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m Reminder of usual Operator Product Expansion in non local
operator.

m High-energy Operator Product Expansion: factorization in rapidity
space.

m Evolution equation and background field method.
m NLO impact factor and composite Wilson line operators.
m Application of high-energy OPE at NLO: ~*~* scattering at NLO.

m Role of the composite Wilson line operators in v*~4* and DIS
amplitudes and the v — 1 — v symmetry.

m Conclusions and Outlook.
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Light-cone expansion and DGLAP evolution equation
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Light-cone expansion and DGLAP evolution equation
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2 - factorization scale (normalization point)

k% > p? - coefficient functions
k* < p? - matrix elements of light-ray operators (normalized at ;%)
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Light-cone expansion and DGLAP evolution equation
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- factorization scale (normalization point)

k% > p? - coefficient functions
k* < p? - matrix elements of light-ray operators (normalized at ;%)
OPE in light-ray operators (x—y)2 =0

T 0)) = s [1 -+ 2 =320 + )] G )

[K\} _ Pelg/ du (x—y)P Ay (ux+(1—u) - gauge link
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Light-cone expansion and DGLAP evolution equation
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2 - factorization scale (normalization point)

k% > p? - coefficient functions
k* < p? - matrix elements of light-ray operators (normalized at ;%)
Renorm-group equation for light-ray operators = DGLAP evolution of

parton densities (x—y)2=0

Mzdi/ﬂwx) e,y () = Krot (), yw(y) + ...

G. A. Chirilli (University of Regensburg) Rapidity factorization at NLO Small-x Accuracy - Sept 11, 2019 3/68



Leading Log Approximation in scatt. process at high energy

electron-proton/nucleus Deep Inelastic Scattering (DIS) s=(q+ P)?

(PITj*(x)j” (v)|P)

> energy suppressed

= BFKL resum (a,1n ;)"

m Dynamics is linear and it describes proliferation of gluons
= Violation of Unitarity
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NLO DIS with BFKL dynamics

LOIF

* *

q 9
B 2 A
g\mg gzr g.a:

LO BFKL 5 + NLO BFKL < g +
gfmr ‘zm'aq
a I
< >

= NLO BFKL: ., (m In L)
XB

m NLO Impact factor contains contributions prop. to «;In xiB which
can be included in the LLA.

m Need systematics of perturbation theory
= Operator Product Expansion formalism can be the solution.
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DIS cross section

BFKL: Leading Logarithmic Approximation «a; << 1  (aslns)" ~ 1

DIS
cross BFKL
section In’s Froissart bound

|

NON LINEAR EFFECTS

BFKL PREDICTS ONLY
PRE-ASYMPTOTIC BEHAVIOR

m pQCD at LLA: A(s, ) oc s2
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DIS cross section

BFKL: Leading Logarithmic Approximation «a; << 1  (aslns)" ~ 1

DIS

Ccross
section

BFKL
In’s Froissart bound

BFKL PREDICTS ONLY
PRE-ASYMPTOTIC BEHAVIOR

m pQCD at LLA: A(s, ) oc s2

m Froissart-Martin theorem: A(s,7) o In*s

NON LINEAR EFFECTS

m At very high energy recombination begins to compensate gluon
production. Gluon density reaches a limit and does not grow anymore.
So does the total DIS cross section. Unitarity is restored!
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DIS cross section

BFKL: Leading Logarithmic Approximation «a; << 1  (aslns)" ~ 1

DIS
Ccross
section

BFKL
In’s Froissart bound

BFKL PREDICTS ONLY
PRE-ASYMPTOTIC BEHAVIOR

m pQCD at LLA: A(s, ) oc s2

m Froissart-Martin theorem: A(s,7) o In*s

NON LINEAR EFFECTS

m At very high energy recombination begins to compensate gluon
production. Gluon density reaches a limit and does not grow anymore.
So does the total DIS cross section. Unitarity is restored!

m In order to take in to account recombination of gluons the evolution
equation for the structure function has to be non-linear.
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Propagation in the shock wave: Wilson line (Spectator frame)

- Boosted Field /\/I\/

Each path is weighted with the gauge factor Pe’¢ / #x4" | Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor
along the actual path with the one along the straight-line path.

>

Wilson Line
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Propagation in the shock wave: Wilson line (Spectator frame)

B
y > ' y
X Wilson Line x
. 1 / /
[ZI,Z] — Pelgfo du(? —z)P AL (uz' +(1—u)z) Uz — [OOpl +2z,,—oop1 + Zi]

pt=apl +Bpy +pt, Pl =+/s/2(1,0,0,1), ph=+/5/2(1,0,0,-1)

s center-of-mass energy.
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Propagation in the shock wave: Wilson line (Spectator frame)

- Boosted Field /\/I\/

m At high energy all fields are ordered in rapidity = rapidity n is a
suitable factorization parameter.
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Propagation in the shock wave: Wilson line (Spectator frame)

- Boosted Field /\/I\/

m At high energy all fields are ordered in rapidity = rapidity n is a
suitable factorization parameter.

B Bee oo
s mm >
Y <n ’gf W??
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Semi-classical approach: Background field method

pl, Py light-cone vectors = k* = ap/' + Bph + k!
ap > ... > oy

‘Y* ‘Y*

Fields are ordered in their rapidities =

m fast fields are treated as quantum fields
m slow fields are treated as classical fields
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High-Energy Operator Product Expansion

DIS amplitude is factorized in rapidity: n

Z1
y X
22
Y>n ®
»
Y <n

|B) is the target state.

a2 2 d211d2Z2 A A
(BIT{ju ()i (0)}B) = [ —— 150 (x,y; 21, 22) (Bler{UZ UL} B) + ...
212
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High-Energy Operator Product Expansion

y 2 x
Y >n ®Zz
#
Y <n
2 A d2Z1d212 A A
BTG5 HB) = [T 10 vz, 22) Bl O B) + .
12

= If we use a model to evaluate (B|tr{U U1"}|B) we can calculate the DIS
cross-section.

m If we want to include energy dependence to the DIS cross section, we
need to find the evolution of (B|tr{ U U1"}|B) with respect to the rapidity
parameter 7.
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LO Impact Factor

Conformal invariance: (x*,x,)? = —x* = after the inversion x; — x, /x> and

xt —)x*/xi

Conformal vectors:
L Vs i 2 VS P 2
K= 2x*(s xXpa+x1) 2y*(x Y2 +yi)
P1

G = (%+Z%Lp2+zlL)r G = (T

+25p2+ 1)

. K2(C-
VExT =x,=x,ph  (similarly fory); R = %

L) @,z) = LS ik [(- G (8- ) — 3431~ )]
w2 = 6 (e ) (k- Go) OxiOYY PRS2 =i sl e

Sept 11, 2019
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Evolution Equation

ag(m — m)Keva ®

m Separate fields in quantum and classical according to low and large rapidity.
Formally we may write:

(BIO™[B) = (04 = (0" © O,

m Integrate over the quantum fields and get one-loop rapidity evolution of the
operator O

(OM) 4 = as(m — M) Kevol @ (O"™) 4

= Where in principle O and O’ are different operators.

