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PHYSICAL PROPERTIES OF 8mB' 2035

We choose the ILSL,SQ representation as a basis
for diagonalizing the Hamiltonian (8). This amounts
to diagonalizing the exchange term first, so that we
have I -S terms for the whole f 's configu'ration. The
ground term of the 4f' core is I~=5, Ss= —,'. Cou-
pling this to the l =0, s =.2, 5de~-6s electron, we find
two terms: the L=5, S=8, f's((I, in which the core
and localized spins are parallel; and the antiparallel
L = 5, S = 2, fSs tt.
In order to find the actual energy level structure

we must then diagonalize the spin-orbit interaction.
The symmetry of X permits us to label the levels
by the total angular momentum quantum number J.
Note, however, that the spin-orbit term mixes lev-
els of the same J, but different S. The small size
of J,„suggests that these pairs of levels may be
close enough to be mixed significantly. Vfe empha. -
size that this mixing does not affect the lowest- and
highest-lying (J= 2 and 8) levels of the f 's (( because
2—g —7 in the f 's tt term, ln particular, the Z = 2
ground level, which has vanishing moment, is un-

affectedd.
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FIG. 5. Susceptibility of SmB6 in the range 0-1000K.
Experimental data points are taken from Ref. 2. Solid
curve is the theoretical fit described in the text. Dashed
curve shows the sum of the susceptibilities of the 4f eand
f5s II configurations, which account for the bulk of the
susceptibility. The dot-dashed curve is the contribution
due to the f s 0 term. Note that the bare 4f ~contribution
is responsible for the weak divergence below 20 K.
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In order to take this mixing into account in our
model, we allow the spin-orbit parameters to be ad-
justable, starting from estimates made for the free
Sm'+ ion. "
On the right-hand side of Fig. 4.we show the four

lowest-lying levels of the f s configuration, which,
following the x-ray absorption and Mossbauer data, '"
we take to comprise 70%%uq of the Sm ions. The level
spacings shown are determined from our fit to the
observed susceptibility, as discussed below. The
small distance between the two lowest-lying f s lev-
els gives rise to a contribution to X from the f 'sit J'
= 3 state, which is magnetic. In our calculations
this is responsible for the hump in the susceptibility
near 100 K (Fig. 5). On the left-hand side of Fig.
4 we show the level scheme for the divalent 4f 6 con-
figuration, with spacings determined again from the
fit to the experimental data.

2. Calculation of X
The susceptibility is the sum of the various Sm-

ion-term susceptibilities, weighted by the probabil-
ities that the terms are occupied:

x(~) =G p» x&,
420 K
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(L"-5, S=3) (L=5, S=2)
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where i denotes 4f, f s((, f stt, or 4f L Sterms, -
and the y& are calculated from the well-known formu-
la of Van Vleck'9

z+s 3 3J
Xi (+)= 8 aq) (2j 1)e

z=l L,-S I

FIG. 4. Energy-level diagrams for divalent Sm-ion
configurations. Level spacings are determined from the
observed susceptibility, except for the splitting between
f s and 4f ground levels, which is determined by the
lattice considerations of Sec. IV.

(2I 1)& weal(('r (10)

The p, are determined as follows: For the two f's
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FIG. 1. The electrical resistivity p as a function of tem-
perature (a) and inverse temperature (b). (b) Q = 1 bar,
Q = 24 kbar, = 25 kbar, = 33 kbar, A = 45 kbar, and
A = 53 kbar. The solid lines in (b) are fits by the function
[p(T)] ' = [po(P)] ' + (p„,(P) exp[A(P)/k&T]) ', described
in the text.
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FIG. 2. The pressure dependences of the activation gap 5 (a)
and residual carrier density no = I/R (T =H0) (b). Dashed line
indicates approximate pressure for disappearance of A. Solid
lines are guides for the eye.

