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ABSTRACT

We review techniques for more efficient computation of perturbative scattering am-
plitudes in gauge theory, in particular tree and one-loop multi-parton amplitudes in
QCD. We emphasize the advantages of (1) using color and helicity information to
decompose amplitudes into smaller gauge-invariant pieces, and (2) exploiting the
analytic properties of these pieces, namely their cuts and poles. Other useful tools
include recursion relations, special gauges and supersymmetric rearrangements.
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Three-Loop Superfiniteness of N = 8 Supergravity
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We construct the three-loop four-point amplitude of N = 8 supergravity using the unitarity
method. The amplitude is ultraviolet finite in four dimensions. Novel cancellations, not predicted by
traditional superspace power-counting arguments, render its degree of divergence in D dimensions
to be no worse than that of N = 4 super-Yang-Mills theory — a finite theory in four dimensions.
Similar cancellations can be identified at all loop orders in certain unitarity cuts, suggesting that
N = 8 supergravity may be a perturbatively finite theory of quantum gravity.

PACS numbers: 11.15.Bt, 11.25.Db, 11.25.Tq, 11.55.Bq, 12.38.Bx

While physicists do not yet know how to construct
an ultraviolet-finite, point-like quantum field theory of
gravity in four dimensions, neither have they shown that
such a construction is impossible. Point-like theories of
gravity are non-renormalizable, because the gravitational
coupling is dimensionful. To date, no known symmetry
has proven capable of taming the divergences, leading to
the widespread belief that all such theories require new
physics in the ultraviolet (UV). These beliefs were his-
torically an important motivation for the development of
string theory. Were a finite four-dimensional point-like
theory of gravity to be found, surely either a new symme-
try or non-trivial dynamical mechanism must underpin
it. The discovery of either would have a fundamental
impact on our understanding of gravity.
Supersymmetry has been studied extensively as a

mechanism for taming UV divergences (see e.g. refs. [1,
2]). Although assumptions about the existence of differ-
ent types of superspaces lead to different power counting,
any superspace argument delays the onset of divergences
only by a limited number of loops. For example, pure
minimal (N = 1) supergravity cannot diverge until at
least three loops [3, 4]. For maximal N = 8 supergrav-
ity [5], were a fully covariant superspace to exist, diver-
gences would be delayed until seven loops. With the
additional (unconventional) assumption that all fields re-
spect ten-dimensional general coordinate invariance, one
can even delay the divergence to nine loops [6]. Recent ar-
guments [7] using the type II string non-renormalization
theorems of Berkovits [8] suggest that divergences in the
corresponding supergravity theory may indeed not arise
before this loop order, though issues with smoothness in
the low-energy limit do weaken this prediction [7]. Be-
yond this order, no known purely supersymmetric mech-
anism can avoid divergences. String dualities also hint at
UV finiteness for N = 8 supergravity [9], unless the situ-
ation is spoiled by towers of light nonperturbative states
from branes wrapped on the compact dimensions [10].

Nonetheless, a different line of reasoning [11] using the
unitarity method [12] has provided direct evidence that
N = 8 supergravity may be UV finite to all loop or-
ders [13]. (See also ref. [14].) At one loop, all known
multi-graviton amplitudes in the theory (including all
with up to six gravitons) can be expressed solely in terms
of scalar box integrals; neither triangle nor bubble inte-
grals appear [15, 16]. Supersymmetry, factorization and
infrared arguments provide strong evidence that the same
is true for all one-loop amplitudes. This “no-triangle
hypothesis” [16] implies a set of surprising cancellations
which go beyond any known superspace argumentation.
Generalized unitarity cuts, isolating one-loop subampli-
tudes inside higher-loop amplitudes, then imply specific
multi-loop cancellations [13]. Are similar cancellations
present in all contributions to multi-loop amplitudes, and
do they render the theory UV finite?
In this paper, we take a concrete step toward address-

ing these questions by presenting the complete three-loop
four-point amplitude of N = 8 supergravity. Details of
the computation will appear elsewhere [17]. Here we
show that the amplitude possesses the cancellations ex-
pected if the theory were indeed finite to all loop orders.
Ref. [11] analyzed iterated two-particle cuts to all loop

orders, and argued that N = 8 supergravity is finite for

D < 10/L+ 2 (L > 1) , (1)

where L is the loop order and D is the dimension. (For
L = 1, the finiteness bound is D < 8, not D < 12.)
A similar analysis for N = 4 super-Yang-Mills the-

ory [11, 18], gives the finiteness condition,

D < 6/L+ 4 (L > 1) . (2)

The bound (2) differs somewhat from earlier superspace
power counting [19], although all bounds confirm UV
finiteness of N = 4 super-Yang-Mills theory in D = 4.
The bound (2) has been proven to all orders using N = 3

14 Feb 2007
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We construct the three-loop four-point amplitude of N = 8 supergravity using the unitarity
method. The amplitude is ultraviolet finite in four dimensions. Novel cancellations, not predicted by
traditional superspace power-counting arguments, render its degree of divergence in D dimensions
to be no worse than that of N = 4 super-Yang-Mills theory — a finite theory in four dimensions.
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We review techniques for more efficient computation of perturbative scattering am-
plitudes in gauge theory, in particular tree and one-loop multi-parton amplitudes in
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Manifest Ultraviolet Behavior for the Three-Loop Four-Point

Amplitude of N = 8 Supergravity

Z. Berna, J. J. M. Carrascoa, L. J. Dixonb, H. Johanssona and R. Roibanc
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Abstract

Using the method of maximal cuts, we obtain a form of the three-loop four-point scattering

amplitude of N = 8 supergravity in which all ultraviolet cancellations are made manifest. The

Feynman loop integrals that appear have a graphical representation with only cubic vertices, and

numerator factors that are quadratic in the loop momenta, rather than quartic as in the previous

form. This quadratic behavior reflects cancellations beyond those required for finiteness, and

matches the quadratic behavior of the three-loop four-point scattering amplitude in N = 4 super-

Yang-Mills theory. By direct integration we confirm that no additional cancellations remain in

the N = 8 supergravity amplitude, thus demonstrating that the critical dimension in which the

first ultraviolet divergence occurs at three loops is Dc = 6. We also give the values of the three-

loop divergences in D = 7, 9, 11. In addition, we present the explicitly color-dressed three-loop

four-point amplitude of N = 4 super-Yang-Mills theory.

PACS numbers: 04.65.+e, 11.15.Bt, 11.30.Pb, 11.55.Bq
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On the Structure of Supersymmetric Sums in Multi-Loop

Unitarity Cuts

Z. Berna, J. J. M. Carrascoa, H. Itaa, H. Johanssona and R. Roibanb

aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

bDepartment of Physics, Pennsylvania State University, University Park, PA 16802, USA

(Dated: March, 2009)

Abstract

In this paper we describe algebraic and diagrammatic methods, related to the MHV generating

function method, for evaluating and exposing the structure of supersymmetric sums over the states

crossing generalized unitarity cuts of multi-loop amplitudes in four dimensions. We focus mainly on

cuts of maximally supersymmetric Yang-Mills amplitudes. We provide various concrete examples,

some of which are directly relevant for the calculation of four-loop amplitudes. Additionally, we

discuss some cases with less than maximal supersymmetry. The results of these constructions carry

over to generalized cuts of multi-loop supergravity amplitudes through use of the Kawai-Lewellen-

Tye relations between gravity and gauge-theory tree amplitudes.

PACS numbers: 04.65.+e, 11.15.Bt, 11.30.Pb, 11.55.Bq
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The Ultraviolet Behavior of N = 8 Supergravity at Four Loops
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aDepartment of Physics and Astronomy, UCLA, Los Angeles, CA 90095-1547, USA

bSLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94309, USA
cDepartment of Physics, Pennsylvania State University, University Park, PA 16802, USA

We describe the construction of the complete four-loop four-particle amplitude of N = 8 super-
gravity. The amplitude is ultraviolet finite, not only in four dimensions, but in five dimensions as
well. The observed extra cancellations provide additional non-trivial evidence that N = 8 super-
gravity in four dimensions may be ultraviolet finite to all orders of perturbation theory.

PACS numbers: 04.65.+e, 11.15.Bt, 11.25.Db, 12.60.Jv

An often-expressed sentiment is that point-like quan-
tum field theories based on Einstein’s theory of General
Relativity, including supersymmetric extensions thereof,
are quantum mechanically inconsistent, due to either a
proliferation of divergences associated with the dimen-
sionful nature of Newton’s constant, or absence of uni-
tarity. A series of recent computations has challenged
this widely held belief. In particular, the three-loop four-
graviton amplitude [1, 2] in N = 8 supergravity [3] ex-
poses cancellations beyond those needed for ultraviolet
(UV) finiteness at that order. Novel cancellations occur
already in this theory [4, 5] at one loop, related [6, 7]
to the remarkably good behavior of gravity tree ampli-
tudes under large complex deformations of external mo-
menta [7, 8], and to the unordered nature of gravity
amplitudes [5]. The modern unitarity method [9] im-
plies that extensive UV cancellations occur to all loop
orders [10], for a class of terms obtained by isolating
one-loop sub-amplitudes via generalized unitarity [11],
leading to the proposal [6] that the multiloop UV can-
cellations trace back to the tree-level behavior. These
surprising cancellations point to the possible perturba-
tive UV finiteness of the theory.

