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Hadron structure involves
studying quarks and gluons at
sub-fm and multi-GeV scales.
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The goal of hadron
structure research is to
understand both the origin
and nature of the
fundamental properties of
hadrons.
Characterising any
physical system requires
an answer to the following
two questions:

What are the relevant
degrees of freedom of
the system?
How do they occupy the
available phase space?

Unlike in most other fields,
answering the first
question is far from trivial
due to the nature of QCD.
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Are these the relevant degress of freedom?
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Or these?
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Or these?
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The strong interaction
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QCD is the quantum field theory of the strong interaction
and is based on exact SU(3) colour symmetry.

Colour interactions between quarks are mediated by
gluons and are characterised by three distinct features:

confinement

asymptotic freedom

dynamic chiral symmetry breaking
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Classical and Quantum Fields

Our classical picture of interaction in a field is based on the
concept of there being a potential. When a particle encounters
the potential it experiences a force.

QCD is a relativistic quantum field theory, meaning that we
have to move beyond thinking in terms of potentials.

The element of the field that is quantised (the quanta) is an
excitation of the field which represents a force carrier (or in the
Standard Model, the gauge boson).

Interactions between two particles is then described by
exchange of these field quanta, which are themselves particles.
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Feynman Diagrams

Now we have a quantum picture of an
interaction we need a way of
calculating the associated probabilities
(eg transition amplitudes).
In order to calculate the amplitude for a
quantum state A changing to B we have
to integrate over all possible paths.
Feynman proposed an approach based
on:

Feynman diagrams which give a
graphical representation of these
complicated path integrals, and
Feynman rules which relate the
features on the diagrams to an
expression in the integral.
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Making use of perturbation theory, Feynman diagrams
represent a contribution at a given order to the overall
transition amplitude.
They are space-time diagrams in which:

The initial state is (usually) on the left and final state on the
right.

Each point or vertex represents an interaction.

The total number of vertices corresponds to the perturbative
order.

Fermions are represented by solid lines and move forward
in time; anti-fermions move backwards in time.

Bosons are represented by wavy or curly lines.



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

12

QED

The simplest quantum field theory is
Quantum Electrodynamics (QED)
which describes the electromagnetic
interaction in terms of exchange of
virtual photons.
Each vertex is associated with the
coupling strength of the
electromagnetic interaction

√
α.

As more and more complicated
diagrams are added they enter at
higher orders (eg α2, α3).
Since α = 1/137 � 1 the
perturbative series converges and
higher order diagrams to do not
contribute significantly to transition
amplitudes.
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The concept of the vacuum plays a crucial role in quantum
field theory.

The Feynman diagram above shows an example of a
fermion loop – a virtual electron-positron pair produced
(excited) from the vacuum.

the presence of virtual e+ e− pairs leads to the notion of
charge screening and running of the coupling constant.
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Key Differences between QED and QCD

Unlike the photon which has Q = 0 the gluon carries
colour charge.

Gluons are therefore self-interacting.

This leads to colour charge anti-screening.

That means that the strong coupling constant αs runs in
the opposite direction to α.

In other words the strong interaction becomes weaker at
high energy (asymptotic freedom).

Perturbation theory for QCD only works at high energy; at
lower energies non-perturbative techniques are needed.
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QCD: running of αs
Each vertex (interaction) between colour charges is
associated with the strong coupling constant, αs(Q).

Q here is the four-momentum transfer between the two
colour charges, which can be thought of as the inverse of
distance between them.

Note that the strength of the force does not change – just
the effective colour charge.
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Quark mass

Rest mass of the up
quark
2.3 MeV/c2

Rest mass of the
down quark
4.8 MeV/c2

Rest mass of the
proton (uud)
938.3 MeV/c2

Where does the other ' 928 MeV/c2 come from?
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Hadrons in QCD

The QCD Lagrangian
density has the form:

LQCD = ψ̄i (iγµ∂µ − m)ψi

−gGa
µψ̄iγ

µT a
ij ψj

−1
4

Ga
µνGµν

a

A full description of
hadrons in QCD has to
account for both the
valence quarks and the
vacuum (gluons and sea
quarks) – and the
interactions between them.
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Much of what we have learned of QCD and hadrons has been
at very high energies, in the so-called asymptotic regime.