Small-x A Sept 11, 2019



Non-linear evolution equation

m Linearcase O™ = a;An Keyo @ O™
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Non-linear evolution equation

m Linearcase O™ = a;An Keyo @ O™

m Non-linearcase O™ = a;An Keyo @ {OmO™}
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Non-linear evolution equation

d*z,

1
(x—2)7 N,

(U2 i = oz [ (@UPUPHUP Y ~ U

A=n —m

(Ul (URUPYy, {UPUMY, Ul Uy,
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Non-linear evolution equation

d*z,

1
(x—2)7 N,

(U2 i = oz [ (@UPUPHUP Y ~ U

A=n —m

(Ul (URUPYy, {UPUMY, Ul Uy,

m Obtain a set of rules that allow one to get the LO evolution of any
trace or product of traces of Wilson lines

m Hierarchy of evolution equation: B-JIMWLK equation.
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Leading order evolution equation

d . . .
%tr{UxU;f} = Kiot{UUf} + ... =

d A A
% <tr{ Uy U; }>shockwave = (KLOtr{ Uy U; }>shockwave
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Non-linear evolution equation: Balitsky-Kovchegov equation

U = 20{tULUSY = (UUN)™ — (UUN) + ag(m — m2) (U UL U.UT)™
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Non-linear evolution equation: Balitsky-Kovchegov equation

U(ry) = 1 - el U0 (0))

BK equation: Ian Balitsky (1996), Yu. Kovchegov (1999)

4
dn

asN, d*z (x —y)?

Uwy) = 20 | G =2y

{Ue.2) +U(y) —Uy) — U UG ) )

Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation: Balitsky-Kovchegov equation

A 1 ~ ~
Ux,y)=1- ﬁtr{U(M)UT(M)}
c
BK equation:

4
dn

asN, d*z (x — y)?

ey = 5 (x—2?(y—2)?

{2 + Uz y) — Ulxy) —U0n 2 G3) }

Alternative approach: JIMWLK (1997-2000)

m LLA for DIS in pQCD = BFKL
m (LLA: oy < 1, ayn ~ 1): describes proliferation of gluons.
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Non linear evolution equation: Balitsky-Kovchegov equation

A 1 N .
Ux,y)=1- ﬁtr{U(M)UT(M)}
c
BK equation:  Ian Balitsky (1996), Yu. Kovchegov (1999)

asN, d*z (x — y)?
272 ] (x —2)%(y — 2)?

d ~ A A A A A
i) = {Ux.2) +8(y) —Uy) U UG ) |
Alternative approach: JIMWLK (1997-2000)

m LLA for DIS in pQCD = BFKL
m (LLA: oy < 1, ayn ~ 1): describes proliferation of gluons.

m LLA for DIS in semi-classical-QCD = BK eqgn
m background field method: describes recombination process.
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Conformal invariance of the BK equation

Formally, a light-like Wilson line

o0
[oop1 +x1, —oopy +x1] = Pexp {ig/ dx*t A+(x+7n)}

—o0

is invariant under inversion (with respect to the point with x= = 0).
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[oop1 +x1, —oopy +x1] = Pexp {ig/ dx*t A+(x+7n)}

—o0

is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x% = after the inversion x; — x /x} and x™ — x* /x%

G. A. Chirilli (University of Regensburg) a orization at NLO Small-x Accuracy - Sept 11, 2019 17 /68



Conformal invariance of the BK equation

Formally, a light-like Wilson line
o0
[oop1 +x1, —oopy +x1] = Pexp {ig/ dx*t A+(x+7n)}
—0oQ

is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x% = after the inversion x; — x, /x> and x* — xT /x4 =
L[ xT xtox, x| x|
[oop1+x1, —oopi+x1] — Pexp {zg/ d7A+(777)} = [oop1+—5, —oop1+—7]
—o X x| x| X x]
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Conformal invariance of the BK equation

Formally, a light-like Wilson line

o0
[oop1 +x1, —oopy +x1] = Pexp {ig/ dx*t A+(x+7n)}

—00

is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x% = after the inversion x; — x, /x> and x* — xT /x4 =

L[ xT xtox, x| x|
[cop1+x1, —oopi+x1] — Pexp {lg/ d= Av(5, 5 )} = [oop1+=, —ocop1+75]
o X5 X x5 x5

=The dipole kernel is invariant under the inversion V(x,) = U(x, /x})

- /"M
22 (x =22z —y)?

[Te{V.VIITe{V.V]} — N Te{ V. V)]
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Definition of the NLO kernel

In general

d P PN .
%Tr{UXU;[ } = auKLoTH{UUl} + afKnioTr{U UL} + 0(])

A d NN IR
aZKnLoTr{U U} = %Tr{UXU; } — a,KLoTr{U Ul } + O(a))
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(02KnpoTr{ T, 01 }) = %(Tr{f]xf];}) — (KioTH{ T, 01 }) + 0(a?)

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)
= H prescription in the integrals over Feynman parameter v
+

Typical integral

\2

! (k — p)7
T
Jo o (k=p)iv+pi(I—v)lvie — p7 p
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

¥200, 4

%) < )

(1) - (X1 o (i)
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(xviy oxviny vy XIX)

X . XXy (i)

« (xxvy (XXVIT) o (xvin (XXIX) < oxxx)
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(XXX1) . (XXX . (XXXIV)
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Diagrams of the NLO gluon contribution

"Running coupling" diagrams

R cicld

0] (n

P,
‘o
y
\ ". \ o"' E \ l"
kogﬁ ) v S
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Diagrams of the NLO gluon contribution

1 — 2 dipole transition diagrams
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Diagrams of the NLO gluon contribution

N = 4 SYM diagrams (scalar and gluino loops)
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Gluon contribution to the NLO kernel

X=x—z, Y=y—z, X'=x—7 Y =y-7.

aS
272
(x—y)z[ asN, 11 5, 67 7w
1 n(x— ———}
X{)(21/2 Ty G+ g )
HMoNX> =Y X aeNe (x —y)? X2 Y? }

d
d—nTr{UxU;} = / d*z ([Tr{UxUZT YTr{U.U{} — N.Tr{U.U}}]

— In — — 1 I
3 4 X212 12 27 X%Y? Il(xfy)zn(xfy)2

Qg
472

+

/ &7 { [Te{U U Te{U. UL 1 UL U} — Tr{U, Ul UL Ul 0.UT )

