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Jordan triple system

Vector space V over C
/
Jordan triple T

O: VXV - End(V
T Triple product { -, VXV XV 5V —— - End(V)

aob = {a,b,}

 {-,-,-} > C-linearin first and last arguments and anti-linear in the second
* {a,b,c} ={c,Db,a}
e |aob,uv] = (aob u)ov — ua(boa v)

Example: V = M, 4(C) and {a, b, c} = %(ab*c +cbTa)
If p # g, not a (unital) Jordan algebra



Classification of Jordan algebras

Formally real simple Jordan algebras

Vector space over R Jordan product
1
bn (IR) aoh =E(ab+ba)
1
bn () aobh =§(ab+ba)
bn (H)

1
aobzz(ab+ba)

R" P R (x,t)o (X, t)=(tx" +tx,x-x"+tt)

b3(0) aob=%(ab+ba)



Classification of Jordan triple systems

Vector space Jordan product

Compact Hermitian symmetric space

over C
Mpq(C) (a,b,c} = = (ab'c + cha) SU(p + q)/S(U(p) x U(q))
o 2
on(C) (@.b,6} = S (@b'c + ob'a Sp(n)/U(n)
an (©) {a,b,c} = l(ab*c + cbh*a) 50(2n)/U(n)
o 2
c" {a,b,c} SO(n + 2)/(S0O(n) x SO(2))
= (@a-b")c+(c-bHa—(a-c)b”
b3(0c) (@.b.¢} = Lats e) + cba) E7/((Es X U(1))/Z5)
o 2
Oc* Ee/((Spin(10) x U(1))/Zy)

1 _ _
{a,b,c} = > (a(bTc) + c(bTa))




Tripotents and Peirce decomposition



Result |: the Standard Model gauge group

The inner automorphisms of (@@2 triple system that:
* have determinant 1 action

» stabilise a minimal tripotent — (Spin(10) x U(1)/Z4 = S(U(3) x U(2))
* stabilise up to phase another colinear tripotent
form the Standard Model gauge group.

—

—

The inner automorphisms form the connected part of all
possible automorphisms for finite, simple Jordan triple systems,
e.g. complex conjugation is not an inner automorphism.



Manifold of minimal unit circles

* Tripotents form a compact submanifold My € V
* Rank n tripotents form connected components for simple Jordan triples

* Consider the connected compact submanifold of minimal tripotents M c I/
which is transitive under Aut,y (V)

* Define an equivalence relatione ~ f & 31 € U(1)[e = Af]
* Equivalence class is a ‘circle’ C(e) c V; (e)

* The circles of minimal tripotents form a connected compact Hermitian
symmetric space S, with tangent space isomorphic to V; ,,(e)

»>S is transitive under Auty(V)/U(1)

»S is the same compact Hermitian space as the one associated toV, /,(e)



Fixing two pointson S

» Take V = O¢” with Auty (V) = (Spin(10) x U(1))/Z, where U(1) is formed
by uniform phase transformations

* Vi2(e) = a5(C) » S =50(10)/U(5)

* Stabilise a point C(e) € S: Spin(10) — U(5)

* Consider now the circles C(f) < V; ,(e) that form S’ C S

* (a5(©))1/2(D) = My(C) > ' = SU(5)/S(U(3) X U(2))

* The U(5) symmetry has a U(1) subgroup that preserves the points of S’:
* Peirce scaling: V — 2°Vy(e) + AV 5(e) + 173V (e)

* This U(1) is removed by stabilising e not just C(e) and by stabilising a point
C(f) € S wegetSU(5) - S(U(3) xU(2))



Result II: natural Standard Model representation

—» where ¢ = 1(1 + if) € Q¢ (with i € C and ¢ € Q) is an idempotent in Q¢ and
L] — — Z
Ta ke- el — (e; 0) and eZ — (O)e) [ is its complementary idempotent f = 5(1 —if) € O¢. We have

e*=e, [f'=f ef=fe=0, e+f=1

Single Peirce decomposition: 16 - 10+ 5+ 1

Pi(er)(,B) = (eae,0), 1 Pi(e2)(e, B) = (0,eBe),
Pijs(er)(a, ) = (eaf + fae,ef), 10 Py jy(e2)(a, B) = (ea,eBf + fBe),
Py(er)(e,B) = (faf,fB), 5 Py(e2)(e, B) = (fo, fBY).
Common Peirce decomposition
Pl (EL):]P% (El)(ﬂi, ﬁ) — (“, EIBE) — (1, ]., ‘|‘1) = ER
P1(e2)Pr(e1)(, B) = (eae,0) — (1,1, 0)=vrg
1
Pi(ez)Pi(er)(e, B) = (eaf,eff) — (3,2, {‘] = qL
2 2 ]'
. _ 1
Pé (EE)P{}(EI)(H:.-S) — (“} jf;i’r?) — (37 11 * u)) — dR
2
Py (PE)P% (ﬁl)(f}.? ﬁ) = (ff]’.l?, U) — L“} 1, ; } — UR
. . 1
Po(e2)Po(er)(e, B) = (faf, fBf) = (L.2,—5) =LL.



