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FACTORISATION OF AMPLITUDES
IN THE HIGH-ENERGY
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HIGH-ENERGY LIMIT

MRK in N=4 SYM: Dixon,

* Very interesting theoretical problem: Pennington, Duhr, 2012; Del
Duca, Dixon, Pennington, Duhr,
* retain rich dynamic in the 2d transverse plane, 2013; Del Duca, Druc,
Drummond, Duhr, Dulat,
& tO)’ mOdeI fOI" fU” amphtUde, Marzucca, Papathanasiou’

P ! Verbeek 2016, ...
* non-trivial function spaces,

- predict amplitudes and other observables in overlapping limits:

— soft limit, infrared divergences.

* Relevant for phenomenology at the LHC and future colliders:

- perturbative phenomenology of forward scattering, e.g.
— Deep inelastic scattering/saturation (small x = Regge, large Q2 = perturbative),
— Mueller-Navelet: pp = X+2jets, forward and backward.

See talks by Andersen, Bonvini, Chirilli, Forshaw, Forte, Giani,

Hautmann, lancu, Mulian, Nagy, Newman, Wallon



2 => 2 SCATTERING IN THE HIGH-ENERGY LIMIT

P1 P4
—
t channel
s channel
P2 p3

* Consider 2 — 2 scattering amplitudes in the high-energy limit:

s=(p1+p2)’>—t=—(p1 —ps)° > 0.

* The amplitude is expanded in the small ratio |t/s|; we consider here the leading power term:

S t | —7 0 —17 t 1 —7



HIGH ENERGY LIMIT AT LL: REGGE POLES

7 N\

~1/s ~ 1/t

At leading power, gluon exchanges in the t-channel:
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+ The amplitude contains logarithms of the ratio [s/t|.

— Characterised in terms of Regge poles at LL:
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 The function ag(t) is known as the Regge trajectory:
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BEYOND LL: REGGE CUTS

* Crossing symmetry s < u: \

— project onto eigenstates of signature:

MF) (s,t) = %(/\/l(s,t) + M(—s — t,t)).

— Express amplitudes in terms of the signature-even combination of logs:

,7T_1 | —s—iO_H —u — 10
z2—2 og ) 0og ; ;

L = log ;

— M(*) and M() are respectively imaginary and real.

* Color: beyond tree level
M = Z i MU (s, ¢).
— Decompose the amplitude in a color orthonormal basis in the t-channel

SR8=108, 88, 100106 27

— Invoking Bose symmetry we deduce (gg scattering)

odd: M8l ./\/l[loer], even: M Aql8sl Aq127],




2 => 2 SCATTERING IN THE HIGH-ENERGY LIMIT

Odd : M8l Aq[10+10] Even : MM, AMBs] Af127]
LL
3>
NLL
-
3>
NNLL +
3>

Caron-Huot, 201 3; Del Duca, Falcioni, Magnea, LV, 2014, Caron-Huot, Gardi, LY, 2017



FROM BALITSKY-]IMWLK TO AMPLITUDES

» High-energy limit = forward scattering: to
leading power, the fast projectile and target
described in terms of VWilson lines:

400

U(z1) = Pexp [igs/

— O

iyt o =), zL)d:UjLT“] ,

Korchemskaya, Korchemsky, 1994, 1996;
Babansky, Balitsky, 2002, Caron-Huot, 2013

- The Wilson line stretches from —o0 to +00 and thus develops rapidity divergencies. The

regularised Wilson lines obeys the (non linear!) Balitsky-JIMWLK evolution equation:

d n
e [U(zl) LU = Y Hy [U(zl) )
i,j=1
with
Qs a a a a a a a
H;; = 52 /[dzi][dzj][dZO]Kij;O [Ti,LTj,L AR s — UG (0 1T o 4 Tj,LTib,R)] + O(s).
* Evolution in rapidity resums the high-energy log: l
S T Balitsky Chirilli, 2013;
n =L = log == 25 Kovner, Lublinsky,

Mulian, 2013, 2014, 2016



FROM BALITSKY-/IMWLK TO AMPLITUDES

In perturbation theory the unitary matrices U(z) ~ 1: parametrize in terms of a field W

o O Kovner Lublinsky, 2005;
U(z) = e ; Caron-Huot, 2013

The color-adjoint field W sources a BFKL Reggeised gluon: a generic projectile is expanded
at weak coupling as

¥} = g5 Di1(8) W) + g5 Di 2(8) IWW) + g; Dis(t) [WWW) +.

