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Outline
My goal is not to say something new, but rather describe several ideas that I find important

<latexit sha1_base64="fg+AmnMNsvz7aiSnk7dyKeWJrdI=">AAACDHicbVDLSgMxFM34rPVVdekmWIR2U2bER5dFNy4r2gd0hpJJM21okglJRihDP8CNv+LGhSJu/QB3/o1pO4vaeiBwOOdcbu4JJaPauO6Ps7K6tr6xmdvKb+/s7u0XDg6bOk4UJg0cs1i1Q6QJo4I0DDWMtKUiiIeMtMLhzcRvPRKlaSwezEiSgKO+oBHFyFipWyimvuLwXlIxLnlu2deJ1MTAObVatim34k4Bl4mXkSLIUO8Wvv1ejBNOhMEMad3xXGmCFClDMSPjvJ9oIhEeoj7pWCoQJzpIp8eM4alVejCKlX3CwKk6P5EirvWIhzbJkRnoRW8i/ud1EhNVg5QKmRgi8GxRlDBoYjhpBvaoItiwkSUIK2r/CvEAKYSN7S9vS/AWT14mzbOKd1m5uDsv1q6zOnLgGJyAEvDAFaiBW1AHDYDBE3gBb+DdeXZenQ/ncxZdcbKZI/AHztcv72SaSA==</latexit>

Spin(10) → Spin(8) is octonionic

The minimal dimension of an internal KK manifold M with 
<latexit sha1_base64="nEcjl73iRn84lDLJ8X5yhrHrCmQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LHvQiVLQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5N/OYTVZpF8sGMYuoL3JcsZAQbKz1ed9OOEuj+dtwtltyyOwVaJF5GSpCh1i1+dXoRSQSVhnCsddtzY+OnWBlGOB0XOommMSZD3KdtSyUWVPvp9OIxOrJKD4WRsiUNmqq/J1IstB6JwHYKbAZ63puI/3ntxIQXfspknBgqyWxRmHBkIjR5H/WYosTwkSWYKGZvRWSAFSbGhlSwIXjzLy+SxknZOytX7k5L1cssjjwcwCEcgwfnUIUbqEEdCEh4hld4c7Tz4rw7H7PWnJPN7MMfOJ8/BG+QgQ==</latexit>

GSM as the group of isometries is seven

But odd-dimensional M can never lead to chiral fermions, which gives eight as the minimal dimension

In both dimensions exceptional holonomy is possible, so potentially relevant

<latexit sha1_base64="tVooKkEwVx5bUD0aNdZQeur/pAw=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoQr7GCARakIuhDaqLIcd3Wqu1EtoNURRlZ+BUWBhBi5RPY+BvcNgO0HOlKx+fcK997wphRpR3n25qbX1hcWi6sFFfX1jc27a3thooSiUkdRyySrRApwqggdU01I61YEsRDRprh4HLkNx+IVDQS93oYE5+jnqBdipE2UmDvXQWpJzm8u8k8lYSK6MkzpiIru85hYJecijMGnCVuTkogRy2wv7xOhBNOhMYMKdV2nVj7KZKaYkayopcoEiM8QD3SNlQgTpSfjg/J4IFROrAbSVNCw7H6eyJFXKkhD00nR7qvpr2R+J/XTnT33E+piBNNBJ581E0Y1BEcpQI7VBKs2dAQhCU1u0LcRxJhbbIrmhDc6ZNnSeOo4p5WTm6PS9WLPI4C2AX7oAxccAaq4BrUQB1g8AiewSt4s56sF+vd+pi0zln5zA74A+vzB6AZmRU=</latexit>

GSM → Spin(10) is the stabiliser of a certain geometric structure, which is easiest to describe using octonions

Choice of a unit imaginary octonion encodes the choice of this structure 

Dubois-Violette, Todorov, Furey, Hudges, Boyle 



Spin(8) and octonions
Spin(8) is octonionic, as implied by triality

<latexit sha1_base64="XljSQzx/FFG7gqSO7xT84HlDrjs=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEEtcyIr2XRjcuK9gHtUDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPXAvh3PuJTcnkJxp47rfzsLi0vLKamGtuL6xubVd2tlt6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMbzO/+USVZrF4NCNJ/Qj3BQsZwcZKncYJeugeZ+0UdUtlt+JOgOaJl5My5Kh1S1+dXkySiApDONa67bnS+ClWhhFOx8VOoqnEZIj7tG2pwBHVfjq5eYwOrdJDYaxsCYMm6u+NFEdaj6LATkbYDPSsl4n/ee3EhNd+yoRMDBVk+lCYcGRilAWAekxRYvjIEkwUs7ciMsAKE2NjKtoQvNkvz5PGWcW7rFzcn5erN3kcBdiHAzgCD66gCndQgzoQkPAMr/DmJM6L8+58TEcXnHxnD/7A+fwBFFKPxg==</latexit>

V, S+, S→ Smallest dimension irreps of Spin(8), all  
<latexit sha1_base64="P07tWv6dWCH7H1IOlDgXx7P/hVE=">AAAB9HicbVC7TsMwFL0pr1JeBUYWiwqJqUoQj44VLIwF0YfUhspxndaq4wTbqVRF+Q4WBhBi5WPY+BucNgO0HMnS0Tn36h4fL+JMadv+tgorq2vrG8XN0tb2zu5eef+gpcJYEtokIQ9lx8OKciZoUzPNaSeSFAcep21vfJP57QmVioXiQU8j6gZ4KJjPCNZGcnsB1iPPS+7Txxrqlyt21Z4BLRMnJxXI0eiXv3qDkMQBFZpwrFTXsSPtJlhqRjhNS71Y0QiTMR7SrqECB1S5ySx0ik6MMkB+KM0TGs3U3xsJDpSaBp6ZzEKqRS8T//O6sfZrbsJEFGsqyPyQH3OkQ5Q1gAZMUqL51BBMJDNZERlhiYk2PZVMCc7il5dJ66zqXFYv7s4r9eu8jiIcwTGcggNXUIdbaEATCDzBM7zCmzWxXqx362M+WrDynUP4A+vzB1CtkdA=</latexit>

R8 as vector spaces

<latexit sha1_base64="IcdwpTdTQIyMVDTeKjb30LcxWbY=">AAACCnicbZDLSsNAFIYn9VbrrerSzWgRBLEk4m0jFN24rGAv0IYwmZ60QyeTMDMplNi1G1/FjQtF3PoE7nwbp20WWv1h4Oc753Dm/H7MmdK2/WXl5uYXFpfyy4WV1bX1jeLmVl1FiaRQoxGPZNMnCjgTUNNMc2jGEkjoc2j4/etxvTEAqVgk7vQwBjckXcECRok2yCvuDu7bsWLeYVsS0eWAL/EUHOGMeMWSXbYnwn+Nk5kSylT1ip/tTkSTEISmnCjVcuxYuymRmlEOo0I7URAT2iddaBkrSAjKTSenjPC+IR0cRNI8ofGE/pxISajUMPRNZ0h0T83WxvC/WivRwYWbMhEnGgSdLgoSjnWEx7ngDpNANR8aQ6hk5q+Y9ogkVJv0CiYEZ/bkv6Z+XHbOyqe3J6XKVRZHHu2gPXSAHHSOKugGVVENUfSAntALerUerWfrzXqftuasbGYb/ZL18Q1t6Joa</latexit>

v|ω+→ = |ω→→
<latexit sha1_base64="w5G9ICLX+IWvL3N7yNmXpxAcMZw=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAILqTMiLdl0Y3LivYCnWHIpJk2NMkMSaZQhoIbX8WNC0Xc+hLufBsz7Sy09YfAl/+cQ3L+MGFUacf5thYWl5ZXVktr5fWNza1te2e3qeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4uMnrrSGRisbiQY8S4nPUEzSiGGljBfb+0KMCNk+glygaeAmH+f0+p8CuOFVnIjgPbgEVUKge2F9eN8YpJ0JjhpTquE6i/QxJTTEj47KXKpIgPEA90jEoECfKzyY7jOGRcbowiqU5QsOJ+3siQ1ypEQ9NJ0e6r2ZruflfrZPq6MrPqEhSTQSePhSlDOoY5oHALpUEazYygLCk5q8Q95FEWJvYyiYEd3bleWieVt2L6vndWaV2XcRRAgfgEBwDF1yCGrgFddAAGDyCZ/AK3qwn68V6tz6mrQtWMbMH/sj6/AFrRpbC</latexit>

v → V,ω± → S±

This is the octonionic product
<latexit sha1_base64="akLebMDHAckeRjMaScocUTpaX1Y=">AAACGnicbVDLSsNAFL3xWesr6tLNYBFclUR8dFl047KKfUATy2Q6aYdOJmFmIpTQ73Djr7hxoYg7cePfOGm7sK0HBg7n3Mvcc4KEM6Ud58daWl5ZXVsvbBQ3t7Z3du29/YaKU0loncQ8lq0AK8qZoHXNNKetRFIcBZw2g8F17jcfqVQsFvd6mFA/wj3BQkawNlLHdr0I634QZHejhwryNIuoQnNaPCN07JJTdsZAi8SdkhJMUevYX143JmlEhSYcK9V2nUT7GZaaEU5HRS9VNMFkgHu0bajA5gQ/G0cboWOjdFEYS/OERmP170aGI6WGUWAm8xvVvJeL/3ntVIcVP2MiSTUVZPJRmHJk0uY9oS6TlGg+NAQTycytiPSxxESbNoumBHc+8iJpnJbdi/L57VmpejWtowCHcAQn4MIlVOEGalAHAk/wAm/wbj1br9aH9TkZXbKmOwcwA+v7F//OoNo=</latexit>

