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Introduction: Leptonic decays

First, consider D-meson leptonic decay

D → µνµ

The branching fraction is linked to the CKM matrix

B ≡
Γ(D → µνµ)

Γtotal
= τD

G 2
F

8π
|Vcd|

2f 2Dm
2
µMD

(
1−

m2
µ

M2
D

)2

Use
B = 3.71(20)× 10−4 BESIII [1]

fD = 212.0(7)MeV Nf = 2 + 1 + 1 [10]

τD = 1.033(5)× 10−12s Lifetime [7]

The CKM matrix element is then [7]

|Vcd| = 0.2181(50)

Lattice input at 0.3% precision!
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Introduction: QED corrections

In experiment, one really measures the radiation-inclusive rate

Γ(∆Eγ) ≡ Γ(D+ → µ+νµ[γ])|Eγ<∆Eγ

with ∆Eγ the experimental sensitivity.

Γ(∆Eγ) = Γ0 + Γ1(∆Eγ)

We’ve added two types of QED corrections,

Loop (virtual) corrections to Γ0 = Γ(D+ → µνµ)

Real radiative decay Γ1(∆Eγ) = Γ(D+ → µνµγ)|Eγ<∆Eγ

QED corrections are expected to be 1% [1] at vanishing
∆Eγ , and dominant for large Eγ [5]
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Introduction: Real radiative decays

For the real radiative decay

D+(p) → µ+(ℓ)νµ(n)γ(k , λ)

the amplitude M1 can be split into hadronic and leptonic parts

M(λ)
1 = ϵ(λ)∗µ (k)

(
Mµ

had +Mµ
lep

)
The hadronic part is

Mµ
had =

GF√
2
V ∗
cdeH

µν(p, k)ū(ℓ)γβ(1− γ5)v(n)

The non-perturbative physics appears in the hadronic tensor

Hµν(p, k) = i

∫
d4x e ik·x

〈
0
∣∣∣T{jµem(x)jνW (y)

}∣∣∣D+(p)
〉
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Introduction: Real radiative decays in Euclidean space

There are three Wick contractions of Hαβ(p, k)

qA

qB

P

γ

`

ν` qA

qB

P

γ

`

ν` qA

qB

P

γ

`

ν`

The hadronic tensor can be computed in Euclidean space [3]

Hµν(k,p) =

∫
dtγ e

tγEγ d3z e ip·z d3x e−ik·x ⟨0|jµem(x)j
ν
W (y)ϕ†(z)|0⟩︸ ︷︷ ︸

C
µν

(x ,y ,z)

where

jµem(x) =
∑

q eqq̄(x)γµq(x)

jνW (y) = q̄A(y)γ
ν(1− γ5)qB(y)

ϕ = q̄A(z)γ5qB(z)

No need for explicit photon field!
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Objective

Study the 1st and 2nd rows of CKM with leptonic decays of

D Ds B Bc

PDG [7] Leptonic Semi-leptonic

|Vub| 4.11(39)× 10−3 3.82(20)× 10−3

|Vcd| 0.2181(50) 0.2330(136)
|Vcs| 0.984(12) 0.972(7)

|Vcb| Not seen 41.1(12)× 10−3

Experiments get more precise [9] and look at new channels [8]
Figure taken from [6]

Figure taken from [8]
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Setup: JLQCD DWFs

Action

→ All quarks are Möbius b + c = 2, b − c = 1

→ Tree-level improved Symanzik gauge + stout smearing

DWFs preserve chiral symmetry

→ Our observable is chiral

→ Simpler renormalization

We employ one JLQCD Nf = 2 + 1 ensemble [4]

Label β a [fm] a−1 [GeV] L3 × T × Ls mπ mK mπL

F-ud3-sa 4.47 0.0439(1)0.0439(1)0.0439(1) 4.494(2) 643 × 128× 8 284(1) 486(1) 4.0

29 configs, 32 measurements/cnfg. Simulate at six heavy-quarks

amℓ ams amh

0.003 0.015 0.210476 0.263095 0.328869 0.411086 0.513857 0.642322

Teseo San Jose Radiative decays of pseudoscalar mesons 6 / 20



Setup: Quark-connected contribution

1

32

ti, z, γ5

t,x, γµ

tf ,y,Γν

Solve propagators Q(1), Q(2)

→ Z2 ⊗ Z2 wall source at (ti , z)

→ Jacobi smearing

Solve propagator Q(3)

→ Point source at (tf , y = 0)

→ Use twist Θ = (0, 0,±θ)
Assemble Wick contraction

Cµν = Eξ{tr[Γ
νQ(1)(tf , y; ti )Q

(2)(t, x; ti )
†γ5γ

µQ̃(3)(t, x; tf , y; θ)]}

Kinematics

→ Meson at rest p = 0

→ Photon k = 2π
L (n−Θ) with Fourier mode n

→ Lepton-neutrino pair q = −k
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Setup: Quark-connected contribution

Our setup employs

Nq = 8 Nti
= 128 Ntf

= 32 Nθ = 2

1

32

ti, z, γ5

t,x, γµ

tf ,y,Γν

# of propagators Nprop grows linearly with # of sources

Nprop = Nq · (Nsrc + Nsnk × (Nθ + 1)) = 1792

Fourier |nnn| ≤ 3 Fourier |nnn| ≤ 3 and ±θ
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Three-point functions

Example data for k = 2π
L (1, 0, 0), p = (0, 0, 0)

Cµν
V (tγ , k,p)= ⟨0|jµem(tγ , k)q̄A(tW , 0)γ

νqB(tW , 0)ϕ
†(z)|0⟩

where tW = tf − ti and tγ = t − ti

We give the correlator in terms of the photon energy

xγ = 2Eγ/MP
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Three-point functions