linearly -0.5 K/kbar from its ambient pressure value of
41 K. Above 45 kbar, the resistivity is metallic and it is
no longer possible to extract an activation gap.
Our measurements indicate a gap instability at a critical

pressure P,. between 45 and 53 kbar, in disagreement with
the conclusions of previous workers [5,6], who found
that 5 vanished continuously near 60 kbar. In one of
these studies [5] the sample was of demonstrably lower
quality than our own, with a significantly smaller ambient
pressure 6 = 33 K and a much smaller po —10 mA cm,
both symptomatic of Sm vacancies or defects introduced
in powdering [8]. Our measurements suggest that the gap
instability is a feature only of the highest quality samples,
as P,. increases markedly with reduced sample quality,
passing out of our experimental pressure window of
180 kbar for po ~ 0.1 A cm. We further believe that the
simple activation fits used to determine 6 in both earlier
experiments were overly weighted by the temperature
independent resistivity below -3.5 K, particularly near
P, . Figure 1(b) demonstrates that near P, the range
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FIG. 3. The absolute value of the Hall constant RH of SmB6
as a function of inverse temperature.

of temperatures over which simple activation fits are
linear becomes increasingly limited and problematic to
define with increased pressure. In contrast, our parallel
resistor formulation provides uniformly good fits over this
pressure range, and consequently yield a more accurate
determination of A.
Since there is no evidence in SmB6 for a discontinuous

structural change at or below 60 kbar [9], the sudden dis-
appearance of 5 suggests that it is not a simple hybridiza-
tion gap, for in that case the insulator-metal transition
occurs by band crossing and the gap is suppressed con-
tinuously to zero. A valence instability can be similarly
discounted, as high pressure x-ray absorption measure-
ments [10] find that the Sm valence increases smoothly
from +2.6 to +2.75 between 1 bar and 60 kbar.
We have used Hall effect measurements to study the

evolution of the camers in the vicinity of P, The Hall
constant RH is plotted as a function of 1/T in Fig. 3 for
pressures ranging from 1 bar to 66 kbar. We find that
RH is negative for temperatures T between 1.2 and 40 K
and at all pressures, as well as independent of magnetic
fields as large as 18 T. As has been previously noted at
1 bar [11], RH is both large and extremely temperature
dependent with a maximum at 4 K, at each pressure
becoming temperature independent below -3 K. It has
been proposed [12] that this temperature dependence
for RH is characteristic of Kondo lattices, rejecting
a crossover from high temperature incoherent to low
temperature coherent skew scattering. However, similar
maxima in RH(T) occur in doped semiconductors as in-
gap impurity states dominate intrinsic activated processes
with reduced temperature [13].
We do not address the full temperature dependence

of RH here, instead limiting our discussion to the

1630
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|α� ≡ |±�

Formation of Heavy f-bands: quasiparticle hybridization 
of electrons |k! ⟩ and localized f doublets, possibly due to Kondo effect.  

kEf

E(k)

unitary operator with an associated quantum number, the “Kramers index”K (25). The Kramers

index, K = (−1)2J of a quantum state of total angular momentum J defines the phase factor

acquired by its wavefunction after two successive time-reversals, Θ2|ψ〉 = K|ψ〉 = |ψ2π〉. An

integer spin state |α〉 is unchanged by a 2π rotation, so |α2π〉 = +|α〉 and K = 1. However,

conduction electrons with half-integer spin states, |kσ〉, where k is momentum and σ is the spin

component, change sign, |kσ2π〉 = −|kσ〉, so K = −1.

While conventional magnetism breaks time-reversal symmetry, it is invariant under dou-

ble reversals Θ2 so the Kramers index is conserved. However in URu2Si2, the hybridization

between integer and half-integer spin states requires a quasiparticle mixing term of the form

H = (|kσ〉Vσα(k)〈α| + H.c) in the low energy fixed point Hamiltonian that does not conserve

the Kramers index. After two successive time-reversals

|kσ〉Vσα(k)〈α| → |kσ2π〉V 2π
σα (k)〈α2π| = −|kσ〉V 2π

σα (k)〈α|. (1)

Since the microscopic Hamiltonian is time-reversal invariant, it follows that Vσα(k) = −V 2π
σα (k);

the hybridization thus breaks time-reversal symmetry in a fundamentally new way, playing the

role of an order parameter that, like a spinor, reverses under 2π rotations. The resulting “hastatic

(Latin: spear) order”, is a state of matter that breaks both single and double time-reversal sym-

metry and is thus distinct from conventional magnetism.