Focus on the Regge-cut contributions: define a “reduced” amplitude by removing the
Reggeized gluon and collinear divergences

Mijosi = (Z:2;)7" e T O L M, s,

Scattering amplitude: expectation value of Wilson lines evolved to equal rapidity:

(1 R Regge 1 Rl P Ui =
e N (M(+) VIS )E<¢§+)‘€ HL’¢§+)>_|_<¢§ )|e HLWE )>.

28 28 ’L]-)’Lj ’L]-)’L]

Caron-Huot, 2013, Caron-Huot, Gardi, LV, 2017



FROM BALITSKY-/IMWLK TO AMPLITUDES

* An m—m+k transition from the leading-order Balitsky-|IMVVLK equation is proportional to

g2tk Thus for k = 0, all the interactions can be extracted from the leading-order equation.

Caron-Huot,

%% / \H L 0 ((‘ Ji5l " . O H iy e \ ( 2HOI3t’ ((:;arczir.l-
N , S~ uot, ardi,
<W)§ | 3:\ ;—>2 e = 4—>2 <W 5 LV,2017
(W)5 5 g4 = H5_>5 (\~~\’ (W)5
. | SN
LO BFKL kernel < . W
(W)é > Terms in NNLO
(W)3 B-JIMWLK -
2y w4 ' predicted by
From LO B-JIMWLK <« EW;E’ symmetry LB

G

* Interactions with k < 0 are suppressed by at least gs2*kl, which means that they can first appear
in the (|k|+/)-loop Balitsky-JIMVWLK Hamiltonian.

« At NLL we need m — m transition only = the LO BFKL kernel.

See Rothstein, Stewart 2016 for a SCET approach



THE ODD AMPLITUDE UP TO THREE LOOPS

y RN
( Odd : Ml pql10+10 || Bven s MU, A5, e
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S, Del Duca, Glover, 2001;

Del Duca, Falcioni, Magnea, LV, 2013, 2014,
Caron-Huot, Gardi, LV, 2017



THE ODD AMPLITUDE UP TO THREE LOOPS

* Odd and even sectors are orthogonal and closed under the action of H (signature symmetry):

A Regge 1 2 SN T .G
R gge, (M(+) Vi )E<¢§+)‘€ HL|¢Z(+)>_|_<¢§ )|e HLWL( )>.

28 28 ’Lj—)’l] Z]—)’L]

 The signature odd amplitude becomes to three loops:
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THE ODD AMPLITUDE UP TO THREE LOOPS

* Needs [ — 3 transitions:

4% %4
= | (AR (W)
oy W)
F A
Hyp spq0 = ;T [dzz][dzo] Kii;O (Wi_WO)xwoy(Wi_WO) 18 [FxFyFZFa} (Wd[/a
2 6_7r [dzi][dz][dzo] Kyjpo (FTFYF*F*)*° {(Wi—WO)‘”WgW(f(Wj—WO)t
- WOV, W W (O, Wo)' = (W W0 W O, W) W] s

Caron-Huot, Gardi, LV, 2017



THE ODD AMPLITUDE AT NNLL TO THREE LOOPS

+ Up to three loops the amplitude reads

PG (1) (1)) 1>4(0)
M oy (Di By Dj )Mij—>ij7

1]—1]

e o 0 W) L 2p@) (2 N2 2\ | x5 (0)
Mij—>ij_ D+ D77 + Dy D +7TR()((Ts—u) _1_12(CA) )]Mij—nj’

e it DYDY D D?

3 3 : Al
+ n? (R T2 (T3 T2, + R (T2, T2 T2, + R () | MMy,

with loop functions R (Regge cut-contribution)

R(Q) — (TF)Q (_8% b %6@ Sl %62@ Rl ) 9 Rf) D (TF)B (48163 2 S_ZLC?’ RatE ) ’

] 35

3 3
L L), R = (rp)? (s — R

v Agreement with the quadrupole correction to the soft anomalous dimension
Almelid, Duhr, Gardi 2015, 2016;

V' Agreement with three-loop computation of gluon-gluon amplitude in N=4 SYM
Henn, Mistlberger, 2016



THE TWO REGGEON CUT




THE TWO-REGGEON CUT

Odd : M!8a], M10+10] Even : MU, M8 A127]