1

2 2 2
& =) —3 [ -2+ XTW? VX2 — dlx —y)P (e = 2)° In X Yz}
(z—2)* 2(X72Y2 — Y*X2) Y’X2
+ [Tr{v, Uy Te{ U, U U, Ul — Te{u, Ul 0,0 U, U — (27— 2))
(x—y)* (=3 7,XY°
x |:X2Y/2(X2Y/2 _ XIZYz) (z — Z')ZXZYIZ} n X2y2 })

Our result Agrees with NLO BFKL (Comparing the eigenvalue of the forward
kernel) It respects unitarity
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Gluon contribution to the NLO kernel

d oy 2
%Tr{UnyT} - / &7 ([Tr{UxUZT}Tr{UZU;f} — N Tr{U,U}}]
(x—y)° [ aNe 11 s, 67 72
1 —In(x—y oL }
><{)(21/2 4 (3= 5 )
11 agN. X> — Y? nx2 agN. (x —y)? ) x? . Y? }
S — —_— n
3 47 X2y? Y2 2 X*Y? (x—y)?2  (x—y)?
+ 4(;‘:2 / &7 {[Tr{UxUZT}Tr{UzU}}{UZ/Uj,} —Te{U U UL UTU,UL
2 2 2
) {_ . X V24 YUX? Al —y)’ (- 2)? | X Yz}
(z—2)* 2(X7%Y? — Y°X2) Y2 x2
+ [T{u U Te{U, Ul U, Ul — Te{u U v Ul U Ul — (2 — 2))
(x—y* x=y° 71, X2y
Xzle(Xzle _ X/ZYz) (z— Z')ZXZY’Z} n X2y? })

NLO kernel = Running coupling terms + Non-conformal term + Conformal term
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Evolution equation for color dipoles in N/ = 4

(1. Balitsky and G.A.C. 2009)
d PN
d—Tr{ Ul Uiy

2
22 Z12 agNe 113 Z23
dzy 21— [3 +2n P 2]

Z13Z23 4m G
x [Te{TUT U0 U} — N Te{U? UI7}]
- oy /‘d213d224 2134 [1 2% } In 21324
4mt By T 3% — 3040 e

x Te{ [T, T\ U2 T T UI" + 0702 (17, 7105} (U ) (U7 — U1)?

24

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o < o = ¢*" in the rapidity
of Wilson lines.
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Evolution equation for color dipoles in N/ = 4

(1. Balitsky and G.A.C. 2009)
d PN
d—Tr{ Ul Uiy

2
22 Z12 agNe 113 Z23
dzy 21— [3 +2n P 2]

Z13Z23 4m G
x [Te{TUT U0 U} — N Te{U? UI7}]
- oy /‘d213d224 2134 [1 2% } In 21324
4mt By T 3% — 3040 e

x Te{ [T, T\ U2 T T UI" + 0702 (17, 7105} (U ) (U7 — U1)?

24

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o < o = ¢*" in the rapidity
of Wilson lines.

For the conformal composite dipole the result is Mébius invariant
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High-energy expansion in color dipoles at the NLO

Y <n

The high-energy operator expansion is
T{ju (X)), ()} = /d2Z1d2Z21 (21,22, y)Tr{ U2 UM}

+ /d2Z1d2Z2d2Z3 Iﬁl%o(zl,zg,a,x, y)[tr{f]g UJ}"}tr{lA]g U;;n} — thr{f]g szn}]
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LO and NLO Impact Factor

T, (), ()} = /dzzleZzILO 21,22,%,y) TH{ U2 UL}

/ d*21d’0d%z 1)50 (21, 20, 23, x, ) [e{ UD U e{ U2 U1} — Noe{ U7 UI7}]

pv

LO Impact Factor diagram: /-©
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NLO Photon Impact Factor

4 4 LO d2Z1d222 LA
(T4, (050 Ha] = / — I0(x, y5 21, 22) (e { U2 UM}

~ ~ d2 d2 ng v
TG0 D)™ = [z (1, 222) 4 1,20 2)
12

<[ir{U,, UL Jur{U, UL} — Nete (U, UL )]

where 15" (z1, 22, z3) is finite and conformal, while

2 +oo
o5 10 < do  sa
Ifw(21,zz,z3)—_ 0_t12 / Pt
0

24w 3 2
2m 213423

is rapidity divergent.
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How to get the NLO Impact factor

4 4 dzZldzZz LO 7 7rin
(T{ju(x)jp () })a = T Ly (%, yi 21, 22) (e {UZ UL })a

d’z1d%z,
+ /szzz IO, vs 21, 20, 23 [e{ U, UL ee{ UL, UL} — Netr{ U, US M + . ..
12

=

2 2
(T )1 a] 0 = / % 150 (x, y; 21, 22) [(ee{ U7 U7} 4120
12

4 pv

d’z1d*z
= /Z7d2z3 INO(x,y; 21, 20, 235 m) [t{ U, U;g}tr{Uz3 ng} — Ntr{U;, UZTZ}]
12

) el
[ 0171a]" = 225 S (U, UL br{ U, UL}~ New{ U, UL [ 2
< L3423 -
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How to get the NLO Impact factor

d*z1dz
/ —— "5 (v 21,20, 735 [0{ U, UL Yo {UL, UL Y = Newe{ U, UL}

212
n
Lud’z , oz a4 1o b T da ifez, < da
= T d (21722,23)4'2 51— — T -
ap) m Q383 -J0 @ 0o @

x[tr{U, UL Hr{U, U;rz} — Ntr{U,, Uzz 3

+o0o e'l .
{/ d—aei%%—/ d—a}%—lnﬂfﬁ—ﬂ-l—c
0 Jo « 4 2

where o = ¢ and C is the Euler constant

-z OG-zl

23 o yr

Z3 is not conformal invariant in the transverse 2-d coordinate space, but QCD at
tree level has to be conformal invariant.
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NLO Impact Factor

(=) -z
=T xt T Ty
NLO Lo ¢ 123 os
) o) s 20
L~ (. y521,22,233m) = = Ly X 5———5-In—=23 + conf.
T 212803

The NLO impact factor is not Mébius invariant = the color dipole with the
cutoff n = In o is not invariant.
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Conformal Composite Operator

Define a composite operator

[Te{ T2 T1my ™ = Te( U2 U7y

L0 [ B g gy (00 Oy — N O D1 10— 42 o2
4,/72' 3 Z%3Z%3 r 21723 T 23 zz} c 1’{ 21 zz} n(72 5 Z%3Z%3 o

(a - analog of =2 for usual OPE)
the impact factor becomes conformal at the NLO.
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Conformal Composite Operator

Define a composite operator

[Te{ T2 T1my ™ = Te( U2 U7y

2
azg
12 4_ ()(Cys

g 2

Qs 2 <12 Fm 7t Fm 7t Fm 7t 4
d tr{ U U {UI U} — N.Tr{U? U"}] In ———5=
Jr47r2'/ 3 Z%3Z%3[ { 21 z} { z3 «,2} Tr{ g} H o2 s Z%3Z%3

(a - analog of =2 for usual OPE)
the impact factor becomes conformal at the NLO.