Indirect support for time-reversal symmetry-breaking in the hidden order phase of URu2Si2 is
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FIG. 1. The electrical resistivity p as a function of tem-
perature (a) and inverse temperature (b). (b) Q = 1 bar,
Q = 24 kbar, = 25 kbar, = 33 kbar, A = 45 kbar, and
A = 53 kbar. The solid lines in (b) are fits by the function
[p(T)] ' = [po(P)] ' + (p„,(P) exp[A(P)/k&T]) ', described
in the text.
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FIG. 2. The pressure dependences of the activation gap 5 (a)
and residual carrier density no = I/R (T =H0) (b). Dashed line
indicates approximate pressure for disappearance of A. Solid
lines are guides for the eye.

linearly -0.5 K/kbar from its ambient pressure value of
41 K. Above 45 kbar, the resistivity is metallic and it is
no longer possible to extract an activation gap.
Our measurements indicate a gap instability at a critical

pressure P,. between 45 and 53 kbar, in disagreement with
the conclusions of previous workers [5,6], who found
that 5 vanished continuously near 60 kbar. In one of
these studies [5] the sample was of demonstrably lower
quality than our own, with a significantly smaller ambient
pressure 6 = 33 K and a much smaller po —10 mA cm,
both symptomatic of Sm vacancies or defects introduced
in powdering [8]. Our measurements suggest that the gap
instability is a feature only of the highest quality samples,
as P,. increases markedly with reduced sample quality,
passing out of our experimental pressure window of
180 kbar for po ~ 0.1 A cm. We further believe that the
simple activation fits used to determine 6 in both earlier
experiments were overly weighted by the temperature
independent resistivity below -3.5 K, particularly near
P, . Figure 1(b) demonstrates that near P, the range
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FIG. 3. The absolute value of the Hall constant RH of SmB6
as a function of inverse temperature.

of temperatures over which simple activation fits are
linear becomes increasingly limited and problematic to
define with increased pressure. In contrast, our parallel
resistor formulation provides uniformly good fits over this
pressure range, and consequently yield a more accurate
determination of A.
Since there is no evidence in SmB6 for a discontinuous

structural change at or below 60 kbar [9], the sudden dis-
appearance of 5 suggests that it is not a simple hybridiza-
tion gap, for in that case the insulator-metal transition
occurs by band crossing and the gap is suppressed con-
tinuously to zero. A valence instability can be similarly
discounted, as high pressure x-ray absorption measure-
ments [10] find that the Sm valence increases smoothly
from +2.6 to +2.75 between 1 bar and 60 kbar.
We have used Hall effect measurements to study the

evolution of the camers in the vicinity of P, The Hall
constant RH is plotted as a function of 1/T in Fig. 3 for
pressures ranging from 1 bar to 66 kbar. We find that
RH is negative for temperatures T between 1.2 and 40 K
and at all pressures, as well as independent of magnetic
fields as large as 18 T. As has been previously noted at
1 bar [11], RH is both large and extremely temperature
dependent with a maximum at 4 K, at each pressure
becoming temperature independent below -3 K. It has
been proposed [12] that this temperature dependence
for RH is characteristic of Kondo lattices, rejecting
a crossover from high temperature incoherent to low
temperature coherent skew scattering. However, similar
maxima in RH(T) occur in doped semiconductors as in-
gap impurity states dominate intrinsic activated processes
with reduced temperature [13].
We do not address the full temperature dependence

of RH here, instead limiting our discussion to the
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FIG. 20 (a)-(d) Energy and momentum dependence of the local den-
sity of states for the Bi2Se3 family of materials on the [111] surface.
A warmer color represents a higher local density of states. Red re-
gions indicate bulk energy bands and blue regions indicate a bulk
energy gap. The surface states can be clearly seen around Γ point
as red lines dispersing inside the bulk gap. (e) Spin polarization of
the surface states on the top surface, where the z direction is the sur-
face normal, pointing outwards. Adapted from Zhang et al., 2009
and Liu et al., 2010.

