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Jordan triple system

Jordan triple

Vector space V over  ℂ

Triple product ⋅ ,⋅ ,⋅ : 𝑉 × 𝑉 × 𝑉 → 𝑉

• ⋅ ,⋅ ,⋅ → ℂ-linear in first and last arguments and anti-linear in the second
• a , b , c = {c, b, a}
• 𝑎□𝑏, 𝑢□𝑣 = 𝑎□𝑏 𝑢 □𝑣 − 𝑢□ 𝑏□𝑎 𝑣

□: 𝑉 × 𝑉 → 𝐸𝑛𝑑 𝑉
a□b = a, b ,⋅

Example: 𝑉 = 𝑀p,q ℂ and {𝑎, 𝑏, 𝑐} =
1

2
(𝑎𝑏†𝑐 + 𝑐𝑏†𝑎)

If 𝑝 ≠ 𝑞, not a (unital) Jordan algebra



Classification of Jordan algebras
Formally real simple Jordan algebras

Vector space over ℝ Jordan product

𝔥n(ℝ) 𝑎 ∘ 𝑏 =
1

2
𝑎𝑏 + 𝑏𝑎

𝔥n(ℂ) 𝑎 ∘ 𝑏 =
1

2
𝑎𝑏 + 𝑏𝑎

𝔥n(ℍ) 𝑎 ∘ 𝑏 =
1

2
𝑎𝑏 + 𝑏𝑎

ℝ𝑛 ⊕ℝ (𝑥, 𝑡) ∘ (𝑥′, 𝑡′) = (t𝑥′ + 𝑡′𝑥, 𝑥 ⋅ 𝑥′ + 𝑡𝑡′)

𝔥3(𝕆) 𝑎 ∘ 𝑏 =
1

2
𝑎𝑏 + 𝑏𝑎



Classification of Jordan triple systems
Vector space 

over ℂ
Jordan product Compact Hermitian symmetric space

Mp,q ℂ
{𝑎, 𝑏, 𝑐} =

1

2
(𝑎𝑏†𝑐 + 𝑐𝑏†𝑎)

SU(p + q)/S(U(p) × U(q))

𝔰n(ℂ) {𝑎, 𝑏, 𝑐} =
1

2
(𝑎𝑏∗𝑐 + 𝑐𝑏∗𝑎)

Sp(n)/U(n)

𝔞n(ℂ) {𝑎, 𝑏, 𝑐} =
1

2
(𝑎𝑏∗𝑐 + 𝑐𝑏∗𝑎)

SO(2n)/U(n)

ℂ𝑛 {𝑎, 𝑏, 𝑐}
= (a ⋅ 𝑏∗)c + (c ⋅ 𝑏∗)a − (a ⋅ c)𝑏∗

SO(n + 2)/(SO(n) × SO(2))

𝔥3(𝕆ℂ) {𝑎, 𝑏, 𝑐} =
1

2
(𝑎(𝑏∗𝑐) + 𝑐(𝑏∗𝑎))

E7/((E6 × U(1))/ℤ3)

𝕆ℂ
2

{𝑎, 𝑏, 𝑐} =
1

2
(𝑎(തb†𝑐) + 𝑐(തb†𝑎))

E6/((Spin(10) × U(1))/ℤ4)



Tripotents and Peirce decomposition



Result I: the Standard Model gauge group

The inner automorphisms of 𝕆ℂ
2 triple system that:

• have determinant 1 action
• stabilise a minimal tripotent
• stabilise up to phase another colinear tripotent
form the Standard Model gauge group.

The inner automorphisms form the connected part of all 
possible automorphisms for finite, simple Jordan triple systems, 
e.g. complex conjugation is not an inner automorphism.

(Spin(10) × U(1)/ℤ4 → S(U(3) × U(2))



Manifold of minimal unit circles
• Tripotents form a compact submanifold 𝑀Tri ⊂ 𝑉

• Rank n tripotents form connected components for simple Jordan triples

• Consider the connected compact submanifold of minimal tripotents 𝑀 ⊂ 𝑉
which is transitive under Aut0 𝑉

• Define an equivalence relation 𝑒 ∼ 𝑓 ↔ ∃𝜆 ∈ U(1)[𝑒 = 𝜆𝑓]

• Equivalence class is a ‘circle’ C(e) ⊂ V1(e)

• The circles of minimal tripotents form a connected compact Hermitian 
symmetric space 𝑆, with tangent space isomorphic to V1/2(e)

➢S is transitive under Aut0 𝑉 /U(1)

➢S is the same compact Hermitian space as the one associated toV1/2(e)



Fixing two points on S
• Take V = 𝕆ℂ

2 with Aut0 𝑉 = (Spin(10) × U(1))/ℤ4 where  U(1) is formed 
by uniform phase transformations

• 𝑉1/2(𝑒) ≅ 𝔞5(ℂ) → S = SO(10)/U(5)

• Stabilise a point 𝐶 𝑒 ∈ S: Spin(10) → U(5)

• Consider now the circles C(f) ⊂ 𝑉1/2(𝑒) that form S’ ⊂ S

• (𝔞5(ℂ))1/2(f) ≅ Mp,q ℂ → S′ = SU(5)/S(U(3) × U(2))

• The U(5) symmetry has a U(1) subgroup that preserves the points of S’:

• Peirce scaling:  V → 𝜆5𝑉1(𝑒) + 𝜆1𝑉1/2(𝑒) + 𝜆−3𝑉0(𝑒)

• This U(1) is removed by stabilising 𝑒 not just C(e) and by stabilising a point 
C(f) ∈ S’ we get SU(5) → S(U(3) × U(2))



Result II: natural Standard Model representation

Take: 𝑒1 = 𝑒, 0 and 𝑒2= (0,𝑒)

Single Peirce decomposition: 16 → 10 + ത5 + 1
1

10

ത5

Common Peirce decomposition