4az%2

2

—— 4 0(a2)
2
0% s 7{323 ’

[Te{ U7 01} = Te{07 017} + BKioln

28/68
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Conformal Composite Operator

Define a composite operator

[Te{ T2 T1my ™ = Te( U2 U7y

2
azg
12 4_ ()(Cys

. 2

Qs 2 <12 Fm 7t Fm 7t Fm 7t 4
+ d tr{ U U {UI U} — N.Tr{U? U"}] In ———5=
4,/7-2 / 3 Z%:;Z%:; [ { 21723 } { 3720 } c { 2172 }] 0_2 5 Z%3Z%3
(a - analog of =2 for usual OPE)

the impact factor becomes conformal at the NLO.

. L 4az?
[Te{ U2 O3} = Te(U U1} + BKioln || 512 + O(a?)
0% 821343
a Z2
12
2 2
1323

A A f AL A do
[TI'{UZ U;rz" ]con — TI‘{U?1 Ug]} + BKio / E + O(Oé?)
0

28/68
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Conformal Composite Operator

(Te{ 0, UL

a,n

2
- Tr{U'?UT“}Jr / d’z3 12 [tr{U” UMy {07 U1 — N.Te{ U7 087} In % + 0(a?)
Z1 § 273253

choose a rapidity-dependent constant a — ae™2" = [Tr{U? U;‘f}]:’“f
does not depend on 5 = Ino and all the rapidity dependence is
encoded into a-dependence:

[Te{ U, UL, 1"
L 4az?
= TH{UI U} + / P 2 [tr{U"U"}tr{UZUL”} — N 0 I 252 4 0(a2)
472 zl s 02 5 213255

Using the leading-order evolution equation
d m {7in 2 Z%Z [7m {yin n {7 [7n {rin
%Tr{U Uiy = ﬁ &z @[H{UZIUZ] e { U2 Uy — N Te{ 07 U1

= a[Te(U, L™ =0 (with O(a?) accuracy).

d PN conf @ 5
2a%[Tr{UZ,Uj2}};‘ = 5/da

> = [te{ U2 U1 { U2 U} — N Te{ 02 U1

134,

Sept 11, 2019 29/68



Operator expansion in conformal dipoles

T ()} = / P2 150 (a1, 3,y {07 DT

I P A
+ [ @andada DO, a2z (el O30 0101 - (03017

2n

agN, 2 2, eMas?

L°=-10 / A2 In =2 = 2% + conf.
213223 Z1322%

The new NLO impact factor is conformally invariant.

In conformal A/ = 4 SYM theory one can construct the composite conformal
dipole operator order by order in perturbation theory.
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NLO structure functions for DIS off a large nucleus

(¢ — W LD DD D)} = / &

5 T K¢ - G)(G - G)
* /d [4 2 Z13223 (ln 2(k - G)HG - Q)

X [ir{ U, U Yer{ U, O} = Nete {0, U, Yo }

112

21d*2

{21+ 2] {0, UL Yy

12

- 2c) s Ié“’}

where
_ R’ (k-G) & [ (5-G)? (- C)(k-G)
2hu21:22:38) = s () @){w L e xR e
L E -GG G) K (G- )}+(H Q)P & {(H'Q)(H'Q)_HZ(Q-Q)
(G- GG G) (- G) (k- G)Foxrdy L (G- Q) 2(¢2- G3)
+(CM—>C2)}

31/68
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NLO evolution of composite “conformal” dipoles in QCD

d r n rr 7 rr 7 rror n
Mﬁﬂ%%ﬁ“=Z{ﬁ%ﬁﬂ%%MWJM_MM%%W”

22 e n 67 w2
X > 12 [ (banIZIU‘ +b723 In ﬁ + - — *)i|
Z13223 477 Z13123 Z23 9 3
d*z4 { { oy 11421%3 + 224 4,13 — 41%3134 In 1142253}
47T2 4, 2(z142235 — 204%27,) 204223,

x [r{T, UL, }u{U,j/J‘ HU., UL} — «{U,, UL U, UL U, UL} — (24 — 23)]
2 2 2 2 22
2,23 2,2 202 7132
T 212 34 {21 ;2 ;4 4 <1+ . 212 34 . >ln 13224; }
14423 21324 — 214223 2147293

213224
({0, O Je{ 0, U b {02, U1} = {0, UL, 0, 0L, 0,01} — (a1 — 23)]

b=4N,—2n, . Balitsky and G.A.C

KnLo Bk = Running coupling part + Conformal "non-analytic" (in j) part
+ Conformal analytic (A = 4) part

Linearized Knio Bk reproduces the known result for the forward NLO BFKL
kernel Fadin and Lipatov (1998).
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2-gluon approx. and BFKL pomeron in DIS

e

ILOZ/A{(XJ_vyJ_)
INLO{a(x, 2) +U(z,y) — Ulx, y)}

where U/(x,y) = | — &-tr{U,U] } and we neglected the non-linear term

A~

U(x,2)U(z,y)
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NLO DIS in the k; factorization form
m (k) o [ LEFR(K2) K2 Gx, ko, K))

y*’\/\/\/\/ i:;\\fvvv\, Y*
k
k/2

f(x,k% ) m Uy =1- —TY{U(XL)UT(M)}
V() =772U(2)

_ aN, 2 [ZV,I(Z/) ZZVa(Z)
(Z _ Z/)2 ZIZ(Z _ Z/)Z

s 2
/ e T (5 O)}p) = 5 / % L (@ ki )V —n (k1)
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NLO DIS in the k; factorization form

NLO Evolution of the unintegrated gluon distribution

d _ N [ o f T ValK)  (kK)Va(k)
2a— = d k
G / k K2 (k- k/)z]
asb . p? 67 w  10n ba
X(” 477[1 k2+7(9 3 9NC)D_ 4n
[ V(K . (k—K)? K>V, (k) (k—Kk')?
In — In }
(k _ k/)?, k/Z k/Z(k o k/)z k2
Lol { (/%)
4 (k — k)2
EN?
+35 5 C3)Valk)

. Balitsky and G.A.C.

+ F(k,K) + ®(k, k’)] Va(k’)}
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Unintegrated Dipole Gluon Distribution

472x
VXB (ZJ_’ /.L) = N BaS(M)D(xB’ZJ_v M)
Cc
where
4 [dz 2
D(xp,z1, ) = - <P|Tr{ [oopi + 21, R +24]

2

2 2
F.g(;z*pl +ZL) [;x*pl +2z1,—oop1 +z1][— oopl,O] (0)[0 oop }|p m=XB

Py
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Photon Impact Factor for BFKL pomeron in momentum space

kr-factorization form I. Balitsky and G.A.C.
1"(q,k.1) N
S (@) G0 )
+(% +32) (14 24 O;—ZC.B(V))P’Z“’]
; %2;{2 (12 4 0 ) (o + o]}

I qudv
Py7 =g = e

q
pi i( #711‘2’[12)( . piF)
2 = 5\4 q -

q q-pP2 q-p2
= . L q 1 . V2 v q
P = (gM —igh? —ph——)(g"' —ig”* —p

( 2q-pz)( zq-pz)
= . é 1 . U2 v é
P o= (g +ig"? —ph——) ("' +ig” —p

( Zq-pz)( 26]'[’2)
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Photon Impact Factor for BFKL pomeron in momentum space

kr-factorization form I. Balitsky and G.A.C.