there is a key difference between the surface state theory for
3D topological insulators and graphene or any 2D Dirac sys-
tem, which is the number of Dirac cones. Graphene has four
Dirac cones at low energies, due to spin and valley degener-
acy. The valley degeneracy occurs because the Dirac cones
are not in the vicinity of k = 0 but rather near the two Bril-
louin zone cornersK and K̄. This is generic for a purely 2D
system: only an even number of Dirac cones can exist in a TR
invariant system. In other words, a single 2D Dirac cone with-
out TR symmetry breaking can only exist on the surface of a
topological insulator, which is also an alternative way to un-
derstand its topological robustness. As long as TR symmetry
is preserved, the surface state cannot be gapped out because
no purely 2D system can provide a single Dirac cone. Such a
surface state is a “holographic metal” which is 2D but deter-
mined by the 3D bulk topological property.
In this section we discussed the surface states of an insula-

tor surrounded by vacuum. This formalism can be straightfor-

wardly generalized to the interface states between two insu-
lators (Fradkin et al., 1986; Volkov and Pankratov, 1985). In
these pioneering works, the interface states between PbTe and
SnTe were investigated. The interface states consist of four
Dirac cones. Therefore, they are topologically trivial and not
generally stable under TR invariant perturbations. The surface
states of topological insulators are also similar to the domain
wall fermions of lattice gauge theory (Kaplan, 1992). In fact,
domain wall fermions are precisely introduced to avoid the
fermion doubling problem on the lattice, which is similar to
the concept of a single Dirac cone on the surface of a topolog-
ical insulator.
The helical spin texture described by the single Dirac cone

equation (34) leads to a general relation between charge cur-
rent density j(x) and spin density S(x) on the surface of the
topological insulator (Raghu et al., 2010):

j(x) = v[ψ†(x)σψ(x)× ẑ] = vS(x)× ẑ. (35)

In particular, the plasmon mode on the surface generally car-
ries spin (Burkov and Hawthorn, 2010; Raghu et al., 2010).

C. Crossover from three dimensions to two dimensions

From the discussion above, one can see that the models
describing 2D and 2D topological insulators are quite simi-
lar. Both systems are described by lattice Dirac-type Hamil-
tonians. In particular, when inversion symmetry is present,
the topologically nontrivial phase in both models is charac-
terized by a band inversion between two states of opposite
parity. Therefore, it is natural to study the relation between
these two topological states of matter. One natural question
is whether a thin film of 3D topological insulator, viewed as
a 2D system, is a trivial insulator or a QSH insulator. Be-
sides theoretical interest, this problem is also relevant to ex-
periments, especially in the Bi2Se3 family of materials. In-
deed, these materials are layered and can be easily grown as
thin films either by MBE (Li et al., 2010, 2009; Zhang et al.,
2009), catalyst-free vapor-solid growth (Kong et al., 2010),
or by mechanical exfoliation (Hong et al., 2010; Shahil et al.,
2010; Teweldebrhan et al., 2010). Several theoretical works
studied thin films of the Bi2Se3 family of topological insu-
lators (Linder et al., 2009; Liu et al., 2010; Lu et al., 2010).
Interestingly, thin films of proper thicknesses are predicted to
form a QSH insulator (Liu et al., 2010; Lu et al., 2010), which
may constitute an approach for simpler realizations of the 2D
QSH effect.
Such a crossover from 3D to 2D topological insulators can

be studied from two points of view, either from the bulk states
of the 3D topological insulator or from the surface states.
We first consider the bulk states. A thin film of 3D topo-
logical insulator is described by restricting the bulk model
(31) to a QW with thickness d, outside which there is an in-
finite barrier describing the vacuum. To establish the con-
nection between the 2D BHZ model (2) and the 3D topo-
logical insulator model (31), we start from the special case
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 So are Kondo insulators topological?

