
Paul HoyerECT* 2013

1

Paul Hoyer
University of Helsinki

Work done with 
Dennis Dietrich and Matti Järvinen   1212.4747

Hadrons at O(αs0) in QCD

ECT* Seminar
 Trento 3 May 2013

QCDQED
RelativisticNon-relativistic

Bound states

H-atom proton



Paul HoyerECT* 2013

2

PTEP 2012, 01A108 Z. Fodor

(Mπ /MΞ)2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

M
/M

Ξ

a~~0.125 fm
a~~0.085 fm
a~~0.065 fm

physical Mπ

0.05 0.1 0.15 0.1 0.2 0.3 0.4 0.5

Mπ
2  [GeV2]

0

0.5

1

1.5

2

M
 [G

eV
]

physical Mπ

Ω

N

Ω

N

a~~0.085 fm
a~~0.065 fm

a~~0.125 fm

Fig. 1. Pion mass dependence of the nucleon (N ) and ! for all three values of the lattice spacing. Left panel:
masses normalized by M", evaluated at the corresponding simulation points. Right panel: masses in physi-
cal units. The scale in this case is set by M" at the physical point. Triangles on dotted lines correspond to
a ≈ 0.125 fm, squares on dashed lines to a ≈ 0.085 fm, and circles on solid lines to a ≈ 0.065 fm. The points
were obtained by interpolating the lattice results to the physical ms (defined by setting 2M2

K − M2
π to its phys-

ical value). The curves are the corresponding fits. The crosses are the continuum extrapolated values in the
physical pion mass limit. The lattice-spacing dependence of the results is barely significant statistically, despite
the factor of 3.7 separating the squares of the largest (a ≈ 0.125 fm) and smallest (a ≈ 0.065 fm) lattice spac-
ings. The χ2/degrees of freedom values of the fits in the left panel are 9.46/14 (!) and 7.10/14 (N ), whereas
those of the fits in the right panel are 10.6/14 (!) and 9.33/14 (N ), respectively.
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Fig. 2. The light hadron spectrum of QCD. Horizontal lines and bands are the experimental values with their
decay widths. Our results are shown by solid circles. Vertical error bars represent our combined statistical and
systematic error estimates. π , K , and " have no error bars, because they are used to set the light quark mass,
the strange quark mass, and the overall scale, respectively.

As already mentioned, we performed two separate analyses, setting the scale with M" and M!. The
results of these two sets are in perfect agreement. The " set is shown in Fig. 2. With both scale-setting
procedures we find that the masses agree with the hadron spectrum observed in nature [38].

2.2. The ratio of FK /Fπ

We used the same 2008 data set (which was used to determine the light hadron spectrum) to determine
FK /Fπ in the physical limit (extrapolated to physical quark masses and into the continuum limit).
The details of the calculation can be found in Ref. [39].

4/31

 at N
ational Library of H

ealth Sciences on A
pril 18, 2013

http://ptep.oxfordjournals.org/
D

ow
nloaded from

 
PTEP 2012, 01A108 Z. Fodor

(Mπ /MΞ)2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

M
/M

Ξ

a~~0.125 fm
a~~0.085 fm
a~~0.065 fm

physical Mπ

0.05 0.1 0.15 0.1 0.2 0.3 0.4 0.5

Mπ
2  [GeV2]

0

0.5

1

1.5

2

M
 [G

eV
]

physical Mπ

Ω

N

Ω

N

a~~0.085 fm
a~~0.065 fm

a~~0.125 fm

Fig. 1. Pion mass dependence of the nucleon (N ) and ! for all three values of the lattice spacing. Left panel:
masses normalized by M", evaluated at the corresponding simulation points. Right panel: masses in physi-
cal units. The scale in this case is set by M" at the physical point. Triangles on dotted lines correspond to
a ≈ 0.125 fm, squares on dashed lines to a ≈ 0.085 fm, and circles on solid lines to a ≈ 0.065 fm. The points
were obtained by interpolating the lattice results to the physical ms (defined by setting 2M2

K − M2
π to its phys-

ical value). The curves are the corresponding fits. The crosses are the continuum extrapolated values in the
physical pion mass limit. The lattice-spacing dependence of the results is barely significant statistically, despite
the factor of 3.7 separating the squares of the largest (a ≈ 0.125 fm) and smallest (a ≈ 0.065 fm) lattice spac-
ings. The χ2/degrees of freedom values of the fits in the left panel are 9.46/14 (!) and 7.10/14 (N ), whereas
those of the fits in the right panel are 10.6/14 (!) and 9.33/14 (N ), respectively.

0

500

1000

1500

2000
M

[M
eV

]

π

K

ρ
K* N

Λ
Σ

Ξ
∆

Σ*
Ξ*

Ο

experiment

width
input

QCD

Fig. 2. The light hadron spectrum of QCD. Horizontal lines and bands are the experimental values with their
decay widths. Our results are shown by solid circles. Vertical error bars represent our combined statistical and
systematic error estimates. π , K , and " have no error bars, because they are used to set the light quark mass,
the strange quark mass, and the overall scale, respectively.

As already mentioned, we performed two separate analyses, setting the scale with M" and M!. The
results of these two sets are in perfect agreement. The " set is shown in Fig. 2. With both scale-setting
procedures we find that the masses agree with the hadron spectrum observed in nature [38].

2.2. The ratio of FK /Fπ

We used the same 2008 data set (which was used to determine the light hadron spectrum) to determine
FK /Fπ in the physical limit (extrapolated to physical quark masses and into the continuum limit).
The details of the calculation can be found in Ref. [39].
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4PQCD even in soft phenomena?
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power-law type of running [48,49], given by (see the
Appendix for details)

m2ðq2Þ ¼ m4
0

q2 þm2
0

!
ln
"
q2 þ 2m2

0

!2
QCD

#
= ln

"
2m2

0

!2
QCD

#$
3
: (4.5)

Notice that when q2 ! 0 one hasm2ð0Þ ¼ m2
0. A variety of

theoretical and phenomenological estimates place it in the
range m0 ¼ 350–700 MeV [1,3,36,50]. In Fig. 11 we plot
the behavior of m2ðq2Þ as given by Eq. (4.5), for the two
valuesm0 ¼ 500 MeV andm0 ¼ 600 MeV, which will be
used in the rest of this section.

