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Lance has 5 papers and one review about Regge theory
see James’s talk

see James’s talk



Lance and I share 6 papers, and that review

I will talk about some of those papers

- one (DDM) was inspired by Regge limit of QCD but deals with colour 

- another was inspired by Regge limit of N=4 SYM
but deals with jet production in the Regge limit of QCD

see also Dave’s talk



1990’s: following Parke-Taylor, in the Western world 
Amplitudes (in the bulk) were a prerogative of Bern, 
Dixon, Dunbar, Kosower see David’s history lecture

1985: Parke-Taylor n-gluon amplitude



1990’s: following Parke-Taylor, in the Western world 
Amplitudes (in the bulk) were a prerogative of Bern, 
Dixon, Dunbar, Kosower see David’s history lecture

1985: Parke-Taylor n-gluon amplitude

Beyond the Iron Curtain, Gribov, Lipatov & friends
had been doing Amplitudes since the 60’s, although
in the Regge limit 



1990-93: I was a postdoc at SLAC, where Lance & Bjorken were

1991-93: “Bj” Bjorken was interested in the inter-jet radiation pattern 
in Higgs + 2-jet production from Vector Boson Fusion
which naturally occurred with large rapidity intervals

Bj encouraged me to look at the inter-jet radiation pattern in jet 
production at large rapidity intervals → Mueller-Navelet jets → BFKL



Balitski Fadin Kuraev Lipatov

BFKL is a resummation of multiple gluon radiation
out of the gluon exchanged in the t channel

the resummation yields an integral (BFKL) equation for the evolution 
of the gluon propagator in 2-dim transverse momentum space

the Leading Logarithmic (BFKL 1976-77) and 
Next-to-Leading Logarithmic (Fadin-Lipatov 1998) 
contributions in log(s/|t|) of the radiative corrections to 
the gluon propagator in the t channel are resummed to 
all orders in αs

the BFKL equation is obtained in the limit of strong rapidity ordering
of the emitted gluons, with no ordering in transverse momentum - 
multi-Regge kinematics (MRK)

the solution is a Green’s function of the momenta flowing in and out 
of the gluon ladder exchanged in the t channel



LO kernel

NLO kernel
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in the multi-Regge limit

n-gluon amplitude has a factorised ladder form

(F c)ab = i
p
2facb

Fadin Kuraev Lipatov 1976

n gluons in multi-Regge limit of QCD



in those years, I proved the equivalence between Parke-Taylor
and Fadin-Kuraev-Lipatov n-gluon amplitudes in the multi-Regge limit
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using an identity between adjoint and fundamental colour factors



see David’s talk

Carl Schmidt and I used Zvi-Lance-David’s one-loop 5-gluon amplitude

to extract in the multi-Regge limit
the one-loop corrections to the gluon CEV,
which enter the NLO corrections to the BFKL kernel



next-to-multi-Regge limit

p+1 ' p+2 � p+3 |p1?| ' |p2?| ' |p3?|

n-gluon amplitude keeps a factorised ladder form

Fadin Lipatov 1989
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next-to-next-to-multi-Regge limit
p+1 ' p+2 ' p+3 � p+4 |p1?| ' |p2?| ' |p3?| ' |p4?|

next-to-next-to-next-to-multi-Regge limit
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M(0)
7g = s

"
g4s

X

�2S4

(F d�1F d�2F d�3F d�4 )ac A
gggg(0)(p⌫a

a ; p
⌫�1
�1 , p

⌫�2
�2 , p

⌫�3
�3 , p

⌫�4
�4 )

#

⇥ 1

t

h
gs(F

d5)cbC
g(0)(p⌫b

b ; p⌫5
5 )

i

M(0)
6g = s

"
g3s

X

�2S3

(F d�1F d�2F d�3 )ac A
ggg(0)(p⌫a

a ; p
⌫�1
�1 , p

⌫�2
�2 , p

⌫�3
�3 )