Example data for k = 2π
L (1, 0, 0), p = (0, 0, 0)

Cµν
A (tγ , k,p)= ⟨0|jµem(tγ , k)q̄A(tW , 0)γ

νγ5qB(tW , 0)ϕ
†(z)|0⟩

where tW = tf − ti and tγ = t − ti

Second half of the lattice has unphysical time-ordering and vanishes
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Exponential fall off

qA

q̄Aq̄B

P+ jµem(tγ ,k)

jνW(tW ,y)
For 0 < tW < tγ :

Fix tγ − tW > 0

Vary tW

Initial meson at rest

Compare spectrum
obtained from 3pt and 2pt

xγ =
2Eγ

MP
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Exponential fall off

qA

q̄Aq̄B

P+ jµem(tγ ,k)

jνW(tW ,y)
For 0 < tW < tγ :

Fix tW

Vary tγ

1−− meson momentum k

1−− state depends on qA

q s Q0 Qi

ρ(770) ϕ(1020) J/ψ Υ(1s)

Same for Cµν
V and Cµν

A
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Ds vector form factor

Hµν has a form-factor decomposition

Hµν = Hµν
V + Hµν

A

The vector component depends on FV

Hµν
V = −iϵµνρσkρpσ

FV (xγ)

MP
→ iFV (xγ)


0 0 0 0
0 0 k3 −k2
0 −k3 0 k1
0 k2 −k1 0


FV depends only on one Lorentz scalar

xγ =
2p · k
M2

P

=
CM

2Eγ

MP

Physical decays occur in

0 ≤ xγ ≤ 1−
(

mℓ

MP

)2

∼ 1

Teseo San Jose Radiative decays of pseudoscalar mesons 13 / 20



Vector form factor

Use the spectral decomposition of C 32,

f (tW )FV (xγ) = i

∫ ∞

0
dtγ e

(tγ−tw )EγR32/k1

where

Rµν ≡
Cµν
V (tγ , k, tW ,p)√

C2(tW )

and

f (tW ) ≡ e−MP tW /2√
2MP
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Signal improvement

Use Lorentz covariance

1 Select a reference vector k , for example k = 2π(1, 1, 0, 0)/L
2 Find all k ′ so that

kµ = Λ(R)µαk
′α where Λ(R) =

(
1 0
0 R

)
R is one of 24 rotations in the cubic group

Lk ′/2π = (1,±1, 0, 0), (1, 0,±1, 0), (1, 0, 0,±1)

3 The hadronic tensor Hµν transforms as

Hµν(k) = Λ(R)µαΛ(R)
ν
βH

αβ(k ′)

4 Average all Hµν related in this fashion

Use T-symmetry

C ij
V (tW , tγ , k) = −C ij

V (T − tW ,T − tγ ,kkk)
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Signal improvement

3pt effective mass vs 2pt energy fit

→ Initial meson at rest
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Signal improvement

3pt effective mass vs 2pt energy fit

→ 1−− meson with momentum k = 2π(1, 0, 0)/L
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Ds vector form factor

Vector form factor from C 32

There are two main unexplored systematics:

→ Truncation of integral in tγ

→ Excited states/dependence on tW

Combine fit of 2pt and 3pt functions to extract FV
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Ds axial form factor

Hµν has a form-factor decomposition

Hµν = Hµν
V + Hµν

A

The axial component depends on fP , FA, H1, H2

Hµν
A =fP

(
ηµν +

(2p − k)µ(p − k)ν

2p · k − k2

)
+

FA(xγ)

MP

[
ηµν(p · k − k2)− (p − k)µkν

]
+

H1(xγ)

MP

(
ηµνk2 − kµkν

)
+

H2(xγ)

MP

kµ(p · k − k2)− k2(p − k)µ

(p − k)2 −M2
P

(p − k)ν

The same relation applies in Minkowski and Euclidean space
(ηµν = δµν)
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Conclusions and outlook

→ QED corrections to leptonic decays are relevant for CKM
unitarity tests

→ Radiative decays are given by two form factors

FV (2Eγ/MP) FA(2Eγ/MP)

→ Thanks to very fine lattice spacings, we can study

D Ds B Bc

with the same quark action

Next steps

→ Finalize main analysis

→ Study systematics:
1 Excited states tW
2 Truncation of integral in tγ

→ Reach the physical point with more ensembles
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Appendix



Ds axial form factor

Here we need all µ for a fix ν

f ′(tW )FA(xγ) =
1

xγϵ
(λ)
3

ϵ(λ)µ

∫ ∞

0
dtγ e

(tγ−tW )Eγ R̃µ3
A

where ν is not summed over and

f ′(tW ) =
√
MP/8e

−MP tW /2 Rµν
A ≡ Cµν

A /
√

C2

To remove the fP term, subtract k = 0 point [3]

R̃µν
A (tγ , tW , k) = Rµν

A (tγ , tW , k)− Rµν
A (tγ , tW , k = 0)

To remove the H1 and H2 terms, use polarization vectors such

ϵ(λ)µ (k) · k = 0 ϵ(λ)µ ϵ(λ
′
)

µ = δλλ′

In a physical decay, k2 = 0 (given by the Laplace transform)
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Heavy-light spectrum on F-ud3-sa

Values at finite lattice spacing compared to PDG values [7]
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Heavy-strange spectrum on F-ud3-sa

Values at finite lattice spacing compared to PDG values [2, 7]
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Heavy-heavy spectrum on F-ud3-sa

Values at finite lattice spacing compared to PDG values [7]
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