On the left panel of Fig. 12, we show the results for
!PTðq2Þ when m0 ¼ 500 MeV in Eq. (4.5). The small
discrepancy between the three curves is mainly due to

the propagation of the tiny residual " dependence dis-
played by the quantity d̂ðq2Þ as shown in Fig. 9. One clearly
sees that the effective coupling !PTðq2Þ freezes out and
acquires a finite value in the IR, while in the UV it shows
the expected perturbative behavior. For m0 ¼ 500 MeV,
one gets !PTð0Þ % 0:6. One should also notice that the
choice of smaller values of m0 would not produce a mono-
tonically decreasing !PTðq2Þ; instead, one observes the
appearance of ‘‘bumps’’ in the IR region. Therefore if
one were to introduce the monotonic decrease as an addi-
tional requirement of !PTðq2Þ, this would provide a lower
bound for the possible values of m0. Finally, on the right
panel of Fig. 12, we show the effective coupling for the
case m0 ¼ 600 MeV. Now, the freezing occurs at the
slightly higher value of !PTð0Þ % 0:85. Evidently, the
freezing value !PTð0Þ increases as one goes to higher
values of m0.
An accurate fit for the running charges shown in Fig. 12

is provided by the following functional form

!ðq2Þ ¼
!
4#b ln

"
q2 þ hðq2; m2ðq2ÞÞ

!2
QCD

#$&1
; (4.6)

with the function hðq2; m2ðq2ÞÞ given by

hðq2; m2ðq2ÞÞ ¼ $1m
2ðq2Þ þ $2

m4ðq2Þ
q2 þm2ðq2Þ : (4.7)

Our best fits to the numerical results for !PTðq2Þ using
Eq. (4.6) above are shown in Fig. 13.
Finally, we compare numerically the two effective

charges, !PTðq2Þ and !ghðq2Þ. The results are shown in

Fig. 14, where r̂ðq2Þ is compared with d̂ðq2Þ (left panel),
and !ghðq2Þ with !PTðq2Þ (right panel). As anticipated, the
curves coincide in the deep IR and UV, and differ only
slightly in the intermediate region. To produce both curves,
we have factored out a mass of m0 ¼ 500 MeV, whose

FIG. 11 (color online). The behavior of the running mass given
by Eq. (4.5) when m0 ¼ 500 MeV (black continuous line) and
m0 ¼ 600 MeV (red dashed line). In both cases we used
!QCD ¼ 300 MeV.

FIG. 12 (color online). Left panel: The running charge obtained from (2.30) using the SDE solutions for "ðq2Þ, Dðq2Þ, and 1þ
Gðq2Þ. We use a running mass given by Eq. (4.5) with m0 ¼ 500 MeV. Right panel: The same for m0 ¼ 600 MeV.
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empirically, since they typically result in a distortion of the
distribution, which can not be unfolded in a straightforward
manner.

In event-shape moments, one expects the hadronisation
corrections to be additive, such that they can be divided into
a perturbative and a non-perturbative contribution,
〈
yn

〉
=

〈
yn

〉
pt +

〈
yn

〉
np, (2)

where the non-perturbative contribution accounts for hadro-
nisation effects. Based upon the calculation of next-to-
next-to-leading order (NNLO) QCD corrections to the
event-shape distributions, which became available recently
[13, 26–31], the perturbative contribution to event-shape
moments is now known to NNLO [32, 33]. The non-
perturbative part is suppressed by powers of λp/Qp (p ≥ 1),
where Q ≡ √

s is the centre-of-mass energy and λ1 is of the
order of ΛQCD. The functional form of λp has been dis-
cussed quite extensively in the literature, but as this parame-
ter is closely linked to non-perturbative effects, it cannot be
fully derived from first principles.

In this work, we use the dispersive model derived in
Refs. [34–37] to compute hadronisation corrections to
event-shape moments. This model provides analytical pre-
dictions for the power corrections, and introduces only a
single new parameter α0, which can be interpreted as the
average strong coupling in the non-perturbative region. This
model has been used extensively in combination with NLO
QCD perturbative calculations to study event-shape mo-
ments [16, 38–40]. To combine the dispersive model with
the perturbative prediction at NNLO QCD, we extended its
analytical expressions to compensate for all scale-dependent
terms at this order. By comparing the newly derived ex-
pressions with experimental data on event-shape moments,
we perform a combined determination of the perturbative
strong coupling constant αs and the non-perturbative para-
meter α0. Compared to previous results at NLO, we observe
that inclusion of NNLO effects results in a considerably im-
proved consistency in the parameters determined from dif-
ferent shape variables, and in a substantial reduction of the
error on αs .

In Sect. 2, we outline the structure of perturbative and
non-perturbative contributions to event-shape moments. The
predictions of the dispersive model to power corrections are
extended to NNLO in Sect. 3, and used to extract αs and
α0 from experimental data in Sect. 4. In Sect. 5 the results
obtained within the dispersive model are compared to those
from multi-purpose event generator programs.

2 Power corrections to event-shape moments

Non-perturbative power corrections can be related to in-
frared renormalons in the perturbative QCD expansion for

the event-shape variable [34, 35, 41–46]. The analysis of in-
frared renormalon ambiguities suggests power corrections
of the form λp/Qp , but cannot make unique predictions for
λp: it is only the sum of perturbative and non-perturbative
contributions in (2) that becomes well-defined [47]. Differ-
ent ways to regularise the IR renormalon singularities have
been worked out in the literature [48–56].

One approach is to introduce an IR cutoff µI and to re-
place the strong coupling constant below the scale µI by
an effective coupling such that the integral of the coupling
below µI has a finite value [34–37]

1
µI

∫ µI

0
dQαeff

(
Q2) = α0(µI ). (3)

This dispersive model for the strong coupling leads to a shift
in the distributions

dσ

dy
(y) = dσpt

dy
(y − ayP ), (4)

where the numerical factor ay depends on the event shape
and is listed in Table 1, while P is believed to be univer-
sal (universality breaking terms arise from hadron mass ef-
fects [57] in the moments of ρ, an estimate on these effects
can be obtained from general-purpose event generator pro-
grams, e.g. from PYTHIA [21]) and scales with the CMS
energy like µI/Q.

By inserting (4) into the definition of the moments, one
obtains:

〈
yn

〉
=

∫ ymax

0
dy yn 1

σhad

dσ

dy
(y) (5)

=
∫ ymax−ayP

−ayP
dy(y + ayP )n

1
σhad

dσpt

dy
(y) (6)

≈
∫ ymax

0
dy(y + ayP )n

1
σhad

dσpt

dy
(y) (7)

discarding the integration over the kinematically forbidden
values of y. This leads to the non-perturbative predictions

Table 1 The ay coefficients of the non-perturbative event-shape mo-
ment prediction

Event-shape observable 1 − T C Y3 ρ BT BW

ay 2 3π 0 1 1 1
2
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Abstract We study the moments of hadronic event shapes
in e+e− annihilation within the context of next-to-next-to-
leading order (NNLO) perturbative QCD predictions com-
bined with non-perturbative power corrections in the disper-
sive model. This model is extended to match the NNLO per-
turbative prediction. The resulting theoretical expression has
been compared to experimental data from JADE and OPAL,
and a new value for αs(MZ) has been determined, as well
as of the average coupling α0 in the non-perturbative region
below µI = 2 GeV within the dispersive model:

αs(MZ) = 0.1153 ± 0.0017(exp) ± 0.0023(th),

α0 = 0.5132 ± 0.0115(exp) ± 0.0381(th).

The precision of the αs(MZ) value has been improved in
comparison to the previously available next-to-leading order
analysis. We observe that the resulting power corrections are
considerably larger than those estimated from hadronisation
models in multi-purpose event generator programs.

1 Introduction

Event-shape variables measure geometrical properties of
hadronic final states at high energy particle collisions. They
have been studied extensively at e+e− collider experiments,
which provided a wealth of data at a variety of centre-
of-mass energies. Exploiting this large energy range, one
can attempt to disentangle perturbative and non-perturbative
contributions (which scale differently with increasing en-
ergy) to event-shape observables.