Fiey®) = ®ia0) + 610 AE) = F0)+ (v - =) ¥0)

U(v) = (7)) + 202 —7) = 2¢(4 = 27) = (2 +7),

Fs(v) = F(v)—%—l—%—%_ Hﬁ%

3 25 11 U 10
Py(v) = F(v)+2f%+1+ B2—7) 27 2y BI+4)  31+7)7
Oy(v) = F(’Y)—F% % 22 +737W) 1937 X;(Jlr—g’??)’
Fov) = 27727 sij;:z'r’y 72CXW+X’%’;2

where vy = 1 +iv

No symmetry v — 1 — ~

y-Sept 11,2019 37/68
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Comparing with NLO BFKL

two gluons in the dipole ¢/ (k) come with extra g factor =

d as(KNe [ La(K)
2a—-La(k) = 372/01 K3l

k_kl)Z
(k, k) La(k Ne(67 w10
k/2(k k)2H1+ w55 9NC>}_
LK) K> L4 (k) 1 (k—K)?
- E [(k—k’)z - kfz(k—k’P} e
o n2(2 /K2
. ;if“{— TR b ) oK) £6))
2 2
3803 Lah

NLO Evolution equation for £(k) coincides with NLO BFKL eq.

G. A. Chirilli (University of Regensburg)

Rapidity factorization at NLO

Small-x Accuracy - Sept 11, 2019



BFKL equation in the A'=4 SYM case

m In AV = 4 SYM theory the coupling constant does not run.

= = (k)2 are eigenfunctions at any order.

K(q.k) = asymK™©(q,k) + ogymK~C(q. k) + ...
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BFKL equation in the A'=4 SYM case

m In AV = 4 SYM theory the coupling constant does not run.

= = (k)2 are eigenfunctions at any order.

K(q.k) = asymK™©(q,k) + ogymK~C(q. k) + ...

/dqu(% k) (%) = [asymxo () + odymx1 (v) ... ] (K2) "2

Gk k/ Y) = dv [aSYMXO(V)+O‘§YMXl(V)---] k2 v
O S =T K2

m The eigenvalues a, xo(v) +a;, x;"™(v) +... are real and symmetric for
V<> —U.

m NLO Impact Factor in N'=4 is symmetric for v <+ —v.
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~v*v* scattering cross-section at LO

G PO o 157 (% ys 21, 22) I Y520, 2b)
®<tr{ UZ] UJZ}YA tI'{ UZa U;f4}YB>
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~v*v* scattering cross-section at LO

G PO o 157 (% ys 21, 22) I Y52, 2b)
®(tr{ U, U;rz } Y )a(tr{ Uz, UL} s )A
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~v*v* scattering cross-section at LO

—00

+oo
U, = Pexp ig/ dxtA™ (x4 x))

2 2\ ¥
AP gy, q2) o i & - /du W) I (v) (%) o0 Xo(v) (Ya—Yp)
2

Yy = 5 In —% Yp = ) In —% s=(q1+q)°
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What about NLO?

m Can we repit the steps performed at LO also at NLO?

m Problems to be solved:
m Solve NLO BFKL equation G.A.C and Yu. Kovchegov

m Calculate NLO Impact Factor |. Balitsky and G.A.C.

NLO Impact Factor has to be conformal invariant;

= Energy dependence of NLO Impact Factor needs to be
eliminated;

m = Composite Wilson line operators |. Balisky and G.A.C.
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BFKL equation at NLO in QCD

KON g) = a, K*O(k, q) + a2 KN (k, )

_ _ _ B 50 _
/ d*q KOOk, q) ¢ 7% = [au x0(7)—a7, B2 x0(7) In ol a, —(47)} K2

B 1IN 2N,
== =N
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BFKL equation at NLO in QCD

KON g) = a, K*O(k, q) + a2 KN (k, )

_ _ _ B 50 _
/ d*q KOOk, q) ¢ 7% = [au x0(7)—a7, B2 x0(7) In ol a, —(47)} K2

B 1IN 2N,
== =N

| —@i B2 xo(7) In fT 1-loop running coupling.
mo(y) =-2B8x(v)+4xi(y) Fadin-Lipatov (1998)
m xi(7) Realand symmetriciny <> 1 —v 5 =1+ .

[ d%x()(fy) = xp () imaginary and NOT symmetric in v < 1 — .
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Solution of NLO BFKL equation

m NLO eigenfunctions: perturbation around the conformal LO eigenfunctions

Hyy, (k) = k7120 [1 +au b <'2X>2(§(sz) 1n2/]j—z+ <<‘fv XEZ;) " g)}

m NLO eigenvalues  A(v) = a, xo(v) + a2 x1(v)
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Solution of NLO BFKL equation

m NLO eigenfunctions: perturbation around the conformal LO eigenfunctions

Hyy, (k) = k7120 [1 +au b <'2X;é(yzz) ln2z_i+ <8av XEZD " g)}

m NLO eigenvalues  A(v) = a, xo(v) + a2 x1(v)

Solution of NLO BFKL equation G.A.C. and Yu. Kovchegov

o0

dv (e s ()+a2 v (v

G(k,k’yY):/Z—ﬁe[auX()( e ) (B +W(k’)}
—00

m The perturbative expansion is in both the exponent and in the
eigenfunctions (contrary to DGLAP case and A'=4 BFKL).
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u-independence of the NLO solution

m The H, (k) eigenfunctions diagonalize the LO+NLO BFKL kernel

_ _ dvy "
KO (kq) + a2 K(kg) = [ ST A, W)
1 .
z—lOO

m LO+NLO BFKL kernel is u-independent up to O(a;,) =

m So is its diagonalization through H., (k) eigenfunctions.
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u-independence of the NLO solution

oo

Gl k1) = [ S dme il s g

—00

7 dv _ ) v k2 iv , kk/
= / P e[au Xo(v)+ag, Xl(”)} (sz 1— a, Baxo(v)Y In ?

—00

m = G(k,k',Y) is p-independent up to order O(ai).
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u-independence of the NLO solution

oo

Gk, K,Y) = /Zwil;ck’ e[d”XO(”H’df»x'(“)}YHW(k)H:(q)

—00

7 dv _ ) v k2 iv , kk/
= / P e[au Xo(v)+ag, XI(V)} (sz 1— a, Baxo(v)Y In ?