LL

()
NLL é
—/




THE TWO-REGGEON CUT

« The BFKL equation for the even amplitude takes the form

d B () '%(1—e)I'(1 +¢)
) PE s

» The BFKL kernel is non-trivial, and we do not know how to diagonalise it. However, we can

HQ(p, k), By = eE

derive an iterative (perturbative) solution: define

©. @)

o) 7
X ) {5
Q(p, k) ;(WBO) T k),

the “wavefunction” is defined order by order by iterating the BFKL kernel

with initial condition

U ) = 11



THE TWO-REGGEON CUT

- At each order the amplitude is:

A B())ﬁ p2 T ,LL2 e d2—2€
e - (Bo)” / Dk QD (p k) T2_ MO, Dk] = .
NLL (f = 1)| [ ] k'Q(k' o p)2 (p ) S—u [ ] BO Ame—"7E (27_‘_)2_26
A
apply apply
A — A — A
Hamiltonian Hamiltonian
NN
0-loop wavef. 1-loop wavefunction 2-loop wavefunction
A2
A A A A A A
NI

1-loop amp. 2-loop amplitude 3-loop amplitude



THE TWO-REGGEON CUT

* At each order the amplitude is:

Sl <BO)£ /D p2 Q-1 T2 (0)
MNLL = Zﬂ_(ﬁ-l)! [ k] k‘2<k—p)2 (pak) s—uM y

« One “rung” = apply once the BFKL kernel on the “target averaged wave function:

QD (p, k) = HQED(p,k),  H= (204 —T2) B + (Ca — T2) Hy,

* “Integration” part:

B V(p.0) = [IDF) .k ) [0,k = (o, )]
/C/Q (p e k/)2 p2

f(pa klvk) E k'Q(k gt ]{7/)2 & a

 “Multiplication” part:




THE TWO-REGGEON CUT

QU (p, k) = HQED(p,k),  H= (204 —T2) B + (Ca — T2) Hy,

* First few orders:

DO =
Qo= (G T%) J(p, k),

Q(Z) o (CA = T%)2 J2(p7 k) i (QCA s T%)(CA o T12;) /[Dk] f(p7 kv k/) [J(p, k/) =8 J(p, k)] )
* At higher orders one gets increasingly difficult integrals.

0¥ [l o e o ()
0G5 /[Dk’][Dk”] el ( p:)e.

(k”)2(p e k’)2(k £hhl k//)Q(k/ as k”)2

—>— L k
p‘< p@
—>— p—k p—k




THE TWO-REGGEON CUT

° At the level of the amplitude these integrals corresponds to

<> <\

* We obtain the amplitude analytically to 4 loops, numerically (pySecDec) to 5 loops:

4
(.4 _ By NG 1 17565
My, = ZWZ{(CA — T}) <(2€)4 2 9

oy 3 ., _ 1676
T 8

. e 1 55
MR = in 22 L (Ca - T (o - 52

€ + 0(62)> Caron-Huot, 2013

-+ OlOn Nk ( € + 0(3)) }Tg_u MO

32€° 2

3Cs . 253Cs
@n(C _T2 ChallErt CS P
g oo T ( el et

5}
) = 5031(CA - T%)2C5} g

° General features:
— “top-bottom” and “left-right” ladder symmetry;
— outermost rungs are always easy (multiplication);

— first non-trivial integration at 4-loops.

top — bottom symmetry




TWO-REGGEON CUT: SOFT APPROXIMATION

* Observations:

|) The wavefunction Q(n)(p,k) is finite as € = 0:

— poles can only appear from final integration.

2) Evolution closes in the soft limit:

/ 0O (p, k).
k—0

— R divergences occur only when a full rail goes soft!

— compute evolution in the (left) soft region and multiply by two.

k<<p" k_pr
1l 5
1

“left soft”

k~p hrE—p<yp

S

“right soft”




TWO-REGGEON CUT: SOFT APPROXIMATION

- The soft wavefunction is polynomial in (p?/l2)e: e el

% 2 ne ( 2\ (n+1)e
i = 1 B (P |
TR By(O)\ K2

k2

[:I ]9_2 ncE:i ]9_2 ne_ ]9_2 (n+1)e
T\ k2 ] AN k2 .