Apart from distributions of these observables, one can
also study mean values and higher moments. The nth mo-
ment of an event-shape observable y is defined by

〈
yn

〉
= 1

σhad

∫ ymax

0
yn dσ

dy
dy, (1)

a e-mail: luisonig@physik.uzh.ch

where ymax is the kinematically allowed upper limit of the
observable. Moments were measured for a variety of dif-
ferent event-shape variables in the past. The most common
observables y of three-jet type are: thrust T [1, 2] (where
moments of y = (1 − T ) are taken), the heavy jet mass
ρ = M2

H /s [3], the C-parameter [4, 5], the wide and total
jet broadenings BW and BT [6, 7], and the three-to-two-jet
transition parameter in the Durham algorithm Y3 [8–12].
Definitions for all observables are given in, for example,
Refs. [13]. Moments with n ≥ 1 have been measured by
several experiments, most extensively by JADE [14, 15] and
OPAL [16], but also by DELPHI [17] and L3 [18]. A com-
bined analysis of JADE and OPAL results has been per-
formed in Ref. [19].

As the calculation of moments involves an integration
over the full phase space, they offer a way of comparing
to data which is complementary to the use of distributions,
where in general cuts on certain kinematic regions are ap-
plied. Furthermore, the two extreme kinematic limits—two-
jet-like events and multi-jet-like events—enter with different
weights in each moment: the higher the order n of the mo-
ment, the more it becomes sensitive to the multi-jet region.
Therefore it is particularly interesting to study the NNLO
corrections to higher moments of event shapes, as these cor-
rections should offer a better description of the multi-jet re-
gion due to the inclusion of additional radiation at parton
level.

Moments are particularly attractive in view of study-
ing non-perturbative hadronisation corrections to event
shapes. In event-shape distributions, one typically corrects
for hadronisation effects by using generic Monte Carlo event
simulation programs. A recent study, carried out in the con-
text of a precision determination of the strong coupling con-
stant from event-shape distributions [20], revealed large dis-
crepancies between the standard event simulation programs
used at LEP [21–23] on one hand and more modern gen-
erators [24, 25], which incorporate recent theoretical ad-
vances, on the other hand. In the event-shape distributions,
it is very difficult to disentangle hadronisation corrections

α0  (2 GeV)

Yu.L. Dokshitzer, G. Marchesini, 
G.P. Salam, EPJdirect C3 (1999) 1

Event shapes

T. Gehrmann, M. Jaquier, 
G. Luisoni, 
Eur. Phys. J. C  67 (2010) 57

http://inspirehep.net/author/Binosi%2C%20D.?recid=823162&ln=en
http://inspirehep.net/author/Binosi%2C%20D.?recid=823162&ln=en
http://inspirehep.net/author/Papavassiliou%2C%20J.?recid=823162&ln=en
http://inspirehep.net/author/Papavassiliou%2C%20J.?recid=823162&ln=en
http://inspirehep.net/author/Rodriguez-Quintero%2C%20J.?recid=823162&ln=en
http://inspirehep.net/author/Rodriguez-Quintero%2C%20J.?recid=823162&ln=en
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Atoms from QED: (Should be) Textbook stuff

Bound state poles do not appear in any single Feynman diagram
 – they are generated by the divergence of the perturbative sum

• Which diagrams should be included in the infinite sum?

• How come the QED series diverges for arbitrarily small α ?

• What is the wave function of moving atom?

+ + + ...++ + + ...+ + + + ...+ =

p1

p2

G
e–

=
R

(p1 + p2)2 −M2
+ . . .

e+
γ

us

s u
_ _

= +γ

A0 A⊥

M. Järvinen, arXiv:hep-ph/0411208

http://arXiv.org/abs/arXiv:1010.5431
http://arXiv.org/abs/arXiv:1010.5431
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Dichotomy of
Proton structure

Parton Picture Quark Model
The hadron spectrum reflects only 
        or          degrees of freedom qq̄ qqq

⇒   Consider the Dirac equation

How can QCD combine
multiparton, relativistic 

Fock states
with a 

valence quark spectrum?

DIS and QFT require an
infinite # of constituents
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+ + + + ...
m2

m1

The Dirac equation from Feynman diagrams

As m2 → ∞ the Dirac equation for particle 1 emerges from the sum of all 
uncrossed + crossed ladder diagrams:

Note: The kernel of a Bethe-Salpeter equation 
          would have to be of infinite order!

time

Since Coulomb exchange
is instantaneous, crossed
diagrams correspond to
intermediate states with
particle pairs.

Dirac bound states have an infinite number of pairs,
but the spectrum reflects a single particle dof. time

=

⇒



Paul HoyerECT* 2013

9Features of the Dirac wf in D=1+1

V=2m

2 4 6 8 10 12 14

-0.5

-0.25

0.25

0.5

0.75

1

m/e = 2.5

ex

30 32 34 361 2 3 4

0.2
0.4
0.6
0.8

1

x

ex

Wf

m/e = 4.0

Dirac φ(x)
Schrödinger ρ(x)  Φ

1
(x)   f f

  ρ(x)   Schrödinger

(a) (b)

_

Wf

In D=1+1 the Dirac matrices may be represented as 2x2 Pauli matrices:

The wf’s φ(x), χ(x) are given by 1F1-functions. For large m, they approach
the Schrödinger wf’s when V(x) << m.
Pair contributions are 
manifest for 

For polynomial potentials the 
Dirac wave function is not 
normalizable, and the mass 
spectrum M is continuous.

Its normalizability for the
V(r) = 1/r potential in D=3+1
is an exception.

Plesset, Phys. Rev. 41 (1932) 278

We were not taught that:V (x) = 1
2e

2|x| ≥ 2m

�
− iσ1∂x + 1

2e
2|x|+mσ3

� � ϕ(x)
χ(x)

�
= M

�
ϕ(x)
χ(x)

�
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The Dirac Electron in Simple Fields*

By MILTON S. PLESSET

Sloane. Physics Laboratory, Yale University

(Received June 6, 1932)

The relativity wave equations for the Dirac electron are transformed in a

simple manner into a symmetric canonical form. This canonical form makes readily

possible the investigation of the characteristics of the solutions of these relativity

equations for simple potential fields. If' the potential is a polynomial of any degree

in x, a continuous energy spectrum characterizes the solutions. If the potential is a

polynomial of any degree in 1/x, the solutions possess a continuous energy spectrum

when the energy is numerically greater than the rest-energy of the electron; values

of the energy numerically less than the rest-energy are barred. When the potential

is a polynomial of any degree in r, all values of the energy are allowed. For poten-
tials which are polynomials in 1/r of degree higher than the first, the energy spec-

trum is again continuous. The quantization arising for the Coulomb potential is an

exceptional case.

'N HIS treatment of the reflection of the relativity electron at a potential
-- jump Klein' found a paradoxical behavior of the Dirac electron associ-

ated with the possibility of the existence of states of negative kinetic energy.