However to understand the constituents of the atomic nucleus
we need to look at lower energies, where the relevant degrees
of freedom are different.

C.D. Roberts arxiv:nucl-th 12035341
“The struggle with QCD defines the difference between nuclear
and particle physics: nuclear physicists try to solve this theory,
whereas particle physicists escape to a place where
perturbation theory, the last refuge of a scoundrel, is all that is
necessary.”’
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Asymptotic freedom

The QCD Lagrangian
density has the form:

LQCD = ψ̄i (iγµ∂µ − m)ψi

−gGa
µψ̄iγ

µT a
ij ψj

−1
4

Ga
µνGµν

a

The coupling between the
quarks and gluons at high
energies (small distance
scales) becomes weak,
meaning perturbation
theory can be used to
solve QCD.

small αS
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Asymptotic freedom

The QCD Lagrangian
density has the form:

LQCD = ψ̄i (iγµ∂µ − m)ψi

−gGa
µψ̄iγ

µT a
ij ψj

−1
4

Ga
µνGµν

a

The relevant degrees of
freedom in this asymptotic
regime are bare (or
current) quarks with
masses close to their
(Higgs-generated) rest
mass.

low quark mass
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Confinement
The QCD Lagrangian
density has the form:

LQCD = ψ̄i (iγµ∂µ − m)ψi

−gGa
µψ̄iγ

µT a
ij ψj

−1
4

Ga
µνGµν

a

The coupling between the
quarks and gluons at low
energies (large distance
scales) becomes very
strong, leading to the
phenomenon of colour
confinement.
Confinement is inherently
a non-perturbative feature
of QCD.

large αS
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Dynamical chiral symmetry breaking

The QCD Lagrangian
density has the form:

LQCD = ψ̄i (iγµ∂µ − m)ψi

−gGa
µψ̄iγ

µT a
ij ψj

−1
4

Ga
µνGµν

a

As the quarks inside
hadrons move apart, they
acquire mass from the
vacuum as a result of the
interaction between them
becoming very strong.
This means the relevant
degrees of freedom at low
energies become dressed
(or constituent) quarks.

Large quark mass

(this is where the other
928 MeV/c2 in the proton

comes from)
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Lattice QCD

As noted, understanding the non-perturbative features of
QCD is not possible with analytical methods. Instead, a
numerical technique is what is needed: lattice QCD.

Wilson (1974) suggested the introduction of a 4D
space-time lattice or grid, with quark fields at the grid
points and gluon fields linking them.

The integration over all possible paths between two states
is then performed by means of Monte Carlo integration.

The closer these path integrals are calculated to the real
world (by extrapolating to zero lattice spacing and physical
quark masses), the more accurate the predictions.
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Electron scattering
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Electron scattering
Particle four-momenta in
natural units (~ = c = 1):

Pe = k =
(

E , ~k
)

P′
e = k′ =

(
E ′, ~k ′

)
PN =

(
EN , ~pN

)
=

(
M, ~0

)
P′

N =
(

E ′
N ,

~p′
N

)
We can further define two Lorentz invariant quantities:

The energy transfer associated with the virtual photon:

ν =
PN · q

M
lab
= E − E ′

The four-momentum transfer associated with the virtual
photon:

q = k − k′ , q =
(
ν, ~q

)
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We assume that electron
scattering from a nucleon
target at high energy proceeds
via exchange of a virtual
photon (γ∗), which transfers
energy, momentum (and spin).

Recalling that the dot product of a four-momentum is just the
invariant mass (virtuality), the squared four-momentum transfer
for fixed target experiments is then:

q2 = q · q ≤ 0 , Q2
space-like = −q2 .