Interestingly, M theory and string theory have also
been used to argue both in favor of the finiteness of
N = 8 supergravity [12], and that divergences are de-
layed through nine loops [13, 14]; issues involving the
decoupling of certain massive states [15] remain in ei-
ther case. The non-compact E7(7) duality symmetry of
N = 8 supergravity [3, 16] may also play a role [7, 17],
though this remains to be demonstrated. A mechanism
rendering a point-like theory of quantum gravity ultra-
violet finite would be novel and should have a profound
impact on our understanding of gravity.

Indeed, all studies to date conclude that supersymme-
try and gauge invariance alone cannot prevent the on-
set of UV divergences to all loop orders in four dimen-
sions. In fact, it had been a longstanding expectation
that, in generic supergravity theories, four-graviton am-
plitudes diverge at three loops in four dimensions [18].
Such a divergence would be associated with a countert-

erm composed of four appropriately contracted Riemann
tensors (the square of the Bel-Robinson tensor), denoted
by R4. A recent study [19] explains the known lack of this
counterterm [1, 2], both in terms of non-renormalization
theorems and an algebraic formalism for constraining
counterterms. However, it does predict divergences at
L = 5 loops in dimension D = 4 and at L = 4 loops
in D = 5 [31], unless additional cancellation mechanisms
beyond supersymmetry and gauge invariance are present.

In contrast, explicit computations of the four-graviton
amplitude at successive loop orders have consistently
revealed unexpected UV cancellations. Results at
two loops strongly suggested [20], and at three loops
proved [1, 2] that the R4 divergence is absent in N = 8
supergravity. In addition, UV divergences are absent at
three loops in D < 6. The theory first diverges in D = 6,
and the counterterm has the schematic formD6R4, where
D is a space-time derivative acting on the Riemann ten-
sors [2]. The computation described in this letter reveals
no UV divergences at four loops in both D = 4 and
D = 5, specifically ruling out a counterterm of the form
D6R4 in D = 5. The origin of the observed UV proper-
ties is, however, not yet properly understood.

It is worth noting that more speculative field-theoretic
studies have suggested further delays to the onset of
divergences. For example, if off-shell superspaces with
manifest N = 6, 7 or 8 supersymmetries were to exist,
D = 4 divergences would be delayed to at least L = 5, 6
or 7 loops, respectively [21, 22]. Locality of countert-
erms in N = 8 light-cone superspace has also been used
to argue [17] for an L = 7 bound. With the additional
speculation that all fields respect an eleven-dimensional
gauge symmetry, one can even delay the first potential
divergence to nine loops [19]. Interestingly, this bound
coincides with the one suggested [14] from a string theory
non-renormalization theorem [13].

In this letter, we describe the four-loop four-particle
amplitude of N = 8 supergravity, denoted by M4-loop

4 ,
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Perturbative Quantum Gravity from Gauge Theory

Zvi Berna, John Joseph M. Carrascoa, Henrik Johanssonb
aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA
bInstitut de Physique Théorique, CEA–Saclay,

F–91191 Gif-sur-Yvette cedex, France

In a previous paper we observed that (classical) tree-level gauge theory amplitudes can be rear-
ranged to display a duality between color and kinematics. Once this is imposed, gravity amplitudes
are obtained using two copies of gauge-theory diagram numerators. Here we suggest that this dual-
ity persists to all quantum loop orders and can thus be used to obtain multi-loop gravity amplitudes
easily from gauge-theory ones. As a non-trivial test, we show that the three-loop four-point ampli-
tude of N = 4 super-Yang-Mills theory can be arranged into a form satisfying the duality, and by
taking double copies of the diagram numerators we obtain the corresponding amplitude of N = 8
supergravity. We also remark on a non-supersymmetric two-loop test based on pure Yang-Mills
theory resulting in gravity coupled to an anti-symmetric tensor and dilaton.

PACS numbers: 04.65.+e, 11.15.Bt, 11.25.Db, 12.60.Jv

Although gauge and gravity theories have rather differ-
ent physical behaviors we know that they are intimately
linked. The celebrated AdS/CFT correspondence [1] is
the most striking such example, linking maximally su-
persymmetric gauge theory to supergravity in AdS space.
We also know that at weak coupling the tree-level (classi-
cal) scattering amplitudes of gauge and gravity theories
are deeply intertwined because of the Kawai, Lewellen
and Tye (KLT) relations [2].

Recent years have seen a renaissance in the study of
scattering amplitudes driven in part by the resurgence
of collider physics with the recent turn on of the Large
Hadron Collider at CERN and by the realization that
scattering amplitudes have far simpler and richer struc-
tures than visible from Feynman diagrams. Striking ex-
amples are the discoveries of twistor-space [3] and Grass-
mannian structures [4] in four dimensions for N = 4
super-Yang-Mills (sYM) theory, as well as interpolations
between weak and strong coupling [5–7]. In another de-
velopment we noted [8] that at tree level we could im-
pose a duality between color and kinematics for gauge
theories, without altering the amplitudes. This has im-
portant consequences in clarifying the tree-level relation
between gravity and gauge theory. As we shall argue this
duality also greatly clarifies the multi-loop structure of
(super)gravity theories.

The key tool for our studies of loop amplitudes has
been the unitarity method [9]. An important refine-
ment which simplifies multi-loop studies is the method
of maximal cuts [10, 11], which relies on generalized uni-
tarity [12]. Here we will make use of these tools to present
an all-loop extension of recently discovered tree-level re-
lations. As we shall explain, this allows us to immediately
write down multi-loop gravity amplitudes directly from
gauge-theory multi-loop amplitudes once they have been

organized to respect the duality between kinematics and
color.
To understand the relationship between tree-level grav-

ity and gauge theory amplitudes, consider a gauge-theory
amplitude where all particles are in the adjoint color rep-
resentation. We can choose to write it in the following
form,

1

gn−2
Atree

n (1, 2, 3, . . . , n) =
∑

i

ni ci∏
αi

p2αi

, (1)

where the sum runs over the (2n−5)!! diagrams with only
cubic vertices and the product runs over all propagators
(internal lines) 1/p2αi

of each diagram. The ci are the
color factors obtained by dressing every three-vertex with
an f̃abc = i

√
2fabc structure constant, and the ni are

kinematic numerator factors.
To satisfy the duality of [8], the diagrammatic numera-

tors in eq. (1) should be arranged into a form that satisfies
equations in one-to-one correspondence with the Jacobi
identity of the color factors,

ci = cj − ck ⇒ ni = nj − nk . (2)

This duality is expected to hold in a large variety of the-
ories, including supersymmetric extensions of Yang-Mills
theory.
The ni are not gauge invariant but may be deformed

under any shifts, ni → ni +∆i, local or non-local, that
satisfy the constraint,

∑

i

∆ici∏
αi

p2αi

= 0 . (3)

We call this a generalized gauge transformation, as some
of the invariance does not correspond to a gauge transfor-
mation in the traditional sense. An important subset of
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UCLA/07/TEP/04 ZU-TH 12/07 Saclay/SPhT–T07/050

Maximally Supersymmetric Planar Yang-Mills Amplitudes at

Five Loops

Z. Bern, J. J. M. Carrasco and H. Johansson

Department of Physics and Astronomy, UCLA

Los Angeles, CA 90095–1547, USA

D. A. Kosower

Service de Physique Théorique, CEA–Saclay

F–91191 Gif-sur-Yvette cedex, France

and

Institut für Theoretische Physik,

Universität Zürich,

CH–8057 Zürich, Switzerland

(Dated: May, 2007)

Abstract

We present an ansatz for the planar five-loop four-point amplitude in maximally supersym-

metric Yang-Mills theory in terms of loop integrals. This ansatz exploits the recently observed

correspondence between integrals with simple conformal properties and those found in the four-

point amplitudes of the theory through four loops. We explain how to identify all such integrals

systematically. We make use of generalized unitarity in both four and D dimensions to determine

the coefficients of each of these integrals in the amplitude. Maximal cuts, in which we cut all

propagators of a given integral, are an especially effective means for determining these coefficients.

The set of integrals and coefficients determined here will be useful for computing the five-loop cusp

anomalous dimension of the theory which is of interest for non-trivial checks of the AdS/CFT dual-

ity conjecture. It will also be useful for checking a conjecture that the amplitudes have an iterative

structure allowing for their all-loop resummation, whose link to a recent string-side computation

by Alday and Maldacena opens a new venue for quantitative AdS/CFT comparisons.

1

ar
X

iv
:0

70
7.

10
35

v1
  [

he
p-

th
]  

8 
Ju

l 2
00

7

UCLA/07/TEP/16 SLAC–PUB–12609

Unexpected Cancellations in Gravity Theories

Z. Berna, J. J. Carrascoa, D. Fordea,b, H. Itac and H. Johanssona

aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

bStanford Linear Accelerator Center,

Stanford University, Stanford, CA 94309, USA

cDepartment of Physics, Swansea University, Swansea, SA2 8PP, UK

(Dated: July, 2007)

Abstract

Recent computations of scattering amplitudes show that N = 8 supergravity is surprisingly well

behaved in the ultraviolet and may even be ultraviolet finite in perturbation theory. The novel

cancellations necessary for ultraviolet finiteness first appear at one loop in the guise of the “no-

triangle hypothesis”. We study one-loop amplitudes in pure Einstein gravity and point out the

existence of cancellations similar to those found previously in N = 8 supergravity. These cancel-

lations go beyond those found in the one-loop effective action. Using unitarity, this suggests that

generic theories of quantum gravity based on the Einstein-Hilbert action may be better behaved

in the ultraviolet at higher loops than suggested by naive power counting, though without addi-

tional (supersymmetric) cancellations they diverge. We comment on future studies that should be

performed to support this proposal.

