Higgs School Lecture V

So far...

1) DIS and Bjorken scaling, parton model

2) Free field theory and Light Cone OPE

3) Scaling Violations and Callan-Szymansik Egns.

4) Anomalous Dimensions, Splitting Functions, The DGLAP equations

5) Ladder Structure of high order contributions — resuming leading logarithms

6) BFKLRG



DIS and scaling violations
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Growth of parton distributions at small x
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BFKL: 2— N QCD amplitudes in Regge asymptotics

B l Compute multiparticle in multi-Regge kinematics (MRK) of QCD:
1

old yi >yt >yl > o>yt >yl with ki o~k

BFKL ladder is ordered in rapidity . Produced partons are wee in
longitudinal momentum( “slow”) but hard in transverse momentum
— weak coupling Regge regime of QCD

BFKL: Balitsky-Fadin-Kuraev-Lipatov (1976-1978)



BFKL: Building blocks

Lipatov effective vertex:

p1 Lo P1 90909999090~ £o
99 /1 + ?ﬂul/ 0
P2 £ P2 99990990000~ f5

p2 -k q? p1-k a3
Cu(q1,92) ~ —q,, + gy, + 11 ( — >—p2 ( —
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Gauge covariant, satisfies kﬂ CcHt =0

Cu(kr, k2)



BFKL: Building blocks

Lipatov effective vertex:
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Reggeized gluon:
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2 = N + 2 amplitude in Regge asymptotics

Optical theorem:

Im Ay, = i % /d(P.S."+2) Z A2—)n+2({k})A£—>n+2({k} —q)
n=0

color,polarizations
Phase space AmphtUde X C.C



Start with the Born amplitude

D1 ‘o Start with the three gluon amplitude we introduced in the first
lecture
k where rgg,’g — _jgfoc’e (Wi’ (=p1—4o), + Mpp (k +p1) y + M (o — k)u)

P2 99999999999 ~ £, = —ig £ (Mt (=21~ o)+ My (2 + o)+ My (1 — 20),,)

The external momenta, being nearly on-shell,
vanish upon contraction with polarization
tensors, here e, (p1) and e, (lp)

In the eikonal limit, great simplification e = 269 “Nuwpr,p

s = 2p1 “p2, t = _k2 = _(pl - 50)2’ Tgal = ifaaa’a



Start with the Born amplitude

P1 » Two-body phase space:

d¢ d*¢
: [ ap s = [ S0 G st 6 it =0 - 1)

P2 29999999999 ~ £, B (2711')2 / d'k 6 [(pl - ’“)2] 0 [(Pz + k)"z]

Change of variables: 4 =p1 —k, by =p2+k

Introduce Sudakov variables k= ppy + Apy + k| 0<p<1;-1<21<0

S
which gives d'k = §dpd>\d2k where we used L= (P1 ,0,0,0) and py = (0,292_,0, 0), with s = 2p{py

- 05 5

[—sA(L = p) — k2] 6 [sp(A+1) — ‘ 2 )/dpdAd2k6 —sA —k?) 6 (sp — k?)

k2 k2
1>>p~?, 1>>|)\|~?




Start with the Born amplitude

P1 Lo
Impose gauge condition: €(p1)-p2 = € (¢) -p2 =0
k p2-€
Manifest with the replacement  e(p1) — é(p1) =€ — e
2" M1
P2 99299999999 ~ £, € (lo) = & (b)) =€ — 2% ¢
p2 - {o
S \fp . P21y + Powlo P2up2
abc — abc A ' N abc 2
Lorto = Eruup gk o \/izf (‘9;4/ + = ;2 D1 E—=E 4 + (p1 — &) 2(p# pp) 6“(271)5“ (4o)

A particular axial gauge tailored to high energy asymptotics...

aad! BB’ _ e« cg Sl—wﬂﬁ’c Born amplitude in high
2-2,p1tp2—bo+h pito p2ta energy asymtotics




2—3 (5 point) tree amplitude

P Lipatov
p1 p1 \lﬂmgmm/— o Vertex
grah = Cu(k1, k2)

|

p2

D2

2zg S
KK

Computing the sum of these amplitudes in MRK kinematics gives A55, 7 (k1 k2) =

N0 fadT® ® T°C (ky, ky)

(see for instance, Delduca, hep-ph/9503226)

Three-body phase space:

/ /H{(z) }27"5(

employing a change of variables £o = p1 — k1 and MRK kinematics 1> p1 > p2~ k2/s
by = k1 — ks

p1+p2—Z£i]) — 4(22) /Hdpzd)\ko § [—sA1 — k?] 6 [spa — K®] 6 [—p1Aas — k7]

1> | Aa| > M| ~ K?/s
by = po + ko



2— 4 (6 point) tree amplitude

D1 Lo
220929990990 ~ 4
-~ ?
500000 - ,
=4 - 2
D2 £3

Subset of graphs in MRK kinematics

While the explicit computation is challenging but doable, going beyond becomes increasingly cumbersome...