- This allows to obtain the wavefunction at order (£-1):

= (O e R R A NSO )
Qg )(p7 k) ga5; (26)6_1 ?;:O:(_l) ( o > (%) m|:|0 {1 — B, ( ) (CA i T2) } 3
with
= i Bn(é) n € n n €
B.(e) =1 Bo(o) 2n(2 + n)(z€e” + 3n(2 + n)4e” +

Caron-Huot, Gardi, Reichel, LV, 2017



2-REGGEON CUT: SOFT APPROXIMATION

* It is easy to compute the amplitude at order £, accurate to O(E-’)'

~ ] 1 BEE n
Ml(\I—IEIKJ)|8:Z7T (2¢)" %E)( & HE _T2£ 12 +1< )

1+ B i ;
X |_| [ + B, (€) CA_T%] 2_ MY +0()

* The result is highly constrained, the wavefunction has to be finite!

— The amplitude reduces to a geometric series, to O(€/):

M&?Sml (;g (Bog('é)) (Ca — T2 12 ((3) (1_§1(6)(2CA—T%)>‘1T2 170

In this form, the amplitude can be summed into a closed form expression:

/

3 S as=Ce a0 ook 5
e At i =20 (C -T2 B_1(e€) B2 (2C4 — T?) 2 (0)
\ MNLLpssimpl. L(CA = T%) { (e 1) BO(E) (1 B—l(e) (CA o T%) TS—u M )

\.

o = — = - — = —

where x = L Q./11.

Caron-Huot, Gardi, Reichel, LV, 2017



TWO REGGEON CUT: SOFT APPROXIMATION

- A few orders:

/\}l(—l—,l) = Caron-Huot, Gardi,
NLL |s Reichel, LV, 2017
+,2 ;
1(\ILL)’ | " u/\/l(()),
(+ 3) 5 (0)
NLL ’ Ts uM )
(‘|‘ 4 CSCA O 0 T2 (0)
Mty s = i | 2 1(Cy — T2) + O(e )] TN
—(GE ) Ve 364Ca O(2) | T2 (0)
MNLL ’5 N ‘ 26 16(CA et ng—i_ (6 ) S—’U,M B

\

determines the soft
anomalous dimension

iteration of lower loops



2-REGGEON CUT:
INFRARED SINGULARITIES




REGGEVS INFRARED FACTORISATION

« 2 = 2 kinematic limits:

1 —t exponentlatlon \
¢ log we M of IR div )

g soft limit of BFKL
Soft \j Regge limit of I'yof

Aﬂ: Regge

| BFKL
Regge resummation

>
L ~log =

- Application: test (and predict) the analytic structure of infrared divergences.



REGGEVS INFRARED FACTORISATION

* The infrared divergences of amplitudes are controlled by a renormalization group equation:

Mn ({pi}nua O‘s(MQ)) e Zn ({pi}alua O‘s(MQ)) Hn ({pi}mua 048(,&2)) y

where Z, is given as a path-ordered exponential of the soft-anomalous dimension:
Becher, Neubert, 2009; Gardi, Magnea, 2009

Zy, ({pi}aﬂa(%(/ﬂ)) = Pexp {_;/OM %Fn ({pi},)\,&s()\2))} ;

» The soft anomalous dimension for scattering of massless partons (pi2 = 0) is an operators in

color space given, to three loops, by

' ({pz’}v )‘7048()‘2)) = I‘iip. ({pi}a )‘70480‘2)) + Ay ({pijri}) -



REGGEVS INFRARED FACTORISATION

'y ({pi}v A, CVS()‘Z)) = I‘?zip. ({pi}7 A, O‘S()‘Z)) + A, ({pijkl}) '

e |
v ,\
N\

“dipole formula” “quadrupole correction”

* Early studies of constraints from soft-collinear factorisation, collinear limits, and the
high-energy limit in Becher, Neubert, 2009; Dixon, Gardi, Magnea, 2009; Del Duca,
Duhr, Gardi, Magnea, White, 201 |; Neubert, LV, 2012;

» First evidence of “beyond dipole” contribution at four loops in Caron-Huot, 201 3;

» Calculated a three loops in Almelid, Duhr, Gardi, 2015, 201 6; ‘ 3
« Confirmed, in 2 = 2 scattering in N=4 SYM in Henn, Mistlberger, 201 6; Z g
 Confirmed, in the high energy limit, in Caron-Huot, Gardi, LV, 2017; L;

 Re-derived based on a bootstrap approach in Almelid, Duhr, Gardi, McLeod, White, 2017.