R8 → R8 ↑ R8

More concretely, Cl(8) is generated by 
<latexit sha1_base64="vsa5TPK2byKpcrXPXwPT+goceL0="></latexit>

!x =

(
0 Lx̄

Lx 0

)
<latexit sha1_base64="eN6GNyhSaolisoOc/bS4ICjJ8vw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG3dWsA9oQplMJ+3QySTMTMQa+iVuXCji1k9x5984abPQ6oGBwzn3cs+cIOFMacf5skpLyyura+X1ysbm1nbV3tltqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX+V+555KxWJxpycJ9SM8FCxkBGsj9e3qg8cE8iKsR0GQ3Uz7ds2pOzOgv8QtSA0KNPv2pzeISRpRoQnHSvVcJ9F+hqVmhNNpxUsVTTAZ4yHtGSpwRJWfzYJP0aFRBiiMpXlCo5n6cyPDkVKTKDCTeUK16OXif14v1eGFnzGRpJoKMj8UphzpGOUtoAGTlGg+MQQTyUxWREZYYqJNVxVTgrv45b+kfVx3z+qntye1xmVRRxn24QCOwIVzaMA1NKEFBFJ4ghd4tR6tZ+vNep+PlqxiZw9+wfr4Brqxkyc=</latexit>

x → O

<latexit sha1_base64="bQeWXvV8fnxg5Pz8fkLOy029ERk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPEc0DkiXMTjrJkNnZZWZWDEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geD3xG4+oNI/kgxnF6Ie0L3mPM2qsdH/beeoUS27ZnYIsEi8jJchQ7RS/2t2IJSFKwwTVuuW5sfFTqgxnAseFdqIxpmxI+9iyVNIQtZ9OTx2TI6t0SS9StqQhU/X3REpDrUdhYDtDagZ63puI/3mtxPQu/ZTLODEo2WxRLxHERGTyN+lyhcyIkSWUKW5vJWxAFWXGplOwIXjzLy+S+knZOy+f3Z2WKldZHHk4gEM4Bg8uoAI3UIUaMOjDM7zCmyOcF+fd+Zi15pxsZh/+wPn8ATeEjcU=</latexit>

Lx operator of left multiplication by an octonion x. Very concretely, 8x8 matrices

Spin(8) spinors are real and
<latexit sha1_base64="iDNWy8OtB0wwq0ZwQfm2cBObIt8=">AAAB/nicbVDLSgMxFL3js9bXqLhyEyyCqzIjvpZFN+6saB/QGYZMmmlDk5khyQhlKPgrblwo4tbvcOffmLaz0NYDCYdz7iUnJ0w5U9pxvq2FxaXlldXSWnl9Y3Nr297Zbaokk4Q2SMIT2Q6xopzFtKGZ5rSdSopFyGkrHFyP/dYjlYol8YMeptQXuBeziBGsjRTY+/eBlwrkKWYugXU/DPPbUWBXnKozAZonbkEqUKAe2F9eNyGZoLEmHCvVcZ1U+zmWmhFOR2UvUzTFZIB7tGNojAVVfj6JP0JHRumiKJHmxBpN1N8bORZKDUVoJscJ1aw3Fv/zOpmOLv2cxWmmaUymD0UZRzpB4y5Ql0lKNB8agolkJisifSwx0aaxsinBnf3yPGmeVN3z6tndaaV2VdRRggM4hGNw4QJqcAN1aACBHJ7hFd6sJ+vFerc+pqMLVrGzB39gff4AzRKVaA==</latexit>

S± → O



Spin(10) and octonions
Any Spin group containing Spin(8) admits an octonionic description

Cl(10) is generated by the following 32 x 32 matrices
<latexit sha1_base64="gkh1Kwjsy9tpsZkTOY86+elPteg="></latexit>

!x =





0 0 0 Lx̄

0 0 Lx 0
0 Lx̄ 0 0
Lx 0 0 0





<latexit sha1_base64="DtkttIevEtWggv1JRR9sk0LZ75Q="></latexit>

!9 =





0 0 I8 0
0 0 0 →I8
I8 0 0 0
0 →I8 0 0





<latexit sha1_base64="gWmMXJjgMLpZIMYZObTm/z/MS5k="></latexit>

!10 =





0 0 →iI8 0
0 0 0 →iI8
iI8 0 0 0
0 iI8 0 0





<latexit sha1_base64="4x3s15ascH3FpysB/6JVp0qA8MY=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAILqQk4nVXdKHLCvYCbQiT6aQdOpOEmYm0hL6KGxeKuPVF3Pk2TtsstPWHgY//nMM58wcJZ0o7zre1tLyyurZe2Chubm3v7Np7pYaKU0loncQ8lq0AK8pZROuaaU5biaRYBJw2g8HtpN58olKxOHrUo4R6AvciFjKCtbF8u9S5w0Jgf3iCcrr27bJTcaZCi+DmUIZcNd/+6nRjkgoaacKxUm3XSbSXYakZ4XRc7KSKJpgMcI+2DUZYUOVl09vH6Mg4XRTG0rxIo6n7eyLDQqmRCEynwLqv5msT879aO9XhlZexKEk1jchsUZhypGM0CQJ1maRE85EBTCQztyLSxxITbeIqmhDc+S8vQuO04l5Uzh/OytWbPI4CHMAhHIMLl1CFe6hBHQgM4Rle4c0aWy/Wu/Uxa12y8pl9+CPr8wfEvZOi</latexit>

!x,!9 are real, so Spin(9) spinors are real
<latexit sha1_base64="IheK97gN4v+K2tz3eG6ot91/OZ0=">AAAB8nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx60GMEs8BkCD2dTtKkl6G7RwhDPsOLB0W8+jXe/Bs7yRw08UHB470qqurFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7xoZyJmnDMstpO9EUi5jTVjy6nfqtJ6oNU/LRjhMaCTyQrM8Itk4KO3dYCNzNAn/SLVf8qj8DWiZBTiqQo94tf3V6iqSCSks4NiYM/MRGGdaWEU4npU5qaILJCA9o6KjEgpoom508QSdO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T8vTG3/OsqYTFJLJZkv6qccWYWm/6Me05RYPnYEE83crYgMscbEupRKLoRg8eVl0jyrBpfVi4fzSu0mj6MIR3AMpxDAFdTgHurQAAIKnuEV3jzrvXjv3se8teDlM4fwB97nD7uskOk=</latexit>

!10 is imaginary, so Spin(10) spinors are complex
<latexit sha1_base64="l2IHVcUh/DBtSv4jImaIJcUOraI=">AAACHnicbVDLSgMxFM3UV62vqks3wSLUTZkpVl0Wu3FnpfYBnXbIpGkbmmSGJCOUYb7Ejb/ixoUigiv9G9OHoK0HAifn3Mu99/gho0rb9peVWlldW99Ib2a2tnd297L7Bw0VRBKTOg5YIFs+UoRRQeqaakZaoSSI+4w0/VFl4jfviVQ0EHd6HJIORwNB+xQjbSQvW6p5bsi7cexKDmshFUnesU8T6CrKocuRHvp+fJN0i17886skiZfN2QV7CrhMnDnJgTmqXvbD7QU44kRozJBSbccOdSdGUlPMSJJxI0VChEdoQNqGCsSJ6sTT8xJ4YpQe7AfSPKHhVP3dESOu1Jj7pnKyolr0JuJ/XjvS/ctOTEUYaSLwbFA/YlAHcJIV7FFJsGZjQxCW1OwK8RBJhLVJNGNCcBZPXiaNYsE5L5Ruz3Llq3kcaXAEjkEeOOAClME1qII6wOABPIEX8Go9Ws/Wm/U+K01Z855D8AfW5zcjcaKJ</latexit>