PACS numbers: 11.15.Bt, 11.25.Db, 11.25.Tq, 11.55.Bq, 12.38.Bx
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UCLA/07/TEP/15

New Relations for Gauge-Theory Amplitudes

Z. Bern, J. J. M. Carrasco and H. Johansson

Department of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

Abstract

We present an identity satisfied by the kinematic factors of diagrams describing the tree am-

plitudes of massless gauge theories. This identity is a kinematic analog of the Jacobi identity for

color factors. Using this we find new relations between color-ordered partial amplitudes. We dis-

cuss applications to multi-loop calculations via the unitarity method. In particular, we illustrate

the relations between different contributions to a two-loop four-point QCD amplitude. We also use

this identity to reorganize gravity tree amplitudes diagram by diagram, offering new insight into

the structure of the KLT relations between gauge and gravity tree amplitudes. This can be used to

obtain novel relations similar to the KLT ones. We expect this to be helpful in higher-loop studies

of the ultraviolet properties of gravity theories.

PACS numbers: 11.15.Bt, 11.25.Db, 11.25.Tq, 11.55.Bq, 12.38.Bx
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UCLA/08/TEP/40

Progress on Ultraviolet Finiteness of Supergravity

Z. Bern1, J. J. M. Carrasco2 and H. Johansson2

Department of Physics and Astronomy
UCLA, Los Angeles, CA

90095-1547, USA

Abstract

In this lecture we summarize recent calculations pointing to the possible ultra-
violet finiteness of N = 8 supergravity in four dimensions. We outline the modern
unitarity method, which enables multiloop calculations in this theory and allows us
to exploit a remarkable relation between tree-level gravity and gauge-theory am-
plitudes. We also describe a link between observed cancellations at loop level and
improved behavior of tree-level amplitudes under large complex deformations of
momenta.

1 Introduction

For over 25 years the prevailing wisdom has been that it is impossible to construct a per-
turbatively ultraviolet finite point-like quantum field theory of gravity in four dimensions
(see e.g. refs. [1]). In this lecture we describe recent concrete calculations that call into
question this belief.

Of all unitary quantum gravity field theories, maximally supersymmetric N = 8 su-
pergravity [2] is the most promising one to investigate for possible ultraviolet finiteness.
Its high degree of supersymmetry suggests that it has the best ultraviolet properties of
any gravity field theory with two derivative couplings. Moreover, with the modern uni-
tarity method [3, 4, 5, 6, 7, 8, 9], the high degree of supersymmetry can be exploited to
greatly simplify calculations. In fact, the striking simplicity of the theory led to the recent
suggestion that N = 8 supergravity may in a sense be the simplest quantum field the-
ory [10]. The unitarity method allows us to exploit a remarkable relation between gravity
and gauge-theory tree amplitudes [11, 12, 13], allowing us to map gravity calculations
into algebraically simpler gauge-theory calculations.

In a classic paper ’t Hooft and Veltman showed that gravity coupled to matter gener-
ically diverges at one loop in four dimensions [14, 15]. Due to the dimensionful nature
of the coupling, the divergences cannot be absorbed by a redefinition of the original
parameters of the Lagrangian, rendering the theory non-renormalizable. Pure Einstein
gravity does not possess a viable counterterm at one loop, delaying the divergence to two
loops [14, 16, 17]. The two-loop divergence of pure Einstein gravity was established by
Goroff and Sagnotti and by van de Ven, through direct computation [18, 19].

1Presenter at International School of Subnuclear Physics, 46th Course, Erice Sicily, August 29-
September 7, 2008.

2Scientific secretary.
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UCLA/08/TEP/24 SLAC–PUB–13361

Manifest Ultraviolet Behavior for the Three-Loop Four-Point

Amplitude of N = 8 Supergravity

Z. Berna, J. J. M. Carrascoa, L. J. Dixonb, H. Johanssona and R. Roibanc

aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

bStanford Linear Accelerator Center,

Stanford University, Stanford, CA 94309, USA

cDepartment of Physics, Pennsylvania State University, University Park, PA 16802, USA

(Dated: August, 2008)

Abstract

Using the method of maximal cuts, we obtain a form of the three-loop four-point scattering

amplitude of N = 8 supergravity in which all ultraviolet cancellations are made manifest. The

Feynman loop integrals that appear have a graphical representation with only cubic vertices, and

numerator factors that are quadratic in the loop momenta, rather than quartic as in the previous

form. This quadratic behavior reflects cancellations beyond those required for finiteness, and

matches the quadratic behavior of the three-loop four-point scattering amplitude in N = 4 super-

Yang-Mills theory. By direct integration we confirm that no additional cancellations remain in

the N = 8 supergravity amplitude, thus demonstrating that the critical dimension in which the

first ultraviolet divergence occurs at three loops is Dc = 6. We also give the values of the three-

loop divergences in D = 7, 9, 11. In addition, we present the explicitly color-dressed three-loop

four-point amplitude of N = 4 super-Yang-Mills theory.

PACS numbers: 04.65.+e, 11.15.Bt, 11.30.Pb, 11.55.Bq
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UCLA/09/TEP/41

On the Structure of Supersymmetric Sums in Multi-Loop

Unitarity Cuts

Z. Berna, J. J. M. Carrascoa, H. Itaa, H. Johanssona and R. Roibanb

aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

bDepartment of Physics, Pennsylvania State University, University Park, PA 16802, USA

(Dated: March, 2009)

Abstract

In this paper we describe algebraic and diagrammatic methods, related to the MHV generating

function method, for evaluating and exposing the structure of supersymmetric sums over the states

crossing generalized unitarity cuts of multi-loop amplitudes in four dimensions. We focus mainly on

cuts of maximally supersymmetric Yang-Mills amplitudes. We provide various concrete examples,

some of which are directly relevant for the calculation of four-loop amplitudes. Additionally, we

discuss some cases with less than maximal supersymmetry. The results of these constructions carry

over to generalized cuts of multi-loop supergravity amplitudes through use of the Kawai-Lewellen-

Tye relations between gravity and gauge-theory tree amplitudes.

PACS numbers: 04.65.+e, 11.15.Bt, 11.30.Pb, 11.55.Bq
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UCLA/09/TEP/09/47 SLAC–PUB–13608

The Ultraviolet Behavior of N = 8 Supergravity at Four Loops

Z. Berna, J. J. Carrascoa, L. J. Dixonb, H. Johanssona, and R. Roibanc
aDepartment of Physics and Astronomy, UCLA, Los Angeles, CA 90095-1547, USA

bSLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94309, USA
cDepartment of Physics, Pennsylvania State University, University Park, PA 16802, USA

We describe the construction of the complete four-loop four-particle amplitude of N = 8 super-
gravity. The amplitude is ultraviolet finite, not only in four dimensions, but in five dimensions as
well. The observed extra cancellations provide additional non-trivial evidence that N = 8 super-
gravity in four dimensions may be ultraviolet finite to all orders of perturbation theory.

PACS numbers: 04.65.+e, 11.15.Bt, 11.25.Db, 12.60.Jv

An often-expressed sentiment is that point-like quan-
tum field theories based on Einstein’s theory of General
Relativity, including supersymmetric extensions thereof,
are quantum mechanically inconsistent, due to either a
proliferation of divergences associated with the dimen-
sionful nature of Newton’s constant, or absence of uni-
tarity. A series of recent computations has challenged
this widely held belief. In particular, the three-loop four-
graviton amplitude [1, 2] in N = 8 supergravity [3] ex-
poses cancellations beyond those needed for ultraviolet
(UV) finiteness at that order. Novel cancellations occur
already in this theory [4, 5] at one loop, related [6, 7]
to the remarkably good behavior of gravity tree ampli-
tudes under large complex deformations of external mo-
menta [7, 8], and to the unordered nature of gravity
amplitudes [5]. The modern unitarity method [9] im-
plies that extensive UV cancellations occur to all loop
orders [10], for a class of terms obtained by isolating
one-loop sub-amplitudes via generalized unitarity [11],
leading to the proposal [6] that the multiloop UV can-
cellations trace back to the tree-level behavior. These
surprising cancellations point to the possible perturba-
tive UV finiteness of the theory.

Interestingly, M theory and string theory have also
been used to argue both in favor of the finiteness of
N = 8 supergravity [12], and that divergences are de-
layed through nine loops [13, 14]; issues involving the
decoupling of certain massive states [15] remain in ei-
ther case. The non-compact E7(7) duality symmetry of
N = 8 supergravity [3, 16] may also play a role [7, 17],
though this remains to be demonstrated. A mechanism
rendering a point-like theory of quantum gravity ultra-
violet finite would be novel and should have a profound
impact on our understanding of gravity.

Indeed, all studies to date conclude that supersymme-
try and gauge invariance alone cannot prevent the on-
set of UV divergences to all loop orders in four dimen-
sions. In fact, it had been a longstanding expectation
that, in generic supergravity theories, four-graviton am-
plitudes diverge at three loops in four dimensions [18].
Such a divergence would be associated with a countert-

erm composed of four appropriately contracted Riemann
tensors (the square of the Bel-Robinson tensor), denoted
by R4. A recent study [19] explains the known lack of this
counterterm [1, 2], both in terms of non-renormalization
theorems and an algebraic formalism for constraining
counterterms. However, it does predict divergences at
L = 5 loops in dimension D = 4 and at L = 4 loops
in D = 5 [31], unless additional cancellation mechanisms
beyond supersymmetry and gauge invariance are present.

