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Summary

Figure 2. The tangent space TxM at a point x in a symmetric 
manifold M carries a Jordan algebraic structure

M
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Topics

1 Jordan algebras and symmetric cones

2 Jordan triples and Lie algebras
(Note: Jordan algebra = Jordan triple + unit)

3 Jordan triples and symmetric manifolds

4 Examples: Spin factors, H3(K ), K = R,C,H,O
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Origin of Jordan algebra
P. Jordan, J. von Neumann and E. Wigner,
On an algebraic generalisation of the quantum mechanical
formalism,
Ann. of Math. 36 (1934) 29–64.

Jordan

Von Neumann

Wigner
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Jordan algebra

An algebra A (not necessarily associative) (over a field F )

is a Jordan algebra if

a b = b a

a 2(b a) = (a 2b)a .

F = R, C
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Examples

Hn(K ) = all n × n Hermitian matrices over K , (K = R, C, H)

ab :=
1
2
(a.b + b.a) (a.b denotes matrix product)

K associative ⇒ Hn(K ) is a special Jordan algebra.
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Exceptional Jordan algebras
Let O = real Cayley algebra

= 8 dimensional normed divison algebra over R,
with basis {e0, . . . ,e7}.

O = complex Cayley algebra

=


7∑

j=0

αjej : αj ∈ C

 .

Albert algebra := H3(O) (over C), H3(O) (over R)

= all 3 × 3 Hermitian matrices (aij) with aij ∈ O (resp. O)
and multiplication

(aij)(bij) =
1
2
((aij).(bij) + (bij).(aij)).

O is not associative.
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spin factor

H = real Hilbert space, inner product ⟨·, ·⟩

H ⊕ R is a spin factor, with identity 0 ⊕ 1 and Jordan
product

(a ⊕ α)(b ⊕ β) := (βa + αb)⊕ (⟨a,b⟩+ αβ).

This is a special real Jordan algebra and dim(H ⊕R) ≤ ∞.

Examples : Rn ⊕ R.
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Product of 3 elements = triple product in Jordan
algebras

Let A be a Jordan algebra and a,b, c ∈ A. Define

{a,b, c} = (a b) c + a (b c) − b (a c)

which is trilinear.

If A is a Jordan algebra with involution ∗, we define

{a,b, c} = (a b∗) c + a (b∗ c) − b∗ (a c).

We have
{a,b, c} = {c,b,a}

{·, ·, ·} is

linear in the outer variables; conjugate linear in the middle variable.

Call {·, ,̇·} the canonical triple product of A.
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Triple identity

{a,b, {x , y , z}}

= {{a,b, x}, y , z} − {x , {b,a, y}, z}+ {x , y , {a,b, z}}
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Jordan triples (Meyberg 1970)

A vector space V is a Jordan triple if there is a map

{·, ·, ·} : V 3 −→ V ,

linear in the 1st and 3rd variables, conjugate linear in the
2nd variable, satisfying

(i) {a,b, c} = {c,b,a}
(ii) Triple identity.

Cho-Ho Chu ( Queen Mary, University of London )13 July 2026 Jordan algebras and geometry



Examples of Jordan triples

1. Real Jordan algebras with canonical triple product.

2. Complex Jordan algebras with involution * and
canonical triple product

{a,b, c} = (a b∗)c + a (b∗c)− b∗(a c).

e.g. H3(O) = H3(O) + iH3(O)
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left multiplication on Jordan triples

Let V = Jordan triple. Define "left multiplication”,
or box operator

a b : V −→ V by (a b)(x) = {a,b, x} (x ∈ V ).

For Jordan algebra A with identity e,

a e = La : x ∈ A 7→ ax ∈ A.

Let V V = linear span of {a b : a,b ∈ V}.

Then triple identity ⇒ V V is a Lie algebra and

V V ≈ structure algebra of V .

Denote Γ(V ) := Lie group of V V = structure group of V .
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Jordan algebras and symmetric cones

From now on, dimension < ∞, A = real Jordan algebra, which
is formally real, that is,

a2 + b2 = 0 ⇒ a = b = 0.

Then
• A contains an identity e.

• A is a Hilbert space with inner product ⟨a,b⟩ = Trace Lab
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Positive cone of A

A cone Ω in a real vector space is a nonempty set satisfying
(i) tΩ ⊂ Ω for all t > 0
(ii) Ω+ Ω ⊂ Ω.
Ω is called proper if Ω ∩ −Ω = {0}.

A+ := {a2 : a ∈ A} is a closed cone in A. Let

Ω(A) = interior of A+.

Ω(A) is a proper open cone in A, called the positive cone of A.
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Properties of Ω(A)

1. Ω(A) is linearly homogeneous :

Given a,b ∈ Ω(A), ∃ (continuous) linear isomorphism

g : A −→ A such that g(a) = b.

2. Ω(A) is self-dual :

Ω(A) = Ω(A)∗.

3. Ω(A) is a Riemannian symmetric manifold.
(and TpΩ(A) ≈ A).

↓ structure group

Ω(A) = Γ(A)/Aut A.
↑ Jordan automorphisms

Note. All 3 properties above can be defined for an open cone Ω
in a real Hilbert space V .