We will make use of dispersive techniques instead



Back to the 5 point amplitude

P, bo, o : ad'BB'S" _ qaa’cad’ 2188 c2
b o Residue of k pole Pra Ay 5t = A ) 010,59 Loty

Born amplitude

cad’ / pl_k2)2 _ ko, + /
AS c29 = qI'*? 01(7 . P1uR2v T P1Luvllu g2 PruPiy w »
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b2, 2

\ J

Then (after taking advantage of MRK ordering)

ac/pps’ _ . 3 S ‘e1 BB c2 pead 1-4 41 -p2 k
Pk% 252+1 — U9 k_%]._‘;fz()clrpMZ?sz c1 (_2232”’;;1 o — (kl + k2),/ + 2p1 .22191’” + - .1€ D1y eV(fl)

Likewise, can take the residue of k; pole

D1, E0,0/
E ac/BB'S _ . 3 S rad/cipBBe2 peidco 0 Oy - k2
k — _
1€ Pk-% 2—2+1 g k% Fpleo Fp2€2 f <2p1’y§f -p; — (kl + k2)y — 2p1 .Z;:pzu — > .2£1p2,u> eV(Zl)

ki 1 Compare and extract simultaneuous residue: Recover result of explicit computation

IﬁlBlél .3 S / ﬂ,B, &
k2 c2 Agi2+1 =g @FZIOZOCIFWQCqu C2Cl/(k1) k2)eu(€1)

L

Lipatov vertex



The 6 point amplitude

el,(sl el,‘sl
k‘z c2
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This procedure can be generalized to the 2— n MRK amplitude



2—= n MRK amplitude

n—+2 n

aad'BB'61-0n sg aa’cy H Ci0iCit1 . . ,BB Cn+1
2—n+2 Hn+1 k2 Fpleo Y (k'l,a k’L+1) Fp2£n+1
=1 =1
§ v
) Ea"wn by
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Leading in MRK Y

suppressed by factors of p, 4
Sub-leading logarithmic contributions



Virtual graphs: Reggeization




Virtual graphs: Reggeization

% a(k?
_ tGuv t9uv ( Sq )
2 2 2
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d 1 agN, —t
One loop explicit computation in MRK at) = OéSth/ (27:)12 2%k — q)2 = ;ﬁ “log (F)
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- 1 2 3 i) = 79 D) 1y Vg — 1~ Yy vy
Insert loop & 2 k7 J (2m)*t o2 (k—¢)? g
inthe middle 4§ & Pi-1 > P> pi Y T .
g Nes @ 14 . L
of ladder . Aic] KA N\ _Tﬁ/ 27T2/ 21)2 shp — €2 — ie —sp(N; — \) — (k; — £)2 — ie
l ' g
i 4
kit Leading contribution from > X 25k

product of Lipatov vertices (A5 = A)s +ie)((pi — p)s — ie)



Virtual graphs: Reggeization

_ aslVe lo —t
27 & A2

Integrati A using Cauchy’s th o(k; _g°Ne / d*¢ i dp 1
niegrating over A using Laucny s theorem, = —
(27m)2 £%(k £)2 27 p

~ log (p;j) a(k%> og ( ) k)

Exponentiation (reggeization ansatz) results in the desired form




BFKL derivation

HH 1/1/ . o0 g2 2n+4
Im A =mn Z 2n+2 (27r)3n+2
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BFKL derivation

(€1 b1) (€1 b1)

Singlet projection of color factors

Pg

ZGn(bla”' abZ)Gn(bla 7b’L) .
b; :
A) From sum over color factors:

Z faala”fﬂ”an+1ﬁfa”a o f,B’ n+1,8” H fazaH_lb fa ahle
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Tensor product of two adjoint representations: for N =3, 8 ® 8=108d27)s D (8010 10)4



BFKL derivation

Singlet projection of color factors

Pg
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> (rer)

Of”ﬂ”bl ,bn

oo’

n

a’ An41 H
(T n+17" ),B’,B 1 faiai+1bifa2a2+1bi

1=

Unir B & (nga B")

‘ — II\r(Tal Tall )Tr(Ta,1+1Tail+1) H fa-;;(li+lbi fa;a§+1bi

1=1

L
. 2 cay,al ca,iqa 2 2
— Nc(s 18] §Cn+10p 4 Hfaiai+1bifa;a£+1bi = N(?+ (N(J — 1)

1=1



BFKL derivation
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2 = N + 2 amplitude in the Regge limit: the BFKL equation

BFKL Pomeron: compound color singlet state of two reggeized gluons

Tl RN The imaginary part of this 2 = N 4+ 2 amplitude simplifies greatly in Mellin space
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2 = N + 2 amplitude in the Regge limit: the BFKL equation

BFKL Pomeron: compound color singlet state of two reggeized gluons

Tl 3fe-«  Writing
g é e o0 ' v’ —0-1
,Li _TkH_q Mg(q2) E/ d( 82) ImA2/_>2/ (S,t) ( 82)
N thoa 1 k™) AT (s,t) \k
sl e Pk 1
e . ith My(q?) = 2rq’as N*(N? — 1 / k,
! W, W e(q%) q ( ) (2 K¥(q - k)Qfe( q)
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fi(k,q) remarkably satisfies a simple BFKL integral equation

f((k, ) k:2(q i kl)2 +k’2(q _ k)2
)? k™ (q — K')? (q2 - (k — K)? )

(€ = a(k?) — a((q — k)2) fulk, q) = 1 — 2a,N. / K
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2 = N + 2 amplitude in the Regge limit: the BFKL equation

w (v, n)

asN Solved as a simple eigenvalue equation as a function of Fourier

10, W'=4asNcIn(2)/n conjugate variables -conformal spin v and azimuthal variable n
~0.5for ag =0.2

