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Extreme Events: rare but devastating
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Applications

Climate studies, finance and economics, hydrology, sports,....

Random walks, disordered systems, random matrices, number theory, .....
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Average vs. Extreme
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General setting:

i

x
i

1 2 N

{x1, x2, . . . , xN} =⇒ random
variables drawn from a joint pdf

P(x1, x2, . . . , xN)

independent or correlated
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i
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x
max

x min

N

{x1, x2, . . . , xN} =⇒ random
variables drawn from a joint pdf

P(x1, x2, . . . , xN)

independent or correlated

Extreme Value Statistics: global maximum or minimum

xmax = max{x1, x2, . . . , xN}
xmin = min{x1, x2, . . . , xN}

Q: Given P(x1, x2, . . . , xN), what can we say about the statistics of xmax

and xmin?
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Extreme statistics of i.i.d random variables

A particularly simple case is when

{x1, x2, . . . , xN} =⇒ set of N i.i.d random variables

each drawn from p(x)→ P(x1, x2, . . . , xN) =
N∏
i=1

p(xi )

Maximum: xmax = max(x1, x2, . . . , xN)

Cumulative dist. of the maximum:

QN(x) = Prob[xmax ≤ x ] = Prob[x1 ≤ x , x2 ≤ x , . . . xN ≤ x ]

Independence =⇒ QN(x) =
[∫ x

−∞ p(x ′) dx ′
]N

=
[
1−

∫∞
x

p(x ′) dx ′
]N

Scaling limit: N large, x large: QN(x)→ F [(x − aN)/bN ]

S.N. Majumdar Extreme Value Statistics for Random Matrices



Extreme statistics of i.i.d random variables

A particularly simple case is when

{x1, x2, . . . , xN} =⇒ set of N i.i.d random variables

each drawn from p(x)→ P(x1, x2, . . . , xN) =
N∏
i=1

p(xi )

Maximum: xmax = max(x1, x2, . . . , xN)

Cumulative dist. of the maximum:

QN(x) = Prob[xmax ≤ x ] = Prob[x1 ≤ x , x2 ≤ x , . . . xN ≤ x ]

Independence =⇒ QN(x) =
[∫ x

−∞ p(x ′) dx ′
]N

=
[
1−

∫∞
x

p(x ′) dx ′
]N

Scaling limit: N large, x large: QN(x)→ F [(x − aN)/bN ]

S.N. Majumdar Extreme Value Statistics for Random Matrices



Extreme statistics of i.i.d random variables

A particularly simple case is when

{x1, x2, . . . , xN} =⇒ set of N i.i.d random variables

each drawn from p(x)→ P(x1, x2, . . . , xN) =
N∏
i=1

p(xi )

Maximum: xmax = max(x1, x2, . . . , xN)

Cumulative dist. of the maximum:

QN(x) = Prob[xmax ≤ x ] = Prob[x1 ≤ x , x2 ≤ x , . . . xN ≤ x ]

Independence =⇒ QN(x) =
[∫ x

−∞ p(x ′) dx ′
]N

=
[
1−

∫∞
x

p(x ′) dx ′
]N

Scaling limit: N large, x large: QN(x)→ F [(x − aN)/bN ]

S.N. Majumdar Extreme Value Statistics for Random Matrices



Extreme statistics of i.i.d random variables

A particularly simple case is when

{x1, x2, . . . , xN} =⇒ set of N i.i.d random variables

each drawn from p(x)→ P(x1, x2, . . . , xN) =
N∏
i=1

p(xi )

Maximum: xmax = max(x1, x2, . . . , xN)

Cumulative dist. of the maximum:

QN(x) = Prob[xmax ≤ x ] = Prob[x1 ≤ x , x2 ≤ x , . . . xN ≤ x ]

Independence =⇒ QN(x) =
[∫ x

−∞ p(x ′) dx ′
]N

=
[
1−

∫∞
x

p(x ′) dx ′
]N

Scaling limit: N large, x large: QN(x)→ F [(x − aN)/bN ]