SSpin(10)
± → O

2
C

<latexit sha1_base64="8lFOA7/IQSSw3Duhri+qSmSf+58=">AAACDHicbVDLTgIxFO3gC/GFunTTSExwQ2aIzx3RjTsxyCNhBtIpBRrazqTtmJDJfIAbf8WNC41x6we482/sAAsFT9Lk5Jxz03uPHzKqtG1/W5ml5ZXVtex6bmNza3snv7vXUEEkManjgAWy5SNFGBWkrqlmpBVKgrjPSNMfXad+84FIRQNxr8ch8TgaCNqnGGkjdfOFWieOXclhLaQiKV4eJ9BVlEOXIz30/fg26ZRNyi7ZE8BF4sxIAcxQ7ea/3F6AI06Exgwp1XbsUHsxkppiRpKcGykSIjxCA9I2VCBOlBdPjkngkVF6sB9I84SGE/X3RIy4UmPum2S6o5r3UvE/rx3p/oUXUxFGmgg8/agfMagDmDYDe1QSrNnYEIQlNbtCPEQSYW36y5kSnPmTF0mjXHLOSqd3J4XK1ayOLDgAh6AIHHAOKuAGVEEdYPAInsEreLOerBfr3fqYRjPWbGYf/IH1+QOdI5q5</latexit>

SSpin(9) → O
2

<latexit sha1_base64="xx+ypxHr9nMpOdtaf0F67EVU8Tw="></latexit>

spin(10)
∣∣∣
S+

→
(

A+ ia ↑Lx̄ + iLȳ

Lx + iLy A→ ↑ ia

)
Octonionic description of the Lie algebra

<latexit sha1_base64="1kbizZRNSQMEuWRLIFwytv2QYI0="></latexit>

A,A→ → spin(8), a → R, x, y → O

This model is from R. Bryant, but also from “Spinors and Calibrations” by R. Harvey

These facts, together with the experimental relevance of Spin(10), explain why octonions are relevant for SM fermions



SM gauge group as group of isometries
In Kaluza-Klein compactification, the gauge group arises as the group of isometries of the internal space M

Witten ’81 - The minimal dimension of M with 
<latexit sha1_base64="1/kb2m0ilgNHm2cRQTbELps3TDw=">AAACJHicbZDLSsNAFIYn9VbrLerSzWAR2k1J6hVEKLrQjVDR2kITwmQ6aYdOLsxMhBLyMG58FTcuvODCjc/itA1oW38Y+PnOOZw5vxsxKqRhfGm5ufmFxaX8cmFldW19Q9/cuhdhzDFp4JCFvOUiQRgNSENSyUgr4gT5LiNNt38xrDcfCBc0DO7kICK2j7oB9ShGUiFHP710Eov78PY6hWdwbBtpab9sSeoT8UuqE0QBs+zoRaNijARnjZmZIshUd/R3qxPi2CeBxAwJ0TaNSNoJ4pJiRtKCFQsSIdxHXdJWNkBqn52MjkzhniId6IVcvUDCEf07kSBfiIHvqk4fyZ6Yrg3hf7V2LL0TO6FBFEsS4PEiL2ZQhnCYGOxQTrBkA2UQ5lT9FeIe4ghLlWtBhWBOnzxr7qsV86hyeHNQrJ1nceTBDtgFJWCCY1ADV6AOGgCDR/AMXsGb9qS9aB/a57g1p2Uz22BC2vcP2g6ifA==</latexit>

GSM = SU(3)→ SU(2)→U(1) is seven
<latexit sha1_base64="25rUlKtjwtupFNR4uU7PuiVOV1w=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVZL6qBuh2I0boaJ9QJOGyXTSDp08mJkIJfRD3Pgrblwo4saF4N84aSPY1gMXDufcy733uBGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29pghjjkkDhyzkbRcJwmhAGpJKRtoRJ8h3GWm5w1rqtx4IFzQM7uUoIraP+gH1KEZSSY5+cuNU4CW0fCQHrpvU6uNuGVqS+kTMiOaveNc1Hb1olIwJ4CIxM1IEGeqO/mn1Qhz7JJCYISE6phFJO0FcUszIuGDFgkQID1GfdBQNkFpkJ5PnxvBIKT3ohVxVIOFE/TuRIF+Ike+qzvReMe+l4n9eJ5behZ3QIIolCfB0kRczKEOYJgV7lBMs2UgRhDlVt0I8QBxhqfIsqBDM+ZcXSbNcMs9LZ7enxepVFkceHIBDcAxMUAFVcA3qoAEweATP4BW8aU/ai/aufUxbc1o2sw9moH39ADCBoDo=</latexit>

M7 = CP2 → CP1 → S1

This was an exciting observation because 4+7=11

And 11 is the maximal dimension where SUGRA exists

But was also realised that compactification on 
<latexit sha1_base64="vXWMOTEFxl2huo9zGoH24LyQh8Q=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVaz0WvXgRKtgPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxmfueJKs0i+WimMfUFHkkWMoJNJt0P6mhQrrhVdw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+a0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9joZMUWL41BJMFLO3IjLGChNj4ynZELzll1dJ+6LqXVVrD5eVxk0eRxFO4BTOwYM6NOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/LNGNrw==</latexit>

M7 cannot gives rise to chiral fermions

The minimal even dimension of M with 
<latexit sha1_base64="nEcjl73iRn84lDLJ8X5yhrHrCmQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LHvQiVLQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5N/OYTVZpF8sGMYuoL3JcsZAQbKz1ed9OOEuj+dtwtltyyOwVaJF5GSpCh1i1+dXoRSQSVhnCsddtzY+OnWBlGOB0XOommMSZD3KdtSyUWVPvp9OIxOrJKD4WRsiUNmqq/J1IstB6JwHYKbAZ63puI/3ntxIQXfspknBgqyWxRmHBkIjR5H/WYosTwkSWYKGZvRWSAFSbGhlSwIXjzLy+SxknZOytX7k5L1cssjjwcwCEcgwfnUIUbqEEdCEh4hld4c7Tz4rw7H7PWnJPN7MMfOJ8/BG+QgQ==</latexit>

GSM as the group of isometries is eight
<latexit sha1_base64="npLvsDdNYByCrrPoi8b348M1VMY=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEnqqxuh6MZNoYJ9QBPCZDpph84kYWYilJC9G3/FjQtF3PoD7vwbp4+Fth64cDjnXu69x48Zlcqyvo2l5ZXVtfXcRn5za3tn19zbb8koEZg0ccQi0fGRJIyGpKmoYqQTC4K4z0jbH96M/fYDEZJG4b0axcTlqB/SgGKktOSZhdQRHPYoz0p1rwodRTmRsO6lpyd2dgyvoF3xzKJVtiaAi8SekSKYoeGZX04vwgknocIMSdm1rVi5KRKKYkayvJNIEiM8RH3S1TREeqWbTn7J4JFWejCIhK5QwYn6eyJFXMoR93UnR2og572x+J/XTVRQdVMaxokiIZ4uChIGVQTHwegMBMGKjTRBWFB9K8QDJBBWOr68DsGef3mRtCpl+6J8fndWrF3P4siBQ1AAJWCDS1ADt6ABmgCDR/AMXsGb8WS8GO/Gx7R1yZjNHIA/MD5/AD59mJ0=</latexit>

dim(M8 →M3,1) = 12

In this dimension and with signature (11,1) there is a very attractive option for the spinor Lagrangian

<latexit sha1_base64="NjVhoheqWPxFm6xVzIARoJyz+Tc="></latexit>∫

M8→M3,1

→!̂, \D!↑
<latexit sha1_base64="JLgjaOtp0NLZAEp670QZHbKxN58=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WooCURX8uiG5eV2gc0MUymEzt0MgkzE6GE/IAbf8WNC0Xcunfn3zhts9DWAxcO59zLvff4MaNSWda3UZibX1hcKi6XVlbX1jfMza2WjBKBSRNHLBIdH0nCKCdNRRUjnVgQFPqMtP3B1chvPxAhacRv1TAmbojuOQ0oRkpLnrnn9JFKnbqkmUM5bHhHd2nqiBA2Ysqzim0f2geZZ5atqjUGnCV2TsogR90zv5xehJOQcIUZkrJrW7FyUyQUxYxkJSeRJEZ4gO5JV1OOQiLddPxNBve10oNBJHRxBcfq74kUhVIOQ193hkj15bQ3Ev/zuokKLtyU8jhRhOPJoiBhUEVwFA3sUUGwYkNNEBZU3wpxHwmElQ6wpEOwp1+eJa3jqn1WPb05Kdcu8ziKYAfsggqwwTmogWtQB02AwSN4Bq/gzXgyXox342PSWjDymW3wB8bnD8tymrs=</latexit>

!̂ → SSpin(11,1)
→

chiral spinor
<latexit sha1_base64="30Ypypp7eJuiy8jaGH05axb2aRM="></latexit>

! → SSpin(11,1)
+ ↑ C32

complex conjugate spinor
of opposite chiralityNote that no mass term is possible!