It can be caluclated in the lab frame in terms of the kinematic
quantities

Q2 = 4EE ′ sin2 θ

2
,

where θ is the electron scattering angle.
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Q2 and resolution scale

We associate Q2 with the resolution of the virtual photon
(electromagentic probe).

Higher Q2 means a more virtual photon (larger mass).

Higher virtuality means a smaller wavelength:

λγ∗ ∝ 1√
Q2 .

Studying hadron structure at short distance scales
therefore requires large four-momentum transfer.
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Scattering experiments

There are three distinct types of lepton scattering experiments.

Exclusive: detect all particles in the final state. The most
common exclusive reaction is elastic scattering.

Inclusive: detect only the scattered lepton. The most
common inclusive reaction is deep inelastic scattering.

Semi-inclusive: detect the scattered lepton and at least
one hadron in the final state (eg SIDIS).
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Final-state invariant mass

Kinematics can be used to characterise scattering types,
specifically the invariant mass of the hadronic final state:

W 2 = (PN + q)2

= M2 + q2 + 2PN · q
= M2 + 2Mν − Q2 .

The deep inelastic region is characterised by a multi-hadron
final state with W 2

X � M2.
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Whereas, by definition elastic scattering requires W = M:

ν =
Q2

2M
,

which implies that the scattered energy and scattering angle in
the lab frame are related and only one independent variable is
needed:

E ′ =
E

1 + 2E
M sin2 θ

2

.
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Rutherford Scattering

Consider elastic electron scattering in the non-relativistic limit:

dσ
dΩ

=
α2

16E2
K sin4 θ/2

,

where

α =
e2

4π
Lorentz-Heaviside units (ε0 = µ0 = 1).

This is just the Rutherford cross section for scattering in an
electrostatic field:

Born approximation

no recoil of target

scattering and target particle are spin 0
– no magnetic interaction

point-like beam and target particles
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Mott Scattering

The relativistic form for scattering of two fermions (spin-1/2)
including target recoil is the Mott cross section:

dσ
dΩ

=
α2

4E2 sin4 θ/2

(
E ′

E

)(
cos2 θ

2
+ 2τ sin2 θ

2

)
,

where

τ =
Q2

4M2 .

The only element that is missing in the above expressions is a
term for the extended structure (or form) of the target nucleon,
F (~q2), such that:

dσ
dΩ

=

(
dσ
dΩ

)
Mott

∣∣F (
~q2)∣∣2
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Rosenbluth Formula

By introducing two new nucleon form factors, we arrive at the
Rosenbluth cross section(

dσ
dΩ

)
Rosenbluth

=

(
dσ
dΩ

)
Mott

(
G2

E + τG2
M

(1 + τ)
+ 2τG2

M tan2 θ

2

)
,

where

GE(Q2) is the electric form factor and

GM(Q2) is the magnetic form factor of the nucleon

These Sachs form factors represent the distribution of charge
and magnetic moment in the nucleon.
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Early data

SLAC 1956: scattering of
188 MeV electrons from a
proton target.

Clear deviation from the
Mott curve observed at
large scattering angle.

This was the first evidence
for the nucleon’s extended
structure.

Hofstadter was awarded
the Nobel prize for this
discovery.
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Rosenbluth separation

Extract GE and GM by
measuring cross section
and separating the
respective contributions.

dσ/dΩ
(dσ/dΩ)Mott

= 2τG2
M

(
tan2 θ

2

)
+

G2
E + τG2

M
1 + τ

.
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Physical Interpretation

Recall that F (~q2) =
∫
ρ(~r)ei~q·~r d3~r
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Gp
E(0) = 1 Gn

E(0) = 0
Gp

M(0) = 2.79 Gn
M(0) = −1.91

Good agreement with a dipole fit up to several (GeV/c)2:

GD(Q2) =
1

(1 + Q2/0.71)2



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

39

Low Q2: charge density and radius

Extrapolation of low Q2 form factor measurements to Q2 = 0
allow for the extraction of the mean-square nucleon radius:

〈r2〉 =

∫
d3r r2ρ(r)

〈r2〉 = 6~2
[

dG(Q2)

dQ2

]
Q2=0
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Exclusive vs inclusive cross section

Experiments
involving elastic
scattering become
increasingly difficult
at higher Q2.