He showed by an ingenious treatment that the reflection coefficient for elec-

trons incident upon a discontinuous potential jump of height P varied with

P from the value zero for P =0 to the value unity for P = W—mc' (W being

the energy of the incident electrons). For this last value of P the momentum
P associated with the transmitted beam had the value zero, and as I' was
increased beyond t/t' —nsc' this momentum became imaginary and the reHec-

tion coefficient remained unity until I' attained the value t/t/'+mc'. The re-

sults thus far are exactly what would be expected. If I' is increased further

one enters the domain of negative kinetic energy wherein the group velocity

and the momentum in the transmitted beam are oppositely directed; also the

reflection coefficient falls off from the value unity and approaches the value

(W—cp)/(W+cp) as P is indefinitely increased. Thus by a transition to a

state of negative kinetic energy the Dirac electron has apparently an appreci-

able probability of penetrating a barrier of infinite height. Bohr suggested
that this peculiar result might be due to a jump in potential of the order of
mc' over a region of the order of the Compton wa've-length k/mc. It is within
a region of the order of h/mc ths. t the internal structure of the Dirac electron

and the accompanying "trembling" phenomenon' manifests itself. This

supposition of Bohr was verified by Sauter' who treated the problem of the

* The results of this paper were presented at the Washington meeting of the American

Physical Society (April, 1932).
' O. Klein, Zeits. f. Physik 53, 157 (1929).
' E. Schrodinger, Preuss. Akad. Wiss. Berlin, Ber. 24, 418 (1930).
3 F. Sauter, Zeits. f. Physik 69, 742 (1931).
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of the distribution at low xBj is attributed to ff̄ pairs, indicating again
the inclusive nature of the wave functions obtained with retarded boundary
conditions.
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11Oscillations as x → ∞ : The Klein-Gordon case
�
(i∂µ − eAµ)(i∂

µ − eAµ)−m2
�
ϕ(x)e−iMt = 0

�
M2 −m2 − 2V (x)M + V 2(x)

�
ϕ(x) + ϕ��(x) = 0

x → ∞ : ϕ(x) ∝ exp(±ie2x2/4)

eA0(x) ≡ V (x) = 1
2e

2|x| A1 = 0

NR reduction: V (x) � m and M = m+ ε
�
2mε− 2mV (x) + ∂2

x

�
ϕNR(x) = 0

ϕ(x) ∼ exp

�
−2e

3
m1/2x3/2

�
Normalizable (Airy function)
solution of the Schrödinger equation⇒
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12Hamiltonian approach to the Dirac equation 

The same condition holds in relativistic field theory, but is impractical even for the simple

case of an electron bound by a Coulomb potential just discussed. Since the hamiltonian can

create an e
+
e
−

pair from the Coulomb field the state |ϕ� must necessarily contain an infinite

number of pairs – the same conclusion that we reached previously. Hence in relativistic

theory one usually determines bound states as poles of Green functions in 4-momentum

space rather than using a hamiltonian formulation.

According to our discussion above the standard (single particle) Dirac wave function

follows from using retarded propagators in a perturbative evaluation of Green functions

as in (4.4). We may then ask whether we can set the boundary conditions in the oper-

ator equation (5.1) correspondingly, such that it defines a single particle bound state |ϕ�
with a Dirac wave function. For this we need a “retarded vacuum” in which the electron

propagator

SR(x − y) = R�0| T [ψ(x)ψ̄(y)] |0�R (5.2)

agrees with the retarded one in (4.3). The definition

|0�R = N
−1

�

p,λ

d
†
p,λ|0� (5.3)

where all the positron states are filled
1

and N is an (infinite) normalization constant works

since

ψ(x)|0�R = 0 (5.4)

implies no contribution for x
0

< y
0

in (5.2). A single-electron state with both positive and

negative energy components can then be parametrized by a Dirac (c-number spinor) wave

function ϕ(x) as

|ϕ, t� =

�
d

3x ψ†
α(t, x)ϕα(x)|0�R (5.5)

where a sum over the Dirac index α is implied. With the QED hamiltonian in the Inter-

action Picture

H(t) =

�
d

3x ψ̄(t, x)
�
− i∇ · γ + m + eγ0

A
0
(x)

�
ψ(t,x) (5.6)

the state (5.5) in (5.1) gives, using
�
ψα(t, x),ψ†

β(t, x�
)
�

= δ3
(x − x�

) δαβ and (5.4), the

Dirac equation for the wave function ϕ(x) of a bound state of energy E in the external

Coulomb potential A
0
(x),

(−i∇ · γ + eγ0
A

0
(x) + m)ϕ(x) = Eγ0ϕ(x) (5.7)

In Sec. 4 we saw that the energy E is independent of the boundary condition (Feynman

or retarded) when the potential is static and there are no loop corrections. The possibility

to describe the same state |ϕ� using different wave functions is not so surprising when we

recall that the time-ordering of events which are separated by a space-like distance depends

1Equivalently, in the retarded vacuum all the negative energy states are empty, which is why pair

production is suppressed.

– 8 –

Consider the QED Hamiltonian with a fixed external field A0(x)

H|0�A = 0In terms of its vacuum eigenstate

construct the Dirac state

field operator

c-numbered spinor

|M, t� ≡
�

d3xψ†
α(t,x)ϕα(x)|0�A

H|M, t� =
�
H,

�
d
3xψ†(t,x)

�
ϕ(x)|0�A = M |M, t�

This is an eigenstate of H,

provided φ(x) satisfies the Dirac equation:
�
−i∇ · γ0γ +mγ0 + eA0(x)

�
ϕ(x) = Mϕ(x)
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13Field theory: QED in D=1+1 

Action of QED2 in A1 = 0 gauge:

S =

�
d2x

�
− 1

2

�
∂1A

0
��
∂1A0

�
+ ψ†(x)γ0

�
i/∂ −m− eγ0A0

�
ψ(x)

�

−∂2
1A

0(x) = eψ†ψ(x)Equation of motion for A0  (Gauss’ law):

allows to express A0 in terms of the fermion field:

A0(x) = −e

2

�
dy1|x1 − y1|ψ†ψ(x0, y1)

Eliminating A0 in the QED2  action gives

S =

�
d2xψ†(x)γ0

�
i/∂ −m

�
ψ(x) +

e2

4

�
d2x d2y δ(x0 − y0)ψ†ψ(x)|x1 − y1|ψ†ψ(y)

From this we may determine the Poincare generators of QED2 :
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14Poincaré generators of QED in D=1+1 

Generators of time (µ=0) 
and space (µ=1) translations

Pµ(x0) =

�
dx1Pµ(x0, x1)

M01(x0) =

�
dx1M01(x0, x1) Boost generator

P0 = ψ̄
�
− 1

2 iγ
1
↔
∂ 1 +m

�
ψ − e2

4

�
dy1 ψ†ψ(x0, x1)|x1 − y1|ψ†ψ(x0, y1)

P1 = ψ̄
�
− 1

2 iγ
0
↔
∂ 1

�
ψ

M01 = x0P1 − x1P0The boost density has the expected form:

The Lie algebra is satisfied
(only for the linear potential):

�
P 0, P 1

�
= 0

�
P 0,M01

�
= iP 1

�
P 1,M01

�
= iP 0



Paul HoyerECT* 2013

15

A state with two fermions of energy E and 1-momentum P1 = P :

f f bound states in D=1+1
_

|E,P � =
�

dx1dx2 ψ̄(t, x1) exp
�
1
2 iP (x1 + x2)

�
Φ(x1 − x2)ψ(t, x2)|0�

In analogy to the Dirac case take P̂
0|0� ≡ H|0� = 0

This is a crucial approximation which allows a simple bound state solution.
Later I shall motivate it as being correct at O(e), whereas perturbative pair 
production is of O(e2).