2-REGGEON CUT: INFRARED SINGULARITIES

+ Expand the soft anomalous dimension in the high-energy logarithm:

r (O&S()\)) — (CVS()\), L) + I'nLL (CVS()\), L) + I'nNLL (CVS()\), L) e

* At LL gluon Reggeization fixes I'LL from gluon trajectory:

W s (A
o (oo — 2 )”5 e = SO e
0 s Del Duca,
« At NLL Duhr, Gardi,
(D) () Magnea,
e — P NLL T FNLL’ White, 201 |
* with
2 (1) (2)
Qg (A
b Z <7K Cilog 75 L 19,00 >> - ( 75 )> Vg 50
G




2-REGGEON CUT: INFRARED SINGULARITIES

* Derive an Infrared-factorised representation of the reduced amplitude: start from

Jrlaie { &

- we obtain

T

eXp{1 _ Eillole

2€

0

pd)\e
— ex
\ P

) B w2 (Fomn () M (i)

S
7 NTL pi},u,as(ﬂ))],

No poles

2 O Tf)} Wb

s

A

21E ozs(p)L(CA — Tf) [1 — (B)e} } I‘l(\I_L)L (Oés()\)) M(tree) ot 0(60).

By matching we get the soft anomalous dimension to all orders:

,/77
f

et

: | 3 — 1
I (_76)_ L o g " 2 CA )
et - 2 (-8 (Goa-10) 5y | T

with
el —

T3(1 — )D(1 + ¢)

['(1 — 2e)

S CE R T e (2C§ + 10(6) 2 SR

Caron-Huot, Gardi, Reichel, LV, 2017



2-REGGEON CUT: INFRARED SINGULARITIES

- Explicitly, for the first few orders we have:

| . = Ao
Fl(\ILL) = e 1 Fl(\ILL) = 0, Fl(\ILL) = U,

B o T T,
Caron-Huot, Gardi,

e 1C2_48 Ca(Cs— T2PT2 Reichel, LV, 2017
) e & (Ch — 24T
NLL 640

_ e i e 1
Thip, = imms [;;g CA(Ca— T + = (6§ — 5Gs) Cal(Ca - T%)S] Bk

— ) I [3¢3C4
A2

Ca(Ca—T5)° + 634 ((3¢4 = 3Cn CACIES Tf)6] Tinin

* The result can be used as constraint in a bootstrap approach to the soft anomalous dimension.

\

See e.g. Almelid, Duhr, Gardi, McLeod, White, 2017



2-REGGEON CUT: INFRARED SINGULARITIES

* Write the soft anomalous dimension as a function x = L a./I1:

piE) e (O‘—L) d L Glz) =Y «*1G0.

(il il
Il

* Write G(x) as the Borel transform of some function g(1/n):

G(x) 1 / e g
=== —=13ING
271 wW—100 i 7 7

g(1/n) has isolated singularities away from the origin:
— G(x) has an infinite radius of convergence.

— it is an entire function: valid to x = L a,/1I1 > |, i.e. at asymptotically high energies.

i
10




2-REGGEON CUT: INFRARED SINGULARITIES

» Plotting G(x) for larger values of x reveals oscillations with a constant period and an

exponentially growing amplitude.

* Here we plot the logarithm of |G(x)| weighted by the sign of G(x):

r)

sign[G(x)] In |G{(:

* The function is well approximated by

G(z) — ce*® cos (bx + d) , 1

a b C d
L2972 1525 (20258 UEARS
2717146 | 0410 S 2l

Caron-Huot,
Gardi, Reichel,
LV, 2017



FINITE WAVEFUNCTION
AND AMPLITUDE




FINITE WAVEFUNCTION AND AMPLITUDE

* What about the O(€9) contribution?
— the soft wavefunction generates all IR singularities in the amplitude:

— split the wavefunction into soft and hard, use dimensional regularisation for the soft only:

Q(p7 k) G Qs(pa k) S5 Qh(pa k) )
Qfd)(z z) = lim Qp, = Qoq(z, 2) — QY (2, 2),

e—0

* The amplitude then is given by

2
o S s Y e / 2600, 5|2 0o
MNLL (—t) Zﬂ-[ /[ ]kg(p e k) 47’(‘ ) Gl )