This is mostly due to
a rapid decrease in
cross section.

The inclusive
W > 2 GeV data on
the plot exhibit a
very different Q2

evolution.
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Deep inelastic scattering

SLAC, 1968:
inelastic scattering
cross section is
roughly independent
of Q2.

Evidence for
scattering from
point-like structure
within the nucleon
(partons).

Nobel prize awarded
to Friedman, Kendall
and Taylor.
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Inclusive cross section

In inelastic scattering, the scattered electron energy (E ′) and
angle (θ) are independent, which means we need to
re-evaluate the cross section:

dσ
dE ′dΩ

=
α2

4E2 sin4 θ/2

[
1
ν

F2(x ,Q2) cos2 θ

2
+

2
M

F1(x ,Q2) sin2 θ

2

]
where we have introduced a new variable:

x =
Q2

2PN · q
lab
=

Q2

2Mν
.

Note that the form factors for elastic scattering have been
replaced with inclusive structure functions, F1 and F2.

Measuring the cross section over a range of energies and
angles allows for extraction of the structure functions as a
function of xB and Q2.
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Parton momentum

We normally think of DIS in the infinite momentum frame:
i.e. we assume that | ~pN | → ∞ along the beam direction.

In this frame, a parton will carry momentum x ~pN where
0 < x ≤ 1 is the longitudinal momentum fraction carried by the
parton.

If DIS proceeds via (quasi-) elastic scattering from a parton:

W 2 = (xPN + q)2 = x2M2 + q2 + 2xPN · q
= m2

q ≈ 0 .

Since x2M2 � q2, the expression can be rearranged:

x =
Q2

2PN · q
= xB .

In other words, the fraction of the nucleon’s momentum carried
by the struck quark is Bjorken-x .
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Parton momentum distributions

It is now clear that DIS allows access to the distribution of
quark momentum within the nucleon. If we consider the flavour
dependence of the structure functions:

F2(x) = x
∑

i

e2
i fi(x) ,

where ei is the electric charge of the i th quark and fi(x) is its
parton distribution function.

Consider the proton (uud):

F2p(x)
x

=
4
9
[u(x) + ū(x)] +

1
9
[
d(x) + d̄(x)

]
+

1
9
[s(x) + s̄(x)] .

Measuring the structure functions as a function of x will give
access to the contribution to the nucleon momentum from
valence and sea quarks of different flavours.
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Spin dependent structure functions
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It is obvious that the spin-averaged structure functions relate to
the sum of helicity-dependent cross sections:

F1,2(x) ∝ σ1/2 + σ3/2 .

We can now introduce new spin dependent structure functions:

g1(x) ∝ σ1/2 − σ3/2 =
1
2

∑
i

e2
i ∆fi(x) ,

where ∆fi(x) = f ↑i (x)− f ↓i (x) are the flavour dependent
polarised partion distribution function.

Similarly, we can define the g2 structure function in terms of the
correlation between beam helicity and transverse nucleon spin.
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Much has been learned from
DIS over the past few decades
but the picture is still
incomplete:

Valence quarks carry less
than 40% of the nucleon
momentum; sea quarks
carry around 20%.
Quark spin only accounts
for around 1/3 of the
nucleon spin.

Further investigating the role of both gluons and quark orbital
angular momentum requires a new experimental and
theoretical framework.
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Hadron femtography
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Parton imaging in higher dimensions



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

53



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

54



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

55



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

56



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

57



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

58



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

59



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

60



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

61



Hadron Structure

Introduction

The strong interaction

Quantum field theory

Quantum chromodynamics

Electron scattering

Kinematics

Elastic scattering

DIS

Hadron femtography

Form factors

Inclusive meson structure

Deeply virtual reactions

62

Electron-Ion Collider at Brookhaven
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