Performing the inverse Mellin transform, one obtains

6 . O'(S)~Sw* = 0.5
n=1
n=2 a much faster growth than the Ln?(s) predicted by Froissart...
n=3
- n=
-15° n=5
BFKL eigenvalues
The fine print:
d2p k=’- ek 1 k?
k) = k, Lgs(k,p) — (27)26P (k — p) =4 N./ k', p) — (k
1 |
k, - d iv(Ar—Ap) zn((bk dp ) '
e = log(k?/p?), \p = log(pQ/u ) 2

lag(v,n) — 2 =a(v,n)w(v,n) = ay(v,n) = (—w(v.n)



2 = N + 2 amplitude in the Regge limit: the BFKL equation

w (v, n)

ag N

10 w =4 ag N In(2)/m

-15"
BFKL eigenvalues

~ 0.5 for ag =0.2

n=0
n=1
n=2
n=3
n=

n=5

This so-called LLx (leading log in x) result has been extended to
NLLx accuracy. Excellent review of state-of-the art:
Del Duca, Dixon, arXiv:2203.13026

After much sophisticated analysis, this gives

a(s)~ s%3 -inreasonable agreement with HERA data

Not the full story...
and only a preview to a richer, many-body picture



2 = N + 2 amplitude in the Regge limit: the NLL BFKL equation

BFKL Pomeron Fadin, Lipatov, hep-ph/9802290
c*® Camici, Ciafaloni, hep-ph/8903389

RS

Regge factorization at NLL [as(ag Ln(s/t))" ]: Includes one loop corrections
to the Lipatov vertex (V&%) and two loop corrections to the Regge trajectory ()



2 = N + 2 amplitude in the Regge limit: the NLL BFKL equation

BFKL Pomeron Fadin, Lipatov, hep-ph/9802290
c*© Camici, Ciafaloni, hep-ph/8903389

eSS

Regge factorization at NLL: Includes one loop corrections
to the Lipatov vertex (V&%) and two loop corrections to the Regge trajectory (a(®)

Three reggeized gluon exchange corresponds to Regge cut
Beyond NLL: ‘ in angular momentum plane —this can be computed
Falcioni et al., arXiv: 2111.10664,
arXlv:2112.11098

Figures from excellent review of state-of-the art:
Del Duca, Dixon, arXiv:2203.13026



BFKL: infrared diffusion and gluon saturation

BFKL forward : = ;,\,{?uﬁ ;5&51";‘!,,,74 . For a fixed large Q2 there is an x,(Q?) such that
amplitude /i\ o 7 > £ below x, the OPE breaks down...
/ = A v . . . . . .
~ 9 / B il &ZJ Y ,/ significant nonperturbative corrections in the leading twist
T( /ﬁ’) K ;‘J FermTiiec= coefficient and anomalous dimension functions due to
BFkL. diffusion of gluons to small values of transverse momentum.
,‘P . A. H. Mueller, PLB 396 (1997) 251
’ “# NLLx BFKL does not cure infrared diffusion
/\Cﬁ LD B

Gluon saturation cures infrared diffusion



BFKL: infrared diffusion and gluon saturation

BFKL forward : o 7 ;,L,fg'ﬁ,ﬁ ;Aﬁ{%‘!wf’r n For a fixed large @ there is an x,(Q?) such that
amplitude /i\ -‘ 2 .y below x, the OPE breaks down...
| / = A vy . . . . . .
~ 9 / B il &ZJ Iy 71 significant nonperturbative corrections in the leading twist
7/( &) /( ;‘J FermTiiec= coefficient and anomalous dimension functions due to
BFkL. diffusion of gluons to small values of transverse momentum.
: . A. H. Mueller, PLB 396 (1997) 251
“# NLLx BFKL does not cure infrared diffusion
/\0”? LD B

Gluon saturation cures infrared diffusion

G A(z, Q%) B 1
2(N2 -1)7R%3Q%  as(Qs)

+ other higher twist cuts of O(1) when gluon occupancy N =

Classicalization when ag(Qs )< 1 for saturation scale Qs> Agcp



Boost

log (1/x) or log (s)

Maximal packing of gluons: Gluon saturation

/0? KT.\ /ﬁ\ Color screened wee partons
. R U live on surface of sphere of radius
. A A AW

2
' log (Q?) 1/k* ~1/k,~ 1/Qs (%, b)
Resolution

Emergent dynamics of semi-classical lumps that unitarize the cross-section
described by the saturation scale Qg(x,b).

Due to asymptotic freedom, the many-body strong field dynamics of these lumps
can be computed in weak coupling



The Color Glass Condensate: An EFT of gluon saturation



Color Glass EFT

MclLerran, RV (1994)

------------------------

Small x

Pnucleus

i }: Anucleons I-a rge X

Fundamental basis for CGC EFT: large x modes are static on the light cone.
small x “wee” modes are dynamical

This “Born-Oppenheimer” separation of time scales, allows one to focus on the dynamics
of the highly occupied wee modes coupled to to large x modes



Color Glass EFT-classical color charges

boost to high energy color charges
> at large x
/:\0\3\:.'.:.';‘:. e/
— .uu.\@-ooj’-oi
y_t //
( X ) R~AAM/3 -
\ /
-\ P4 1 1 Rmy,
o 1 Awee e = P+ >> Aval. = o
IA2 << 1 fmA2
Coarse grained field theory:
‘ q ksinb fsi 1 ]\rv'a,l
# of random quarks In DOX Or size A;[;J_ ~— DL >> AQCD - kA.L_L —