P̂ 1|E,P � = P |E,P �It is now easy to check that Bound state has 
momentum P

P̂ 0|E,P � = E|E,P �Stationarity in time

defines the bound state equation for Φ(x1 – x2). With x ≡ x1 – x2  it reads:
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V (x) = 1
2e2|x|where and γ0 = σ3, γ1 = iσ2, γ0γ1 = σ1

i∂x {σ1,Φ(x)}+
�
− 1

2Pσ1 +mσ3,Φ(x)
�
=

�
E − V (x)

�
Φ(x)

Here the CM momentum P is a parameter, thus E and Φ depend on P .

It is a welcome surprise that the state is covariant under boosts:

|E + dξP, P + dξE� = (1− idξM̂01)|E,P �

This holds only for a linear potential and ensures that E(P ) =
�

P 2 +M2

The P-dependence of  the wave function Φ can be expressed as:

dx = 2
ds

E − V (x)

ΦP (s) = eσ1ζ/2Φ(P=0)(s)e−σ1ζ/2

where and tanh ζ = − P

E − V
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Solutions of the bound state equation (D=1+1, m1=m2)

where the “kinetic 2-momentum” is

Π2 ≡ σ ≡ (E − V )2 − P 2 = M2 − 2EV + V 2

Π(x) ≡ (E − V (x), P )

Expanding the 2x2 wave function as  Φ = Φ0+σ1Φ1+σ2Φ2+σ3Φ3 the bound 
state equation reduces to two coupled, frame-independent equations:

−2i∂σΦ1(σ) = Φ0(σ) −2i∂σΦ0(σ) =

�
1− 4m2

σ

�
Φ1(σ)

with the general solution

If b ≠ 0 the full wf Φ is singular at σ = 0. Requiring b = 0 the spectrum is discrete.
C.f. the Dirac equation: All solutions are regular, hence the continuous spectrum. 

Φ1(σ) = σ e−iσ/2
�
a 1F1(1− im2, 2, iσ) + b U(1− im2, 2, iσ)

�

The “invariant length” can be expressed as s =
ε(s)

2e2
(M2 −Π2)

and thus
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Properties of the bound state solutions (D=1+1, m1=m2)
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m = 0.1

m = 4.0

M
  

2 – (2m)2
n

5 10 15 20

-1.0

-0.5

0.5

1.0

Φ
0
(M = 0)

m = 0.1

m = 4.0

x

(a) (b)

ffbar wf Φ1(x) in 
nearly NR case,
cf. Schr. wf. ρ(x).

Mass spectra for m = 0.1, 4.0 Wfs. for M=0 solutions

No parity degeneracy in m → 0 limit
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Comparisons of ground and excited state wave functions
in the CM and in a moving frame.

  Moves away in IMF (P → ∞ limit)
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Quark - Hadron duality (D=1+1, m1=m2)

n0 z ≈
P

k–P

k

The wave functions of highly excited bound states can be normalized by 
comparison with free parton loop contributions to current propagators.
All currents give consistent results.

|Φ0(x=0)|2 = |Φ1(x=0)|2 = π/2⇒

Consistency with the parton model: At large M, and for separations x
such that V(x) << M, the Fock states reduce to an ff pair with positive 
energy and momenta k = ±M/2 (in the CM).

_
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21Electromagnetic form factors

Taking the bound states as external states we may define as usual

where in (out) implies t = – ∞ (t = + ∞).

Fµ
AB(x) = �B(Pb), out|jµ(x) |A(Pa), in� = ei(Pb−Pa)·x�B(Pb), out|jµ(0) |A(Pa), in�

Using the BSE we may verify gauge invariance:

∂µF
µ
AB(x) = 0
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qγ*

A B

Parton distributions (D=1+1, m1=m2)

e e

f(xBj)

Consider DIS in the Bj limit through transition form factor for γ*+ A → B

−8i
√
2π

� ∞

0
dv sin v

�
cos

� v

2xBj

�
iΦ0A(σa)−sin

� v

2xBj

�
Φ1A(σa)

�
1+

2m2

xBjσa

��

lim
Q2→∞

Q2FAB =

σa = M2
a − v

xBj
where

M2
b = Q2

�
1

xBj
− 1

�
→ ∞

Hence can use asymptotic expression for ΦB

f(xbj) =
1

8πm2

1

xbj
|Q2FAB(Q

2)|2

Parton distribution:
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23Numerical result for the parton distribution

The parton distribution of the ground state has a sea component at low m/e :

    











  









  



 

The red curve is an analytic approximation, valid in the xBj  → 0 limit.

m/e = 0.1

(log scale in xBj)
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At lowest order in α the Schrödinger eq.
for  an atom can be obtained also inserting
the classical EM field in the Hamiltonian:

−∇2A0(x) = e
�
δ3(x− x1)− δ3(x− x2)

�

eA0(x;x1,x2) =
α

|x− x1|
− α

|x− x2|

Atomic binding by the classical Coulomb field

A0 depends on x1, x2 

The potential in the BSE = Schrödinger equation is then 

x1

x2

V (x1 − x2) =
1
2

�
eA0(x = x1)− eA0(x = x2)

�
= − α

|x1 − x2|

Pair production is suppressed due to the NR limit.
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25Non-vanishing boundary condition for classical field

Gauss’ law −∇2A0(x) = e
�
δ3(x− x1)− δ3(x− x2)

�

has also homogeneous solutions (specified by the boundary condition)

eA0(x;x1,x2) =
α

|x− x1|
− α

|x− x2|
+ eΛ2� · x

where Λ is a constant and the unit vector l may depend on x1, x2 . This adds a 
term to the potential 

Choosing l || x1 – x2 gives the linear confining potential

VΛ(x1 − x2) =
1
2eΛ

2� · (x1 − x2)

VΛ(x1 − x2) =
1
2eΛ

2|x1 − x2|
which is of O(e) and thus leading compared to the O(α) perturbative potential.

Note: Neutral state (e1 = – e2) required for space translation invariance!
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26Pair production effects

The Hamiltonian can create neutral, pointlike pairs. For these, VΛ = 0, hence

H |0� = 0 This was used in the BSE derivation above (D = 1+1).

The general picture seems to fit 
with dual diagram phenomenology:

us

us
_ _

= +

K–

= 0

K+

!–

!+
s u

_
! 0

The bound states derived similarly in D=3+1 appear to be boost covariant,
again only for a purely linear potential.
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LQCD = − 1
4Fµν

a F a
µν +

�
f ψ̄A

f (i/∂ − g /AaT a
AB −mf )ψB

f

Fµν
a = ∂µAν

a − ∂νAµ
a − gfabcA

µ
b Aν

c

|E, t = 0� =
�

d3y1d
3y2 ψA†

u (t = 0,y1)χ
AB(y1,y2)ψ

B
d (t = 0,y2)|0�R

–

Under time-independent gauge transformations
the wave function transforms as 

ψ(t,x)→ U(x)ψ(t,x)

χ(y1,y2)→ U(y1)χ(y1,y2)U
†(y2)

In a gauge where χAB(y1,y2) = δABχ(y1,y2)

only the diagonal color fields A0
a with a = 3,8 can be nonzero.

