability constraint) =
basis of independent 2- forms



So build integrable symbols recursively

Assume weight (K-1) basis known :

SiM
Build weight (K) : S = & Cja (Sta]

Impose integrability:Me
is

i

. e. compute Kernel of Mims
, (ja)

= [Miy



compute Kernel of Mims
, (ja)

= [Miy
Solution! Mijn st

.
S !"=Miha]

- simple linear algebra problem

- can impose constraints on initial entry (unitarity cuts)

final entry (diff egs , Supersymmetry

Hypothesis : alphabet unchanged from two loops.

& 2 ,
0
,
0

,
1-2 , 1-V ,

1-1
, Ye , Yo ,Yo] 9 letters

.



Later fixed by Also simple to

Caron-Hoot
,
He'll perform analytic
↳

?
continuation



a l

g



112

13

14

&

114

15



a= b== then CabO ....] forbidden





-Alphabets& Cluster Algebras
Golden , Goncharov , Spradlin , Verga ,

Volovich (2013)

Observed results for L=2 consistent with :

alphabet A & [cluster variables for Gr14,n) cluster algebral
includes minors (abad) and polynomials in minors.

<

1234)
<1235) + (1236)-

....

- (1264-13 -> <1234)
M

↓
o & ↓& ↓ &

(1145) -> (1256) -- - .. -> (124-2n - 1) -> </2n - 1 u)

↓ X ↓ ↑ ↑ ↓ A
<1343) + <1456) - ... -> ((h-34 . 2n- 1) -> (1n-2n - 14)

M m↓ .... + T
< 2345] [34567 (n -4n-> n - >n - 1) (n-> n -2n - 1n)



Example Gr(4 , 0) = Gr(2 ,6) a =

(1235)-
<12) = (3496)

X(a ,a) = <1234341256)

etz
. ...t<1235) @ <1246) forbidden
a

C
.A . (JMD , Foster , Gurdogan "17)

a= <1246)
#

-

.... Q (12357 @ (12343 (1256)
@ (1246)0 ....

<1236)(1245)

Similar for heptagon.
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A few days ago



Thank you Lance !

and Happy Birthday !