<latexit sha1_base64="E5BGlRXWg593+Apu1HslUfAJ6FA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4kJKIr2XRjcsK9gFNKJPptB06mYSZiVBCd278FTcuFHHrL7jzb5ykWWjrgXs5nHMvM/cEMWdKO863tbC4tLyyWlorr29sbm3bO7tNFSWS0AaJeCTbAVaUM0EbmmlO27GkOAw4bQWjm8xvPVCpWCTu9TimfogHgvUZwdpIXfvA41gMOEXeEOvUqys2Ocm6J3O5a1ecqpMDzRO3IBUoUO/aX14vIklIhSYcK9VxnVj7KZaaEU4nZS9RNMZkhAe0Y6jAIVV+mt8xQUdG6aF+JE0JjXL190aKQ6XGYWAmQ6yHatbLxP+8TqL7V37KRJxoKsj0oX7CkY5QFgrqMUmJ5mNDMJHM/BWRIZaYaBNd2YTgzp48T5qnVfeien53VqldF3GUYB8O4RhcuIQa3EIdGkDgEZ7hFd6sJ+vFerc+pqMLVrGzB39gff4ADSuZcg==</latexit>

→!̂,!↑ - does not exist

Weyl spinors are necessarily massless in this dimension!



Dimensional reduction

<latexit sha1_base64="cx0TB3ZFV8T4Oziam6HENuaxc+Q=">AAACLnicbVDLSsNAFJ3UV62vqEs3g0UQakvisxuhKILLCvYBTQyT6aQdOnkwMxFK6Be58Vd0IaiIWz/DaRpBWw8MnHvOvdy5x40YFdIwXrXc3PzC4lJ+ubCyura+oW9uNUUYc0waOGQhb7tIEEYD0pBUMtKOOEG+y0jLHVyO/dY94YKGwa0cRsT2US+gHsVIKsnRr6y6oPAcWpGgTumuCq1QUp+IHyE5OjBHsJRW5Wm7nNnQ0YtGxUgBZ4mZkSLIUHf0Z6sb4tgngcQMCdExjUjaCeKSYkZGBSsWJEJ4gHqko2iA1E47Sc8dwT2ldKEXcvUCCVP190SCfCGGvqs6fST7Ytobi/95nVh6VTuhQRRLEuDJIi9mUIZwnB3sUk6wZENFEOZU/RXiPuIIS5VwQYVgTp88S5qHFfO0cnJzXKxdZHHkwQ7YBfvABGegBq5BHTQABg/gCbyBd+1Re9E+tM9Ja07LZrbBH2hf3wCkphU=</latexit>

! = ω8
+ → ω3,1

+ + ω8
→ → ω3,1

→
<latexit sha1_base64="Qwo+M4jDQaIqxvKnF7Sq4OEZets=">AAACTHicbVDLSgMxFM1UrbW+Rl26CRZBqC0zPrsRim5cVrAP6NSSSdM2NPMguSOUoR/oxoU7v8KNC0UE03YWfXggcO6553JvjhsKrsCy3o3Uyupaej2zkd3c2t7ZNff2ayqIJGVVGohANlyimOA+qwIHwRqhZMRzBau7g7txv/7MpOKB/wjDkLU80vN5l1MCWmqb1OkTiJ2K4iN8g6dFqIt2/qmEnQC4x9S8HJ+f2iOcn9EK/1sLiRW3zZxVtCbAy8ROSA4lqLTNN6cT0MhjPlBBlGraVgitmEjgVLBR1okUCwkdkB5rauoTvbkVT8IY4WOtdHA3kPr5gCfq7ERMPKWGnqudHoG+WuyNxf96zQi6pVbM/TAC5tPpom4kMAR4nCzucMkoiKEmhEqub8W0TyShoPPP6hDsxS8vk9pZ0b4qXj5c5Mq3SRwZdIiO0Amy0TUqo3tUQVVE0Qv6QF/o23g1Po0f43dqTRnJzAGaQyr9B78msxc=</latexit>

!̂ = ω̂8
+ → ω̂3,1

+ + ω̂8
→ → ω̂3,1

→

<latexit sha1_base64="nYjQTmlgwC0gTdZ+3t3keyzU600=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSIIQtkVP3osevFY0W0L7VqyabYNTbJLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmhQln2rjut7O0vLK6tl7YKG5ube/slvb2GzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8GbiN5+o0iyWD2aU0EDgvmQRI9hYyb/vnj5Wu6WyW3GnQIvEy0kZctS7pa9OLyapoNIQjrVue25iggwrwwin42In1TTBZIj7tG2pxILqIJseO0bHVumhKFa2pEFT9fdEhoXWIxHaToHNQM97E/E/r52aqBpkTCapoZLMFkUpRyZGk89RjylKDB9Zgoli9lZEBlhhYmw+RRuCN//yImmcVbzLysXdebl2ncdRgEM4ghPw4ApqcAt18IEAg2d4hTdHOi/Ou/Mxa11y8pkD+APn8wf8vI4p</latexit>

S8
+

<latexit sha1_base64="wsj2UumHgau1zL2oAjViUAVNXOA=">AAAB8HicbVC7TgMxENzjGcIrQEljESFRQHTHu4ygoQyCPFByRD7Hl1ixfSfbhxSd8hU0FCBEy+fQ8Tc4yRWQMNJKo5ld7e4EMWfauO63Mze/sLi0nFvJr66tb2wWtrZrOkoUoVUS8Ug1AqwpZ5JWDTOcNmJFsQg4rQf965Fff6JKs0jem0FMfYG7koWMYGOlh7v20WN6cugN24WiW3LHQLPEy0gRMlTaha9WJyKJoNIQjrVuem5s/BQrwwinw3wr0TTGpI+7tGmpxIJqPx0fPET7VumgMFK2pEFj9fdEioXWAxHYToFNT097I/E/r5mY8NJPmYwTQyWZLAoTjkyERt+jDlOUGD6wBBPF7K2I9LDCxNiM8jYEb/rlWVI7LnnnpbPb02L5KosjB7uwBwfgwQWU4QYqUAUCAp7hFd4c5bw4787HpHXOyWZ24A+czx+Y84+j</latexit>

S3,1
→

<latexit sha1_base64="XIihDQHDCLXNDcjPeQ2IiDhlv6k=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAEJez6Pga9eIxoHpKsYXYymwyZmV1mZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruCmDNtXPfbmZtfWFxazq3kV9fWNzYLW9s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+9civP1GlWSTvzSCmvsBdyUJGsLHSw1378DE9OfKG7ULRLbljoFniZaQIGSrtwlerE5FEUGkIx1o3PTc2foqVYYTTYb6VaBpj0sdd2rRUYkG1n44PHqJ9q3RQGClb0qCx+nsixULrgQhsp8Cmp6e9kfif10xMeOmnTMaJoZJMFoUJRyZCo+9RhylKDB9Ygoli9lZEelhhYmxGeRuCN/3yLKkdl7zz0tntabF8lcWRg13YgwPw4ALKcAMVqAIBAc/wCm+Ocl6cd+dj0jrnZDM78AfO5w+V34+h</latexit>

S3,1
+

<latexit sha1_base64="Zs9vROLyvTLM9Az987PnPjIi4nY=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4seyKHz0WvXis6LaFdi3ZNNuGJtklyQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzwoQzbVz321laXlldWy9sFDe3tnd2S3v7DR2nilCfxDxWrRBrypmkvmGG01aiKBYhp81weDPxm09UaRbLBzNKaCBwX7KIEWys5N93Tx+r3VLZrbhToEXi5aQMOerd0lenF5NUUGkIx1q3PTcxQYaVYYTTcbGTappgMsR92rZUYkF1kE2PHaNjq/RQFCtb0qCp+nsiw0LrkQhtp8BmoOe9ifif105NVA0yJpPUUElmi6KUIxOjyeeoxxQlho8swUQxeysiA6wwMTafog3Bm395kTTOKt5l5eLuvFy7zuMowCEcwQl4cAU1uIU6+ECAwTO8wpsjnRfn3fmYtS45+cwB/IHz+QP/yI4r</latexit>

S8
→

<latexit sha1_base64="Leb3g2ac3SThJrBmnz4/HE1js54="></latexit>

\D = \D8 → I3,1 + I8 → \D3,1Under dimensional reduction

<latexit sha1_base64="AYy7EMZjPagmyiVEgiMdM9CpG1o="></latexit>

→!̂, \D!↑ = →ω̂8
+ ↓ ω̂3,1

+ + ω̂8
→ ↓ ω̂3,1

→ , \D8ω
8
+ ↓ ω3,1

+ + \D8ω
8
→ ↓ ω3,1

→ + ω8
+ ↓ \D3,1ω

3,1
+ + ω8

→ ↓ \D3,1ω
3,1
→ ↑

Mass terms for 4D spinors

<latexit sha1_base64="13LDdsi9Uzb/CecjfTA6jpdtQVk="></latexit>

→ω̂8
+, \D8ω

8
→↑→ω̂+3,1,ω3,1

→ ↑+ →ω̂8
+,ω

8
+↑→ω̂+3,1, \D3,1ω

3,1
+ ↑+ →ω̂8

→, \D8ω
8
+↑→ω̂↓3,1,ω3,1

+ ↑+ →ω̂8
→,ω

8
→↑→ω̂↓3,1, \D3,1ω

3,1
→ ↑<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=

Kinetic terms for 4D spinors



Dimensional reduction continued
The non-zero eigenvalues of the internal Dirac operator are large (small internal space)

Only Dirac zero modes (harmonic spinors) are relevant at 4D low energies 

If the spectrum of harmonic spinors on the internal space was chiral, would get chiral 4D massless fermions

Unfortunately, have the following no-go:

Atiyah-Hirzebruch ’70 : Any compact spin manifold admitting a non-trivial action of a compact connected Lie group 

has vanishing
<latexit sha1_base64="FHoCRYBUmGFeH970En0LQsiHkEE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8cI5gHJEmYns8mQ2dllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju6nfeuLaiFg94jjhfkQHSoSCUbRSqzukmN1MeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn83OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9HfSF5ozlGNLKNPC3krYkGrK0CZUsiF4iy8vk+ZZ1busXjycV2q3eRxFOIJjOAUPrqAG91CHBjAYwTO8wpuTOC/Ou/Mxby04+cwh/IHz+QNf6Y+c</latexit>

Â -genus. Hence the dimensions of the spaces of positive and negative chirality harmonic spinors are the same.