J/

-
computable using soft limit compute ineD) ="

of wavefunction in D dimensions

k<<p

LS S

“left soft” “hard” “right soft”




FINITE WAVEFUNCTION AND AMPLITUDE

« Let us consider the soft contribution first. Recall that we found

Vo, = AT > E H e e

s n (CA e T2)

this gives the amplitude

e( ) y Caron-Huot,
ISeEss <le A ! :

+, — } : n Gardi, Reichel, LV,
1(\ILL)| (26)6 %| (1 Gl B—l) (CA Ferd T%) : (_1) 2y ( )

in preparation

7 ==
A 20 =T
% | | [1 + B, (€) Ca t] T2 MY S )
t

* This expression cannot be summed easily. However, we can modify the soft wavefunction such that it
preserve the original symmetry k < (p-k):

00 = Sogl= s () @) (52) L {-s0Em)

2
=0 m=0 (CA gl )

* With the symmetric wavefunction we obtain an amplitude that can be summed to all orders:

. i x S IE 2 Oa=T; i
MNLLs = L(Ca— T2) { (e L (O =T e 1) BBO((e)) (1 = Baile) ((202_ éf) ol

2
T3

R . [(1-(Ca=THz) (T(1+(Ca-THE)) 77 }T2 i
r(1 e T,%)a;) F(l el e T%)g)




WAVEFUNCTION IN D=2

* Consider now the determination of

02z, 2) = Lm Q0 = Daalz, 2) — DEV(E, 7).

e—0

Introduce complex variables

* BFKL kernel in d=2:

gy = (200 = T?)]:IQd,i +(Ca — T%)I:JQd,m

* “Integration” part:

A 1
Fai = 5 [ dPwK(w,d,22) [¥(w,0) - ¥(z,2)],
(s

1 2 1

Homsais w(z — w) i (z — w)(z — w) +’LU(Z—U_J '

 “Multiplication” part:




WAVEFUNCTION IN D=2

Translate the action of the BFKL kernel into a set of differential equations, thanks to

d [~ A d
Z@ [Hgd,i\lf(z,,?)} = Hgd,i [ZquJ(Z,Z)] .

The full algorithm requires to take care of contact terms,

Brown, 2004, 2013,
8.0z log(22) = m6%(2), Schnetz, 2013

and to consider the action of (1-z)d/dz as well. T

Th 2d wavefunction is computed in terms of single-valued harmonic polylogarithms (SVHPLs):
we determine the action of the BFKL kernel on SVHPLs in terms of a set of DEs: l

Dixon, Pennington, Duhr, 2012;
Del Duca, Dixon, Pennington,

g, > Duhr, 2013; Del Duca, Druc,
i[‘Igd,iﬁo’g(z, e Had,ile(2,2) : Drummond, Duhr, Dulat,
dz it < Marzucca, Papathanasiou,

ol i Mol Ll 2 Y B (LA Verbeek 2016, ...
== log L1 (2,2) = : e
dz 1—2 4 2

Bl 1[10,0(27 Z) oIk 2»61,0(27 Z) £ [»CO,a(wa u_)) ik Ll,a(wa w)]w,u_)—M)o
4 1—2 '



WAVEFUNCTION IN D=2

 An algorithm is set up to iteratively determine the wavefunction to any loop order.

In practice, we stop at |3 loops.The first few orders:

1
Qéz) = 502 (Eo 1 2£1)
1 1
Q;? — 5022 (»CO,O - 2£0,1 == 2£170 + 4£171) == ZClCQ (—£0,1 i »Cl,o - 2»Cl,l)

1
Qé?é) = 101022 —2ama — S aan— e — 2o am — gl — o1
3
— A S A e ZCS (Lo00+ 2L001 +2L0,10 + L0 10 F2ET o

1
+4L101+4L110+8L111) + EC%CQ (Lo01+2Lo10+4L011
S B e B R S S

Caron-Huot, Gardi,
Reichel, LV, in preparation

where C; = 2Ca-Ti4, C; = Ca-Ti? and, e.g,,

Lo,0,1,1(2,2) = Ho0,1,1(2) + H1,1,0,0(2)
Slig H(),O,l(Z)Hl (2) = HO(Z)Hl,l,O(z) S H0,0(Z)Hl’l(Z) = 2C3H1 (Z)

° A closed-form resummed expression is not yet known.
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First few orders:
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FINITE AMPLITUDE