PL

mR?2

small x gluon

NV



, 222=103
Random walk of spins
PATH INTEGRAL: SU(2): 202)e2=(103)02=202+4

(U(k) Multiplicity of representation s
s when k fundamental reps. are multiplied

2A—{—1/2

A\//nr

Jeon, RV. PRD (2004)

—s2/2k

Coarse graining -> Box of size 1/p_t in transverse plane

Sum over SU(2) spins in box:

ZU | Z |l m >< [, m|—>/d3[(, 21%/k

m=—I
Classical color/spin density:
| L, [? T R? o
a __ . \2 - _ . \2 a  a
[“ = (Azx,) —p (L) = | 2 Ay (Az )" p“p




Denote SU(3) representations by (m, n) : 3 = (1 (:))

(0,1)

.
L4

Recursion relation for SU(3) :

| (m+1,n)
(m,n) (1,0) |

(m,n — 1)

(m—1,n+ 1}




multiplicity of (m, n) state in the kth iteration

N (k)

m.mn
(k+1) _ (k) (k) (k)
]\rm n ]\T —1.n N m+1n—1 N m,n—1
k!
Trinomial coefficients: G”"’?"”f” = ( k+2m—+n )' ( k—m+n )! ( k—m—2n )l
3 ' 3 ' 3 '

1 . A\ k'» I
Solution: *\( ) — Gk:-r'n,,n + Gkr:'m+3,n. + th:'m,n+3

m,n

_Gk:?n—}—Q,n—l - Gk:'m—l,n—{—Z - Gkﬁ:-m—+—2,7‘z+2

Use Stirling’s formula...



(m? + mn + n?)
3

. 1 . .
D" = E(m + 2n + 3)(n + 2m + 3)(m — n) Cubic Casimir

m,n
Dy"" =

+ (" n -+ '71) Quadratic Casimir

NF) 27mn(m + n) 33/2+F
e ks 2k

exp (=3 Dy"") (1 +3D3""/k?)

. . mLn
Normalization: '

N / dmdnd,,,, NKk) —1

mn(m + n)

: : 1
Dimensionof §(m +Dn+1)(m+n+2)=

representation

2



T 4 R ,
Prove: | ~ ("\") /dSQC—J\'}-Q“/kﬁL:! D3(Q)/k"

kT

Classical color charge: (Q = (QI:Q2-. e QS) : ’Q’ — '\/Q”Q”’ — /Dé”-a“
DI%(Q) — da.b(: Q” ('2ch

Proof:  For any SU(3) representation,

i 3
d®°Q = d¢y doo dos dmy dmy dis dm dn (m n(m+n) \/—>

— - 48

Canonically conjugate “Darboux” variables



Canonical phase space volume of SU(3):  ‘°ohnson; Marinov;
Alexeev,Fadeeyv, Shatashvilli

3

.3 | (271‘)
H (1(9,1(171’,j — 5
Y oa=l1

mn (m + n)

‘
ys

2 [ " .
Hence, / d°() = (3)% / dm dn ('17‘1.2 n> (m + '11,)2)

«
L4

Argument of probability integral has identical argument
in m & n to RHS- hence can express in terms of LHS.

End of Proof.



Color Glass- path integral over replicas

fA+kbﬂ5(Af)eﬁh+PLM—fj¢;
fA+ [dA)5(A+)eiSa+ [Ap]

2[j) = / dp] W+ 7]

For large nuclei, A >> 1,

Random walk in color WA+ = exXp (—/dle [
space of SU(3)

pa,pa, B dabc pa,pbpc] )
2 p% KA

1

Pomeron excitations  Odderon excitations

Jeon, RV, hep-ph/0406169

W A+[p] : nonpert. gauge inv. weight functional defined at initial x, = A*/ P*

Sa+[A, pl: Yang-Mills action + gauge-inv. coupling of sources to fields (Wilson line)



Saddle point of CGC action: Weizsacker-Williams and color memory

dAi,a
D; = gp“(x¢,y)
1 dy
A;=0 Aj=—Uo; UT _ ,
g U=Pexp( ify dy’ p(xv;%y)) y=In(x"/xq")
x~ =0

solution of the YM-eqns: two pure gauges (zero field strength) separated by shockwave discontinuity

U represents the color memory effect
- a color rotation and p; ~ Qg kick experienced by quark-antiquark pair traversing the shock wave

Pate, Raclariu, Strominger, PRL (2017)

Ball,Pate,Raclariu,Strominger,RV,
Annals of Physics (407 2019) 15



Saddle point of CGC action: Weizsacker-Williams and color memory

dAi,a
D; = gp“(xt,y)
1 dy
A;=0 Aj=—Uo; UT _ ,
g U=Pexp( ify dy’ p(xv;%y)) y=In(x"/xq")
x~ =0

solution of the YM-eqns: two pure gauges (zero field strength) separated by shockwave discontinuity

Stereographic projection of dynamics of glue
to celestial sphere at “null infinity”

Mathematically analogous to an observable
“gravitational memory effect” in GR

Deep connections to asymptotic BMS extension of
Poincare group in gravity and to soft theorems




Renormalization group evolution of color charges with x

.o 00

+ T O1,0

X(:C_La y_L)

OnLO =

(Oro + Oxio) = / W (7] [Oro + Oxvo] = [1d7 { [1 tn (2—:> ’H] WA+} Oro

OW [p] ~
Independence of I.h.s on At => 9y HW[p]