Topological Kondo Insulators, Dzero, Sun, Galitski, PC    Phys. Rev. Lett. 104, 106408 (2010)
Maxim Dzero, Kai Sun, Piers Coleman and Victor Galitski, Phys. Rev. 
B 85 , 045130-045140 (2012).
Victor Alexandrov, Maxim Dzero and Piers Coleman preprint (2013).

Band Theory: T. Takimoto, J. Phys. Soc. Jpn. 80, 123710 (2011).

Gutzwiller + Band Theory F. Lu, J. Zhao, H. Weng, Z. Fang and X. Dai, Phys. Rev. Lett. 110, 096401 (2013).
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`

Local 
moments
 

Valence
Fluctuations
 

⇋

a!""!!

A4#"6"R%,F'.D#4-("R'.D,"6'2&,!bcD

b.&-("%R'.,G&(-.N&/

!'.4',dQ-%&

A4#"6"R%



^_`

T

K

T,,,â
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Response to a fictitious applied flux

! 2D: Flux plays the role of the 
edge crystal momentum kx

! 3D: two fluxes corresponding to 
two components of the surface
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FIG. &. The potential in the one-dimensional lattice.
(+) A periodic potential. (b) The potential corresponding
to Goodwin's "tight binding" approximation.

from the surface, The difference between the
two surface waves is one of symmetry y: The type
of crystal envisaged here possesses a center of
symmetry and the wave functions are therefore
either symmetrical or antisymmetrical, depend-
ing upon whether they have the same or opposite
signs on the two edges of the crystal.
The equations for the boundary curves of

Fig, 2 are similar to those met with by applying
Slater's method of finding three-dimensiona1
wave functions. ' The wave function in an in-
dividual cell is expanded in terms of two func-
tions g and u which are symmetrical and anti-
symmetrical about the center of the cell. If the
wave function is required to be of the form
/=exp (ikx)s(x) where v(x) has the period "a"
of the lattice, one finds by a familiar process that

tan' (ka/2) =—(g'/g) /(u'/u),
where g and I are the values at the edge of the
cell of the functions g and I and g' and u' are
corresponding derivatives. The allowed band's of
energies occur where only one of the ratios (g'/g)
and (u'/u) is negative; the forbidden regions
occur where neither or both are negative. Certain
crossings of the curves of Fig. 1 are possible;
these may occur between g'/g= ~ and u'/u=0
and between g'/g=0 and u'/u= ~; no other
crossings are possible. It is, therefore, seen that
all possibilities for the occurrence of surface
states are represented in Fig. 2.

7 J. C. Slater, Phys. Rev. 45, 794 (1934).

In Goodwin's work surface states have been
found to occur for the case of "tight binding"—
that is, the case of large lattice constant and
uncrossed bands. Goodwin's states arise from his
use of a potential which is more realistic than
ours; his potential is shown in Fig. 1(b). We see
that it is periodic except for the outer edges of
the end cells, where it is somewhat higher than
in the other cells. If we make his potential
periodic as indicated by the dotted lines, then the
diagram for the states will be as in Fig. ~. If we
now correct the energies of these wave functions
by taking as a perturbation the difference be-
tween the periodic potential and Goodv in's, we
hnd that two of the wave functions acquire
energies above the boundary curves. These two
functions will be surface states having wave
functions damped towards the interior of the
crystal. The origin of.. these states is essentially
different from the origin of the states occurring
after the bands have crossed. They will always
lie near the band from which they originate. If
we had used Goodwin's potential, we should
have found these surface states lying just above
each energy band in both the case of uncrossed
and crossed bands. In the case of crossed bands
there would then be four surface states. Goodwin,
following the treatment of Maue, has also con-
sidered the case of almost free electrons. He uses a"'

periodic potential without edge effects in the end
cells. The surface states he obtains in this way
are of the same type as ours, and in Appendix 5
we show that the conditions under which he
obtains them are equivalent to the crossing of

I

I

ap

FIG. 2. Energy spectrum for a one-dimensional lattice with
eight atoms.