S.N. Majumdar Extreme Value Statistics for Random Matrices



Extreme statistics of i.i.d random variables

A particularly simple case is when

{x1, x2, . . . , xN} =⇒ set of N i.i.d random variables

each drawn from p(x)→ P(x1, x2, . . . , xN) =
N∏
i=1

p(xi )

Maximum: xmax = max(x1, x2, . . . , xN)

Cumulative dist. of the maximum:

QN(x) = Prob[xmax ≤ x ] = Prob[x1 ≤ x , x2 ≤ x , . . . xN ≤ x ]

Independence =⇒ QN(x) =
[∫ x

−∞ p(x ′) dx ′
]N

=
[
1−

∫∞
x

p(x ′) dx ′
]N

Scaling limit: N large, x large: QN(x)→ F [(x − aN)/bN ]

S.N. Majumdar Extreme Value Statistics for Random Matrices



Three universal extreme value distributions

Scale factors aN and bN =⇒ Non-universal (depends on the precise tail
of p(x))

But only 3 possible varieties of scaling functions F (z) (depending only on
the generic tail of p(x))

=⇒ LAW OF EXTREMES

[Fréchet (1927), Fisher and Tippet (1928), Gnedenko (1943), Gumbel
(1958)...]

Several applications =⇒ Climate, Finance, Oceanography, Disordered
Systems (Random Energy Model of Derrida)
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Three canonical extreme value distributions

Type I (GUMBEL): If p(x) is unbounded with faster than power law tail
(e.g., exponential)

FI (z) = exp[−e−z ]

Type II (FRÉCHET): If p(x) has power law tails: p(x) ∼ x−(γ+1)

FII (z) = 0 z ≤ 0
= exp[−z−γ ] z ≥ 0

Type III (WEIBULL): If p(x) is bounded: p(x) ∼ (1− x)(γ−1)

FIII (z) = exp[−|z |γ ] z ≤ 0
= 1 z ≥ 0

−5 0 5
z
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0.6

0.8
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F
’(z
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Extreme statistics of correlated variables

In many situations, however, the underlying random variables

{x1, x2, . . . , xN} ⇒ correlated

Joint distribution is not factorisable: P(x1, x2, . . . , xN) 6=
N∏
i=1

p(xi )

Extreme statistics of correlated variables ⇒ nontrivial
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Extreme statistics in weakly correlated systems

Weakly correlated variables {x1, x2, . . . , xN}
→ finite correlation length ξ << N

ξ ξ ξ

i

global  maximum

• zi → maximum in the i-th block ⇒ uncorrelated

• Global maximum: xmax = max (z1, z2, . . .)

=⇒ Fréchet, Gumbel or Weibull
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=⇒ Fréchet, Gumbel or Weibull

S.N. Majumdar Extreme Value Statistics for Random Matrices



Extreme statistics in weakly correlated systems

Weakly correlated variables {x1, x2, . . . , xN}
→ finite correlation length ξ << N

ξ ξ ξ

i

global  maximum

• zi → maximum in the i-th block ⇒ uncorrelated

• Global maximum: xmax = max (z1, z2, . . .)
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Extreme statistics in strongly correlated systems

For strongly correlated {x1, x2, . . . , xN}: correlation length ξ ∼ O(N)

Extreme statistics → nontrivial =⇒ few exact results

Examples:

• Random walks and Lévy flights

• Watermelons (vicious random walkers)

• Branching processes

• Mass transport/condensation processes

• Directed polymer & sequence matching

• Fluctuating interfaces (KPZ)

• Top eigenvalue of a Gaussian random matrix
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Gaussian Random Matrices: A brief reminder
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Spectral Statistics in Random Matrix Theory (RMT)

Consider N × N Gaussian random matrix J ≡ [Jij ]