JIMWLK* Hamiltonian —see lancu lectures

* JIMWLK:Jalilian-Marian,lancu,McLerran,Weigert,Leonidov,Kovner



Shock wave propagators in the CGC

—r 7 - S, ()T (05

7 S 1 f

4///%) (1) 8 (1) Y 570 (1)

* (i, et YT

.G ()T 4 (1)

)
’*

:

Mclerran, RV (1994, 1998) ﬁ/?} LZ')T g“/ ) /2/) ﬁj/w/f)
Balitsky (1995) /f ) (f )
Ayala,Jalilian-Marian,McLerran,Venugopalan (1995) j/

7«/\
Hebecker, Weigert (1997) 2V fd "L/f @) %—L M /32,)
Balitsky, Belitsky (2001)



An example: quark scattering on dense target (forward p+A)

+ S QCX,>>><L>>><
%) NLO
LO ; ball
= mmr ofs ms S mms A= oS e em =
Awp. X c.c. = |- LR (V6 VQ‘))g %
Ne -
_/
g - *3
I L
,: Zf&iﬁ-L—A’VoL %V' ;4@ /4!%55{1'&'{-44«7/
Buieo g Buocke oF M gn ZNEJZ& dcp Convibu s ahgav bed an Rég
7‘: D1PoLE CORRE LATO
Balitsky-Kovchegov equation: W"“ L= 7'
RG evolution of dipole correlator = ‘(’ﬁ' [ o J';, >
(JIMWLK for N, > 1and A>> 1)
47?( Vz )72

I K & (5 - 55) 50FT$Z£MSYM/)HLW§

—_—

A / bPKL + MuLmigLe S carreenms = S 4 4po kisly



DIS: dipole evolution in gluon shockwave background

LO NLO
; <%
Example: 2-point “dipole” correlator: y — &

Cross-section free rapidity divergence — RG equation for Wilson line correlators sourced by shockwave

0 OésN (iBJ_ — yJ_)2 1
——(Tr(V,V))y = ——=° Tr(V, V) — —Tr(V, V) Te (V. V)
oy (TMVaVDy = =58 | o I (TR V)) = (Vv TV
L J
= Y
Y=Ln(1/%) BFKL kernel
Closed form expression (A >>1, Nc— 0): ; 3
non-linear Balitsky-Kovchegov (BK) eqn. N B S
Evolved shockwave scattering off dipole probe ‘ y

contains all-twist multi-pomeron “fan” diagrams 7 ﬁ/ /ﬁ%
/ [ 7

BFKL obtained as the leading twist result... o o i i cbo & |

RG for n-point correlators — JIMWLK egn

JIMWLK:Jalilian-Marian,lancu,McLerran,Weigert,Leonidov,Kovner



CGC EFT state-of-the art: NLO+NLLx accuracy

Examples:l) photon+dijets in DIS

|~ increases
IT increases

Roy, RV, arXiv:1911.04530

A large number of NLO computations by multiple groups using different methods



Semi-inclusive final states

H .
SENSITIVE To BeTH L-20UNT
“DIPLT WILsew LNE CoFRELATOR

of NIWEL - PUNT QUADRUFILE CoRRELATOR

pPA— 13+ X Cress-Sgcrion) b9) | ()
o L ) (5)

———— 7 Jinutk Rq equ il
sort Brensstemnian Ao [ I e pisgile homsstiil ey,
§H—AD 0% §ULH SRRELAT 059 ; Dipoles 4 UﬁpﬁU?d&j}SExqa}}; LES/ L
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Gluon Weizsacker-Williams distribution: complete NLO results

Factorization of small-x TMDs to NLO accuracy

..'«,_..... ....‘..‘.-- _
e, oton
t v i Y
X
P, A

Back-to-back di-jets in DIS

Caucal,Salazar,Schenke,Stebel,RV, arXiv:2308.00022, (PRL 2024)



Gluon Weizsacker-Williams distribution: complete NLO results

k
e k. . .
. Factorization of small-x TMDs to NLO accuracy
- X
* A ",.1
i) d (0)A=T __ 'HO’)‘=T/ d2B_|_ / d27‘bb/ —ig Ty ,éo ( )S(P2 2)
\ g b o — TtLo (27[_)2 (27!')2 € Ne Tob 5 0 IRy
< ’b > X — 2
as(.uR)Nc A=T Qs (NR) A=T KR
nucleus \ . }'*;;\r;::rl‘ X {1 + - o 1 (Xa 21, R) + onN, 2 (Xazla R) + o (,u‘R)ﬁO In P—i
‘ | ‘ OA=T (1213L dzrbb’ iq,
P //§§} X +HLo / @z | @zt P o #0)S(PL o)
A
o e . —2 2 s Nc S s
Back-to-back di-jets in DIS o 1+>;4 {a (;;z;) [+ In(R)] + aQT(F;;\;a) [_ln(szz)]}+O(%’%,QSR2,03)

G0 and RO respectively are unpolarized and
linearly polarized WW distributions,

S the Sudakov soft factor resumming
double+single logs in P{/qy

Caucal,Salazar,Schenke,Stebel,RV, arXiv:2308.00022, (PRL 2024)

f, and f, are finite pure O(a) contributions



Gluon Weizsacker-Williams distribution: complete NLO results

ré v Py /§§ } .
Py
Back-to-back di-jets in DIS

2-0 T T T T
LO

1.8f —------ NLO (Sudakov only)
V771 NLO (full)