Schockley, Phys Rev, 56, 317 (1939).
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crystal. The origin of.. these states is essentially
different from the origin of the states occurring
after the bands have crossed. They will always
lie near the band from which they originate. If
we had used Goodwin's potential, we should
have found these surface states lying just above
each energy band in both the case of uncrossed
and crossed bands. In the case of crossed bands
there would then be four surface states. Goodwin,
following the treatment of Maue, has also con-
sidered the case of almost free electrons. He uses a"'

periodic potential without edge effects in the end
cells. The surface states he obtains in this way
are of the same type as ours, and in Appendix 5
we show that the conditions under which he
obtains them are equivalent to the crossing of

I

I

ap

FIG. 2. Energy spectrum for a one-dimensional lattice with
eight atoms.

Schockley, Phys Rev, 56, 317 (1939).
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bulk and surface resistivities can be suppressed or exaggerated depending on the position of 

the current and voltage leads. 

 

Figure 2  Arrhenius Plot of Lateral measurement data  A log plot of 
resistivity Measured (solid grey line) vs inverse temperature. A linear model of 
the plateau resistivity Plateau (dash-dot line) is removed from Measured to 
extrapolate the bulk resistivity to 3 K. A linear fit (dashed line) yields an 
activation energy of 3.47 meV. 

When we perform conventional four-terminal resistance measurements, just using the 

contacts on the front surface of the sample, we obtain data shown in Fig. 2, which is 

consistent with previous measurements of SmB6
[3, 5], featuring a Kondo-insulator-like 

increase in resistivity with decreasing temperature, but with a weakly temperature-dependent 

plateau at low temperatures. We can model the measured conductivity as having two 

independent contributions: Measured = Insulator + Plateau. We then extract Insulator down to 3 K. 

A linear fit of the Arrhenius plot gives us an activation energy of 3.47 meV, which is 

consistent with previously published measurements of SmB6 
[3, 5]. 

The plateau has never really been understood in the context of Kondo-insulator 

transport properties. However, with the possibility of a robust surface state, the plateau can be 

understood as a surface conductivity that buries the bulk conductivity at low temperatures. It 

is important, therefore, to determine whether the conduction at low temperatures is bulk-

dominated or surface dominated. The conventional lateral measurement RLat using contacts 

5 

from one side cannot distinguish between these scenarios. However, we can explore other 

measurement configurations using contacts from both sides; specifically, we can make a 

vertical measurement RVert by passing current from one front-side contact to the back-side 

contact directly opposite, and measuring the voltage using a different set of opposing front-

side and back-side contacts. We can also make a hybrid measurement RHyb by passing current 

through two front-side contacts as in the lateral measurement, but measuring the voltage on 

two back-side contacts. These configurations are illustrated in Fig. 3. 

If the plateau is a bulk transport phenomenon, the resistance will be proportional to 

the resistivity for all three measurement configurations, each with a different proportionality 

constant. In other words, the temperature dependences of RLat, RVert, and RHyb normalized to 

their respective room temperature values are expected to be identical. However, if the plateau 

is due to surface conduction, these three four-terminal resistances behave dramatically 

differently as a function of temperature. We performed Finite Element Analysis simulations 

of the electric potential in these two configurations on a rectangular slab with dimensions 

similar to our real sample and a resolution of 10 µm in each direction.  Cross-sections of the 

slab at the contact positions are instructive for understanding our experiment design, and are 

shown in Fig. 3. 
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Figure 3  Current flow and equipotential diagrams  A cross-section of 
the sample along the electrical contacts. Arrows indicate current direction, 
green lines indicate equipotentials. a, Current passes vertically through the 
bulk, far away from the voltage contacts. b, The bulk in a becomes insulating, 
forcing the current to flow around the edge. The surface potential is indicated 
by the thickness of the orange region. c, Current passes laterally through the 
bulk, and the front-side and back-side voltages are measured at similar 
equipotentials. d, The bulk in c becomes insulating, isolating the back-side 
contacts from the majority current flow. 