Non-trivial isometry -> Harmonic spinors are non-chiral

Even stronger statement if scalar curvature positive: No harmonic spinors at all (Lichnerowicz)

But these obstructions disappear if one switches on a fundamental U(1) gauge field

Examples: harmonic spinors exist and are of a single chirality on 
<latexit sha1_base64="wEy6mfg0msewBBUXC/Rs6lpELO0=">AAACBXicbVC7TsMwFL3hWcorwAiDRYXEgKqk4jVWdGEsEn1Ibagc12mtOk5kO0hV1IWFX2FhACFW/oGNv8FtM5SWI1k6Pude3XuPH3OmtOP8WEvLK6tr67mN/ObW9s6uvbdfV1EiCa2RiEey6WNFORO0ppnmtBlLikOf04Y/qIz9xiOVikXiXg9j6oW4J1jACNZG6thH7RDrvu+nlerowT1Ds99Sxy44RWcCtEjcjBQgQ7Vjf7e7EUlCKjThWKmW68TaS7HUjHA6yrcTRWNMBrhHW4YKHFLlpZMrRujEKF0URNI8odFEne1IcajUMPRN5XhJNe+Nxf+8VqKDay9lIk40FWQ6KEg40hEaR4K6TFKi+dAQTCQzuyLSxxITbYLLmxDc+ZMXSb1UdC+LF3fnhfJNFkcODuEYTsGFKyjDLVShBgSe4AXe4N16tl6tD+tzWrpkZT0H8AfW1y9ns5fi</latexit>

CP1,CP2 with U(1) gauge field turned on.

So, it is possible that the KK scenario can still lead to interesting developments 

Related to the subject of this workshop because geometry in eight dimensions is deeply related to octonions

In particular, special holonomy (Kahler, hyper-Kahler) is relevant, and exceptional holonomy Spin(7) potentially relevant



Geometric structures stabilised by <latexit sha1_base64="nEcjl73iRn84lDLJ8X5yhrHrCmQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LHvQiVLQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5N/OYTVZpF8sGMYuoL3JcsZAQbKz1ed9OOEuj+dtwtltyyOwVaJF5GSpCh1i1+dXoRSQSVhnCsddtzY+OnWBlGOB0XOommMSZD3KdtSyUWVPvp9OIxOrJKD4WRsiUNmqq/J1IstB6JwHYKbAZ63puI/3ntxIQXfspknBgqyWxRmHBkIjR5H/WYosTwkSWYKGZvRWSAFSbGhlSwIXjzLy+SxknZOytX7k5L1cssjjwcwCEcgwfnUIUbqEEdCEh4hld4c7Tz4rw7H7PWnJPN7MMfOJ8/BG+QgQ==</latexit>

GSM

There are several basic observations:

Choosing a unit imaginary octonion 
<latexit sha1_base64="mDJGz/nQm82U9oxSVr+BXvWQAcU=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivpZFN+6sYB/QhDKZTtqhk0mYmQglBPwVNy4Ucet3uPNvnLRdaOuBgcM593LPnCDhTGnH+bZKS8srq2vl9crG5tb2jr2711JxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLop/PYjlYrF4kGPE+pHeCBYyAjWRurZB5kXhCjNPSaQF2E9DILsLu/ZVafmTIAWiTsjVZih0bO/vH5M0ogKTThWqus6ifYzLDUjnOYVL1U0wWSEB7RrqMARVX42iZ+jY6P0URhL84RGE/X3RoYjpcZRYCaLhGreK8T/vG6qwys/YyJJNRVkeihMOdIxKrpAfSYp0XxsCCaSmayIDLHERJvGKqYEd/7Li6R1WnMvauf3Z9X69ayOMhzCEZyAC5dQh1toQBMIZPAMr/BmPVkv1rv1MR0tWbOdffgD6/MHH3OVnA==</latexit>

u → O endows 
<latexit sha1_base64="6Y6P/0g1y0NFeJxqnJNGkEXetTM=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjTsr2Ae2Q8mkaRuayQzJHaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybkniKUw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZRoxhsskpFuB9RwKRRvoEDJ27HmNAwkbwXj68xvPXJtRKTucRJzP6RDJQaCUbTSQzekOAqC9HbaK1fcqjsD+Uu8nFQgR71X/uz2I5aEXCGT1JiO58bop1SjYJJPS93E8JiyMR3yjqWKhtz46SzxlBxZpU8GkbZPIZmpPzdSGhozCQM7mSU0i14m/ud1Ehxc+qlQcYJcsflHg0QSjEh2PukLzRnKiSWUaWGzEjaimjK0JZVsCd7iyX9J86TqnVfP7k4rtau8jiIcwCEcgwcXUIMbqEMDGCh4ghd4dYzz7Lw57/PRgpPv7MMvOB/fvBCQ+Q==</latexit>

O with a complex structure 
<latexit sha1_base64="mxJpcydCisf4iXNrKjrEJVk4o2o=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiTiayMU3Yi4qGAf0MYymU7aoZNJmJkoJeQ/3LhQxK3/4s6/cdpmoa0HLhzOuZd77/FjzpR2nG+rsLC4tLxSXC2trW9sbtnbOw0VJZLQOol4JFs+VpQzQeuaaU5bsaQ49Dlt+sOrsd98pFKxSNzrUUy9EPcFCxjB2kgPNxfotpumHT9ASZZ17bJTcSZA88TNSRly1Lr2V6cXkSSkQhOOlWq7Tqy9FEvNCKdZqZMoGmMyxH3aNlTgkCovnVydoQOj9FAQSVNCo4n6eyLFoVKj0DedIdYDNeuNxf+8dqKDcy9lIk40FWS6KEg40hEaR4B6TFKi+cgQTCQztyIywBITbYIqmRDc2ZfnSeOo4p5WTu6Oy9XLPI4i7ME+HIILZ1CFa6hBHQhIeIZXeLOerBfr3fqYthasfGYX/sD6/AG9r5IL</latexit>

J = Lu

There is another complex structure, which is also important and relevant 
<latexit sha1_base64="MUcP8/hA5fkYrFpep+HnfxbiCf8=">AAAB+HicbVDJSgNBEK1xjXHJqEcvjUH0FGbE7SIEvYinKGaBZAg9nZ6kSc9CL0Ic5ku8eFDEq5/izb+xk8xBEx8UPN6roqqen3AmleN8WwuLS8srq4W14vrG5lbJ3t5pyFgLQusk5rFo+VhSziJaV0xx2koExaHPadMfXo/95iMVksXRgxol1AtxP2IBI1gZqWuXbg8v0X03TTt+gHSWde2yU3EmQPPEzUkZctS69lenFxMd0kgRjqVsu06ivBQLxQinWbGjJU0wGeI+bRsa4ZBKL50cnqEDo/RQEAtTkUIT9fdEikMpR6FvOkOsBnLWG4v/eW2tggsvZVGiFY3IdFGgOVIxGqeAekxQovjIEEwEM7ciMsACE2WyKpoQ3NmX50njuOKeVU7vTsrVqzyOAuzBPhyBC+dQhRuoQR0IaHiGV3iznqwX6936mLYuWPnMLvyB9fkDoSaScw==</latexit>