—00

m = G(k,k',Y) is p-independent up to order O(ai).

m At NLO we may write the solution as (the structure is the same as NLO N'=4

SYM)
T dr g meaiin oy (B
G K,Y) — /ZWZkkle[a,w)xO( J+a2 (kK >]r<kl2>

m At this order the scale o (k7) o} (K”7)a! = (kK (for real \) works as well.
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General Form of the Solution of All-Order BFKL equation

Ansatz

oo

Gk K.Y) = dv [As (k) xo(v)+a2 (kK') x1 () +63 (kK') x2 (V) +...] ¥ 2"
(k,K',Y) = ﬁe ’ ’ 2

—00

m x2(v) and higher-order coefficients indicated by the ellipsis in the exponent are the
scale-invariant (conformal) (v <» —v)-even (real-valued) parts of the prefactor function
generated by the action of the next-to-next-to-leading-order (NNLO) (and higher-order)
kernels on the LO eigenfunctions.
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General Form of the Solution of All-Order BFKL equation

Ansatz

oo

AV 5, (kK xo(w)+a2 (kK) X1 ()43 (kK) X2 (1) +.. KN\
G(kaﬁy):/ﬁe[( ) Xo()+a2(kK) x1 () +83 (kK) xa (0) -] ¥ o

—00

m To check the ansatz we have to plug it in the evolution eq. and we need the two-loop
beta-function 3;:

da
240, 5 -3
W = —Bay, + Bay,

and

. B B Ko B K2
/quKLO+NLO+NNLO(k7q) q 1+2iv _ {aﬂ XO(V) |:1 - ay 62 In E + aiﬁ% 1112 F + O‘i ﬁ3 In F:|

. 2
+6¢i B Baxo(v) + Xl(u)} {1 —2a,0; In %} + @z 2 (v) + i62(u)]} k2w
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General Form of the Solution of All-Order BFKL equation

m The ansatz does not work, but it allows us to recover the structure of the NNLO

solution
o0 d k2 iv
/ _ YV laskk) xo)+a3 (kK )xi ()43 (kK) xa@)]Y [ F
G(k,K',Y) / ATk 2

1 {14 @ [~ L @ P + @) (290 gy + 6, 80
12 24 m X0 Xo 4\ X0 ZXO(V) X ay, 4
provided that the imaginary part i5,(~) is
i82(v) = 35X + X ()52

This solution satisfies also the initial condition: the solution is unique so it is the right one.
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General Form of the Solution of All-Order BFKL equation

m The ansatz does not work, but it allows us to recover the structure of the NNLO

solution
o0 d k2 iv
Iy Ve xo(w)+a2 (kK )xi (v)+63 (k) xa(w)]Y [ K2
G(k,K',Y) / ATk 2

/ v 2 //
x{1+<auﬂz> [ 3 @ a0 + o) (20— 3f0)) a8 )}}

provided that the imaginary part i5,(~) is
i82(v) = =5 X6(V)fh + iX; ()

This solution satisfies also the initial condition: the solution is unique so it is the right one.
m The imaginary part id,(v) has to be confirmed from the explicit calculation of the
NNLO eigenfunction.

m Part of x»(v) has been already calculated: it is the NNLO BFKL in planar A’'=4 SYM
m Gromov, Levkovich-Maslyuka, Sizov (2015); Velizhanin (2015)
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General Form of the Solution of All-Order BFKL equation

The eigenfunction of the NNLO BFKL equation is

170 K2
s (1250w (230 )

k
+ dufz (—,V) +...
1

m The function f,(k/p, v) denotes the NNLO corrections to the eigenfunctions.

k) —k 1+2iv

+tu(

m Ansatz for f>(k/p, v):

kZ
$ll/pw) = o )+ ) n s+ e +c§”<v)ln3;+-..

m We have completely determined the c(z)( ), 52)(1/), ( ), (2)(1/) and confirmed the
ansatz for the structure of the NNLO solution of the NNLO BFKL equation.
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Structure of the NNLO BFKL Solution

m From explicit calculation of f>(y) we not only confirm the imaginary part

i

id(v) = —3

Xo(¥)Bs +ix (V) Ba

m but also confirm the structure of the NNLO BFKL solution obtained above in an indirect

way
7 ~ ’ =2 ’ =3 / k2 v
Gk Y) / 27:2’1 e N O (172)
~ 1 1 (v 2 B X// v
x {1 @) =55 0G0 + (@ ) (F0 - 0] +a,r 80 }

m It looks like QCD is not just conformal part and running coupling contributions.
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BFKL at NNLO and higher orders
Mq?’@w «/qw@vx

k 9

rovaos k

3 agaad

CLLLLE VS

TTOTT J

%ﬁ% P—@,,\:/)—

m At NNLO there are Pomeron loop contributions which are inevitable in the
symmetric case of v*-+v* case = a simple generalization of BFKL at NNLO
(and higher) does not exist unless we consider large N, limit.

20000

299 4000

900

m In the asymmetric case of DIS, there are no pomeron loops. =
Linearization (with large N, limit) of the Balitsky-Kovchegov equation at any
order provides a systematic procedure to consistently define a BFKL type
of evolution equation at any order.

m BFKL to all order: linearization of all order BK equation in large N, limit.
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BFKL equation in DIS case

KBrKL iS k <+ k' symmetric

N
yom = In -
7Y




BFKL equation in DIS case

KBrKL iS k <+ k' symmetric

N
YSym — 1 o
" kw

VS. a,,,,g,_

-
p e

NLO KBE, is not Symmetric
s 1

YPS —InZ ~In—
k2 XB




BFKL equation in DIS case

o
90

LI VS,

o
(ETTYPYTS

DIS . ;
Ksre, is k ¢ K symmetric NLO Kgpgp is not]Symmetrlc
¢ s DIS S
sym _ 1 2 Y =In—5 ~In—
YY" =1n 7 2 5

12

1 . . ,
Ko = Kito — 3 /dezq/ Kio(q1,4)In 2—2 Kio(g,q2)  Fadin — Lipatov(1998)

m KB5S, is not symmetric = eigenvalues not v <> 1 — v symmetric.
m = Eigenvalues get an exira term: AP (y) = A¥M(y) — 1 &2 xo(7)X(7)

m Reproduced lower order and predicted (and later confirmed) the 3-loop
DGLAP anomalous dimension (Fadin-Lipatov (1998))
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DGLAP anomalous dimension from NLO BFKL solution

oo

AV 5, xo()+a2 x1 ()] (FPS+1n & -
Gl K. Y) = / el @ 0 g Ay )
—00
oo
~ [ A elan xow)+ad xa (] ¥ gy (k) [H (k/)r 1+ auxo(v) lnﬁ
- 272 %+i1/ %+i1/ X0 K
—o0