Since fa38 = 0 the commutator terms do not contribute at O(g).
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28
Fock states with quarks of color C give the EOM for A0

a

−∇2A0
a(x) = g TCC

a

�
δ3(x− x1)− δ3(x− x2)

�

A0
a(x;x1,x2, C) = Λ2

a �̂a · x +
gTCC

a

4π

�
1

|x− x1| −
1

|x− x2|

�
(a = 3, 8)

−
1
4

�

a

�
d3xF a

µνFµν
a =

�

a=3,8

�
1
2
Λ4

a

�
d3x +

1
3
gΛ2

a TCC
a �̂a · (x1 − x2) + O

�
g2

��

must be independent of x1, x2 , and

(no sum over the quark color C). With the homogeneous solution (??) we have then for
a = 3, 8 the instantaneous potential

A0
a(x;x1,x2, C) = Λ2

a �̂a · x +
gTCC

a

4π

�
1

|x− x1|
− 1

|x− x2|

�
(a = 3, 8) (5.15)

As in the non-relativistic QED case (??) the field A0
a depends on the positions of the quarks,

and now also on their color. Since (??) is a solution of the EOM the action is stationary
under local variations of A0

a, for any constants Λa and unit vectors �̂a. However, variations
of these parameters is a global variation which can affect the action. In fact,

− 1
4

�

a

�
d3xF a

µνF
µν
a =

1
2

�

a

�
d3x (∇A0

a)
2 (5.16)

=
�

a=3,8

�
1
2
Λ4

a

�
d3x +

1
3
gΛ2

a TCC
a �̂a · (x1 − x2) + O

�
g2

��

The parameter
�

a=3,8 Λ4
a is multiplied by the (infinite) volume of space. This term does

not affect bound state evolution provided it is the same for all Fock components. Hence

Λ4 ≡
�

a=3,8

Λ4
a (5.17)

should be a universal constant, independent of x1,x2 and the quark color C. The O (g)
interference term is finite and was evaluated as in (??). It is stationary wrt. variations of
the unit vectors �̂a provided �̂a � x1 − x2. Choosing �̂a = TCC

a (x1 − x2)/|TCC
a (x1 − x2)|

gives (as seen below) an attractive linear potential ∝
�

a gΛ2
a|T

CC
a (x1−x2)| between quarks

of color C.
The (instantaneous) action (??) should be stationary also wrt. variations in the ratio

Λ3/Λ8 which leaves Λ in (??) invariant. Using a lagrange multiplier λ, the extremum of
the O (g) term in (??) for quark color C = 1,

SC=1
int =

g

6

�
Λ2

3 +
1√
3
Λ2

8

�
|x1 − x2| + λ(Λ4 − Λ4

3 − Λ4
8) (5.18)

for variations of Λ3,Λ8 and λ gives Λ2
3/Λ2

8 =
√

3 and thus

SC=1
int =

gΛ2

3
√

3
|x1 − x2| (5.19)

The calculation and result is the same for C = 2, whereas for C = 3 the extremum of

SC=3
int =

gΛ2
8

3
√

3
|x1 − x2| + λ(Λ4 − Λ4

3 − Λ4
8) (5.20)

is obtained for Λ3 = 0, Λ8 = Λ, giving SC=3
int = SC=1

int ≡ Sint. The fact that the stationary
value of the interference term is independent of quark color is a consequence of the color
singlet nature of the action (??) and the color covariance of the EOM.
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Determining Λ3/Λ8 from stationarity it turns out that 
the potential is independent of the quark color C,

Having determined the parameters Λa and �̂a in the A
0
a potential (??) for each Fock

state we may now proceed to impose a stationary time dependence on the bound state, as

already indicated in (??). Analogously to the non-relativistic case (??) we have

i
dφCD

αβ (0;x1,x2)

dt
= R�0|i

dψD†
dβ (0,x2)

dt
ψC

uα(0,x1)|E, 0� + iψD†
dβ (0,x2)

dψC
uα(0,x1)

dt
|E, 0�

+R�0|ψD†
dβ (0,x2)ψ

C
uα(0,x1)[HI(0)− Sint]|E, 0� = E φCD

αβ (0;x1,x2) (5.21)

where the energy in the field contributes −Sint as shown in (??). The interaction hamilto-

nian

HI(t) = g

�

f=u,d

�
d

3xψA†
f (t, x)A

0
a(x)T

AB
a ψB

f (t, x) (5.22)

is diagonal in color for the field (??) and thus consistent with the color structure (??)

of the wave function. Its matrix element in the bound state equation (??) with C = D

contributes (no sum on C, and neglecting terms of O
�
g
2
�
),

R�0|ψC†
dβ (0,x2)ψ

C
uα(0,x1)HI(0)|E, 0� = g

�

a

T
CC
a

�
A

0
a(x1)−A

0
a(x2)

�
χ(x1,x2)

= g

�

a

Λ2
a |T

CC
a (x1 − x2)|χ(x1,x2) =

gΛ2

√
3
|x1 − x2| = 3Sint (5.23)

Thus the interaction energy is independent of the quark color C, similarly to the instanta-

neous action Sint.

Using (??) the bound state equation (??) for the color singlet ud̄ wave function becomes

γ0
(−i∇1 ·γ +mu)χ(x1,x2)−χ(x1,x2)γ

0
(i∇2 ·γ +md) = [E−V (x1,x2)]χ(x1,x2) (5.24)

which has the same form as (??) for non-relativistic QED atoms. Due to the use of the

retarded vacuum (??) this equation may be applied also to relativistic bound states at

lowest order in � and to O (g) in the gauge coupling with the linear potential

V (x1,x2) =
2gΛ2

3
√

3
|x1 − x2| (5.25)

where Λ is a free parameter with dimension of mass. Separating the CM momentum k

according to

χ(x1,x2) = e
ik·(x1+x2)/2 χk(x1 − x2) (5.26)

the bound state equation reduces to the form (??) given in Section ??.

The bound state equation (??) is a rather natural generalization of the Dirac equation

and as such has been studied before [?, ?, ?, ?]. As mentioned in Section ?? it has several

intriguing properties, in particular a correct dependence of the bound state energy E on the

center-of-mass momentum k, and rapid oscillations of the wave function at large distances

r between the quarks, where V (r) � E.
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and the bound state equation for the color singlet wave function χ 
has the same form as in QED.
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29uds baryon states in in QCD

6. Baryon bound state equation in QCD

The derivation of the baryon uds equation follows the same principles as that of mesons,
giving a specific three quark potential. I assume distinctly flavored quarks for simplicity.

