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Main Message(s)

• This talk: exceptional structures appear already in
mini-superspace quantum cosmology

– Octonions and octavians

– Exceptional groups: E8, E9 and E10

– New types of modular forms

• E10 and K(E10) are absolutely distinguished ⇒

• expected to play a key role in understanding

– Quantum gravity and unification

– Structure of fermionic sector of Standard Model with 48

= 3× 16 fundamental spin-12 fermions (quarks and leptons)

– ... and eight supermassive gravitinos as the only new fermionic

degrees of freedom→ a testable prediction (JUNO, DUNE,...)

... the last two items (based on joint work with A.
Kleinschmidt and K.A. Meissner) for some other time!



Basics of BKL

For T → 0 spatial points decouple and the system is
effectively described by a continuous superposition of
one-dimensional systems → effective dimensional re-
duction to D = 1! [Belinski,Khalatnikov,Lifshitz (1972)]



Space(-time) emergence from E10/K(E10)

⇒ reverse viewpoint: not E10 from dimensional reduc-
tion, but space-time based field theory from E10!

→ map time evolution of bosonic field equations to null
geodesic motion on E10/K(E10). [Damour,Henneaux,HN(2002)]

→ analogous to describing evolution of spatial geometry as point

particle motion in moduli space Riem(Σ)/Diff(Σ) of (D−1)-geometries.

A concrete scenario for the emergence of space and
time from a purely algebraic construct!

For a conceptually different ansatz based on E11 see [P.C.West(2001)]



Quantum BKL
[BKL = Belinski,Khalatnikov,Lifshitz(1972);Damour,Henneaux,HN,CQG20(2003)R145]

Metric ansatz with diagonal metric components

ds2 = −N 2dt2 +
d
∑

a=1

e−2βa(t)dx2a (Kasner metric)

Substitute ansatz into Einstein-Hilbert action →

L = n−1Gabβ̇
aβ̇b ≡

∑

a

(β̇a)2 −

(

∑

a

β̇a

)2

⇒ H = Gabπaπb ≈ 0

Induced DeWitt metric Gab in β-space coincides with the Cartan-

Killing metric of some indefinite Kac-Moody algebra restricted

to CSA (for maximal supergravity d = 10 and KMA = E10).

Project motion onto unit hyperboloid in β-space

βa = ρωa , ωaGabω
b = −1 , ρ2 = −βaGabβ

b

with ωa = ωa(z) parametrizing unit hyperboloid.

⇒ BKL limit: singularity is reached for ρ → ∞ (‘Zeno time’).



‘Integrating out’ matter, off-diagonal and spatial curvature de-

grees of freedom → Effective potential V (β) with Toda walls.

Drastic simplification in BKL limit: sharp walls partition β-space

into chambers → metric oscillations towards singularity.

Quantize ⇒ Wheeler-DeWitt (WDW) operator (d > 2)

H ≡ Gab∂a∂b = −ρ1−d ∂

∂ρ

(

ρd−1 ∂

∂ρ

)

+ ρ−2△LB ⇒ ρ=‘time’

with Laplace-Beltrami △LB on (d− 1)-dimensional unit
hyperboloid → wave function obeys WDW equation

HΨ(ρ, z) = 0

To solve separate as Ψ(ρ, z) = R(ρ)F (z) with eigenfunc-
tions −△LBF (z) = EF (z). Then [Kleinschmidt,Köhn,HN:PRD80(2009)061701]

R±(ρ) = ρ−
d−2

2 exp

(

±i

√

E −
(d− 2)2

4
· ln ρ

)

(d > 2)

For Laplace-Beltrami use (d−1)-dimensional upper half
plane z = (v,u) with v ∈ R> and u ∈ Rd−2 ⇒

△LB = vd−1∂v(v
3−d∂v) + v2∂2

u



With Dirichlet boundary conditions use inequality
[e.g.:Iwaniec:Spectral Methods of Automorphic Forms,AMS(2000) → KKN(2009)]

−(△LBF, F ) ≥

∫

dv dd−2u v3−d(∂vF )2

and rewrite

(F, F ) =

∫

dv dd−2u v1−dF 2 =
2

d− 2

∫

dv dd−2u v2−dF∂vF

Cauchy-Schwarz inequality (with −△LBF = EF ) ⇒

E ≥
(d− 2)2

4

⇒ wave function vanishes at singularity (ρ=∞)!

This is DeWitt’s proposed mechanism for resolving
classical singularities in quantum gravity! [DeWitt(1964)]

Complex wave function Ψ(ρ, z) → creates arrow of time

... could also be relevant for resolution of BH infor-
mation paradox (if information does not get crushed
in singularity it cannot be lost) [Perry(2021):2106.03715]



Octavians and E8 root lattice
Simple E8 roots ε1, · · · , ε8 as unit octavians
[Conway,Smith(2003); see also Kleinschmidt,Palmkvist,HN, math.NT1010.2212]

ε1 =
1

2
(1− e1 − e5 − e6) ε2 = e1

ε3 =
1

2
(−e1 − e2 + e6 + e7) ε4 = e2

ε5 = (−e2 − e3 − e4 − e7) ε6 = e3

ε7 =
1

2
(−e3 + e5 − e6 + e7) ε8 = e4

with octonionic units ei, ej, ... (i, j, k counted mod 7)

eiej = ek ⇒ ei+1ej+1 = ek+1 and e2ie2j = e2k

Thus, the E8 root lattice can be endowed with the
structure of a non-commutative and non-associative
ring such that E8 roots are units of this ring!