(i) real symmetric (ii) complex Hermitian (iii) complex quaternionic

J =


J11 J12 . . . J1N

J12 J22 . . . J2N

. . . . . . . . . . . . . . .
J1N J2N . . . JNN


Prob.[J] ∝ exp

−β N

2

∑
i,j

|Jij |2


∝ exp
[
−β N

2 Tr
(
J† J

)]
−→ invariant under rotation

(i) GOE (ii) GUE (iii) GSE

N real eigenvalues: {λ1, λ2, . . . , λN} −→ strongly correlated

Spectral statistics in RMT ⇒ statistics of {λ1, λ2, . . . , λN}
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Joint distribution of eigenvalues

Joint distribution of eigenvalues (Wigner, 1951)

P(λ1, λ2, . . . , λN) =
1

ZN
exp

[
−β

2
N

N∑
i=1

λ2
i

] ∏
j<k

|λj − λk |β

where the Dyson index β = 1 (GOE), β = 2 (GUE) or β = 4 (GSE)

The Vandermonde term
∏
j<k

|λj − λk |β makes {λi}′s

=⇒ strongly correlated
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A physical realization of GUE eigenvalues

���
���
���
���

���
���
���
���

x

k=0

k=1

k=2

k=3

V(x)
A single quantum particle in a
harmonic potential: V (x) = 1

2mω
2x2

Schrodinger equation:

− ~2

2m
d2ϕk

dx2 + 1
2mω

2x2ϕk(x) = εkϕk(x)

with ϕk(x → ±∞) = 0

single particle eigenfunctions: ϕk(x) =
[

α√
π 2k k!

]1/2

e−α
2 x2/2 Hk(α x)

with energy levels: εk = (k + 1/2) ~ω k = 0, 1, 2, 3 . . .

α =
√
mω/~ → inverse of the width of the ground state wave packet

Hk(x) → Hermite polynomials

For example, H0(x) = 1, H1(x) = 2x , H2(x) = 4x2 − 2, etc.
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N spinless Fermions in a harmonic trap: T=0

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

x

k=0

k=1

k=2

k=3

k=N−1

Fermi  level

ground state many-body
wavefunction → Slater determinant

Ψ0(x1, x2, . . . , xN) = 1√
N!

det[ϕi (xj)]

with 0 ≤ i ≤ (N − 1), 1 ≤ j ≤ N

ground state energy: E0 = ~ωN2/2

Ψ0({xi}) ∝ e−
α2

2

∑N
i=1 x

2
i det

1≤i, j≤N
[Hi (α xj)]

∝ e−
α2

2

∑N
i=1 x

2
i

∏
j<k

(xj − xk)

=⇒ |Ψ0({xi})|2 =
1

ZN
e−α

2 ∑N
i=1 x

2
i

∏
j<k

(xj − xk)2
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2
i

∏
j<k

(xj − xk)2
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Free fermions at T=0 ≡ GUE eigenvalues

• Fermions: squared many-body wave function at T = 0
(quantum probability density)

|Ψ0({xi})|2 = 1
ZN

exp

[
−

N∑
i=1

α2 x2
i

] ∏
j<k

(xj − xk)2 where α =
√
mω/~

• GUE eigenvalues: joint probability distribution

P(λ1, λ2, . . . , λN) = 1
ZN

exp

[
−

N∑
i=1

λ2
i

] ∏
j<k

|λj − λk |2

⇒ The positions of free fermions in a harmonic trap at T = 0 behave
statistically as the eigenvalues of a GUE random matrix

(α x1, α x2, . . . , α xN) ≡ (λ1, λ2, . . . , λN)

Dean, Le Doussal, S.M. & Schehr, PRL, 114, 110402 (2015); PRA, 94, 063622 (2016); J. Stat.

Mech. P063301 (2017); Recent Review: arXiv: 1810.12583
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Joint distribution of eigenvalues
Joint distribution of eigenvalues (Wigner, 1951)

P(λ1, λ2, . . . , λN) =
1

ZN
exp

[
−β

2
N

N∑
i=1

λ2
i

] ∏
j<k

|λj − λk |β

where the Dyson index β = 1 (GOE), β = 2 (GUE) or β = 4 (GSE)

Coulomb gas interpretration: (Dyson, 1962)

P(λ1, λ2, . . . , λN) = 1
ZN

exp
[
−β2

(
N
∑N

i=1 λ
2
i −

∑
j 6=k log |λj − λk |

)]
∼ exp [−β E [{λi}]