#

⇥ 1

t

h
gs(F

d4)cbC
g(0)(p⌫b

b ; p⌫4
4 )

i

Frizzo Maltoni VDD 1999

note that for the maximal “next-to”, i.e. (next-to)n-4

the allowed colour ladders are (n-3)!
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we made the ansatz, checked through n=7 with Kleiss-Kuijf relations

with (n-2)! colour-ordered amplitudes Frizzo Maltoni VDD hep-ph/9909464

that the n-gluon amplitude in the bulk display the colour decomposition
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Dixon Maltoni VDD hep-ph/9910563

Lance entered the picture and moved at a lightning speed

we provided a few proofs of the new tree colour decomposition

- for arbitrary n, we linked the new colour decomposition to
Kleiss-Kuijf relations, so that proving the former was equivalent
to inserting the latter into the standard colour decomposition

- we used a multi peripheral graphical notation of colour factors
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together with Jacobi identities

and the identity between adjoint and fundamental colour factors

could one extend that colour decomposition beyond tree level?

at this point, we wrote to Lance …

see Dave’s talk



we (Lance) provided a new one-loop colour decomposition for n gluons
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which did not feature double traces,
like the standard one-loop colour decomposition

likewise, we (Lance) provided a new one-loop colour decomposition
for n gluons with an external qqbar pair





435 citations

~ #20 on Lance’s Hit Parade
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2008-2009Bern Carrasco Johansson 2008

colour-kinematics duality

435 citations

~ #20 on Lance’s Hit Parade



DDM at BDK Galileo Medal ceremony



pa = xaPA pb = xbPB

Dijet production cross section with two tagging 
jets in the forward and backward directions

incoming parton momenta

S:  hadron centre-of-mass energy

s = xaxbS:  parton centre-of-mass energy

ETj:  jet transverse energies

�y = |yj1 � yj2 | ' log
s

ETj1ETj2

is the rapidity interval between the tagging jets

gluon radiation is considered in MRK and 
resummed through the LL BFKL equation

Dijet production in the Regge limit of QCD
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Mueller Navelet 1987

model inter-jet radiation through BFKL ladder



Mueller-Navelet jets

azimuthal angle distribution (ɸjj = ɸ-π)
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Mueller Navelet 1987

Mueller-Navelet evaluated the inclusive dijet cross section up to 5 loops



Mueller-Navelet jets and SVHPLs

Mueller & Navelet  evaluated analytically the inclusive dijet cross section 
up to 5 loops. We evaluated it analytically up to 13 loops

The singlet LL BFKL ladder in QCD, and thus the dijet cross section
in the high-energy limit, can also be expressed in terms of SVHPLs, 
i.e. in terms of single-valued iterated integrals on ℳ0,4

Dixon Duhr Pennington VDD 2013

Also, we could evaluate analytically the dijet cross section differential
in the jet transverse energies or the azimuthal angle between the jets
(up to 6 loops)



Multi-Regge limit of N=4 SYM

In the Euclidean region (where all Mandelstam invariants are negative),
amplitudes in MRK factorise completely in terms of building blocks
which are expressed in terms of Regge poles and can be determined
to all orders through the 4-pt and 5-pt amplitudes. 
Thus the remainder functions R vanish at all points Duhr Glover VDD 2008

After analytic continuation to some regions of the Minkowski space,
the amplitudes develops cuts which are described by a dispersion relation
for octet exchange, which is similar to the singlet BFKL equation in QCD

Bartels Lipatov Sabio-Vera 2008

In particular, 6-pt amplitudes at weak coupling can be expressed 
in terms of single-valued harmonic polylogarithms

Dixon Duhr Pennington 2012

In planar N=4 SYM, 4-pt and 5-pt amplitudes are expressed 
through the BDS ansatz Bern Dixon Smirnov 2005

see James’s talk





in MRK, the light-cone momenta are strongly ordered,
the non-trivial dynamics is in the n-2 transverse momenta

dual conformal invariance in transverse momentum space
implies dependence on n-5 cross ratios of the transverse 
momenta 

zi =
(x1 � xi+3) (xi+2 � xi+1)