E8 Weyl group generated by fundamental reflections
z → wj(z) = −εjzεj (associative, but εi(εjzεj)εi 6= (εiεj)z(εjεi))



Automorphic properties of wave function

Reflective walls imply boundary conditions:

Ψ(ρ, z) = ±Ψ(ρ, wI · z)

for fundamental Weyl reflections wI with −(+) for Dirich-
let (Neumann) boundary conditions. For E10 we take

z = u + iv , z̄ = ū− iv (u ∈ O , v > 0 ; iu = ūi)

→ octonionic upper half plane. This leads to ‘modu-
lar’ action of fundamental Weyl reflections in W(E10)

w−1(z) =
1

z̄
, w0(z) = −θz̄θ , wj(z) = −εjz̄εj

where θ highest root of E8 and εj simple roots of E8.

The above action extends the octavian realization of
W(E8) to a full modular realization of the hyperbolic
Weyl group W(E10), with an extra ‘sedenionic’ imagi-
nary unit for the octonionic upper half plane. ⇒



Weyl group of E10 = ‘PGL2(O)’ [Feingold,Kleinschmidt,HN:JAlg322(2009)1295].

Even subgroup of Weyl group = PSL2(O) is the analog
of the modular group PSL2(Z) (→ Einstein gravity).
[see also L.Forte,CQG26(2009)045001]

‘Wave function of the Universe’ is a PGL2(O) automor-
phic form! Mathematical theory to be developed...

Restriction of wave function to fundamental domain =
division by modular group for string amplitudes.

These results can be supersymmetrized → fermionic
Fock space has 2160 components even for this simplest
of approximations. [Kleinschmidt,Köhn,HN(2009)]

More manageable fermionic Fock space via quantiza-
tion of N = 1, D = 4 supergravity in Bianchi IX back-
ground [Damour,Spindel:PRD95(2017)126011] → further evidence for
AE3 and K(AE3) in ordinary (Einstein) gravity.



Geodesics on E10/K(E10) are infinitely unstable
[Damour,HN:CQG22(2005)2849]

Recall geodesic deviation (Jacobi) equation

δξ̈µ = Rµ
νλρ ξ̇

ν δξλ ξ̇ρ

Choose CSA geodesic ξ(t) ≡ ξa(t)Ha (⇒ ξ̈a(t) = 0) with
deviation in direction of Es

α i.e. δξ =
∑

α,s δξ
α
s (E

s
α+Es

−α).
⇒ sectional curvature with generic v ∈ CSA:

R(v, E+
α , v, E

+
α ) = −(vaαa)

2 < 0

is negative and decreases without bound: for every
imaginary root α, any multiple nα is also a root ∀n ∈ N

⇒ δξ̈nαs = n2(v · α)2 δξnαs ⇒ δξnαs (t) ∝ en|v·α|t for E+
nα.

This strongly suggests that analysis cannot be confined
to diagonal metrics and BKL regime, but must take
into account all off-diagonal degrees of freedom.



Duality symmetries: all in one?

Hyperbolic KMA → only finite or affine regular subalgebras!

② ② ② ② ② ② ② ② ②

②

②

③

sl(10) ⊆ e10

D = 11 SUGRA

② ② ② ② ② ② ② ② ②

②

③

②

so(9, 9) ⊆ e10

mIIA D = 10 SUGRA

② ② ② ② ② ② ② ② ②

②

③ ③

sl(9)⊕ sl(2) ⊆ e10

IIB D = 10 SUGRA

All encompassing: E10 contains all hyperbolic KMAs
with symmetric Cartan matrices as subalgebras. [Viswanath(2008)]



SL(10) decomposition for ℓ ≤ 3

Level decomposition: α = ℓα0 +
∑

j≥1 njαj

• ℓ = 0 : Km
nhm

n(t) ∈ GL(10) ↔ graviton

• ℓ = 1 : EmnpAmnp(t) ↔ (electric) 3-form

• ℓ = 2 : Em1···m6Am1···m6
(t) ↔ dual (magnetic) 6-form

• ℓ = 3 : Em0|m1···m8Am0|m1···m8
(t) ↔ dual graviton

for ‘upper triangular’ generators Emnp , · · · → parametrize coset

formally as V(t) = exp
(

hm
n(t)Km

n+
1
3!
Amnp(t)E

mnp+ · · ·
)

∈ E10/K(E10)

Idem for mIIA and IIB (and other) decompositions ⇒
→ different theories by ‘slicing’ E10 in different ways!

⇒ E10 ‘knows all’ about supersymmetry!

Conjecture: spatial dependence gets encoded into higher
level ‘states’ → space ‘de-emerges’ near singularity



SL(10) Decomposition for ℓ ≤ 18

• Idem for mIIA and IIB (and other) decompositions

• E.g. for ℓ = 28 we have already 3276 inequivalent irreducible SL(10) rep-
resentations with maximum outer multiplicity µ = 46450629 for (110100011),

for ℓ ≤ 28 altogether ∼ 4.5× 109 representations of SL(10) [T.Fischbacher].

• No matter where you truncate these level expansions, they keep getting

more complicated with increasing level ℓ (exponential growth!).