Boltzmann weight of a gas of N pairwise repelling charges (log-repulsion)
in an external harmonic potential V (λ) = λ2
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Spectral Density: Wigner’s Semicircle Law

• Av. density of eigenvalues (normalized to unity):

ρ(λ,N) = 〈 1

N

N∑
i=1

δ(λ− λi )〉

• Wigner’s Semi-circle: ρ(λ,N) −−−−→
N→∞

ρ(λ) =
1

π

√
2− λ2

WIGNER  SEMI−CIRCLE

0

SEA

ρ( λ)

− 2 2

λ
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Average density of eigenvalues
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ρ

0

N
edge

N
edge

N

bulk

_

λ

(λ)−2/3 −2/3

−1

2 2

• Average density: ρ(λ,N) −−−−→
N→∞

ρ(λ) = 1
π

√
2− λ2

• bulk interparticle distance:
∫ lbulk

0
ρ(λ) dλ ≈ 1

N ⇒ lbulk ∼ 1
N

• edge interparticle distance:
∫√2√

2−ledge
ρ(λ) dλ ≈ 1

N ⇒ ledge ∼ N−2/3

ledge >> lbulk

[Bowick & Brezin ’91, Forrester ’93]
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Average density of eigenvalues
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Average density of eigenvalues
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Top eigenvalue: λmax

S.N. Majumdar Extreme Value Statistics for Random Matrices



Top Eigenvalue of a random matrix λmax

�
�
�
�

02 2
_

maxλ

N
−2/3

λ

ledge

Recent excitements in statistical physics & mathematics on

λmax ⇒ the top eigenvalue of a random matrix
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Top Eigenvalue of a random matrix λmax

λ
0

TRACY−WIDOM

WIGNER SEMI−CIRCLE

SEA

− 2 2

N
−2/3

ρ(λ ),Ν

Average: 〈λmax〉 =
√

2 ; Typical fluctuations: |λmax −
√

2| ∼ ledge ∼ N−2/3

typical fluctuations, for large N, are distributed via Tracy-Widom (’94)

P(λmax,N) ∼
√

2N2/3 fβ
(√

2N2/3
(
λmax −

√
2
))

fβ(x)→ Painlevé-II
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Tracy-Widom Distribution for λmax

-4 -2 0 2
x

0.1

0.2

0.3

0.4

0.5

Probability densities f(x)

β = 1

β = 2

β = 4

• Dyson index β = 1 (GOE), β = 2 (GUE) & β = 4 (GSE)

• Asymptotics: fβ(x) ∼ exp
[
− β

24 |x |3
]

as x → −∞

∼ exp
[
− 2β

3 x3/2
]

as x →∞

Typical fluctuations (small) ⇒ Tracy-Widom distribution → ubiquitous

directed polymer, random permutation, growth models–KPZ equation,
sequence alignment, large N gauge theory, liquid crystals, spin glasses,...
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Tracy-Widom distribution: Experiments
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Ubiquity of Tracy-Widom distribution

“Equivalence Principle”, M. Buchanan, Nature Phys. 10, 543 (2014)

“At the far ends of a new universal law”, N. Wolchover, Quanta Magazine (October, 2014)
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Why is Tracy-Widom ubiquitous?

A natural question: Why is Tracy-Widom distribution so ubiquitous?

Critical Phenomena : universality ⇐⇒ phase transition

microscopic details become irrelevant near a critical point

Questions:

Where to look for a phase transition?

Where is the critical point ?

What are the two phases ?
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Large deviations and 3-rd order phase transition

typical fluctuations of size ∼ N−2/3 → Tracy-Widom distributed

Atypical rare fluctuations of size ∼ O(1)
⇒ not described by Tracy-Widom

⇒ rather by large deviation functions
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• General large deviation principle: Ben-Arous & Guionnet 1997

• nonanalytic behavior of the large deviation functions
at the critical point

√
2 =⇒ 3-rd order phase transition

=⇒ Review: S.M. & G. Schehr, J. Stat. Mech. P01012 (2014)
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Large deviations and 3-rd order phase transition
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Large deviations of λmax

via
Coulomb Gas
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Distribution of λmax via Coulomb gas

Prob[λmax ≤ w , N] = Prob[λ1 ≤ w , λ2 ≤ w , . . . , λN ≤ w ] =
ZN(w)

ZN(∞)

ZN(w) =

∫ w

−∞
. . .