* We have now all ingredients to obtain

(%) =-| / DH

0+ [ 5

compute in D=2

Qe (., )] T MO

S
computable using soft limit

of wavefunction in D dimensions

» Two methods to perform the last integration, and sum consistently soft and hard region.
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Caron-Huot, Gardi, Reichel, LV, in preparation



FINITE AMPLITUDE

~(+,11) 149 218 212 26209 2\T 213
i 204 — T2 (Cs — T 204 — T2 (Cs — T
MuiL :>< 688128000( 4= LACs = 1) 4 6193152000( S (O — 1)
14813 210383
et A =@ A 2C 4 — TR (G AR
122368000 204 ~ 1) (Ca = T )"+ Toisassoon (204 — T1)'(Ca = T3)
7549 39957
= WO el ARG =g poAe 2C 4 = TAE (@ EuE
25804800 204 ~ T1)(Ca = T0)" + fo505a000 204 — Te) (Ca = To)

11

— To9a00 204 — T4)*(Ca — T} )8) {95,3,3)

- Hard regions contributes only with single-valued (,:

— consistent with 2d wavefunction made of SVHPLs.

» Finite (hard) amplitude contains gs33 at | | loops, g55,3, 733 at |3 loops:

4 8
0533 — —;CSQB a 5C22C7 + 45¢2C9 + (53,3 -

No exponentiation in terms of I" functions.

Caron-Huot, Gardi, Reichel, LYV, in preparation



FINITE AMPLITUDE: RADIUS OF CONVERGENCE

* Focus on the singlet and 27 color representations: with

The amplitude reads

=0 = _0.616922 — 6.536 2% — 0.8371 2% — 8.483 2% — 1.5292% — 12.67 27 + 1.610

— U0 JE AR G Bl T A e A O L)),

=0T — 1,028 2% — 18.16 23 + 2.184 2 — 196.0 25 + 372.3 2% — 2821 27 + 9382 28
G494 1P - 180397 21 — 797524 £ - 3.239 x 10° 12 — 1.374 X108 5 =@ G



FINITE AMPLITUDE: RADIUS OF CONVERGENCE

 Applying Pade approximants we extract the position of the nearest singularity:

Singlet Rep. 27 Rep.
[IR0 e ] 0.4j‘ T I S i
0.5 | 0.2 |
| | = Full | . o Full
g . = Soft ) |~ Soft
-0.5 { -0.2
STROMSIRT SR | -0.4. o
-1.0 -05 0.0 05 1.0 -04 -02 0.0 02 04
 The soft amplitude provide a check on the Pade analysis:
$ i 55 (6) A (QCA R T2) B
= e (Ca—The _ 1) 22 (1- B t 1
e ) { L ne (B0 egy)

T2

r@ (Ca — T?) F(\ (C —T2£D G
_,YE(QCA T?) z A ) ( —I_ Z )2 }T2 M(O).

(1 L (Ca — Tz ) (1 Elone T,%)g)

* Singularity at (Ca-T:2) x = | cancels in the full amplitude.
» Soft and hard amplitude are not good approximation of the full amplitude.

* The full amplitude has an additional singularity at [(Ca-T:2) - 3/8(2Ca-T)] x = 1.



FINITE AMPLITUDE: RADIUS OF CONVERGENCE

 Radius of convergence: |R| = 0.66 for singlet, |R| = 0.24 for 27 representation.
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See also Larkoski, Moult, Neill, 2016 for a
similar analysis in the context of non-global logs.



CONCLUSION

* Modern approach to high-energy scattering via Wilson lines:
— new theoretical control up to NNLL;

— complementary to infrared factorisation.

* 2 = 2 amplitude at NLL obtained by iteration of the BFKL kernel.

— Solved to all orders in the soft limit;

— Soft anomalous dimension in the high-energy limit to all orders;
— Algorithm to derive the full amplitude to any given order;

— Explicit result to |13 loops.

* Number theory findings:
— Soft amplitude given in terms of Gamma functions;
— Hard amplitude given in terms of single-valued , numbers,

no exponentiation in terms of I functions only.

* Large order behaviour aspects:
— The soft anomalous dimension (at NLL in the high-energy limit) is an entire
functions: valid to L /11 > [;

— The finite part has a finite radius of convergence, with asymptotically sign-oscillating
coefficients.