1.6
ofg %% 1.4
H|%( 1.2+F Xgj=5.5 X 1074, Q2 =4 GeV?
IL V5=90 GeV

P, =4GeV,q, =1.5GeV, z1=2,=1/2, anti-k¢(R = 0.4)
4

0 L 2 3 4 5 6

A3

Caucal,Salazar,Schenke,Stebel,RV, arXiv:2308.00022, (PRL 2024)

2.5 T T T T T T T
LO
NLO (Sudakov only) -------
2.0 NLO (full) 7771 1
ege%% 15 Q% 4=0.6 GeV? |
&
I
S LOoF )i
& -
0.5
Q%?=4GeV?, xgj=5.5x 1074, Vs =90 GeV
P, =4 GeV, z; =2, =1/2, anti-k¢(R = 0.4)
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
g, [GeV]

Global analyses to extract “universal” TMDs from p+A
collisions at the LHC and e+A collisions from the EIC

A long ways to go — since such NLO (NNLO in usual pQCD
counting) analyses in p+A at the LHC are not available



Particle production in presence of strong time-dependent sources

1
par~—>>1 pg~ —>>1
g g
P, obtained from cut vacuum graphs in field theories with strong time dependent sources

53



Probability of producing n particles in theory with sources

Lehmann-Symanzik-Zimmerman (LSZ)

: 1PiTi 0 Wy
<p1"'pnout‘0in> = —/ [Hd‘% Pi (82 —|—m) xl)] o]

AR i0p(
d>p;
n-particle probability Py n' H/ b ' 'pnOUt|0in>‘2
1 C Schwinger-Keldysh contour
m=p b= Dl -] exp (iV]jy] = V) == = .
5 5 Gi+:p2—7:;2—|—ie
1
Dljnjc) = | G+ ) )" ,
7 Jgy 0j+(2) 07-(y) G——:pz_mz_%
/ (QW(J;ZZ;E Jip-(a—) GY_ = 2m0(~p")3(p* - m?)
p



N-particle distributions: inclusive multiplicity

(n) = E n P, = D [eE etV e 7Y ]
\ J
/2 Y
O o 770 19006177 o Vak

) = / 76%_(1,3) [T+ ()T-() + To—(z,p)

(00 ]

B 8,% +m? diVsk

'y (55) 7 5ji (:IZ) |j+:j_:j One-point function in the background field

(02 +m?)(02 + m?) 521V

Two-point function

F+—($7y) —

YA 5]j: (:E)5]_ (y) ‘jJr:j— =J  in the background field

55



Inclusive multiplicity at NLO in strong fields: O ( g° )

)= | 261 (04) L0)T-) + T+ (o)
Y [ o-® - & ]

o= ¢ o

1 5¢quant 5 ¢quant >

C C

Product of classical field and Small fluctuation propagator
1-loop correction to classical field in classical background field



Inclusive multiplicity to LO in strong fields: O (1/g?)

—_— y x b oo means arbitrary number of
] l, p— ut Yy
< > L O o E t . < (gp) insertions of sources p

In the Schwinger Keldysh formalism, each node of a tree includes a sum over +

G, (2,9) - G (1) = Gh(z,y) i =+

Recursive use of this identity shows that sum of all tree diagrams is is the
retarded solution of classical equations of motion with

lim  ¢e(z) =0

0 — —o0

Hence, leading order result for the inclusive multiplicity in the strong fields in a heavy-ion collision

given by solutions of the QCD Yang-Mills equations !




Gluon shockwave collisions: Lipatov vertex and reggeization

Tt TTmmmmmmm T . t
- A

pr (@;ym) (radiation region)

v
Gluon at rapidity y ‘ (pure gauge)

1
1
|
!
1 pal@iya)
1
1
1

Gluon at rapidity y

(pure gauge)

i

1
:
1
v pe(Y;ys)
1
1
1
1

1
:
1
v pr(yiyL)
1
1
1
1

(vact?mm)

Weizsdcker-Williams gluon radiation field in light cone gauge

i) =t [ 2 (-2 20 (U(h 1 gy) - onPSth +qy)) Ul @)3 () e (ig /

T

dz”A_(z7,x) -T)

5 —00
] g | L e s 0@
ipatov vertex \ Au(@™ @) = —g8,-8(z7) =5 —
in A~ =0 gauge _ . )
reggeized gluons from Ln (U) - reggeized gluon
Blaizot,Gelis,RV (2004) semi-classical source dists.

Gelis-Mehtar-Tani (2005) Jalilian-Marian,Jeon,RV (2000); Caron-Huot (2013)



QCD factorization of wee gluon distributions of the nuclei

o0 o0 Gelis,Lappi,RV (2008)
]‘ — = —
Onto = | = G(u,v) TuTo + | B(U) Tu|Oro
2 Juw i
) .
T, = linear operator of source

dA(U) oninitial “Cauchy” surface

(1)

These 1-and 2-point have logs AT A—
- are resummed to all orders by Onto = | In (—) Hy + In <_> Ho
p

T - OLo
the JIMWLK Hamiltonian P

Quantum fluctuations that cross-talk between o
nuclei before the collision are suppressed » QCD factorization !