J → = Ru

This accomplishes two things:
<latexit sha1_base64="GPO+EFIqhTCV+OTofJ41rD6soP0=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4KjNSH8tiN+6sYB/QGUsmzbShSWZIMkIZunHjr7hxoYhb/8Gdf2OmHUFbDwROzrmXe+8JYkaVdpwva2FxaXlltbBWXN/Y3Nq2d3abKkokJg0csUi2A6QIo4I0NNWMtGNJEA8YaQXDWua37olUNBK3ehQTn6O+oCHFSBupax94HOlBEKTXY+gpyuHPvza+q3TtklN2JoDzxM1JCeSod+1PrxfhhBOhMUNKdVwn1n6KpKaYkXHRSxSJER6iPukYKhAnyk8nV4zhkVF6MIykeULDifq7I0VcqREPTGW2o5r1MvE/r5Po8MJPqYgTTQSeDgoTBnUEs0hgj0qCNRsZgrCkZleIB0girE1wRROCO3vyPGmelN2z8ulNpVS9zOMogH1wCI6BC85BFVyBOmgADB7AE3gBr9aj9Wy9We/T0gUr79kDf2B9fAMjiJha</latexit>

O → C
4

But also have a preferred copy of the complex plane <latexit sha1_base64="KHdnwKvZRtF5W42/a3JGLPLhwr8=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURXxuh2I3LivYBTSiT6aQdOpmEmYlQQtZu/BU3LhRx6xe482+ctFlo64ELh3Pu5d57vIhRqSzr2ygsLC4trxRXS2vrG5tb5vZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8RtreqJ757QciJA35vRpHxA3QgFOfYqS01DP3nQCpoecl9RReJY4I4F2EeFqxjxPH82GcHvXMslW1JoDzxM5JGeRo9Mwvpx/iOCBcYYak7NpWpNwECUUxI2nJiSWJEB6hAelqylFApJtMXknhoVb60A+FLq7gRP09kaBAynHg6c7scDnrZeJ/XjdW/qWbUB7FinA8XeTHDKoQZrnAPhUEKzbWBGFB9a0QD5FAWOn0SjoEe/bledI6qdrn1bPb03LtOo+jCPbAAagAG1yAGrgBDdAEGDyCZ/AK3own48V4Nz6mrQUjn9kFf2B8/gC4jJml</latexit>

C = Span(1,u) so that 
<latexit sha1_base64="NNSs5wF2n3yCT60YSybN3DAqsfk=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkrifSMUu3FnBXuBJpbJdNIOnUzCzEQoIc/gxldx40IRt67c+TZO2oja+sPAx3/OYc75vYhRqSzr05iZnZtfWCwsFZdXVtfWzY3NhgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9QTWrN++IkDTkN2oYETdAPU59ipHSVsfcdwKk+p6XXKXw/JurqRNGLJbwx7g97Jglq2yNBKfBzqEEctU65ofTDXEcEK4wQ1K2bStSboKEopiRtOjEkkQID1CPtDVyFBDpJqOTUrirnS70Q6EfV3Dk/p5IUCDlMPB0Z7ajnKxl5n+1dqz8MzehPIoV4Xj8kR8zqEKY5QO7VBCs2FADwoLqXSHuI4Gw0ikWdQj25MnT0Dgo2yfl4+ujUuUij6MAtsEO2AM2OAUVcAlqoA4wuAeP4Bm8GA/Gk/FqvI1bZ4x8Zgv8kfH+BYkmngc=</latexit>

O = C→ C
3

Given that spinors of Spin(8), Spin(9), Spin(10) are octonions 
<latexit sha1_base64="OEMPyM6TnIg5G8eHZbec3BtJ404=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7ArPtIIQRs7IzEPyK5hdjJJhszMLjOzQli2t/FXbCwUsfUH7PwbJ49CEw9cOJxzL/feE0SMKu0431ZmaXlldS27ntvY3NresXf3GiqMJSZ1HLJQtgKkCKOC1DXVjLQiSRAPGGkGw6ux33wgUtFQ3OlRRHyO+oL2KEbaSB07X+t4Eb9PEk9yWIuoSIvloxReQI8jPQiC5Cbt2AWn5EwAF4k7IwUwQ7Vjf3ndEMecCI0ZUqrtOpH2EyQ1xYykOS9WJEJ4iPqkbahAnCg/mfySwkOjdGEvlKaEhhP190SCuFIjHpjO8YVq3huL/3ntWPfKfkJFFGsi8HRRL2ZQh3AcDOxSSbBmI0MQltTcCvEASYS1iS9nQnDnX14kjeOSe1Y6vT0pVC5ncWTBAciDInDBOaiAa1AFdYDBI3gGr+DNerJerHfrY9qasWYz++APrM8f2WCaTg==</latexit>

SSpin(8)
± = O

<latexit sha1_base64="A/jqxH3OfKUSUoQlczy7X6Gg9UY=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5IUnwuh6MadldpaaNIymU7boZNJmJkIJWTrxl9x40IRt/6BO//GSZuFth64cDjnXu69xwsZlcqyvo3cwuLS8kp+tbC2vrG5ZW7vNGUQCUwaOGCBaHlIEkY5aSiqGGmFgiDfY+TeG12l/v0DEZIG/E6NQ+L6aMBpn2KktNQ1Yb0Tx47wYT2kPCmdHybwAjo+UkPPi2+STqVrFq2yNQGcJ3ZGiiBDrWt+Ob0ARz7hCjMkZdu2QuXGSCiKGUkKTiRJiPAIDUhbU458It148kkCD7TSg/1A6OIKTtTfEzHypRz7nu5Mb5SzXir+57Uj1T9zY8rDSBGOp4v6EYMqgGkssEcFwYqNNUFYUH0rxEMkEFY6vIIOwZ59eZ40K2X7pHx8e1SsXmZx5MEe2AclYINTUAXXoAYaAINH8AxewZvxZLwY78bHtDVnZDO74A+Mzx/kIpkz</latexit>

SSpin(9) = O
2

<latexit sha1_base64="FLXeDQvmqprXqJVBdItiAbG3pRU=">AAACG3icbVDLSgMxFM3UV62vqks3wSLUTZkpvjZCsRt3Vmof0GmHTJq2oUlmSDJCGeY/3Pgrblwo4kpw4d+YPgRtPRA4Oede7r3HDxlV2ra/rNTS8srqWno9s7G5tb2T3d2rqyCSmNRwwALZ9JEijApS01Qz0gwlQdxnpOEPy2O/cU+kooG406OQtDnqC9qjGGkjedli1XND3oljV3JYDalI8o59nMBL6HKkB74f3ySdohf//MpJ4mVzdsGeAC4SZ0ZyYIaKl/1wuwGOOBEaM6RUy7FD3Y6R1BQzkmTcSJEQ4SHqk5ahAnGi2vHktgQeGaULe4E0T2g4UX93xIgrNeK+qRyvqOa9sfif14p076IdUxFGmgg8HdSLGNQBHAcFu1QSrNnIEIQlNbtCPEASYW3izJgQnPmTF0m9WHDOCqe3J7nS1SyONDgAhyAPHHAOSuAaVEANYPAAnsALeLUerWfrzXqflqasWc8++APr8xtSfKED</latexit>

SSpin(10)
± = O

2
C

A very natural question to ask is what is the subgroup of these groups that commutes with the chosen
<latexit sha1_base64="NNSs5wF2n3yCT60YSybN3DAqsfk=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkrifSMUu3FnBXuBJpbJdNIOnUzCzEQoIc/gxldx40IRt67c+TZO2oja+sPAx3/OYc75vYhRqSzr05iZnZtfWCwsFZdXVtfWzY3NhgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9QTWrN++IkDTkN2oYETdAPU59ipHSVsfcdwKk+p6XXKXw/JurqRNGLJbwx7g97Jglq2yNBKfBzqEEctU65ofTDXEcEK4wQ1K2bStSboKEopiRtOjEkkQID1CPtDVyFBDpJqOTUrirnS70Q6EfV3Dk/p5IUCDlMPB0Z7ajnKxl5n+1dqz8MzehPIoV4Xj8kR8zqEKY5QO7VBCs2FADwoLqXSHuI4Gw0ikWdQj25MnT0Dgo2yfl4+ujUuUij6MAtsEO2AM2OAUVcAlqoA4wuAeP4Bm8GA/Gk/FqvI1bZ4x8Zgv8kfH+BYkmngc=</latexit>

O = C→ C
3

This can be understood nicely by introducing
<latexit sha1_base64="EAqcRE3UxOeAFk8Yzo8wruZ7By8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXZWk+EIoFN3YrirYB7SxTKaTduhkEmYmQgl146+4caGIW//CnX/jpM1CWw9cOJxzL/fe44aMSmVZ30ZmYXFpeSW7mltb39jcMrd3GjKIBCZ1HLBAtFwkCaOc1BVVjLRCQZDvMtJ0h9eJ33wgQtKA36lRSBwf9Tn1KEZKS11zrwJLsAqrR5ewcl8sdXykBq4bV8ZdM28VrAngPLFTkgcpal3zq9MLcOQTrjBDUrZtK1ROjISimJFxrhNJEiI8RH3S1pQjn0gnnnwwhoda6UEvELq4ghP190SMfClHvqs7kwvlrJeI/3ntSHkXTkx5GCnC8XSRFzGoApjEAXtUEKzYSBOEBdW3QjxAAmGlQ8vpEOzZl+dJo1iwzwqntyf58lUaRxbsgwNwDGxwDsrgBtRAHWDwCJ7BK3gznowX4934mLZmjHRmF/yB8fkDCdeUwQ==</latexit>