In fact, they characterise formally real Jordan algebras.
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Riemmanian symmetric manifolds

A Riemmanian manifold (M,g) is called symmetric if there is a
(unique) symmetry sp : M −→ M at each p ∈ M, that is,

1 sp is an isometry and s2
p = identity map,

2 p is an isolated fixed point of sp.

M ≈ homogeous space of Lie group = G/K
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Correspondence between A and symmetric cones

Theorem
Let Ω be a proper open cone in a real Hilbert space V
(dimV < ∞).
T. F. A. E.

1 Ω = Ω(A) for some formally real Jordan algebra A.
2 Ω is linearly homogeneous, self-dual (symmetric cone)
3 Ω is a linearly homogeneous Riemannian symmetric

manifold.

Proof.
1 ⇔ 2 ⇒ 3 Koecher and Vinberg (1962/3)

1 ⇔ 3 Chu, Crelle, 2021.
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Koecher Vinberg
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Examples

A H3(R) H3(C) H3(H) H3(O)

Ω(A) GL(3,R)/O(n) GL(3,C)/U(n) GL(3,H)/Sp(n) E6(−26)/F4
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Examples

Spin factors

A = Rn = R⊕ Rn−1 (n ≥ 3)

Ω(A) = {r ⊕ a ∈ R⊕ Rn : r > ∥a∥2}, a = (a1, . . . ,an−1)

= {r ⊕ a : r2 > a2
1 + · · ·+ a2

n−1} (Lorentz cone).
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Light cone
A = R2 ⊕ R

Ω(A) = {(x , y , z) ∈ R3 : z2 > x2 + y2}

Ω

R is a formally real Jordan algebra

0

3

3
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Jordan triples and Lie algebras

Jordan triples ↔ a class of Lie algebras
(1-1 correspondence)

(Tits-Kantor-Koecher Lie algebras)

 

                                                                                                                                  

                 

        Isaiah  Kantor                                        Jacques  Tits 

Kantor: “There are no Jordan algebras, there are only Lie algebras.” 
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Tits-Kantor-Koecher Lie algebras

A Lie algebra g is called 3-graded if ∃ 3-grading:

g = g−1 ⊕ g0 ⊕ g1

where

[gi , gj ] ⊂
{
{0} (i + j = ±2)
gi+j (otherwise).

A 3-graded Lie algebra g is a Tits-Kantor-Koecher Lie algebra
(TKK Lie algebra) if

1 [g−1, g1] = g0,
2 ∃ an involution θ : g −→ g such that θ(gj) = g−j .
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Tits-Kantor-Koecher construction

V = Category of Jordan triples.

G = Category of TKK Lie algebras.

Then V ≈ G via

L : V ∈ V 7→ L(V ) ∈ G.

L(V ) := V ⊕ (V V )⊕ V (conjugate of V )

with involution

θ : x ⊕
∑

j

aj bj ⊕z ∈ L(V ) 7→ z ⊕ −
∑

j

bj aj ⊕x ∈ L(V ).
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Example

V = H3(O) ∈ V ⇒
L(V ) = e7 ∈ G
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Jordan triples and symmetric manifolds

Hermitian Jordan triples ↔ Hermitian (complex) symmetric manifolds

Kaup (1977) (1 − 1 correspondence)

A complex normed Jordan triple (V , ∥ · ∥) is Hemitian if

a a has real numerical range, ∀a ∈ V .

Kaup

Figure 2. The tangent space TxM at a point x in a symmetric 
manifold M carries a Jordan algebraic structure

M
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⇒ :

Example

Let V = H3(O), which is Hermitian. Then

M = {(aij) ∈ H3(O) : ∥(aij)∥ < 1} ≈ H3(O)⊕ iΩ(H3(O))
↑ Cayley transform

is a Hermitian symmetric manifold and V ≈ T0M.
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JORDAN STRUCTURES 
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Jordan theory has developed rapidly in the last three decades, but very few
books describe its diverse applications. Here, the author discusses some
recent advances of Jordan theory in differential geometry, complex and 
functional analysis, with the aid of numerous examples and concise historical
notes. These include: the connection between Jordan and Lie theory via the
Tits-Kantor-Koecher construction of Lie algebras; a Jordan algebraic
approach to infinite dimensional symmetric manifolds including Riemannian
symmetric spaces; the one-to-one correspondence between bounded 
symmetric domains and JB*-triples; and applications of Jordan methods 
in complex function theory. The basic structures and some functional 
analytic properties of JB*-triples are also discussed
The book is a convenient reference for experts in complex geometry or 
functional analysis, as well as an introduction to these areas for beginning
researchers. The recent applications of Jordan theory discussed in the book
should also appeal to algebraists.

CAMBRIDGE TRACTS IN MATHEMATICS

This series is devoted to thorough, yet reasonably concise, treatments of 
topics in any branch of mathematics. Typically, a Tract takes up a single
thread in a wide subject, and follows its ramifications, thus throwing light 
on its various aspects. Tracts are expected to be rigorous, definitive and of
lasting value to mathematicians working in the relevant disciplines. Exercises
can be included to illustrate techniques, summarize past work, and enhance
the book's value as a seminar text. All volumes are properly edited and 
typeset, and are published, initially at least, in hardback.
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Thank You!
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