<>




QCD-gravity double copy in Regge asymptotics



Multiparticle production in gravity: amplitudes to shockwave collisions

A) In gravity, the dominant contribution
at large impact parameters is Eikonal scattering

(analogously to the CGC)

B) Gravitational Lipatov vertex is dominant
radiative correction in Regge kinematics
Lipatov, PLB 1168 (1982); JETP 82 (1982)

. L
G — p2i(Bo+81+62+) 5y =Gslog (3) ,

L]

Leading Eikonal term (real)

Amati,Ciafaloni,Veneziano (1987, 1990)

1
Cu(‘ha q,)C.(q,,9;) — §Nl-b(q1’ q2)N.(q1,95)

p | 3

DN | =

Tu(a1,q;) =

Double copy of
QCD Lipatov vertex

Double copy of QED
bremsstrahlung vertex

2 3 2 : 2
51=6Gslogs, 52226:78 1—|—ilogs logL—+2
b2 T b?

t b2
Sub-leading quantum Sub-leading loop contribution
2

. . 13 RZ | . :
gravity correction ~-3 ~ b—g - includes absorptive piece

62 > 51 for RS > lp




The BFKL equation in Einstein gravity

I. Rothstein, M. Saavedra, arXiv:2412.04428

The BFKL construction follows identically as in QCD... H.Raj, RV, arXiv:2507.21252
Integral equation derived by Lipatov for the Mellin amplitude: M,(t) = i/ ik : fe(k, q)
g q y LIp P : () =16 (27r)2k2(q—k)2 (K, q
2 d2k/ f@(k’ q)
¢ —a(k?) —a((qg—k)2) fok,q) =1+ = by (K, K
(€= o) —alla —M)eleca) =1+ - | 0 Sy Kok )
@vn CH¥ (ki kit1)Cpivi (@ — ki ¢ — Kiy1)

-6 -4 -2

‘/\/tgudzakov—i-L2 ~ MBorn (__
%

S)NQtlog(—t/Am)/Swzl [1 N ( s>x/W+ ( 3)—\/Tt/8ﬂ2]

BFKL t 3 t t
eigenvalues l
-
=2 Growth with energy is slower than the Born amplitude « s?
n;4
n=5

s Very interestingly, the soft limit of the Lipatov vertex gives the ultrarelativistic limit of Weinberg’s
radiative amplitude for soft graviton emission



Lipatov vertex from shockwave collisions

We will now sketch how the Lipatov vertex is recovered in shockwave collisions

Aichelburg-Sex| shockwave metric

ds? = 2dztdx™ — 6;;dztdx? + f(z™,x) (d:z:_)z
2

with f(z7,z) = 2n2pH5(x_)pIé(f) = %qu(x_)/dzy InAlxz — y|pg(y)

Soln of Einstein’s eqns sourced by the EM tensor Ty, = 0,—0y—pd(z™)pu(x) = my y = fixed fory — o0

K*=8T G



Shockwave collisions: single shock background

Linearizing around the metric  guy = guv + K h;w
fixing light cone gauge h,, =0, find

hij(zt,z7,2) =V(z,z)hij(zt, 27 =25, x)

1 [°
with the gravitational Wilson line V(z™,x) = exp (—/ dz=g__(z7,x) 6+)

2 Ug=mpy Y = fixed fory - oo

K%=81G

Exactly analogous to the QCD case
withA_ - g__andT% - 4,

Melville,Nachulich,Schnitzer,White,
arXiv:1306.6019

See also Saotome and Akhoury, arXiv:1210.8111



Shockwave collisions: “dilute-dense” approximation

t
- A zt

Now consider the interaction of the “dilute” source p; with the dense py shockwave:
T,, =08, 0, pyd (x7) py(xX) +6,,0, .16 (x+) pr(x)

Solve for metric in region IV — forward lightcone

PeX)

1

8w =28uth, g&__ =2xkuyé(x"™) uy=my Y = fixed fory - oo
K*=8m G

We decompose the perturbation hy,, into a term linear in p; and one bi-linear in p; py (dilute-dilute limit)
Linearized Einstein’s equations in light-cone gauge (h, ,=0) take the form

. . 1 2
[A— 1 —
hij = hz'j — §5ijh where h = 6ijhij

Raj, RV, arXiv:2311.03463, arXiv:2406.10483, arXiv:2507.21252



Shockwave collisions in general relativity: geodesics
Unlike QCD case, sub-eikonal contributions T,;, T;; are required for consistency of equations of motion

These are not uniquely fixed by energy-momentum conservation, the dynamics of the sources is needed
to fix this. In the point particle approximation,

TH (z) = \;‘_ig A\ XHXY 6@ (z — X(\)

Solution of the corresponding null geodesic equations Xr 4 I“,ij”X" =0, g,,pX”Xp =0

Oipr (b)

in shockwave background givenby X— =), X' =0t — k2ugp X" O(X") A

4,2 » 2
Xt = —f‘ézuH@(X‘)pH(b) + 5 ”HX—@(X—) (M)
Oy 2 O,

These geodesic solutions allow us to reconstruct the required components of the stress-energy tensor



Shockwave collisions in general relativity: Lipatov vertex

Solving egns of motion, taking the Fourier transform, and putting the graviton momenta on-shell,
one obtains, to O(ppH)

Gravitational }”l(?)(k): 2k’ prpL / d’q, 4
radiational field ” k? + ek~ N

(27)°
Gravitational Lipatov vertex J

1 1
likewise for other components, recovering F;w(ql,fh) = icp(ql)qz)cy(ql, q,) — §Nu(qlan)Nu(Q1,Q2)
3 d2 .T
Compare to gauge theory a;(k) = 9 / P Ci(qy, q )pH_ PL
radiation field ‘ k2 +iek— | (2m)2 Y g3 g3