∫ w

−∞
{
∏
i

dλi} exp

−β
2

N
N∑
i=1

λ2
i −

∑
j 6=k

log |λj − λk |



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Phase transition
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Saddle point density
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λ

0

ρ
w

(λ)

semi−circle

w

• For w ≥
√

2, the density is given by Wigner semicircle law:

ρw (λ) = 1
π

√
2− λ2

• For w <
√

2, the deformed density: ρw (λ) =

√
λ+L(w)

2π
√
w−λ [w + L(w)− 2λ]

where L(w) = [2
√
w2 + 6− w ]/3

D.S. Dean and S.M., PRL, 97, 160201 (2006); PRE, 77, 041108 (2008)
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Large Deviation Tails of λmax: Summary

ρ (λ, Ν)

λ
0

TRACY−WIDOM

WIGNER SEMI−CIRCLE

N

LARGE DEVIATION

LEFT

RIGHT

−2/3

− 2 2

LARGE DEVIATION

• fβ(x) −→ Tracy-Widom

• Φ∓(w) −→ left and right ‘rate’
functions

=⇒ exactly computable

Dean & S.M., PRL, 97, 160201 (2006)

S.M & Vergassola, PRL, 102, 060601 (2009)

Borot, Eynard, S.M., Nadal, JSTAT P11024 (2011)

Prob. density of the top eigenvalue: Prob. [λmax = w ,N] behaves as:

P(w , N) ∼ exp
[
−β N2 Φ−(w)

]
for

√
2− w ∼ O(1)

∼ N2/3fβ
[√

2N2/3
(
w −

√
2
)]

for |w −
√

2| ∼ O(N−2/3)

∼ exp [−β N Φ+(w)] for w −
√

2 ∼ O(1)
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Exact Left and Right Large Deviation Function

Using Coulomb gas + Saddle point method for large N:

• Left large deviation function:

Φ−(w) =
1

108

[
36w2 − w4 − (15w + w3)

√
w2 + 6

+ 27
(

ln(18)− 2 ln(w +
√

6 + w2)
)]

where w <
√

2

[D. S. Dean & S.M., PRL, 97, 160201 (2006)]

In particular, as w →
√

2 (from left), Φ−(w)→ 1
6
√

2
(
√

2− w)3

• Right large deviation function:

Φ+(w) =
1

2
w
√
w2 − 2 + ln

[
w −

√
w2 − 2√
2

]
where w >

√
2

[Ben Arous, Dembo, Guionnet 2001, S.M. & Vergassola, PRL, 102, 060601 (2009)]

As w →
√

2 (from right), Φ+(w)→ 27/4

3 (w −
√

2)3/2
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Large Deviation Functions

These large deviation functions Φ±(w) have been found useful in a large
variety of problems:

[Fyodorov 2004, Fyodorov & Williams 2007, Bray & Dean 2007, Auffinger, Ben Arous & Cerny

2010, Fydorov & Nadal 2012.... —— stationary points on random Gaussian
surfaces and spin glass landscapes]

[Cavagna, Garrahan, Giardina 2000, Parisi & Rizzo 2008,... —— Glassy systems]

[Susskind 2003, Douglas et. al. 2004, Aazami & Easther 2006, Marsh et. al. 2011, ...——
String theory & Cosmology]

[Beltrani 2007, Dedieu & Malajovich, 2007, Houdre 2011, Chiani 2012...——
Random Polynomials, Random Words (Young diagrams) ]
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3-rd order phase transition

ρ (λ, Ν)