= perform partial integration and exponentiate the YPS-dependent terms =

oo

dv ay, v)+a2 V)+2ixo(v)xA(v ybIs *

G(k’kCYDIs):/Z_er[;xO() 5 (a2 ) ] Hy oo 0) [Hy 0 0]
—00

x (1 + % a, X{)(V))

m= APS(q) =a,x0() +akxi(v) — 5 ak xo()xo(y)
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DGLAP anomalous dimension from NLO BFKL solution

oo

dv _ _y . / DIS
DIS\ __ au xo(v)+a;, (xi()+2ixo(v)xp(w)) | Y
G(k,kl,Y )7 / We[ X0 u( 1 0 0 )] H%-H'I/

< (14 3 00)
= APS(y) =aux() +a;xa(n) — 5k () ()
m Agrees with DGLAP 3-loop anomalous dimension.

m DIS eigenvalues are not symmetriciny — 1 — v
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~v*~v* scattering cross-section at NLO

Ya

Yp<Y<Yp

Using high-energy Operator Product Expansion in composite Wilson line
operators we get NLO Impact Factor that does not scale with energy.
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~v*v* scattering cross-section at NLO

oBo B §_d_Ya
Yg<Y<Ya
L T
Composite Wilson line operators I. Balitsky and G.A.C.

({07 T = w{U7 Uy

+

2
A PNNIRIPN Z
yoe / d*z3 o A2 [tr{ U7 UIMee{ U2 U1} — Nete{U? U1} In —1§ + 0(a?)

13423
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~v*v* scattering cross-section at NLO G.A.C. and Yu. Kovchegov

- 1 “ . N2 — 1 o, (0%) s (03
o onro(IT Z 32m°;! e (@) (02)203 () N2 : Q11)Q2( :
,\1 D=1 c
7 0? s\ B(2102) x0(»)+a3(0102)x1 (v) - -
X /dV <Q2) <Q1Q2> ILlerNLo(917V)IL6+2NL0(427—V)
—00

x |14 as(Qle)Re[F(Vﬂ]

Re[F ()] is the NLO dipole-dipole scattering projected on the LO eigenfunctions.
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~v*~v* scattering cross-section at NLO G.A.C. and Yu. Kovchegov

A 1 IO‘S(QZ)C%(Q )
O.’Y TT —— 327(6 )\]* Aok 2
o) =3 ¥ e )= (a2l Vo 2
7 Q2 s a5(2102) xo(v)+a2(2102)x1 (v) - -
dl/ I 101 , I 2072 ,—
/ <Q2> <Q1Q2> LO+NLO(q1 V) L0+NL0(612 v)

x| 1+ ds(Q1Q2)Re[F(V)}]

m NLO Impact factor is not symmetriciny — 1 —~
BUT the full amplitude is!
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Numerical results

-005F 7
-0.05- ¢
4

m NLO ~*~* cross section with O = 0, = 5 GeV (dashed line) and
01 = 0> = 10 GeV (solid line) plotted as functions of rapidity Y.
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Numerical results

ANANN

.

=

0.0 000000 Rue ol J

0090090000000

o lL,\'LJLL;z‘:uAQJWLQ‘ 1 ‘%@g}

9 0.0

=

3
\/\/\/\/\,\ g }vvvm

a) b)

m Left panel depicts a Feynman diagram that contributes to the
high-energy asymptotics of v*~v* scattering. The right panel shows
an example of the "box" diagram that are suppressed at high
energies by a power of energy and, therefore, can be neglected.
However, such types of diagrams become relevant, and therefore
not anymore negligible at low rapidity where energy is not high
enough to suppress such contributions.
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NLO DIS with composite Wilson lines operator

m APS(y) = a, xo0(7) + a2 x1(7) — 3 a2 xo(1)xH(7)
DIS eigenvalues are not symmetriciny — 1 —~

Y LT

Ty

3 L

loooogooa
(CTYY 1T

k3§ VS.

g, -

DIS - :
Ksrr, is k ¢ K symmetric NLO Kgpgk; is not Symmetric

s DIS s 1
sym Y =1In ~ In
97 k2 xB

m NLO Impact Factor in front of the composite Wilson lines operator is not
symmetric in v — 1 — v either!

m So, evolution equation of composite Wilson lines operator is suitable for
both v*~4* and DIS scattering processes!
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Conclusions and Outlook

m At high energy (Regge limit) the dynamics is not linear = need non linear
evolution equations.

m Guiding line for the systematics of the high-energy OPE is conformal
invariance in 2-d coordinates space order by order.

m The NLO Impact Factor obtained through the OPE in terms of composite
Wilson lines operators is conformal invariant and energy independent.

m NLO Impact factor for pomeron exchange in momentum space has been
obtained (aloso available in coordinate space and Mellin space).

m To get the DIS cross section at NLO at highe energy one has to convolute
the NLO impact factor with the evolution equation of tr{U,, U}, }tr{U,, U, } at
LO and the LO Impact factor with NLO BK equation.
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Conclusions and Outlook

m Is the symmetry v — 1 — ~ related to conformal invariance? Probably not. It
seems to be related to the intrinsic symmetry of the amplitude
m y*y* amplitude is upside down symmetric: it has v — 1 — v symmetry.
m DIS amplitude is not upside down symmetric: it does not have v — 1 — v
symmetry.

m Evolution equation of composite Wilson lines operator is suitable for both
~v*~* and DIS scattering processes!

Outlook

m Include spin dynamics at high-energy Wilson line formalism
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Shock-wave with finite width

_5* S*
y X Ae(Xe, Xs, X1 ) —  AAe(A™ e, A X, JX1)
Ax(Xe, Xy X1 ) — /\71/\7,;()\".\‘- AXi,x1)
A (Yo, Xi, X1 ) s AN xe, Axaux)

A is the boost parameter
o= /5xT  xe=/3x"
m pl = opi + fBph +pl]
m small « gluons are classical fields large « gluons are quantum fields.
m Longitudinal size classical fields: €, = % with [, trans. mom. of classical fileds
m Distance traveled by quantum fields: z, = % with & trans. mom. of classical fileds

m We areinthecasel| ~k;
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Shock-wave with finite width

y X Ae(Xe, X, x1) — AAeNxe, Axy,x

1)

Ay(Xe,Xiy X1 ) — AAL (A e, A, ,X1)

Al (XeyXsyx1) — AL(N X, A Xy, x

A is the boost parameter

= \/§x+ Xo = \/gx*

sub-eikonal terms go like +

i
P?+20A + igkpyiFei + SFjoi + .+ e

(x| ) = &P 1)

EJrle

= Note: [a,A9] = 0 Witha:\/glﬁ and o 7+

=2 =2
iZL, 4 _rL Tx i
T Ay (ze) 6w ~ Ag(ze) — £{p’,F.i(z*)} o 2 2{p’ {P',DjFei(z:)}} + ..