Shockwave collisions: first dilute-dense “tidal” correction

PL M. Fite, H. Raj, RV, in preparation

k
A
8 a
PH

The shockwave computation can be extended straightforwardly to O(py, pﬁ)

q2

—> :
q1

/
-—q1

2, 6(_;1.— D o 0D = B g
=(1,2),,y _ 2bLpgs’(—ikT) [ dqid*qid°q, QD o Pa(a1) pr(q1) pr(g2) ., /
hij (k‘) = k2 —|—’I:6k7_ (271')4 d (k q: q; q2) q% q,lg q% V; (Q1aq1,q2) ‘

% 5

k2 ij(qlaq,l’q2) - F’J(ql’q2)

a (—2kik; + k? 6i5) + (qui q1; + dhs q15 — 035 @1-41) + B (kisj + kj ss — b5 k-s)

4(q19))(d1°02)  B=1+ 259

4 - s=q,+q,=k—q,.
k

1 sqy—q:q)
a—2+ k:2

_|_



Multi-graviton Lipatov radiation a la CGC EFT in GR?

In QCD, multi-gluon radiation in shockwave scattering (to LLx accuracy) is given by

d" N,, dN dN
= D D W- W-
<d3pl...d3pn>mg | (0] Do) W5 ] s o] R
PH ........................................................................ LS
>
—k k—p B8 B B @ B
p P p
k y o G S R Sl R Do B
N—N— e pL e o pL pn
pL

Gelis, Lappi, RV, arXiv 0807.1306

'(n+r) anr’

Corresponding “n-particle” distribution is a negative binomial distribution (NBD) P,,., =

2 2
(N2 —1)8.Q%
2T
Gelis,Lappi,McLerran, arXiv: 0905.3234

Can a similar t-channel fractionation occur in GR with 7=¢
in the strong field regime, as b—> Rg ?




Multi-graviton radiation: generalized Susskind-Glogower squeezed state?

. e Stasto, Raj, RV: arXiv 2605.03038
If GR radiation is a NBD, this distribution corresponds to a squeezed state tasto, Ra), RV: arXiv 2605

=]

|Z, ’f'> e (1 . |Z|2)r/26zaTVN+T|O> where |22|=p=— and N = a4fa

n+r

A [ 1
which is an eigenstate of the (generalized) Susskind-Glogower operator (gSG) A =a P
r—
Alz;r) = z|z;7)

. . 1 < .
For NBD parameter r=1, usual Susskind-Glogower-Barnett-Pegg A,_;|¢) = €'?|¢) with |¢p) = — Z e"?|n).
phase operator 2



Multi-graviton radiation: generalized Susskind-Glogower squeezed state?

. e Stasto, Raj, RV: arXiv 2605.03038
If GR radiation is a NBD, this distribution corresponds to a squeezed state tasto, Ra), RV: arXiv 2605

|Z, ’f'> e (1 . |Z|2)T/26zaTVN+T|O> where |22|=p=— and N = a4fa

n+r

A 1
which is an eigenstate of the (generalized) Susskind-Glogower operator (g5G) A = a\/ Rar_1
r—

Alz;r) = z|z;7)

=]

" . 1 &
For NBD parameter r=1, usual Susskind-Glogower-Barnett-Pegg A,_;|¢) = €'?|¢) with |¢p) = — Z e |n)
phase operator 2
h2

For a pure single-mode squeezed state, A X2 AP2 —
4

(AX)2(AP)? = % +6

In the gSG case of interestto us, (AX)2=(5+1)e %, and (AP)’=(5+ 3)e™* with L) (AP)?
17 (AX)?
1 T
(AX)? = 5+ == + (1) Aa(p) — 2(1 = 1) D A1(p)’
1 , P A, and A, are infinite sums in powers of p with
(AP)? = 5 + I P _ (1 —p)"pAa2p) binomial prefactors
—-p



Multi-graviton radiation: generalized Susskind-Glogower squeezed state?

LA e B R Stasto, Raj, RV: arXiv 2605.03038
‘
N 1 Wide parameter space for NBD parameterr>1

< | L —r=10 where ¢ is small (close to minimum uncertainty)

2r 1 —r=50 but squeezing parameter & > 1

| — r=200

1k
011 1 1 1 1 1 [

0.5 0.6 0.7 0.8 09 095 099

p=lz 2

For r large, the squeezing parameter ¢ = Ln(n)
For a gravitational wave measured by LIGO, n = 4.103¢, so very large squeezings are possible

Specifically, quatum fluctuations on the Planck scale (103> m) can be enhanced to detectable levels at
current and future gravitational wave observatories

Caveat: The statistics are “super-Poisson” which means that quantum effects can also be mimicked
by classical sources D. Carney, arXiv:2408.00094



Geodesic congruence: the geometry of quantum information

The Raychaudhuri equation
- key in Hawking-Penrose singularity theorems :

Volume change of geodesic convergence

1 . . .
— ——92 - O'ijO'm + wijw” + KZ,,;'

Tl %

Bulk scalar Shear tensor Rotation tensor Includes Ricci curvature + stochastic graviton noise

H.-T. Cho and B.-L Hu, arxiv:2301.06325
M. Parikh, F. Wilczek, G. Zaharaide, PRL (2021)