In the vertical configuration at high temperature, nearly all the current will flow 

vertically directly through the sample if the bulk is conductive, as shown in Fig. 3a. Because 

the voltage contacts are located far away from the current, there is virtually no current near 

the voltage contacts, and RVert is unmeasurably small. For this reason, such a configuration is 

never used to measure an ordinary sample. Even though the resistivity increases significantly 

at low temperatures, the current will continue to flow in this configuration as long as the bulk 

is conductive. However, if the material becomes a surface-conductor at low temperatures, the 

entire current will be forced to flow around the long dimensions of the sample (Fig. 3b). In 

this case, the voltage contacts are very close to the current contacts, compared to the total 

current path around the edges; thus, RVert will become very large. Meanwhile, in the lateral 

configuration shown in Fig. 3c, RHyb should be nearly identical to RLat at high temperatures 
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when the bulk is conducting. This is because the current is nearly uniform between the front-

side and back-side contacts. Again, if the bulk remains conducting at low temperatures where 

the resistivity becomes large, the current will still follow the same path. However, if the 

material becomes a surface-conductor (Fig. 3d), the back-side contacts become electrically 

remote from all the front-side contacts. Most of the current will flow only along the front 

side, and very little current will take the long path around the back side; thus RHyb will be 

much smaller than RLat. 

 

Figure 4  Finite Element Analysis simulations of the experiment  
Simulated log-log plots of the four-terminal resistances as a function of 
temperature. Left, the case where the saturation conductivity is a bulk 
phenomenon. Right, the case where the saturation conductivity is a surface 
conductivity. 

The Finite Element Analysis was performed as a function of temperature for both the 

bulk-only scenario and the bulk-surface crossover scenario. We assumed a system with a 

thermally-activated conductivity  ~ exp(- kBT) (where  is the bandgap) in parallel with a 

constant conductivity, providing a resistivity that is qualitatively similar to previously-

published measurements of SmB6
[3, 5]. In the bulk-only scenario, we assume that these 

competing conductivities are both bulk phenomena. Figure 4a is a plot of RLat, RHyb, and RVert 

as a function of temperature. Because the current flow pattern does not change in this 

scenario, the measurements scale uniformly, each proportional to the resistivity, but with 
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bulk and surface resistivities can be suppressed or exaggerated depending on the position of 

the current and voltage leads. 
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thermally-activated conductivity  ~ exp(- kBT) (where  is the bandgap) in parallel with a 
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as a function of temperature. Because the current flow pattern does not change in this 
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from one side cannot distinguish between these scenarios. However, we can explore other 

measurement configurations using contacts from both sides; specifically, we can make a 

vertical measurement RVert by passing current from one front-side contact to the back-side 

contact directly opposite, and measuring the voltage using a different set of opposing front-

side and back-side contacts. We can also make a hybrid measurement RHyb by passing current 

through two front-side contacts as in the lateral measurement, but measuring the voltage on 

two back-side contacts. These configurations are illustrated in Fig. 3. 