In contrast, explicit computations of the four-graviton
amplitude at successive loop orders have consistently
revealed unexpected UV cancellations. Results at
two loops strongly suggested [20], and at three loops
proved [1, 2] that the R4 divergence is absent in N = 8
supergravity. In addition, UV divergences are absent at
three loops in D < 6. The theory first diverges in D = 6,
and the counterterm has the schematic formD6R4, where
D is a space-time derivative acting on the Riemann ten-
sors [2]. The computation described in this letter reveals
no UV divergences at four loops in both D = 4 and
D = 5, specifically ruling out a counterterm of the form
D6R4 in D = 5. The origin of the observed UV proper-
ties is, however, not yet properly understood.

It is worth noting that more speculative field-theoretic
studies have suggested further delays to the onset of
divergences. For example, if off-shell superspaces with
manifest N = 6, 7 or 8 supersymmetries were to exist,
D = 4 divergences would be delayed to at least L = 5, 6
or 7 loops, respectively [21, 22]. Locality of countert-
erms in N = 8 light-cone superspace has also been used
to argue [17] for an L = 7 bound. With the additional
speculation that all fields respect an eleven-dimensional
gauge symmetry, one can even delay the first potential
divergence to nine loops [19]. Interestingly, this bound
coincides with the one suggested [14] from a string theory
non-renormalization theorem [13].

In this letter, we describe the four-loop four-particle
amplitude of N = 8 supergravity, denoted by M4-loop

4 ,
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UCLA/10/TEP/102 Saclay/IPhT–T10/044

Perturbative Quantum Gravity from Gauge Theory

Zvi Berna, John Joseph M. Carrascoa, Henrik Johanssonb
aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA
bInstitut de Physique Théorique, CEA–Saclay,

F–91191 Gif-sur-Yvette cedex, France

In a previous paper we observed that (classical) tree-level gauge theory amplitudes can be rear-
ranged to display a duality between color and kinematics. Once this is imposed, gravity amplitudes
are obtained using two copies of gauge-theory diagram numerators. Here we suggest that this dual-
ity persists to all quantum loop orders and can thus be used to obtain multi-loop gravity amplitudes
easily from gauge-theory ones. As a non-trivial test, we show that the three-loop four-point ampli-
tude of N = 4 super-Yang-Mills theory can be arranged into a form satisfying the duality, and by
taking double copies of the diagram numerators we obtain the corresponding amplitude of N = 8
supergravity. We also remark on a non-supersymmetric two-loop test based on pure Yang-Mills
theory resulting in gravity coupled to an anti-symmetric tensor and dilaton.

PACS numbers: 04.65.+e, 11.15.Bt, 11.25.Db, 12.60.Jv

Although gauge and gravity theories have rather differ-
ent physical behaviors we know that they are intimately
linked. The celebrated AdS/CFT correspondence [1] is
the most striking such example, linking maximally su-
persymmetric gauge theory to supergravity in AdS space.
We also know that at weak coupling the tree-level (classi-
cal) scattering amplitudes of gauge and gravity theories
are deeply intertwined because of the Kawai, Lewellen
and Tye (KLT) relations [2].

Recent years have seen a renaissance in the study of
scattering amplitudes driven in part by the resurgence
of collider physics with the recent turn on of the Large
Hadron Collider at CERN and by the realization that
scattering amplitudes have far simpler and richer struc-
tures than visible from Feynman diagrams. Striking ex-
amples are the discoveries of twistor-space [3] and Grass-
mannian structures [4] in four dimensions for N = 4
super-Yang-Mills (sYM) theory, as well as interpolations
between weak and strong coupling [5–7]. In another de-
velopment we noted [8] that at tree level we could im-
pose a duality between color and kinematics for gauge
theories, without altering the amplitudes. This has im-
portant consequences in clarifying the tree-level relation
between gravity and gauge theory. As we shall argue this
duality also greatly clarifies the multi-loop structure of
(super)gravity theories.

The key tool for our studies of loop amplitudes has
been the unitarity method [9]. An important refine-
ment which simplifies multi-loop studies is the method
of maximal cuts [10, 11], which relies on generalized uni-
tarity [12]. Here we will make use of these tools to present
an all-loop extension of recently discovered tree-level re-
lations. As we shall explain, this allows us to immediately
write down multi-loop gravity amplitudes directly from
gauge-theory multi-loop amplitudes once they have been

organized to respect the duality between kinematics and
color.
To understand the relationship between tree-level grav-

ity and gauge theory amplitudes, consider a gauge-theory
amplitude where all particles are in the adjoint color rep-
resentation. We can choose to write it in the following
form,

1

gn−2
Atree

n (1, 2, 3, . . . , n) =
∑

i

ni ci∏
αi

p2αi

, (1)

where the sum runs over the (2n−5)!! diagrams with only
cubic vertices and the product runs over all propagators
(internal lines) 1/p2αi

of each diagram. The ci are the
color factors obtained by dressing every three-vertex with
an f̃abc = i

√
2fabc structure constant, and the ni are

kinematic numerator factors.
To satisfy the duality of [8], the diagrammatic numera-

tors in eq. (1) should be arranged into a form that satisfies
equations in one-to-one correspondence with the Jacobi
identity of the color factors,

ci = cj − ck ⇒ ni = nj − nk . (2)

This duality is expected to hold in a large variety of the-
ories, including supersymmetric extensions of Yang-Mills
theory.
The ni are not gauge invariant but may be deformed

under any shifts, ni → ni +∆i, local or non-local, that
satisfy the constraint,

∑

i

∆ici∏
αi

p2αi

= 0 . (3)

We call this a generalized gauge transformation, as some
of the invariance does not correspond to a gauge transfor-
mation in the traditional sense. An important subset of
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UCLA/07/TEP/04 ZU-TH 12/07 Saclay/SPhT–T07/050

Maximally Supersymmetric Planar Yang-Mills Amplitudes at

Five Loops

Z. Bern, J. J. M. Carrasco and H. Johansson

Department of Physics and Astronomy, UCLA

Los Angeles, CA 90095–1547, USA

D. A. Kosower

Service de Physique Théorique, CEA–Saclay

F–91191 Gif-sur-Yvette cedex, France

and

Institut für Theoretische Physik,

Universität Zürich,

CH–8057 Zürich, Switzerland

(Dated: May, 2007)

Abstract

We present an ansatz for the planar five-loop four-point amplitude in maximally supersym-

metric Yang-Mills theory in terms of loop integrals. This ansatz exploits the recently observed

correspondence between integrals with simple conformal properties and those found in the four-

point amplitudes of the theory through four loops. We explain how to identify all such integrals

systematically. We make use of generalized unitarity in both four and D dimensions to determine

the coefficients of each of these integrals in the amplitude. Maximal cuts, in which we cut all

propagators of a given integral, are an especially effective means for determining these coefficients.

The set of integrals and coefficients determined here will be useful for computing the five-loop cusp

anomalous dimension of the theory which is of interest for non-trivial checks of the AdS/CFT dual-

ity conjecture. It will also be useful for checking a conjecture that the amplitudes have an iterative

structure allowing for their all-loop resummation, whose link to a recent string-side computation

by Alday and Maldacena opens a new venue for quantitative AdS/CFT comparisons.
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UCLA/07/TEP/16 SLAC–PUB–12609

Unexpected Cancellations in Gravity Theories

Z. Berna, J. J. Carrascoa, D. Fordea,b, H. Itac and H. Johanssona

aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

bStanford Linear Accelerator Center,

Stanford University, Stanford, CA 94309, USA

cDepartment of Physics, Swansea University, Swansea, SA2 8PP, UK

(Dated: July, 2007)

Abstract

Recent computations of scattering amplitudes show that N = 8 supergravity is surprisingly well

behaved in the ultraviolet and may even be ultraviolet finite in perturbation theory. The novel

cancellations necessary for ultraviolet finiteness first appear at one loop in the guise of the “no-

triangle hypothesis”. We study one-loop amplitudes in pure Einstein gravity and point out the

existence of cancellations similar to those found previously in N = 8 supergravity. These cancel-

lations go beyond those found in the one-loop effective action. Using unitarity, this suggests that

generic theories of quantum gravity based on the Einstein-Hilbert action may be better behaved

in the ultraviolet at higher loops than suggested by naive power counting, though without addi-

tional (supersymmetric) cancellations they diverge. We comment on future studies that should be

performed to support this proposal.

PACS numbers: 11.15.Bt, 11.25.Db, 11.25.Tq, 11.55.Bq, 12.38.Bx
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UCLA/07/TEP/15

New Relations for Gauge-Theory Amplitudes

Z. Bern, J. J. M. Carrasco and H. Johansson

Department of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

Abstract

We present an identity satisfied by the kinematic factors of diagrams describing the tree am-

plitudes of massless gauge theories. This identity is a kinematic analog of the Jacobi identity for

color factors. Using this we find new relations between color-ordered partial amplitudes. We dis-

cuss applications to multi-loop calculations via the unitarity method. In particular, we illustrate

the relations between different contributions to a two-loop four-point QCD amplitude. We also use

this identity to reorganize gravity tree amplitudes diagram by diagram, offering new insight into

the structure of the KLT relations between gauge and gravity tree amplitudes. This can be used to

obtain novel relations similar to the KLT ones. We expect this to be helpful in higher-loop studies

of the ultraviolet properties of gravity theories.