The baryon state at t = 0 is expressed as

|E, t = 0� =
� 3�

j=1

d3yj ψA†
uα1

(t = 0,y1)ψ
B†
dα2

(t = 0,y2)ψ
C†
sα3

(t = 0,y3)χ
α1α2α3
ABC (y1,y2,y3)|0�R

(6.1)
where now6

|0�R = N−1
�

p,λ,A

dA†
u (p, λ) dA†

d (p, λ) dA†
s (p, λ)|0� (6.2)

The baryon state (6.1) is invariant under time independent gauge transformations ψA(t, x) →
UAA�(x)ψA�(t, x) provided the wave function is transformed as

χABC(x1,x2,x3) → UAA�
(x1)UBB�

(x2)UCC�
(x3)χA�B�C�(x1,x2,x3) (6.3)

I assume that there is a gauge where the wave function has the standard color dependence

χα1α2α3
ABC (x1,x2,x3) = �ABCχα1α2α3(x1,x2,x3) (6.4)

As for mesons, this allows O
�
g0

�
instantaneous gauge fields A0

a only for a = 3, 8. The color
ABC = 123 Fock state matrix elements of the QCD equations of motion

R�0|ψ3†
sα3

(t, x3)ψ2†
dα2

(t, x2)ψ1†
uα1

(t, x1)
�
∂µFµν

a +gfabcF
µν
b Ac

µ−g
�

f=u,d,s

ψ̄A
f γνTAB

a ψB
f

�
|E, t� = 0

(6.5)
give for a = 3, 8 and ν = 0

−∇2A0
a(x) + gfabcF

j0
b A0

c = g
3�

j=1

T jj
a δ3(x− xj) (a = 3, 8) (6.6)

The commutator term ∝ fabc does not contribute at O (g) when the O
�
g0

�
fields appear

only in the commuting elements (b, c = 3, 8) of SU(3). The solution including homogeneous
linear terms are then to O (g)

A0
3(x; {xi}, ABC = 123) = Λ2

3 �̂3 · x +
g

4π

1
2

�
1

|x− x1|
− 1

|x− x2|

�
(6.7)

A0
8(x; {xi}, ABC = 123) = Λ2

8 �̂8 · x +
g

4π

1
2
√

3

�
1

|x− x1|
+

1
|x− x2|

− 2
1

|x− x3|

�

This gives the instantaneous action corresponding to (5.16),

−1
4

�

a

�
d3xF a

µνF
µν
a =

�

a=3,8

�
1
2
Λ4

a

�
d3x + S123

int + O
�
g2

��
(6.8)

6This definition of the retarded vacuum is different from (5.2) for mesons. This incompatibility needs

to be addressed in order to treat meson-baryon interactions.
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�
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8 �̂8 · x +
g
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√

3

�
1
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�
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µνF
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6This definition of the retarded vacuum is different from (5.2) for mesons. This incompatibility needs

to be addressed in order to treat meson-baryon interactions.
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the relevant gauge fields are, for quark colors ABC = 123 

A0
3(x; {xi}, ABC = 123) = Λ2

3 �̂3 · x +
g

4π

1
2

�
1

|x− x1|
− 1

|x− x2|

�

A0
8(x; {xi}, ABC = 123) = Λ2

8 �̂8 · x +
g

4π

1
2
√

3

�
1

|x− x1|
+

1
|x− x2|

− 2
1

|x− x3|

�

and the interference term of O(g) in the action is

and is stationary for

S123
int =

gΛ2
3

6
�̂3 · (x1 − x2) +

gΛ2
8

6
√

3
�̂8 · (x1 + x2 − 2x3)
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�̂3 � x1 − x2, �̂8 � x1 + x2 − 2x3

Similarly to the meson case the O
�
g0

�
term proportional to the (infinite) volume of space

must be universal, implying the constraint (5.17). The O (g) interference term for the color

component ABC = 123 is

S123
int =

gΛ2
3

6
�̂3 · (x1 − x2) +

gΛ2
3

6
√

3
�̂8 · (x1 + x2 − 2x3)

=
gΛ2

3

6
|x1 − x2| +

gΛ2
3

6
√

3
|x1 + x2 − 2x3| + λ(Λ4 − Λ4

3 − Λ4
8) (6.9)

where in the second line I used stationarity of S123
int to fix the directions of the unit vectors,

�̂3 � x1 − x2 and �̂8 � x1 + x2 − 2x3, and added the lagrange multiplier for the constraint

(5.17). The extremum of S123
int is obtained with

Λ2
3

Λ2
8

=

√
3

|x1 − x2|

|x1 + x2 − 2x3|
(6.10)

giving

S123
int =

gΛ2

3
√

3

�
x2

1 + x2
2 + x2

3 − x1 · x2 − x2 · x3 − x3 · x1 (6.11)

This expression is fully symmetric under permutations of x1 ↔ x2 ↔ x3, ensuring that the

same result will be obtained for all color components of the wave function (6.4): S123
int =

S213
int = . . . ≡ Sint .

The stationarity condition for the baryon state (6.1),

i
d

dt
|E, t� = E|E, t� (6.12)

imposes an O (g) condition on the wave function χα1α2α3
ABC (x1,x2,x3) which is analogous to

(5.21) for mesons. In the interaction Hamiltonian (5.22) only the linear, O
�
g0

�
terms in

the gauge fields (6.7) need be considered, with the parameters �̂3, �̂8 and Λ3/Λ8 determined

as above by the extremum of the action for each Fock state. The stationarity condition is

diagonal in color and for the ABC = 123 color component reads

3�

j=1

�
γ0

(−i∇j · γ + mj)
�
χ(x1,x2,x3) + g

3�

j=1

�

a=3,8

T jj
a A0

a(xj)χ = (E + Sint)χ (6.13)

where the interaction term on the lhs. is

gΛ2
3

2
�̂3 · (x1 − x2) +

gΛ2
8

2
√

3
�̂8 · (x1 + x2 − 2x3) = 3Sint(x1,x2,x3) (6.14)

The fact that Sint given by (6.11) is a symmetric function of the quark positions xj implies

that the potential is the same for all color components and thus compatible with the color

structure (6.4) of the wave function. The bound state equation for the uds baryon wave

function χ(x1,x2,x3) is then

3�

j=1

�
γ0

(−i∇j · γj + mj)
�
χ = (E − V )χ (6.15)
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For different colors ABC = 213, etc., the result is given by x1 ↔ x2 , etc.

When expressed in terms of the universal strength
the potential obtained for stationary action is
the same for all color choices ABC,

(no sum over the quark color C). With the homogeneous solution (??) we have then for
a = 3, 8 the instantaneous potential

A0
a(x;x1,x2, C) = Λ2

a �̂a · x +
gTCC

a

4π

�
1

|x− x1|
− 1

|x− x2|

�
(a = 3, 8) (5.15)

As in the non-relativistic QED case (??) the field A0
a depends on the positions of the quarks,

and now also on their color. Since (??) is a solution of the EOM the action is stationary
under local variations of A0

a, for any constants Λa and unit vectors �̂a. However, variations
of these parameters is a global variation which can affect the action. In fact,

− 1
4

�
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µνF
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1
2

�

a

�
d3x (∇A0

a)
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�
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�
1
2
Λ4

a

�
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1
3
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a �̂a · (x1 − x2) + O

�
g2

��

The parameter
�

a=3,8 Λ4
a is multiplied by the (infinite) volume of space. This term does

not affect bound state evolution provided it is the same for all Fock components. Hence

Λ4 ≡
�

a=3,8

Λ4
a (5.17)

should be a universal constant, independent of x1,x2 and the quark color C. The O (g)
interference term is finite and was evaluated as in (??). It is stationary wrt. variations of
the unit vectors �̂a provided �̂a � x1 − x2. Choosing �̂a = TCC

a (x1 − x2)/|TCC
a (x1 − x2)|

gives (as seen below) an attractive linear potential ∝
�

a gΛ2
a|T

CC
a (x1−x2)| between quarks

of color C.
The (instantaneous) action (??) should be stationary also wrt. variations in the ratio

Λ3/Λ8 which leaves Λ in (??) invariant. Using a lagrange multiplier λ, the extremum of
the O (g) term in (??) for quark color C = 1,

