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Motivation

• Nuclear modification factor RAA and elliptic flow v2

described by spatial diffusion coefficient Dx
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• Varying results for temperature dependence across theoretical models

• Transport coefficients are input for quarkonium production models to describe heavy-ion
collision physics and quark gluon plasma
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Heavy Quark diffusion: Langevin perspective

• Heavy quark energy changes only little when colliding with medium
Ek ∼ T , p ∼

√
MT ≫ T

• HQ momentum is changed by random kicks from the medium
→ Brownian motion; Langevin dynamics can be used

dpi
dt

= − κ

2MT
pi + ξi (t) , ⟨ξ(t)ξ(t ′)⟩ = κδ(t − t ′) Svetitsky 88; Mustafa et.al.97;

Moore & Teaney 05; Rapp & van Hees 05

Associated Fokker-Planck equation

∂fQ(p, t)

∂t
= − ∂

∂pi
[piηD(p)fQ(p, t)] +

∂2

∂pi∂j
[κij(p)fQ(p, t)]

• Single coefficient κ gives access to multiple interesting quantities:

Ds = 2T 2/κ ηD = κ/(2MT ) τQ = η−1
D

Spatial diffusion Drag coefficient Relaxation time
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HQET picture

• Expand the force in 1/M
F i = ϕ†

[
−gE i +

[D i ,D2 + cbgσ · B]
2M

+ · · ·
]
ϕ

• Note also Lorentz force
F (t) = ṗ = q (E + v × B)) (t)

• Switch to Euclidean space correlation function:

GE(τ) = −
1
3

3∑
i=1

⟨Re Tr [U(β, τ)gEi (τ, 0)U(τ, 0)gEi (0, 0)]⟩
⟨Re Tr [U(β, 0)]⟩ ,

GB(τ) =
3∑

i=1

⟨Re Tr [U(1/T , τ)Bi (τ, 0)U(τ, 0)Bi (0, 0)]⟩
3 ⟨Re TrU(1/T , 0)⟩

κE,B = lim
ω→0

2T
ω

ρ(ω) GE,B(τ) =

∫ ∞

0

dω
π

ρ(ω)
cosh

(
ω
T [τT − 1

2 ]
)

sinh ω
2T

−

−

τ
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Heavy Quark diffusion

• Well studied on the lattice
• Known both quenched and unquenched
• Temperature dependence known
• 1

M corrections measured

• No transport peak

• Known IR and UV behavior

• Model the intermediate behavior

• Choose scale so that NLO contributions vanish
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E (ω) =
g2CFω

3

6π
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(4π)2

[
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4ω2 +
149
9
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• More complicated inversions under work, but generally this observable well behaved enough

for this approach
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Lattice details

• SU(3) pure gauge Yang-Mills simulations

• Two temperatures T = 1.5Tc and T = 104Tc

• High temperature for comparing to perturbation theory

• Measurements with both gradient flow and multilevel algorithm

• Two different discretizations of the E-field (clover and 2-plaquette)

• Tree-level improve the correlators

• At zero flow time all out operators have same LO contribution (up to color factors)

GLO
E,B

g2CF
≡ f (τ) = π2T 4

[
cos2(πτT )

sin4(πτT )
+

1
3 sin2(πτT )

]
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κE results
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Heavy Quarkonium Diffusion

• Quarkonium in medium can be described by Limbland equation by using pNRQCD and
open quantum systems

• Three possible interactions and adjoint quark Brambilla et.al. TUM-EFT 191/24, FERMILAB-PUB-24-0451-T

E

E

singlet-octet
E

E

octet-singlet
E

E

octet-octet

dabc
E

E

adjoint quark

fabc

• Each process described by two parameters κxx and γxx

• κso is related to the thermal width and describes heavy quarkonium diffusion
• γso is related to the mass shift γ = − 1

3Nc

∫∞
0

dω
2π

ρ(ω)
ω
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Heavy Quarkonium Diffusion on the lattice

• Euclidean correlators similar to HQ-case, but with adjoint Wilson line
• κso and κos given by

GE(τ) = −
1
3

3∑
i=1

⟨ReTr [gEi (τ, 0)Φ(τ, 0)gEi (0, 0)]⟩ = −
2
3

3∑
i=1

⟨Tr [Ei (τ)U(τ, 0)Ei (0)U(0, τ)]⟩ ,

• Separating κso and κos on lattice still work in progress
• κoo similar to HQ-diffusion

Goct
EE ≡

1
3⟨l8⟩

3∑
i=1

⟨ΦA
xa(NT , t)dabcE

i,c (t)ΦA
bz (t, 0)dzxgE

i,g (0)⟩

=
−1

3⟨l8⟩

3∑
i=1

⟨Tr [Ei (τ)P(τ)†]Tr [Ei (0)P(0)]+Tr [Ei (τ)U(τ, 1/T )Ei (0)U(0, τ)]Tr [P(0)]−
4
3
Tr [Ei (τ)U(τ, 0)Ei (0)U(0, τ)]+h.c.