PACS numbers: 11.15.Bt, 11.25.Db, 11.25.Tq, 11.55.Bq, 12.38.Bx

1

ar
X

iv
:0

90
2.

37
65

v2
  [

he
p-

th
]  

2 
M

ar
 2

00
9

UCLA/08/TEP/40

Progress on Ultraviolet Finiteness of Supergravity

Z. Bern1, J. J. M. Carrasco2 and H. Johansson2

Department of Physics and Astronomy
UCLA, Los Angeles, CA

90095-1547, USA

Abstract

In this lecture we summarize recent calculations pointing to the possible ultra-
violet finiteness of N = 8 supergravity in four dimensions. We outline the modern
unitarity method, which enables multiloop calculations in this theory and allows us
to exploit a remarkable relation between tree-level gravity and gauge-theory am-
plitudes. We also describe a link between observed cancellations at loop level and
improved behavior of tree-level amplitudes under large complex deformations of
momenta.

1 Introduction

For over 25 years the prevailing wisdom has been that it is impossible to construct a per-
turbatively ultraviolet finite point-like quantum field theory of gravity in four dimensions
(see e.g. refs. [1]). In this lecture we describe recent concrete calculations that call into
question this belief.

Of all unitary quantum gravity field theories, maximally supersymmetric N = 8 su-
pergravity [2] is the most promising one to investigate for possible ultraviolet finiteness.
Its high degree of supersymmetry suggests that it has the best ultraviolet properties of
any gravity field theory with two derivative couplings. Moreover, with the modern uni-
tarity method [3, 4, 5, 6, 7, 8, 9], the high degree of supersymmetry can be exploited to
greatly simplify calculations. In fact, the striking simplicity of the theory led to the recent
suggestion that N = 8 supergravity may in a sense be the simplest quantum field the-
ory [10]. The unitarity method allows us to exploit a remarkable relation between gravity
and gauge-theory tree amplitudes [11, 12, 13], allowing us to map gravity calculations
into algebraically simpler gauge-theory calculations.

In a classic paper ’t Hooft and Veltman showed that gravity coupled to matter gener-
ically diverges at one loop in four dimensions [14, 15]. Due to the dimensionful nature
of the coupling, the divergences cannot be absorbed by a redefinition of the original
parameters of the Lagrangian, rendering the theory non-renormalizable. Pure Einstein
gravity does not possess a viable counterterm at one loop, delaying the divergence to two
loops [14, 16, 17]. The two-loop divergence of pure Einstein gravity was established by
Goroff and Sagnotti and by van de Ven, through direct computation [18, 19].

1Presenter at International School of Subnuclear Physics, 46th Course, Erice Sicily, August 29-
September 7, 2008.

2Scientific secretary.
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Z. Bern, J. J. M. Carrasco and H. Johansson

Department of Physics and Astronomy, UCLA

Los Angeles, CA 90095–1547, USA

D. A. Kosower

Service de Physique Théorique, CEA–Saclay

F–91191 Gif-sur-Yvette cedex, France

and

Institut für Theoretische Physik,

Universität Zürich,

CH–8057 Zürich, Switzerland

(Dated: May, 2007)

Abstract

We present an ansatz for the planar five-loop four-point amplitude in maximally supersym-

metric Yang-Mills theory in terms of loop integrals. This ansatz exploits the recently observed

correspondence between integrals with simple conformal properties and those found in the four-

point amplitudes of the theory through four loops. We explain how to identify all such integrals

systematically. We make use of generalized unitarity in both four and D dimensions to determine

the coefficients of each of these integrals in the amplitude. Maximal cuts, in which we cut all

propagators of a given integral, are an especially effective means for determining these coefficients.

The set of integrals and coefficients determined here will be useful for computing the five-loop cusp

anomalous dimension of the theory which is of interest for non-trivial checks of the AdS/CFT dual-

ity conjecture. It will also be useful for checking a conjecture that the amplitudes have an iterative

structure allowing for their all-loop resummation, whose link to a recent string-side computation

by Alday and Maldacena opens a new venue for quantitative AdS/CFT comparisons.
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UCLA/07/TEP/16 SLAC–PUB–12609

Unexpected Cancellations in Gravity Theories

Z. Berna, J. J. Carrascoa, D. Fordea,b, H. Itac and H. Johanssona

aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

bStanford Linear Accelerator Center,

Stanford University, Stanford, CA 94309, USA

cDepartment of Physics, Swansea University, Swansea, SA2 8PP, UK

(Dated: July, 2007)

Abstract

Recent computations of scattering amplitudes show that N = 8 supergravity is surprisingly well

behaved in the ultraviolet and may even be ultraviolet finite in perturbation theory. The novel

cancellations necessary for ultraviolet finiteness first appear at one loop in the guise of the “no-

triangle hypothesis”. We study one-loop amplitudes in pure Einstein gravity and point out the

existence of cancellations similar to those found previously in N = 8 supergravity. These cancel-

lations go beyond those found in the one-loop effective action. Using unitarity, this suggests that

generic theories of quantum gravity based on the Einstein-Hilbert action may be better behaved

in the ultraviolet at higher loops than suggested by naive power counting, though without addi-

tional (supersymmetric) cancellations they diverge. We comment on future studies that should be

performed to support this proposal.

PACS numbers: 11.15.Bt, 11.25.Db, 11.25.Tq, 11.55.Bq, 12.38.Bx
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UCLA/08/TEP/24 SLAC–PUB–13361

Manifest Ultraviolet Behavior for the Three-Loop Four-Point

Amplitude of N = 8 Supergravity

Z. Berna, J. J. M. Carrascoa, L. J. Dixonb, H. Johanssona and R. Roibanc

aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

bStanford Linear Accelerator Center,

Stanford University, Stanford, CA 94309, USA

cDepartment of Physics, Pennsylvania State University, University Park, PA 16802, USA

(Dated: August, 2008)

Abstract

Using the method of maximal cuts, we obtain a form of the three-loop four-point scattering

amplitude of N = 8 supergravity in which all ultraviolet cancellations are made manifest. The

Feynman loop integrals that appear have a graphical representation with only cubic vertices, and

numerator factors that are quadratic in the loop momenta, rather than quartic as in the previous

form. This quadratic behavior reflects cancellations beyond those required for finiteness, and

matches the quadratic behavior of the three-loop four-point scattering amplitude in N = 4 super-

Yang-Mills theory. By direct integration we confirm that no additional cancellations remain in

the N = 8 supergravity amplitude, thus demonstrating that the critical dimension in which the

first ultraviolet divergence occurs at three loops is Dc = 6. We also give the values of the three-

loop divergences in D = 7, 9, 11. In addition, we present the explicitly color-dressed three-loop

four-point amplitude of N = 4 super-Yang-Mills theory.

PACS numbers: 04.65.+e, 11.15.Bt, 11.30.Pb, 11.55.Bq
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UCLA/09/TEP/41

On the Structure of Supersymmetric Sums in Multi-Loop

Unitarity Cuts

Z. Berna, J. J. M. Carrascoa, H. Itaa, H. Johanssona and R. Roibanb

aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

bDepartment of Physics, Pennsylvania State University, University Park, PA 16802, USA

(Dated: March, 2009)

Abstract

In this paper we describe algebraic and diagrammatic methods, related to the MHV generating

function method, for evaluating and exposing the structure of supersymmetric sums over the states

crossing generalized unitarity cuts of multi-loop amplitudes in four dimensions. We focus mainly on

cuts of maximally supersymmetric Yang-Mills amplitudes. We provide various concrete examples,

some of which are directly relevant for the calculation of four-loop amplitudes. Additionally, we

discuss some cases with less than maximal supersymmetry. The results of these constructions carry

over to generalized cuts of multi-loop supergravity amplitudes through use of the Kawai-Lewellen-

Tye relations between gravity and gauge-theory tree amplitudes.

PACS numbers: 04.65.+e, 11.15.Bt, 11.30.Pb, 11.55.Bq
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UCLA/09/TEP/09/47 SLAC–PUB–13608

The Ultraviolet Behavior of N = 8 Supergravity at Four Loops

Z. Berna, J. J. Carrascoa, L. J. Dixonb, H. Johanssona, and R. Roibanc
aDepartment of Physics and Astronomy, UCLA, Los Angeles, CA 90095-1547, USA

bSLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94309, USA
cDepartment of Physics, Pennsylvania State University, University Park, PA 16802, USA

We describe the construction of the complete four-loop four-particle amplitude of N = 8 super-
gravity. The amplitude is ultraviolet finite, not only in four dimensions, but in five dimensions as
well. The observed extra cancellations provide additional non-trivial evidence that N = 8 super-
gravity in four dimensions may be ultraviolet finite to all orders of perturbation theory.