(x1 � xi+1) (xi+2 � xi+3)
= � qi+1 ki

qi�1 ki+1
i = 1, . . . , n� 5

ℳ0,p = space of configurations of p points on the Riemann sphere

Moduli space of Riemann spheres

ℳ0,n-2 is the space of MRK of planar N=4 SYM, with dim(ℳ0,n-2) = n-5

Because we can fix 3 points at 0, 1, ∞, its dimension is dim(ℳ0,p)= p-3

Its coordinates can be chosen to be the zi’s,
i.e. the cross ratios of the transverse momenta

Drummond Druc Duhr Dulat Marzucca Papathanasiou Verbeek VDD 2016
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Iterated integrals on ℳ0,n-2

on ℳ0,n-2,  the singularities are associated to degenerate configurations
when two points merge xi → xi+1

i.e. when momentum pi becomes soft  pi → 0

iterated integrals on ℳ0,p can be written as multiple polylogarithms 

Brown 2006

amplitudes in MRK can be written in terms of multiple polylogarithms

massless amplitudes may have branch points when Mandelstam invariants
vanish sij → 0 or become infinite sij → ∞, but branch cuts are constrained 
by unitarity

analytic structure of amplitudes is constrained by unitarity
and the optical theorem Disc(M) = iMM†



the coproduct of an amplitude is related to unitarity

for massless amplitudes

�(M) = ln(sij)⌦ . . .

in particular, for amplitudes in MRK

�(M) = ln |xi � xj |2 ⌦ . . .

except for the soft limit pi → 0, in MRK the transverse momenta never vanish

|xi � xj |2 6= 0 single-valued functions

therefore, n-point amplitudes of planar N=4 SYM in MRK can be written
in terms of single-valued iterated integrals on ℳ0,n-2

Drummond Druc Duhr Dulat Marzucca Papathanasiou Verbeek VDD 2016

for n=6, iterated integrals on ℳ0,4 are harmonic polylogarithms
thus, 6-point amplitudes in MRK of can be written in terms of
single-valued harmonic polylogarithms (SVHPL) Dixon Duhr Pennington 2012



An all-order any-legs amplitude in MRK
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Lance checked it agrees with the 7-pt amplitude through 4 loops in MRK



Back to Mueller-Navelet jets and SVHPLs



use complex transverse momentum

and a complex variable

the Green's function can be expanded into a power series in 

where the coefficient functions fk are given by the Fourier-Mellin transform

the fk have a unique, well-defined value for every ratio of the magnitudes 
of the two jet transverse momenta and angle between them.
So, they are real-analytic functions of z

BFKL Green’s function and single-valued functions
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this allows us to write the azimuthal angle distribution as
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Transverse momentum distribution
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Mueller-Navelet dijet cross section reloaded

the MN dijet cross section is 

the first 5 loops were computed by Mueller-Navelet.
We computed it through the 13 loops

Dixon Duhr Pennington VDD 2013





At NLLA in QCD and in N=4 SYM, the eigenvalue is Fadin Lipatov 1998
Kotikov Lipatov 2000, 2002
Chirilli Kovchegov 2013
Duhr Marzucca Verbeek VDD 2017

with one-loop beta function and two-loop cusp anomalous dimension

and with
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BFKL eigenvalue at NLLA



At NLLA, the BFKL ladder is 
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the weight of fNLLk is
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Fourier-Mellin transform



are SVHPLs of uniform weight k with singularities at z=0 and z=1

C(3)
k (z) are MPLs of type G(a1, . . . , an; |z|) with ak 2 {�i, 0, i}

they are SV functions of z because they have no branch cut on the positive real axis,
and have weight 0 ≤ w ≤ k