λ
0

TRACY−WIDOM

WIGNER SEMI−CIRCLE

N

LARGE DEVIATION

LEFT

RIGHT

−2/3

− 2 2

LARGE DEVIATION

Cumulative distribution:

Prob.[λmax ≤ w ,N] ∼ e−β N2 Φ−(w)

Φ−(w)→ energy cost in pushing the
gas of Coulomb charges to the left of

√
2

3-rd order phase transition:

lim
N→∞

− 1

β N2
ln [P(λmax ≤ w ,N)] =


Φ−(w) ∼ (

√
2− w)3 as w →

√
2
−

0 as w →
√

2
+

−→ analogue of the free energy difference

3-rd derivative → discontinuous
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Transition between Strong and Weak phases

weak 
coupling

strong 
coupling

P (�max, N)

�maxp
2
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Review of large-N gauge theory: M. Marino, arXiv:1206.6272
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Gross-Witten-Wadia model (1980)

Z =
∫

[DU] exp [S(U)]

S(U) = N
g2

∑
P Tr

(∏
P

U + h.c

)
g → coupling strength

UU

U

U

1

2

3

4
P

�
�
�
�

1/N

0

2−d Yang−Mills 

STRONG WEAK

double scaling

g
c

1/

inverse coupling strength 1/g
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Large N Phase Transition: Phase Diagram

��
��
��
��

1
N

0

crossover

U(N) 2−d lattice gauge theory in

coupling strength g

 WEAK STRONG

GROSS−WITTEN−WADIA transition (1980)

g
c

��
��
��
��

1
N

0

crossover

2 λ
max

= w

(strongly interacting ) weakly interacting( )

PUSHED PULLED

PUSHED phase ≡ Strong coupling phase of Yang-Mills gauge theory
PULLED phase ≡ Weak coupling phase of Yang-Mills gauge theory

Tracy-Widom ⇒ crossover function in the double scaling regime
(for finite but large N)
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Tracy-Widom and 3-rd order phase transition

Tracy-Widom is accompanied by a 3-rd order phase transition between a
strong coupling and a weak coupling phase

• large N YM-gauge theory in 2-d Gross-Witten-Wadia ’80, Douglas-Kazakov ’93,

Gross-Matytsin, ’94

• Complexity in spin glass models Auffinger, Ben Arous, Cerny ’10, Fyodorov, Nadal ’13

In addition, we have found similar 3-rd order phase transition in:

• Conductance and Shot Noise in Mesoscopic Cavities

• Entanglement entropy of a random pure state in a bipartite system

• Maximum displacement in Vicious walker problem

• Cold atoms: free fermions in a 1-d harmonic trap at T = 0

• Height distribution in (1 + 1)-d KPZ growth models

• 1d Plasma: position of the rightmost charge

Bohigas, Comtet, Dean, Forrester, Le Doussal, Nadal, Schehr, Texier, Vergassola, Vivo+S.M. (’08-’17)

Review: S.M. & G. Schehr, J. Stat. Mech. P01012 (2014)
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Main Conjecture:

Wherever Tracy-Widom distribution occurs, there is an accompanying
3-rd order phase transition

TW −→ finite-size crossover function at a 3-rd order critical point

Review: S.M. & G. Schehr, J. Stat. Mech. P01012 (2014)

Not all 3-rd phase transitions are accompanied by Tracy-Widom crossover

• 1-d jellium model
Dhar, Kundu, S.M., Sabhapandit, Schehr, PRL, 119, 060601 (2017)

• Complex Ginibre ensemble

Cunden, Mezzadri, Vivo, J. Stat. Phys. 164, 1062 (2016); Cunden, Facchi, Ligabo, Vivo, J.

Phys. A: Math. Theor. 51, 35LT01 (2018).
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Experimental Verification with Coupled Lasers
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Experimental Verification with Coupled Lasers

combined output power from fiber lasers ∝ λmax

λmax → top eigenvalue of the Wishart matrix W = X tX

where X → real symmetric Gaussian matrix (β = 1)
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Experimental Verification with Coupled Lasers
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Experimental Verification with coupled lasers
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Tracy-Widom density with β = 1
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