I = JJ → : I2 = I

Then 
<latexit sha1_base64="SJ39GoQIeDGMFDnFYWUhxmXMWo4=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclUR8LYvduLOCfUATysx00g6dTMLMRCghCzf+ihsXirj1I9z5N07aCNp64MLhnHu59x4cc6a043xZS8srq2vrpY3y5tb2zq69t99WUSIJbZGIR7KLkaKcCdrSTHPajSVFIea0g8eN3O/cU6lYJO70JKZ+iIaCBYwgbaS+XfFCpEcYp43MUwlWVP8IN1nfrjo1Zwq4SNyCVEGBZt/+9AYRSUIqNOFIqZ7rxNpPkdSMcJqVvUTRGJExGtKeoQKFVPnp9IkMHhllAINImhIaTtXfEykKlZqE2HTmF6p5Lxf/83qJDi79lIk40VSQ2aIg4VBHME8EDpikRPOJIYhIZm6FZIQkItrkVjYhuPMvL5L2Sc09r53dnlbrV0UcJVABh+AYuOAC1ME1aIIWIOABPIEX8Go9Ws/Wm/U+a12yipkD8AfWxze2NJjL</latexit>

C → O is the eigenspace of eigenvalue +1  of I

(and thus with both complex structures on the space of spinors)



Stabilisers of 
<latexit sha1_base64="7AUmqEYaS59mm4C+p+g3yhGShQU=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA9SNgVX8egF8kpgnlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6387S8srq2npho7i5tb2zW9rbb+ooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjO4yv/VElWaRfDTjmPoCDyQLGcEmk2pntZNeqexW3CnQIvFyUoYc9V7pq9uPSCKoNIRjrTueGxs/xcowwumk2E00jTEZ4QHtWCqxoNpPp7dO0LFV+iiMlC1p0FT9PZFiofVYBLZTYDPU814m/ud1EhPe+CmTcWKoJLNFYcKRiVD2OOozRYnhY0swUczeisgQK0yMjadoQ/DmX14kzfOKd1W5fLgoV2/zOApwCEdwCh5cQxXuoQ4NIDCEZ3iFN0c4L8678zFrXXLymQP4A+fzBwIFjZM=</latexit>

J, J →

<latexit sha1_base64="3ZoAQSdIjQ7pOY3IRZ534c/wHM8="></latexit>

Spin(8) → GJ,J → = S(U(1)↑U(3))
From KK: 1912.11282

<latexit sha1_base64="Jbwq1TwtTbghc1eQcJmpPsFPmmQ="></latexit>

Spin(9) → GJ = SU(4)↑ SU(2)/Z2

<latexit sha1_base64="uZ/PFshDwPMLGu5+hDSy7+cjIfI=">AAACEXicbVC7SgNBFJ2Nrxhfq5Y2g0HYNGFXoqYRghaKVUTzgGwIs5NJMmRmdpmZFcKyv2Djr9hYKGJrZ+ffOHkUmnjgwuGce7n3niBiVGnX/bYyS8srq2vZ9dzG5tb2jr27V1dhLDGp4ZCFshkgRRgVpKapZqQZSYJ4wEgjGF6O/cYDkYqG4l6PItLmqC9oj2KkjdSxncSXHN5FVKROueCrOFJEw6tOcpPCczg1a6lTKnTsvFt0J4CLxJuRPJih2rG//G6IY06Exgwp1fLcSLcTJDXFjKQ5P1YkQniI+qRlqECcqHYy+SiFR0bpwl4oTQkNJ+rviQRxpUY8MJ0c6YGa98bif14r1r1yO6EiijUReLqoFzOoQziOB3apJFizkSEIS2puhXiAJMLahJgzIXjzLy+S+nHROy2e3JbylYtZHFlwAA6BAzxwBirgGlRBDWDwCJ7BK3iznqwX6936mLZmrNnMPvgD6/MH2HabwA==</latexit>

Spin(8) → GJ = SU(4)

<latexit sha1_base64="Ekrzk3zhbQmXt8NMlEicBBZP0wY="></latexit>

Spin(9) → GJ,J → = GSM = SU(3)↑ SU(2)↑U(1)/Z6.

<latexit sha1_base64="ymww6qRZiO8yPErYwhT/dfM39PM="></latexit>

Spin(10) → GJ = GPS = SU(4)↑ SU(2)↑ SU(2)/Z2

<latexit sha1_base64="3ZprWAIohIU67yoWUkH+PQ/CIQY="></latexit>

Spin(10) → GJ,J → = GLR = SU(3)↑ SU(2)↑ SU(2)↑U(1)/Z6

From Boyle: 2006.16265

This seems clearly relevant to the question of how Spin(10) breaks to 
<latexit sha1_base64="nEcjl73iRn84lDLJ8X5yhrHrCmQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LHvQiVLQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5N/OYTVZpF8sGMYuoL3JcsZAQbKz1ed9OOEuj+dtwtltyyOwVaJF5GSpCh1i1+dXoRSQSVhnCsddtzY+OnWBlGOB0XOommMSZD3KdtSyUWVPvp9OIxOrJKD4WRsiUNmqq/J1IstB6JwHYKbAZ63puI/3ntxIQXfspknBgqyWxRmHBkIjR5H/WYosTwkSWYKGZvRWSAFSbGhlSwIXjzLy+SxknZOytX7k5L1cssjjwcwCEcgwfnUIUbqEEdCEh4hld4c7Tz4rw7H7PWnJPN7MMfOJ8/BG+QgQ==</latexit>

GSM

But also clear that can only be a part of the answer, because need to break the symmetry further



Pure spinors
Another set of basic observations: There are several different types of orbits of Spin(10) in 

<latexit sha1_base64="aP0W9y24+WQlTgynIbki5y9KfbA=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxC3ZREfC2LblxWah/QxDCZTtqhM5MwMxFKzMJfceNCEbf+hjv/xuljoa0HLhzOuZd77wkTRpV2nG9rYXFpeWW1sFZc39jc2rZ3dpsqTiUmDRyzWLZDpAijgjQ01Yy0E0kQDxlphYPrkd96IFLRWNzpYUJ8jnqCRhQjbaTA3q8HXsLvs8yTHNYTKvKy6xzngV1yKs4YcJ64U1ICU9QC+8vrxjjlRGjMkFId10m0nyGpKWYkL3qpIgnCA9QjHUMF4kT52fj+HB4ZpQujWJoSGo7V3xMZ4koNeWg6OdJ9NeuNxP+8TqqjSz+jIkk1EXiyKEoZ1DEchQG7VBKs2dAQhCU1t0LcRxJhbSIrmhDc2ZfnSfOk4p5Xzm5PS9WraRwFcAAOQRm44AJUwQ2ogQbA4BE8g1fwZj1ZL9a79TFpXbCmM3vgD6zPH/zZlXE=</latexit>

SSpin(10)
±

Pure spinor - stabilised by

<latexit sha1_base64="kHMIIn5HcHnbm/bNyHPCWO3zj8U=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZRE6mMjFF3osqJpC00Ik+mkHTqThJmJUEPxV9y4UMSt/+HOv3HaZqGtBy4czrmXe+8JEkalsqxvo7CwuLS8Ulwtra1vbG6Z2ztNGacCEwfHLBbtAEnCaEQcRRUj7UQQxANGWsHgauy3HoiQNI7u1TAhHke9iIYUI6Ul39y79t1EUngBM1dweOeMKrUj3yxbVWsCOE/snJRBjoZvfrndGKecRAozJGXHthLlZUgoihkZldxUkgThAeqRjqYR4kR62eT6ETzUSheGsdAVKThRf09kiEs55IHu5Ej15aw3Fv/zOqkKz72MRkmqSISni8KUQRXDcRSwSwXBig01QVhQfSvEfSQQVjqwkg7Bnn15njSPq/Zp9eS2Vq5f5nEUwT44ABVggzNQBzegARyAwSN4Bq/gzXgyXox342PaWjDymV3wB8bnDzRDk8g=</latexit>

Gω = SU(4)

Real unit spinor - stabilised by

<latexit sha1_base64="kx1K4Sb/2u/a/bLe7jTP3PkgRuQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZRErLoRii50WdG0hSaEyXTSDp1JwsxEqKH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfcECaNSWda3UVhYXFpeKa6W1tY3NrfM7Z2mjFOBiYNjFot2gCRhNCKOooqRdiII4gEjrWBwNfZbD0RIGkf3apgQj6NeREOKkdKSb+5d+24iKbyAmSs4vHNGldqRb5atqjUBnCd2TsogR8M3v9xujFNOIoUZkrJjW4nyMiQUxYyMSm4qSYLwAPVIR9MIcSK9bHL9CB5qpQvDWOiKFJyovycyxKUc8kB3cqT6ctYbi/95nVSF515GoyRVJMLTRWHKoIrhOArYpYJgxYaaICyovhXiPhIIKx1YSYdgz748T5rHVfu0Wrs9Kdcv8ziKYB8cgAqwwRmogxvQAA7A4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzBzXIk8k=</latexit>