PACS numbers: 04.65.+e, 11.15.Bt, 11.25.Db, 12.60.Jv

An often-expressed sentiment is that point-like quan-
tum field theories based on Einstein’s theory of General
Relativity, including supersymmetric extensions thereof,
are quantum mechanically inconsistent, due to either a
proliferation of divergences associated with the dimen-
sionful nature of Newton’s constant, or absence of uni-
tarity. A series of recent computations has challenged
this widely held belief. In particular, the three-loop four-
graviton amplitude [1, 2] in N = 8 supergravity [3] ex-
poses cancellations beyond those needed for ultraviolet
(UV) finiteness at that order. Novel cancellations occur
already in this theory [4, 5] at one loop, related [6, 7]
to the remarkably good behavior of gravity tree ampli-
tudes under large complex deformations of external mo-
menta [7, 8], and to the unordered nature of gravity
amplitudes [5]. The modern unitarity method [9] im-
plies that extensive UV cancellations occur to all loop
orders [10], for a class of terms obtained by isolating
one-loop sub-amplitudes via generalized unitarity [11],
leading to the proposal [6] that the multiloop UV can-
cellations trace back to the tree-level behavior. These
surprising cancellations point to the possible perturba-
tive UV finiteness of the theory.

Interestingly, M theory and string theory have also
been used to argue both in favor of the finiteness of
N = 8 supergravity [12], and that divergences are de-
layed through nine loops [13, 14]; issues involving the
decoupling of certain massive states [15] remain in ei-
ther case. The non-compact E7(7) duality symmetry of
N = 8 supergravity [3, 16] may also play a role [7, 17],
though this remains to be demonstrated. A mechanism
rendering a point-like theory of quantum gravity ultra-
violet finite would be novel and should have a profound
impact on our understanding of gravity.

Indeed, all studies to date conclude that supersymme-
try and gauge invariance alone cannot prevent the on-
set of UV divergences to all loop orders in four dimen-
sions. In fact, it had been a longstanding expectation
that, in generic supergravity theories, four-graviton am-
plitudes diverge at three loops in four dimensions [18].
Such a divergence would be associated with a countert-

erm composed of four appropriately contracted Riemann
tensors (the square of the Bel-Robinson tensor), denoted
by R4. A recent study [19] explains the known lack of this
counterterm [1, 2], both in terms of non-renormalization
theorems and an algebraic formalism for constraining
counterterms. However, it does predict divergences at
L = 5 loops in dimension D = 4 and at L = 4 loops
in D = 5 [31], unless additional cancellation mechanisms
beyond supersymmetry and gauge invariance are present.

In contrast, explicit computations of the four-graviton
amplitude at successive loop orders have consistently
revealed unexpected UV cancellations. Results at
two loops strongly suggested [20], and at three loops
proved [1, 2] that the R4 divergence is absent in N = 8
supergravity. In addition, UV divergences are absent at
three loops in D < 6. The theory first diverges in D = 6,
and the counterterm has the schematic formD6R4, where
D is a space-time derivative acting on the Riemann ten-
sors [2]. The computation described in this letter reveals
no UV divergences at four loops in both D = 4 and
D = 5, specifically ruling out a counterterm of the form
D6R4 in D = 5. The origin of the observed UV proper-
ties is, however, not yet properly understood.

It is worth noting that more speculative field-theoretic
studies have suggested further delays to the onset of
divergences. For example, if off-shell superspaces with
manifest N = 6, 7 or 8 supersymmetries were to exist,
D = 4 divergences would be delayed to at least L = 5, 6
or 7 loops, respectively [21, 22]. Locality of countert-
erms in N = 8 light-cone superspace has also been used
to argue [17] for an L = 7 bound. With the additional
speculation that all fields respect an eleven-dimensional
gauge symmetry, one can even delay the first potential
divergence to nine loops [19]. Interestingly, this bound
coincides with the one suggested [14] from a string theory
non-renormalization theorem [13].

In this letter, we describe the four-loop four-particle
amplitude of N = 8 supergravity, denoted by M4-loop

4 ,
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UCLA/10/TEP/102 Saclay/IPhT–T10/044

Perturbative Quantum Gravity from Gauge Theory

Zvi Berna, John Joseph M. Carrascoa, Henrik Johanssonb
aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA
bInstitut de Physique Théorique, CEA–Saclay,

F–91191 Gif-sur-Yvette cedex, France

In a previous paper we observed that (classical) tree-level gauge theory amplitudes can be rear-
ranged to display a duality between color and kinematics. Once this is imposed, gravity amplitudes
are obtained using two copies of gauge-theory diagram numerators. Here we suggest that this dual-
ity persists to all quantum loop orders and can thus be used to obtain multi-loop gravity amplitudes
easily from gauge-theory ones. As a non-trivial test, we show that the three-loop four-point ampli-
tude of N = 4 super-Yang-Mills theory can be arranged into a form satisfying the duality, and by
taking double copies of the diagram numerators we obtain the corresponding amplitude of N = 8
supergravity. We also remark on a non-supersymmetric two-loop test based on pure Yang-Mills
theory resulting in gravity coupled to an anti-symmetric tensor and dilaton.

PACS numbers: 04.65.+e, 11.15.Bt, 11.25.Db, 12.60.Jv

Although gauge and gravity theories have rather differ-
ent physical behaviors we know that they are intimately
linked. The celebrated AdS/CFT correspondence [1] is
the most striking such example, linking maximally su-
persymmetric gauge theory to supergravity in AdS space.
We also know that at weak coupling the tree-level (classi-
cal) scattering amplitudes of gauge and gravity theories
are deeply intertwined because of the Kawai, Lewellen
and Tye (KLT) relations [2].

Recent years have seen a renaissance in the study of
scattering amplitudes driven in part by the resurgence
of collider physics with the recent turn on of the Large
Hadron Collider at CERN and by the realization that
scattering amplitudes have far simpler and richer struc-
tures than visible from Feynman diagrams. Striking ex-
amples are the discoveries of twistor-space [3] and Grass-
mannian structures [4] in four dimensions for N = 4
super-Yang-Mills (sYM) theory, as well as interpolations
between weak and strong coupling [5–7]. In another de-
velopment we noted [8] that at tree level we could im-
pose a duality between color and kinematics for gauge
theories, without altering the amplitudes. This has im-
portant consequences in clarifying the tree-level relation
between gravity and gauge theory. As we shall argue this
duality also greatly clarifies the multi-loop structure of
(super)gravity theories.

The key tool for our studies of loop amplitudes has
been the unitarity method [9]. An important refine-
ment which simplifies multi-loop studies is the method
of maximal cuts [10, 11], which relies on generalized uni-
tarity [12]. Here we will make use of these tools to present
an all-loop extension of recently discovered tree-level re-
lations. As we shall explain, this allows us to immediately
write down multi-loop gravity amplitudes directly from
gauge-theory multi-loop amplitudes once they have been

organized to respect the duality between kinematics and
color.
To understand the relationship between tree-level grav-

ity and gauge theory amplitudes, consider a gauge-theory
amplitude where all particles are in the adjoint color rep-
resentation. We can choose to write it in the following
form,

1

gn−2
Atree

n (1, 2, 3, . . . , n) =
∑

i

ni ci∏
αi

p2αi

, (1)

where the sum runs over the (2n−5)!! diagrams with only
cubic vertices and the product runs over all propagators
(internal lines) 1/p2αi

of each diagram. The ci are the
color factors obtained by dressing every three-vertex with
an f̃abc = i

√
2fabc structure constant, and the ni are

kinematic numerator factors.
To satisfy the duality of [8], the diagrammatic numera-

tors in eq. (1) should be arranged into a form that satisfies
equations in one-to-one correspondence with the Jacobi
identity of the color factors,

ci = cj − ck ⇒ ni = nj − nk . (2)

This duality is expected to hold in a large variety of the-
ories, including supersymmetric extensions of Yang-Mills
theory.
The ni are not gauge invariant but may be deformed

under any shifts, ni → ni +∆i, local or non-local, that
satisfy the constraint,

∑

i

∆ici∏
αi

p2αi

= 0 . (3)

We call this a generalized gauge transformation, as some
of the invariance does not correspond to a gauge transfor-
mation in the traditional sense. An important subset of
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UCLA/07/TEP/04 ZU-TH 12/07 Saclay/SPhT–T07/050

Maximally Supersymmetric Planar Yang-Mills Amplitudes at

Five Loops

Z. Bern, J. J. M. Carrasco and H. Johansson

Department of Physics and Astronomy, UCLA

Los Angeles, CA 90095–1547, USA

D. A. Kosower

Service de Physique Théorique, CEA–Saclay

F–91191 Gif-sur-Yvette cedex, France

and

Institut für Theoretische Physik,

Universität Zürich,

CH–8057 Zürich, Switzerland

(Dated: May, 2007)

Abstract

We present an ansatz for the planar five-loop four-point amplitude in maximally supersym-

metric Yang-Mills theory in terms of loop integrals. This ansatz exploits the recently observed

correspondence between integrals with simple conformal properties and those found in the four-

point amplitudes of the theory through four loops. We explain how to identify all such integrals

systematically. We make use of generalized unitarity in both four and D dimensions to determine

the coefficients of each of these integrals in the amplitude. Maximal cuts, in which we cut all

propagators of a given integral, are an especially effective means for determining these coefficients.