C(1)
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k (z) one needs Schnetz’ generalised SVMPLs with singularities at
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are Schnetz’ generalised SVMPLsthen one can show that C(2)
k (z)

with singularities atG(a1, . . . , an; z) ai 2 {�1, 0, 1,�1/z̄}
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Interestingly, in transverse momentum space at NLLA, the maximal weight 
of the BFKL ladder in QCD is not the same as the one of the ladder in N=4 SYM

In moment space, the maximal weight of the BFKL eigenvalue and of 
the anomalous dimensions of the leading twist operators which control 
the Bjorken scaling violations in QCD is the same as the corresponding
quantities in N=4 SYM Kotikov Lipatov 2000, 2002

Kotikov Lipatov Velizhanin 2003
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SV functions



one can consider the BFKL eigenvalue at NLLA in a SU(Nc) gauge theory
with scalar or fermionic matter in arbitrary representations

!(1)
⌫n =

1

4
�(1)⌫n +

1

4
�(2)⌫n +

1

4
�(3)⌫n (Ñf , Ñs) +

3

2
⇣3 + �(2)(ñf , ñs)�⌫n � 1

8
�0(ñf , ñs)�

2
⌫n

Kotikov Lipatov 2000

with �0(ñf , ñs) =
11

3
� 2ñf

3Nc
� ñs

6Nc
�(2)(ñf , ñs) =

1

4

✓
64

9
� 10 ñf

9Nc
� 4 ñs

9Nc

◆
� ⇣2

2

ñf =
X

R

nR
f TR ñs =

X

R

nR
s TR Tr(T a

RT
b
R) = TR �ab TF =

1

2

BFKL ladder in a generic SU(Nc) gauge theory

number of  scalars (Weyl fermions) in the representation Rñs(ñf ) =

�(3)⌫n (Ñf , Ñs) = �(3,1)⌫n (Ñf , Ñs) + �(3,2)⌫n (Ñf , Ñs)

with Ñx =
1

2

X

R

nR
x TR (2CR �Nc) , x = f, s

Necessary and sufficient conditions for a SU(Nc) gauge theory to have a BFKL ladder
of maximal weight are:

— the one-loop beta function must vanish
— the two-loop cusp AD must be proportional to ζ2

—         must vanish  →  �(3,2)⌫n

There is no theory whose BFKL ladder has uniform maximal weight which agrees 
with the maximal weight terms of QCD
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2Ñf = N2
c + Ñs
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Matter in the fundamental and in the adjoint

We solve the conditions above for matter in the fundamental F and in the adjoint A
representations. We obtain:

2nF
f = nF

s 2nA
f = 2 + nA

s

which describes the spectrum of a gauge theory with N supersymmetries
and nF = nfF chiral multiplets in F and nA = nfA - N chiral multiplets in A

There are four solutions to those conditions

— the first is N=4 SYM
— the second is N=2 superconformal QCD with Nf = 2Nc hypermultiplets
— the third is N=1 superconf. QCD

because the one-loop beta function is fixed by matter loops in gluon self-energies,
we are only sensitive to the matter content of a theory, and not to its details
(like scalar potential or Yukawa couplings)
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NNLO kernel



NNLO kernel



we used Lance’s one-loop 6-gluon amplitudes



these days, I’m doing gravity amplitudes

no collinear graviton divergences
in the eikonal limit

Weinberg 1965

no collinear graviton divergences 
for fixed-angle scattering

Akhoury Saotome Sterman 2011

no collinear graviton divergences 
in forward scattering?

likely not, nonetheless 
soft-collinear gravitons are important



Amarcord

A m’arcord = I remember (romagnolo dialect)

Academy Award-winning movie by F. Fellini



Amarcord

A m’arcord = I remember (romagnolo dialect)

Academy Award-winning movie by F. Fellini

in the 1990’s

no mobile phones

no digital cameras
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Sierra Nevada  Mt Sill  29-30 June 1993
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It has been a privilege to know Lance





thanks Mayling & Lance for a great friendship



Happy birthday
Lance



Happy birthday
Lance

in Italian we say: cento di questi giorni!
(we wish you 100 more (birth)days!)