)
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Quark propagator with sub-eikonal corrections

xeo=+/3x" xe=3x Xt = x—oj;
i T da 0 da o v
<X|1}3’ T ) = [/0 m@(x* — V) f/ m@(y* fx*):| ey (x| | e ar
—o00

x {Wz (e B4 B 015, v ) B+ 3B sl y.) - §@2<x*7y*)¢zif}ef%Y* ye)

+0(\7?)

m Leading-eikonal term

m Sub-eikonal terms

Operators ), and (), measure the deviation from the straight line.

G. A. C. JHEP 1901 (2019) 118
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Quark propagator with sub-eikonal corrections

Y Y S L

~ ig Xx D 1 . " 2
O1(x,y4;p1) = ﬁ/ d;w*([x*7w*]§a‘~/F,-j[w*7y*] + {', [ wi] S W Fia(ws) [we, y4] }
Vs
X
o
w

2,2 ;
22,2 0 = ) LI ] P o]

A 2
OZ(X*aY*§pL) 278/ d—w, |:[x*7w*] {(ZDLFU W'VJ}[W*Q’* +{Pk [x*aw*]lFAJW W*ay*]}
y*

a2 (1 P wlig v — (e ligFi P o, )
W
X

* 2
ds ([x*, i]tg;F.*[wi,w*h"Fk.[w*,y*}

Wi

Do Pl i ol 3e]) + (01 = Bl i 2]

G. A. C. JHEP 1901 (2019) 118
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Gluon propagator in the background of gluon fields

1
aa b __ :rab _ ab
Z<Ap(x)AV(y)> = le,(x,y) - <x‘[:|l“’ — pupv %pgpg |y>

with O/ = P?gh” + 2i g F*

(AL ()AL (7))

g O da .
— | _ g _ it _ —ic(Xe—Ye)
[ /0 2a O =) + / 2a 60~ x*)} ¢

—00

2 52
ran P2 2 7L . P2uP2
X (xp [e s <6,§ - p“pf) Oa(x*,y*)(ggu pgpp”>e’ s |y ) + t<x|7;f )
* *

+oodL 0 a ) 2
+ [_/O 2_39()(* —y,) +/ _a(g(y* _x*)] e_lo‘(x’_y‘)<xl|e_‘%x*

o2
X [ﬁ’fi’w(x*,y*;m) + 850, (5, i pL) + B, (e, i P L) + B4, (Xa, yiipL)
22
xe'a |y) + 0(A2)

G. A. C. JHEP 1901 (2019) 118
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Gluon propagator in the background of gluon fields

G. A. C. JHEP 1901 (2019) 118

ig [ 2 i 2
Oa(x*7)7*) = [x*v)’*} + 2_ d—wy {P 5 [x*vw*] — Wx Fio(w*) [w*7)7*]}
aly, s s

x*z Ig o AT
+8 d Wi S(W* w*)[x*vw*]Fo[W*aw*] Fie [W*vy*] .

8pypw 2 i j
6TZV(X*7y*;pL) = - SZ‘;éa z d;w* |:4pl[x*7w*]F,j[w*7y*}pl
Y
) 2 . . ab
tig [ 2 = ol D Fal oD el
W, ) A
ab . 8 2 ab
®2uu(x>my*7pl_) = 7E5u55/ d;w*([x*uw*]Fi/[w*vy*]) >
Yo"

8 (4 j "2 i b
B, (e, yuipL) = =5 (%qu +6{,pz“) / d;w* (e, wi]iD'Fyilws, y4])
.

2 Xx D Xx D .
B4, (v, yaipL) = =S5 d;w*/ d;wi(%pzu[X*wi]F‘.[wLw*}F::f[w*7y*]
Vi wx

. . ab
32 et Iy [ 3i])
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Gluon propagator in the background of quark fields

(AL ALy
= [— /0+ooda O(xe — ys) + /Ooodoz 0(ye — x*)}e_""(x'_y')

2 Xk 21 2
8 y —itlx (€ P ¢
X 2a2s2/y dz1s /y dzp« [(xﬂ e o (é’lu D PJ.)

* *

yi)

22
- 7L
xw(zl*)“ygm [zl*,x*]ta[x*,y*]tb[y*,zz*]’ﬁw(m*)(gi,, —pi%)et sV

*

52
—itly, P2 -
+ <yj_‘ e as?) (gi,, - p—ypi>1/J(Zz*)’YgL¢1 [ZZ*ay*]tb[y*?x*]ta[x*?Zl*]Fyiw(Zl*)

G. A. C. JHEP 1901 (2019) 118
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Quark propagator with sub-eikonal corrections

) o_r

22 22

Let |P) be proton or nuclear target

1
P+ ie

PIPIGIP) = PO 0))ags = TH Wl 1)1 Ol )

Quark propagator with sub-eikonal corrections: = New evolution equations
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OPE in Wilson lines with sub-eikonal corrections

PTG WP = [dadz [Ik” (612 22155.9) (PITH{UL UL}P)

+If“,fi""(Z1,ZZ;x,y)<P|(Ql(zu)Tr{Uzl ) - —Tr{Ql(zu)U;})+h.c|p>

+ I (211, 223%, ) (P (Qs(zu)Tr{Uzl Ui} - FTT{QS(Zu)UZQ + h.c|P)
C

+2Cp I (21 1, 205x, y) (P|Tr{F., UL } + h.c|P)
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OPE in Wilson lines with sub-eikonal corrections
ﬁ = \/%'77 Xy = \/§x+
0i(x1) = / 2. / 0, i1 251 e ()

0s(x1) = ¢ / &z, / PR O TR AR A

01(x1) = g / . / " e oopr, 2l 2o X )P xL) i1} s —pr00)

Os(x1) =g / e / " i Joop1, 2alutr (e )P x 1) VB —pr0d]

. 400
ig s N
Flxp) = —ng 5/ dzy [00, Z4]x €' Fij(24, X1 ) [24, —00]¢
—00
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Sample of diagrams for evolution equations

Sample of diagrams for the quark operator Q; or Qs
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Evolution equation flavor non-singlet case

Unpolarized case

(Q1u) = 2772/ da/ ZC ( Q1 (Tr {UCUT}*—Tr{UTQ1<}>

(Tr{U}01.}) = 7 / da/ d* { )L( TH{UI U0 ¢ — —TT{U QIC})

(w=-271

-

Polarized case

(Tr{UCUT}Tr{UTQW} ( -+ Cr)TtH{UI 0, w}):|

00 = 325 [ [ e o (31Ul 05 - g TUL0sc) )

(Tr{U st} - / da/ 2C|: )L< Tr{U UC}Q5<77TT{U Qs(})

(w—21

e ic-m

Work in progress

(Tr{UCUT}Tr{UCQw} ( +Cp)Tr{U*st})]
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