The set of integrals and coefficients determined here will be useful for computing the five-loop cusp

anomalous dimension of the theory which is of interest for non-trivial checks of the AdS/CFT dual-

ity conjecture. It will also be useful for checking a conjecture that the amplitudes have an iterative

structure allowing for their all-loop resummation, whose link to a recent string-side computation

by Alday and Maldacena opens a new venue for quantitative AdS/CFT comparisons.
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UCLA/07/TEP/16 SLAC–PUB–12609

Unexpected Cancellations in Gravity Theories

Z. Berna, J. J. Carrascoa, D. Fordea,b, H. Itac and H. Johanssona

aDepartment of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

bStanford Linear Accelerator Center,

Stanford University, Stanford, CA 94309, USA

cDepartment of Physics, Swansea University, Swansea, SA2 8PP, UK

(Dated: July, 2007)

Abstract

Recent computations of scattering amplitudes show that N = 8 supergravity is surprisingly well

behaved in the ultraviolet and may even be ultraviolet finite in perturbation theory. The novel

cancellations necessary for ultraviolet finiteness first appear at one loop in the guise of the “no-

triangle hypothesis”. We study one-loop amplitudes in pure Einstein gravity and point out the

existence of cancellations similar to those found previously in N = 8 supergravity. These cancel-

lations go beyond those found in the one-loop effective action. Using unitarity, this suggests that

generic theories of quantum gravity based on the Einstein-Hilbert action may be better behaved

in the ultraviolet at higher loops than suggested by naive power counting, though without addi-

tional (supersymmetric) cancellations they diverge. We comment on future studies that should be

performed to support this proposal.

PACS numbers: 11.15.Bt, 11.25.Db, 11.25.Tq, 11.55.Bq, 12.38.Bx
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UCLA/07/TEP/15

New Relations for Gauge-Theory Amplitudes

Z. Bern, J. J. M. Carrasco and H. Johansson

Department of Physics and Astronomy,

UCLA, Los Angeles, CA 90095-1547, USA

Abstract

We present an identity satisfied by the kinematic factors of diagrams describing the tree am-

plitudes of massless gauge theories. This identity is a kinematic analog of the Jacobi identity for

color factors. Using this we find new relations between color-ordered partial amplitudes. We dis-

cuss applications to multi-loop calculations via the unitarity method. In particular, we illustrate

the relations between different contributions to a two-loop four-point QCD amplitude. We also use

this identity to reorganize gravity tree amplitudes diagram by diagram, offering new insight into

the structure of the KLT relations between gauge and gravity tree amplitudes. This can be used to

obtain novel relations similar to the KLT ones. We expect this to be helpful in higher-loop studies

of the ultraviolet properties of gravity theories.

PACS numbers: 11.15.Bt, 11.25.Db, 11.25.Tq, 11.55.Bq, 12.38.Bx
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UCLA/08/TEP/40

Progress on Ultraviolet Finiteness of Supergravity

Z. Bern1, J. J. M. Carrasco2 and H. Johansson2

Department of Physics and Astronomy
UCLA, Los Angeles, CA

90095-1547, USA

Abstract

In this lecture we summarize recent calculations pointing to the possible ultra-
violet finiteness of N = 8 supergravity in four dimensions. We outline the modern
unitarity method, which enables multiloop calculations in this theory and allows us
to exploit a remarkable relation between tree-level gravity and gauge-theory am-
plitudes. We also describe a link between observed cancellations at loop level and
improved behavior of tree-level amplitudes under large complex deformations of
momenta.

1 Introduction

For over 25 years the prevailing wisdom has been that it is impossible to construct a per-
turbatively ultraviolet finite point-like quantum field theory of gravity in four dimensions
(see e.g. refs. [1]). In this lecture we describe recent concrete calculations that call into
question this belief.

Of all unitary quantum gravity field theories, maximally supersymmetric N = 8 su-
pergravity [2] is the most promising one to investigate for possible ultraviolet finiteness.
Its high degree of supersymmetry suggests that it has the best ultraviolet properties of
any gravity field theory with two derivative couplings. Moreover, with the modern uni-
tarity method [3, 4, 5, 6, 7, 8, 9], the high degree of supersymmetry can be exploited to
greatly simplify calculations. In fact, the striking simplicity of the theory led to the recent
suggestion that N = 8 supergravity may in a sense be the simplest quantum field the-
ory [10]. The unitarity method allows us to exploit a remarkable relation between gravity
and gauge-theory tree amplitudes [11, 12, 13], allowing us to map gravity calculations
into algebraically simpler gauge-theory calculations.

In a classic paper ’t Hooft and Veltman showed that gravity coupled to matter gener-
ically diverges at one loop in four dimensions [14, 15]. Due to the dimensionful nature
of the coupling, the divergences cannot be absorbed by a redefinition of the original
parameters of the Lagrangian, rendering the theory non-renormalizable. Pure Einstein
gravity does not possess a viable counterterm at one loop, delaying the divergence to two
loops [14, 16, 17]. The two-loop divergence of pure Einstein gravity was established by
Goroff and Sagnotti and by van de Ven, through direct computation [18, 19].

1Presenter at International School of Subnuclear Physics, 46th Course, Erice Sicily, August 29-
September 7, 2008.

2Scientific secretary.
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Color-dual EFT! 

First deformation: F3

Single-insertion 
color-dual to f abc

Higher order CP-stripped 
string doesn’t satisfy 
“BCJ” relations, e.g. 
O(α2) ∼ s t A(s, t)

This was the first real hint that there’s generic dimension color-dual beyond 
antisymmetric adjoint.  Color-dressed: O(α2) ∼ dabcd × s t A(s, t)



Are there any gravitational predictions we 
can’t get from gauge theory?



The Complete Four-Point Color Algebra

 Sector 
Antisymmetric-Adjoint (traditional BCJ)


• Antisymmetry: 

• Jacobi: 

ff

n(ij; kl) = − n( ji; kl)
ns − nt − nu = 0

 Sector 
Mixed-Symmetry


• Sym left, antisym right vertex

• Mixed Jacobi:  

• Numerators are gauge invariant!

df

ns + nt + nu = 0

 Sector 
Symmetric


• Symmetric vertices, no Jacobi

• All 3 graph structures independent

• Numerators gauge invariant graph-by-graph

dd  Sector 
Permutation Invariant (contact)


• Fully S₄ invariant quartic vertex

• Redundant: spanned by dd basis

• Useful for composing N-copies

d4



A Finite Basis of Color-Dual Building Blocks

Mass Dim ff df dd d₄

2 1 0 0 0
4 3 0 4 2
6 3 0 7 3
8 1 1 7 2
10 0 1 3 0
12 0 1 0 0

Total 8 3 21 7

Despite infinite tower of higher-
derivative operators, the number of 
genuinely distinct building blocks is 
finite.


All higher-dimension numerators are

generated by multiplying these 
blocks by permutation-invariant 
scalars .


Equivalence class:


P(s, t, u)

n1 ∼ n2 ⟺ 𝒜1 = P(s, t, u) × 𝒜2



Independent Classification: All 4-Graviton Amplitudes

Universal numerator: 𝒩 ≡ 𝒜 × (stu)
 must be: fully permutation invariant, linear in graviton polarizations, diffeomorphism 

invariant
𝒩

Mass dim

6 1 1
8 6 6
10 10 9
12 17 10
14 19 3

≥16 grows 0

29 fundamental gravitational polynomials  
(  mod scalar perm)— no new structures 
beyond mass dimension 14!


Einstein-Hilbert: mass dim 8

( )


 Lovelock: mass dim 12

(contact, non-vanishing only D > 6)

𝒢
𝒩

𝒩8 = stu × 𝒜GR

R3

A finite number of gravitational fundamentals generates the entire infinite tower

|𝒩 |  |𝒢 |



The Universal Double Copy Spans 
All 4-Graviton Amplitudes

4-Gluon Double Copy

(gggg)  (gggg)


 sectors spans all with mass dim ≥ 8

⊗
ff + dd 𝒢

Scalar-Gluon Triple Copy

(ggss)  (sggg)  (gsgg)


Only needed for : Lovelock  in 

⊗ ⊗

𝒢(6) R3 D ≥ 6

Every 4-point gravitational interaction factorizes into 
gauge-theory building blocks governed by color-kinematics duality

In D ≤ 6:  double copy alone is sufficient — no triple copy needed



I should say — this line has leveraged tons of additional ideas starting from:
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Zvi told us that the 4-loop divergence of  SG is related to an anomaly.𝒩 = 4



Zvi told us that the 4-loop divergence of  SG is related to an anomaly.𝒩 = 4

SYM YM⊗ = SG

+

+

+

+

+++

+

-

-

0

0++
Not at tree level Not at tree level

Only at loops Only at loops



Target Anomalous Behavior with  double copiesF3



Citing exactly amplitudes from:



Citing exactly amplitudes from:
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Double copy consistency lifts YM + F3 → (DF)2 + YM



Double copy consistency lifts YM + F3 → (DF)2 + YM

But this theory famously has a tachyon pole so unitarity is violated. Double copy with 
N=4 SG doesn’t cure this — still have tachyon pole:  “twisted heterotic string.”  Is all 
hope lost?



Double copy consistency lifts YM + F3 → (DF)2 + YM

But this theory famously has a tachyon pole so unitarity is violated. Double copy with 
N=4 SG doesn’t cure this — still have tachyon pole:  “twisted heterotic string.”  Is all 
hope lost?  

Not at all!! One natural solution is to simply demand DC-consistent level matching 
(get rid of any mass that isn’t shared on both sides of the double copy). 


Do we know any ways? Sure: SV-promotion ( Z  Z).  


What do you get? 

⊗α′￼



Double copy consistency lifts YM + F3 → (DF)2 + YM

But this theory famously has a tachyon pole so unitarity is violated. Double copy with 
N=4 SG doesn’t cure this — still have tachyon pole:  “twisted heterotic string.”  Is all 
hope lost?  