SC=1
int =

g

6

�
Λ2

3 +
1√
3
Λ2

8

�
|x1 − x2| + λ(Λ4 − Λ4

3 − Λ4
8) (5.18)

for variations of Λ3,Λ8 and λ gives Λ2
3/Λ2

8 =
√

3 and thus

SC=1
int =

gΛ2

3
√

3
|x1 − x2| (5.19)

The calculation and result is the same for C = 2, whereas for C = 3 the extremum of

SC=3
int =

gΛ2
8

3
√

3
|x1 − x2| + λ(Λ4 − Λ4

3 − Λ4
8) (5.20)

is obtained for Λ3 = 0, Λ8 = Λ, giving SC=3
int = SC=1

int ≡ Sint. The fact that the stationary
value of the interference term is independent of quark color is a consequence of the color
singlet nature of the action (??) and the color covariance of the EOM.
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V (x1,x2,x3) =
√

2gΛ2

3
√

3

�
(x1 − x2)2 + (x2 − x3)2 + (x3 − x1)2

and the bound state equation for the color singlet wave function is

Similarly to the meson case the O
�
g0

�
term proportional to the (infinite) volume of space

must be universal, implying the constraint (5.17). The O (g) interference term for the color

component ABC = 123 is

S123
int =

gΛ2
3

6
�̂3 · (x1 − x2) +

gΛ2
3

6
√

3
�̂8 · (x1 + x2 − 2x3)

=
gΛ2

3

6
|x1 − x2| +

gΛ2
3

6
√

3
|x1 + x2 − 2x3| + λ(Λ4 − Λ4

3 − Λ4
8) (6.9)

where in the second line I used stationarity of S123
int to fix the directions of the unit vectors,

�̂3 � x1 − x2 and �̂8 � x1 + x2 − 2x3, and added the lagrange multiplier for the constraint

(5.17). The extremum of S123
int is obtained with

Λ2
3

Λ2
8

=

√
3

|x1 − x2|

|x1 + x2 − 2x3|
(6.10)

giving

S123
int =

gΛ2

3
√

3

�
x2

1 + x2
2 + x2

3 − x1 · x2 − x2 · x3 − x3 · x1 (6.11)

This expression is fully symmetric under permutations of x1 ↔ x2 ↔ x3, ensuring that the

same result will be obtained for all color components of the wave function (6.4): S123
int =

S213
int = . . . ≡ Sint .

The stationarity condition for the baryon state (6.1),

i
d

dt
|E, t� = E|E, t� (6.12)

imposes an O (g) condition on the wave function χα1α2α3
ABC (x1,x2,x3) which is analogous to

(5.21) for mesons. In the interaction Hamiltonian (5.22) only the linear, O
�
g0

�
terms in

the gauge fields (6.7) need be considered, with the parameters �̂3, �̂8 and Λ3/Λ8 determined

as above by the extremum of the action for each Fock state. The stationarity condition is

diagonal in color and for the ABC = 123 color component reads

3�

j=1

�
γ0

(−i∇j · γ + mj)
�
χ(x1,x2,x3) + g

3�

j=1

�

a=3,8

T jj
a A0

a(xj)χ = (E + Sint)χ (6.13)

where the interaction term on the lhs. is

gΛ2
3

2
�̂3 · (x1 − x2) +

gΛ2
8

2
√

3
�̂8 · (x1 + x2 − 2x3) = 3Sint(x1,x2,x3) (6.14)

The fact that Sint given by (6.11) is a symmetric function of the quark positions xj implies

that the potential is the same for all color components and thus compatible with the color

structure (6.4) of the wave function. The bound state equation for the uds baryon wave

function χ(x1,x2,x3) is then

3�

j=1

�
γ0

(−i∇j · γj + mj)
�
χ = (E − V )χ (6.15)
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Fig. 1: Left plot: F2 vs x for various lowQ2 values. Right plot: Sea and gluon PDF distributions extracted from a global PDF

fit including these data.

jets with P 2
t ∼ Q2 and low-x, because LO DGLAP evolution has strong kt ordering, from the target

to the probe, and thus it cannot produce such events. The rate is also suppressed for NLO DGLAP.

However BFKL evolution has no kt ordering and thus a larger cross-section for such events at both LO

and NLO. The data do indeed show an enhancement of forward jet cross-sections wrt conventional NLO

DGLAP calculations. However this cannot be regarded as a definitive indication of the need for BFKL

resummation because conventional calculations at higher order, O(α3
s), do describe the data.

However, as we have already mentioned, even though conventional calculations do give reasonable

fits to data, the peculiar behaviour of the low-x, low-Q2 gluon gives us cause for some concern. Thorne

and White have performed an NLL BFKL resummation and matched it to NLO DGLAP at high-x in
order to perform a global PDF fit. When this is done the gluon shape deduced from the scaling violations

of F2 is a lot more reasonable and a good fit is found to global DIS data, see the talk of C.White in these

proceedings. A similar improvement to the gluon shape is got by introducing a non-linear term into the

evolution equations, as done by Eskola et al [1]- but although this work has been widely used to give

non-linear PDFs one must remember that it is limited to leading order.

These analyses make us suspect that the conventional formalism could be extended, but they are

still not definitive. A different perspective comes from considering the low-x structure function data
in terms of the virtual-photon proton cross-section: at low-x, σ(γ∗p) ∼ 4πα2F2/Q2. The data are pre-

sented in this way in Fig. 2 left-hand-side. A rise ofF2(x) ∼ x−λ, implies a rising cross-section withW 2,

the centre-of mass energy of the photon-proton system,σ(W 2) ∼ (W 2)λ (since x = Q2/W 2 at low-x).
However, the real-photon proton cross-section (and all high energy hadron-hadron cross-sections) rises

slowly as (W 2)α−1, where, α = 1.08, is the intercept of the soft-Pomeron Regge trajectory. Thus the
data on virtual-photon proton scattering are showing something new - a faster rise of cross-section than

predicted by the soft-Pomeron which has served us well for many years. In Fig. 2 right-hand-side we

show the slope of this rise, λ = (α− 1), as calculated from the data, λ = ∂lnF2/∂ln(1/x). One can see
a change in behaviour atQ2

∼ 0.8GeV2 as we move out of the non-perturbative region -where the soft

pomeron intercept gives a reasonable description of the data -to larger Q2. Does this imply that we need

a hard Pomeron as well?

Dipole models have given us a way to look at virtual-photon proton scattering which can model

x

110–110–210–310–4

Absence of gluon distribution at low Q2 ?

http://www-library.desy.de/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Cooper%2DSarkar%2C%20A%20M%22
http://www-library.desy.de/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Cooper%2DSarkar%2C%20A%20M%22
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• Hadron phenomenology encourages the search for an analytic approach.

• Relativistic states with an ∞ number of constituents can be described by 
inclusive, “valence” wave functions. Cf: Dirac wave function.

• Need a perturbative expansion: αs ≈ 0.5 should freeze in the infrared.

• A non-vanishing boundary condition in Gauss‘ law for A0 provides an    
O(αs0) linear potential.  

• The O(αs0) states are Poincaré covariant (probably also in D = 3+1).

• Pertubatively expand around the O(αs0) qqbar, qqq “in” and “out” states.

• Form factors are gauge invariant, and duality is OK.

• Parton distributions have a sea component.

• Standard color neutral mesons and baryons emerge.