• Also related: Diffusion of an adjoint static quark
G symm

EE ≡
1

3⟨l8⟩

3∑
i=1

⟨ΦA
xa(NT , t)fabcE

i,c (t)ΦA
bz (t, 0)fzxgE

i,g (0)⟩

=
1

3⟨l8⟩

3∑
i=1

⟨Tr [Ei (τ)P(τ)†]Tr [Ei (0)P(0)]−Tr [Ei (τ)U(τ, 1/T )Ei (0)U(0, τ)]Tr [P(0)] + h.c.
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Gradient Flow

∂tBt,µ = −δSYM
δB

= Dt,µGt,µν ,

Gt,µν = ∂µBt,ν − ∂νBt,µ + [Bt,µ,Bt,ν ] .

B0,µ = Aµ ← the original gauge field
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• Smearing the Wilson lines

• Avoid overlap
√

8τf < τ/2

• Automatically renormalizes the E-fields
√

8τf > a

9 / 19See e.g. M. Lüscher JHEP 08 (2010). Ze figure from Brambilla et.al.PRD 105 (2022)



Removing Wilson line self-energy
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• For symmetric correlators: same procedure as fundamental ⇒ divide by Polyakov loop
• Non-symmetric correlator:
⇒ Wilson line has divergence exp(δmτ) with δm ∝ 1/

√
8τF

• Use renormalized Polyakov loops from Gupta et.al.PRD77 2008

Lr
8 = eδm(τF )/TL8(τF ) , G r

E (τ, τF ) = eδm(τF )τGE (τ, τF ) =

(
Lr

8
L8(τF )

)τT

GE (τ, τF )
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Continuum limit
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• Good limits for valid ranges of τT and τF for both symmetric and asymmetric correlators
at both temperatures

• Spatial volume scaling negligible
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Flow time dependence of GE
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• Good linear flow time limits within valid range for both correlators
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Flow time κ and order of limits
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• Very little dependence on flow time

• Ordering of Continuum limit, zero flow time limit, and spectral function inversion doesn’t
seem to matter much
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κoo and adjoint heavy quarks
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• For symmetric correlators we observe expected (Casimir) scaling nonperturbatively
• These results translate from GE to κ trivially
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Singlet-to-Octet transition

• Asymmetric correlator

• LO contribution still given by f (τ)

• Starting NLO the contribution from even spectral
function breaks the color scaling

• Spectral function has both even and odd contributions

G (τ) =

∫ ∞

0

dω

π
ρEE
s

coshω(1/2T − τ)

sinhω/2T
+

∫ ∞

0

dω

π
ρEE
a

sinhω(1/2T − τ)

sinhω/2T
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Adjoint correlator
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• Asymmetric correlator on lattice relates to both κso and κos

• Spectral reconstruction still pending
• At high temperatures, excellent agreement with the perturbation theory

16 / 19NLO result: Brambilla et.al.JHEP 08 (2025)



κso and κos

• Similar fit as the heavy quark case

• Preliminary analysis, still work in progress

• Different normalizations for symmetric and asymmet-
ric parts to gauge higher order effects

• Perturbation theory expectation κso = κfund cannot
be ruled out but some indication that κso could be
smaller

• Still to do: extract γ
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Advert about zero temperature correlators

• We have also measured the zero temperature version
of the correlators
TUM-EFT 204/26, Julian Mayer-Steudte’s talk last week

• The 3rd moment related to quarkonia production and
decays via pNRQCD

E3(Λ) =
TF

Nc

∫ ∞

0
dt t3⟨EE ⟩(t)

• Fit the adjoint Wilson line divergence w.r.t. flow time

NRQCD_exp NRQCD_latt_bott NRQCD_latt_charm pNRQCD_exp This work
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Summary

• Quarkonia in plasma can be described with transport coefficients

• We have measured the relevant correlators on the lattice

• Extraction of the relevant transport coefficients κ, γ work in progress

• The correlator for singlet-to-octet transition is asymmetric in nature

• We observe Casimir scaling with the symmetric operators, indicating Casimir scaled κ

• Magnetic version of quarkonium correlators also in progress
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Thank you for your attention!
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