Not at all!! One natural solution is to simply demand DC-consistent level matching 
(get rid of any mass that isn’t shared on both sides of the double copy). 


Do we know any ways? Sure: SV-promotion ( Z  Z).  


What do you get?  Gravitational amplitudes in the Heterotic String :-)

⊗α′￼







The Question
Hawking radiation is a quantum effect of fields in a curved background. 

A collapsing shell forms a black hole. Quantum vacuum fluctuations near the 
forming horizon produce real, thermal radiation with temperature:

TH = 1/(8π GN M)
The spectrum is thermal in energy — the Planck distribution, with the temperature 
set by the mass of the black hole.

What is the Yang-Mills avatar of this thermality?



Schwarzschild Black Hole (Gravity)
Charge ~ M

Coherent Classical Color Source (Yang-Mills)
Charge ~ Q

Particle Production from (semi)-Classical Backgrounds



Hawking Radiation from Scattering
Vaidya metric: a collapsing null shell of mass M activating at

: 

Consider an eikonal probe scalar skimming near the forming 
horizon. 
The probe doesn't change momentum — but accumulates a 
time-dependent phase: 
     • Tree-level 3-point amplitude for probe in background 
     • Loop corrections exponentiate → eikonal S-matrix 
     • The result: a logarithmic eikonal phase:

v = t + r = 0

Logarithmic eikonal phase  Fourier transform  thermality→ →

Physical Picture 

The log phase is the universal 
imprint of the extreme time-
delay near the forming horizon. 

Equivalent to Bogoliubov mixing 
of positive/negative frequency 
modes  particle creation.→

.  (log from integrating 4D   background along probe trajectory)χ(v0) ∝ − E log(−v0/μ) 1/r

gμν = ημν + Θ(v)
2GNM

r
kμkν

Aoude, O'Connell, Sergola [2403.02270]



Einstein Requires Yang-Mills
Why can't we just double-copy QED?

QED (Abelian) 

Double-copying QED gives linearized gravity 
only. Consistent metric, but no self-interaction. 

Newton from Coulomb works because it's just 
propagator exchange.

Yang-Mills (Non-abelian) 

The cubic and quartic self-interactions of YM 
generate all operators in GR through the double 
copy. 

Full E-H, including the nonlinear self-interaction.  
Even when the solution abelianizes, the theory 
remains non-abelian.

The duality relies on the kinematic numerators of non-abelian gauge theory. 
The root of Einstein gravity is Yang-Mills — not QED.

This distinction is not just structural — it will be essential for thermodynamics.

Aoude, O'Connell, Sergola, White [2510.25866]Ildterton, Landed, Rajeev [2510.25852]



The Yang-Mills Root: Root-Vaidya
Collapsing shell of color charge Q in root-Vaidya gauge:

Aa
μ(x) = Θ(v)( g Q

r ) ̂cakμ

• Source abelianizes  fix color orientation  effectively 
abelian dynamics. 

•  is null ( )   only the 3-point contributes! 

• Probe: adjoint scalar in eigenstate of  with eigenvalue  
    Path ordering trivializes    color algebra reduces to scalar  
• Same computation as Gravity but  in eikonal phase 

→ →

kμ k2 = 0 →
caTa λ

→ λ
E → λ

Crucial Simplification 

All non-abelian structure 
reduces to a single 
eigenvalue  

Log phase produces a 
thermal spectrum in color!

λ

.  (log from integrating the 4D  background along probe trajectory)χ(v0) ∝ − λ log(−v0/μ) 1/r

Logarithmic eikonal phase  Fourier transform  thermality (from -spectrum)→ → λ

JJMC, Chen [2511.01832]



The Gauge Eikonal Phase: Energy Drops Out
The eikonal phase is the integral of the potential along the probe's worldline. 

The worldline gives   .        ( )r(σ) ∝ E |σ | ⟹ ∫ dσ
c3n3

r(σ)
→ ∫

dr
E

c3n3

r
→ ∫

dr
E

c3 E
r

n3 ∝ E

       χ(v0) = − β log(−v0/μ) β = c3 = gQλ

Yang-Mills:   

The phase depends on color eigenvalue, 
not energy. Thermality lives in λ!

β ∝ λ Gravity:  

The double copy replaces , 

promoting  

β ∝ E

c3 → n3

c3n3 → n2
3 ∝ E2

Energy thermality is emergent, not universal!

No Dependence on probe energy E



Final radiation amplitude from FT time dependent phase 
 wrt radiated energy:eiS(v0)

𝒜(E) = ∫
0

−∞
dv0 eiEv0eiβ log(−v0/μ)

dN
dE

∝
1

E2

πβ
sinh(πβ)

|𝒜(E) |2 ∝ E−2 |Γ(1 + iβ) |2

βYM ∼ gQλ

βGR ∼ GN M E



From Energy Spectrum  Color Spectrum→

dN
dE

∝
1

E2

πgQλ
sinh(πgQλ)

But we can make an inclusive observable in color if we understand the distribution of eigenvalues 
for the gauge group.  As an example consider phase space density for large  from Random 
Matrix Theory, the Wigner Semicircle of eigenvalue distribution radius :

Nc
R

ρ(λ) ∝ R2 − λ2 ⟹
dN
dλ

∝
πgQλ

sinh(πgQλ)
× R2 − λ2

Initially Bremsstrahlung-like in 
Energy

Yang-Mills radiation looks classical in energy but thermal in color!
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Phase Space vs Dynamics
dN
dλ

∝
Cλ

sinh ( πCλ )
× R2 − λ2

Dynamical Factor 
(thermal)

Phase Space Factor 
(Wigner semicircle)

Large  : Wigner semicircle from RMT gives the 
density of color eigenvalue states. 

The observable spectrum is controlled by the 
ratio C / R : 

  • Weak coupling (C ≪ R): 
    Phase space dominates  Wigner semicircle 

  • Strong coupling (C ≫ R): 
    Dynamics dominates → Planck-like spectrum

Nc

→



Can We See This Non-Perturbatively?
So far, we have derived color thermality from real-time eikonal resummation. 
But that raises a question: is this truely non-perturbative?   
Is color thermality a true semiclassical feature, or just an artifact of the eikonal approximation? 

We will now rederive the same physics from a completely different starting point!

One-Loop Effective Action 

Vacuum-to-vacuum amplitude 

 Z = ⟨0out |0in⟩
= exp(i Γ[A])

Worldline Path Integral 

Euclidean closed worldlines 
Saddle points = instantons 
Mediating pair creation

Vacuum Decay Rate 

 

 

Contour integral = instanton action

Im(Γ) ∼ e−X

X = ∮ pr dr

Established equivalence to real-time Bogoliubov description: Kim (2000), Dunne et al. (2006, 2010)

We will reproduce the same thermal structure—but now as a semiclassical saddle.

JJMC, Chen, Pavao, Seifi [2601.17884]



Backreaction: Parikh-Wilczek from Color Conservation
The source has finite charge. As a particle radiates, conservation of color charge depletes it:

Q → Q′￼ ≡ Q − λ
Integrating the differential cost over the build-up of emitted charge gives a quadratic correction:

Yang-Mills 
X = 4πg |λ | (Q − |λ | /2)

Gravity 
X = 8πGNω(M − ω/2)

Rep-theoretic:  Take  and charge conserved. With, e.g. , 

 

    • Linear term → Boltzmann suppression (thermal) 
    • Quadratic term → deviation from thermality (correlations for unitarity) 
    • Sign: enhancement of decay rate (just like Hawking) 

The gravitational dual:  

Q ∼ C2(R) C2(R) = a
2 Q2

ΔC2 = C2(R) − C2(R′￼) ∝ a
2 (Q2 − (Q − λ)2) = a (Qλ − λ2/2)

ΔC2 ∝ Δ(Q2) ↔ ΔSBH ∝ Δ(M2)

JJMC, Chen, Pavao, Seifi [2601.17884] Parikh, Wilczek [hep-th/9907001]



The Double Copy Dictionary
Yang-Mills ⟺ Gravity

Color charge Q ⟺ Mass M
Color eigenvalue λ ⟺ Energy ω

Quadratic Casimir C₂ ~ Q² ⟺ Horizon area A ~ M²

Color temperature Tc = 1/(4πgQ) ⟺ Hawking temperature Tₕ = 1/(8πGₙM)

⟺

ΔC₂ (rep transition) ⟺ ΔS_BH (Bekenstein-Hawking)

In exponent X: Linear term  Temperature (thermal)    Quadratic term  Backreaction  → ⋅ →

X = 4πg |λ | (Q − |λ | /2) X = 8πGNω(M − ω/2)



Executive Summary
1. Gravity is the double copy of Yang-Mills — a weak-weak duality with a sharp state/

operator map. 

2. The YM root of Hawking radiation reveals a novel gauge phenomenon: radiation from 
coherent color sources is thermal in the color eigenvalue λ. 

3. Confirmed by two complementary methods: eikonal S-matrix and worldline instantons. 

4. Backreaction maps precisely to Parikh-Wilczek: horizon thermodynamics = double copy 
of color thermodynamics. 

5. Only the non-abelian root is consistent with gauge thermality —  
Einstein requires Yang-Mills, even for thermodynamics. 

[2511.01832]  PRL 136 (2026)   •   [2601.17884] JHEP 05 (2026) 177 
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all send their love and warm wishes, they 
wish they could be here!
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I can’t wait to go on many more adventures….

Happy Birthday Lance and Thank You!