Gω = SU(5)

<latexit sha1_base64="n8d/hirpNkEsYQqTY+13SYV6CPM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiFo3QtGFLivaB3SGIZOmbWiSGZKMUMYu/BU3LhRx62+4829M21lo64ELh3Pu5d57wphRpR3n28otLC4tr+RXC2vrG5tb9vZOQ0WJxKSOIxbJVogUYVSQuqaakVYsCeIhI81wcDX2mw9EKhqJez2Mic9RT9AuxUgbKbD3rgMvVhRewNSTHN7FVIxKlaPALjplZwI4T9yMFEGGWmB/eZ0IJ5wIjRlSqu06sfZTJDXFjIwKXqJIjPAA9UjbUIE4UX46uX8ED43Sgd1ImhIaTtTfEyniSg15aDo50n01643F/7x2orvnfkpFnGgi8HRRN2FQR3AcBuxQSbBmQ0MQltTcCnEfSYS1iaxgQnBnX54njeOye1Y+vT0pVi+zOPJgHxyAEnBBBVTBDaiBOsDgETyDV/BmPVkv1rv1MW3NWdnMLvgD6/MHAQWU0Q==</latexit>

Gω = Spin(7)

General impure spinor - stabilised by

Pure spinor of Spin(10) defines a complex structure on 
<latexit sha1_base64="ImtL4qjuol/cpjVuc2jLo98Sii8=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWFRITFWCeI0VLIwF0YfUhspxndaq40S2g1SifAkLAwix8ils/A1OmwEKR7J0dM69usfHjzlT2nG+rNLS8srqWnm9srG5tV21d3bbKkokoS0S8Uh2fawoZ4K2NNOcdmNJcehz2vEnV7nfeaBSsUjc6WlMvRCPBAsYwdpIA7vaD7Ee+356m92nrpMN7JpTd2ZAf4lbkBoUaA7sz/4wIklIhSYcK9VznVh7KZaaEU6zSj9RNMZkgke0Z6jAIVVeOgueoUOjDFEQSfOERjP150aKQ6WmoW8m85hq0cvF/7xeooMLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbriqmBHfxy39J+7juntVPb05qjcuijjLswwEcgQvn0IBraEILCCTwBC/waj1az9ab9T4fLVnFzh78gvXxDaKtkxY=</latexit>

R10

Example of a pure spinor in octonionic description
<latexit sha1_base64="d+xelcqJYYxnN8j92Lroi1tWcTk="></latexit>

ω =

(
1 + iu

0

)
<latexit sha1_base64="N8QWaXelhGmnUwXkS2jLaaiE6eA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUznpBSNJpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7ulJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jsZcIXMiIkllClubyVsRBVlxiZUsiF4yy+vktZF1buq1h4uK/XbPI4inMApnIMH11CHe2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AEtu497</latexit>u -unit imaginary octonion

Theorem: (KK 2209.05088)                 is the subgroup of Spin(10) that stabilises a pure spinor 
<latexit sha1_base64="luRxvyWZ7gPOo6F/EfvdLBNL00I=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVv45FLx4rWFtol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmlldW19o7xZ2dre2d2r7h88miTVhLZIwhPdibChnEnassxy2lGaYhFx2o7Gt7nffqLasEQ+2ImiocBDyWJGsM2lnjKsX635dX8GtEyCgtSgQLNf/eoNEpIKKi3h2Jhu4CsbZlhbRjidVnqpoQqTMR7SrqMSC2rCbHbrFJ04ZYDiRLuSFs3U3xMZFsZMROQ6BbYjs+jl4n9eN7XxdZgxqVJLJZkvilOObILyx9GAaUosnziCiWbuVkRGWGNiXTwVF0Kw+PIyeTyrB5f1i/vzWuOmiKMMR3AMpxDAFTTgDprQAgIjeIZXePOE9+K9ex/z1pJXzBzCH3ifPyd/jlQ=</latexit>

ω

and projectively stabilises another pure spinor 
<latexit sha1_base64="cIAFuODxJxkqbnPvU5lRIyQJxc4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbRU0nEr2PRi8cKpi20oWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q0HGqGPosFrFqhVSj4BJ9w43AVqKQRqHAZji6m/rNJ1Sax/LRjBMMIjqQvM8ZNVbyO4nmp91yxa26M5Bl4uWkAjnq3fJXpxezNEJpmKBatz03MUFGleFM4KTUSTUmlI3oANuWShqhDrLZsRNyYpUe6cfKljRkpv6eyGik9TgKbWdEzVAvelPxP6+dmv5NkHGZpAYlmy/qp4KYmEw/Jz2ukBkxtoQyxe2thA2poszYfEo2BG/x5WXSOK96V9XLh4tK7TaPowhHcAxn4ME11OAe6uADAw7P8ApvjnRenHfnY95acPKZQ/gD5/MHiS2OhQ==</latexit>

ω→ with 
<latexit sha1_base64="LuvtuOlcK5RG7lrmDqOocELaLDs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvoQsqM+FoW3bisYB/YDiWTZtrQJDMkGaEM/Qs3LhRx69+482/MtLPQ1gMJh3Pu5d57gpgzbVz32yksLa+srhXXSxubW9s75d29po4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6DbzW09UaRbJBzOOqS/wQLKQEWys9NiNNTvNvuNeueJW3SnQIvFyUoEc9V75q9uPSCKoNIRjrTueGxs/xcowwumk1E00jTEZ4QHtWCqxoNpPpxtP0JFV+iiMlH3SoKn6uyPFQuuxCGylwGao571M/M/rJCa89lMm48RQSWaDwoQjE6HsfNRnihLDx5ZgopjdFZEhVpgYG1LJhuDNn7xImmdV77J6cX9eqd3kcRThAA7hBDy4ghrcQR0aQEDCM7zCm6OdF+fd+ZiVFpy8Zx/+wPn8ARSckIs=</latexit>

ω,ω→ such that 
<latexit sha1_base64="mNEvRm9Iofwo/e6bXBigtd2tNGE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIsoCGVGfC2LblxWsA9sh5JJM21okhmSjFCG/oUbF4q49W/c+Tdm2llo64GEwzn3cu89QcyZNq777RSWlldW14rrpY3Nre2d8u5eU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rSeqNIvkgxnH1Bd4IFnICDZWeuzGmp1m33GvXHGr7hRokXg5qUCOeq/81e1HJBFUGsKx1h3PjY2fYmUY4XRS6iaaxpiM8IB2LJVYUO2n040n6MgqfRRGyj5p0FT93ZFiofVYBLZSYDPU814m/ud1EhNe+ymTcWKoJLNBYcKRiVB2PuozRYnhY0swUczuisgQK0yMDalkQ/DmT14kzbOqd1m9uD+v1G7yOIpwAIdwAh5cQQ3uoA4NICDhGV7hzdHOi/PufMxKC07esw9/4Hz+ABMTkIo=</latexit>

ω + ω→ is again a pure spinor.

<latexit sha1_base64="7+rW/cIPTzOYwF29xEmZ/6jr8iM="></latexit>

ω→ =

(
0

1 + iu

)
Concretely, can take

<latexit sha1_base64="d+xelcqJYYxnN8j92Lroi1tWcTk="></latexit>

ω =

(
1 + iu

0

)

<latexit sha1_base64="nEcjl73iRn84lDLJ8X5yhrHrCmQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LHvQiVLQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5N/OYTVZpF8sGMYuoL3JcsZAQbKz1ed9OOEuj+dtwtltyyOwVaJF5GSpCh1i1+dXoRSQSVhnCsddtzY+OnWBlGOB0XOommMSZD3KdtSyUWVPvp9OIxOrJKD4WRsiUNmqq/J1IstB6JwHYKbAZ63puI/3ntxIQXfspknBgqyWxRmHBkIjR5H/WYosTwkSWYKGZvRWSAFSbGhlSwIXjzLy+SxknZOytX7k5L1cssjjwcwCEcgwfnUIUbqEEdCEh4hld4c7Tz4rw7H7PWnJPN7MMfOJ8/BG+QgQ==</latexit>

GSM

Symmetry breaking by copies of Higgs in 
the spinor representation



Summary and Outlook
The relevance of Spin(10) to SM is the standard GUT fact

Spin(10) is simplest to describe using octonions

Some natural geometric structures are easiest to describe in this language

Commutants of such structures are very close or coincide with SM gauge group

But these ideas are still kinematical

What is missing is a convincing dynamical principle that incorporates these ideas

It is possible that the way to make progress is to marry these kinematical ideas with 12 -> 4 KK dimensional reduction idea 



Thank you!