If the plateau is a bulk transport phenomenon, the resistance will be proportional to 

the resistivity for all three measurement configurations, each with a different proportionality 

constant. In other words, the temperature dependences of RLat, RVert, and RHyb normalized to 

their respective room temperature values are expected to be identical. However, if the plateau 

is due to surface conduction, these three four-terminal resistances behave dramatically 

differently as a function of temperature. We performed Finite Element Analysis simulations 

of the electric potential in these two configurations on a rectangular slab with dimensions 

similar to our real sample and a resolution of 10 µm in each direction.  Cross-sections of the 

slab at the contact positions are instructive for understanding our experiment design, and are 

shown in Fig. 3. 
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bulk and surface resistivities can be suppressed or exaggerated depending on the position of 

the current and voltage leads. 
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understood as a surface conductivity that buries the bulk conductivity at low temperatures. It 

is important, therefore, to determine whether the conduction at low temperatures is bulk-

dominated or surface dominated. The conventional lateral measurement RLat using contacts 
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Figure 3  Current flow and equipotential diagrams  A cross-section of 
the sample along the electrical contacts. Arrows indicate current direction, 
green lines indicate equipotentials. a, Current passes vertically through the 
bulk, far away from the voltage contacts. b, The bulk in a becomes insulating, 
forcing the current to flow around the edge. The surface potential is indicated 
by the thickness of the orange region. c, Current passes laterally through the 
bulk, and the front-side and back-side voltages are measured at similar 
equipotentials. d, The bulk in c becomes insulating, isolating the back-side 
contacts from the majority current flow. 

In the vertical configuration at high temperature, nearly all the current will flow 

vertically directly through the sample if the bulk is conductive, as shown in Fig. 3a. Because 

the voltage contacts are located far away from the current, there is virtually no current near 

the voltage contacts, and RVert is unmeasurably small. For this reason, such a configuration is 

never used to measure an ordinary sample. Even though the resistivity increases significantly 

at low temperatures, the current will continue to flow in this configuration as long as the bulk 

is conductive. However, if the material becomes a surface-conductor at low temperatures, the 

entire current will be forced to flow around the long dimensions of the sample (Fig. 3b). In 

this case, the voltage contacts are very close to the current contacts, compared to the total 

current path around the edges; thus, RVert will become very large. Meanwhile, in the lateral 

configuration shown in Fig. 3c, RHyb should be nearly identical to RLat at high temperatures 6 
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Figure 5  Experimentally-obtained resistances as a function of 
temperature  A log-log plot of RLat (solid), RVert (dash-dot), and RHyb 
(dotted) as a function of temperature. Inset, a linear plot of RLat and RHyb, 
exaggerating the divergence between them between 3 and 5 K. 

Our experiments prove unambiguously that as temperature is reduced, the system 

turns from a 3D bulk conductor into a 2D surface conductor with an insulating bulk. 

Although these measurements do not directly probe the topological nature of material, which 

requires spin-resolved techniques, it is worthwhile to point out that in all existing literature on 

SmB6, the residual resistivity always exists, regardless of the quality of the sample and the 

surface. The robustness of the surface transport strongly suggests that the surface state in 

SmB6 should have some topological nature. Among all the available theories, only the 

topological-Kondo-insulator theory[9] predicts the phenomena we observed. In principle, in-

gap surface states can also exist in topologically trivial insulators. However, in contrast to 

topological surface states, the surface state in a trivial insulator is not topologically protected. 

These accidental surface states  are much more vulnerable to disorder on the surface than 

topological surface states. First, the existence of accidental surface states relies on the quality 

of the surface, which varies from sample to sample. Second, even if a particular surface 

supports some accidental surface states at the chemical potential, these surface states are 

typically localized by surface disorder and thus cannot contribute to transport due to 

Anderson localization[26]. However, the existence of topological surface states is guaranteed 
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bulk and surface resistivities can be suppressed or exaggerated depending on the position of 

the current and voltage leads. 
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FIG. 3: Fermi surface and dispersion maps of SmB6. (a) Fermi surface plot of SmB6

measured by 7 eV LASER source at temperature of 7 K. A small Γ pocket and a large X pocket

are observed. A big elliptical and a small circular shaped black dash lines around X and Γ points

are guide for the eyes. Inset shows a schematic plot of Fermi surface in the first Brillouin zone. (b)

Electronic dispersion map (left) and its energy distribution curves (EDCs) for Γ pocket. (c) same

as (b) for X band. (d) Comparison of integrated EDC for Γ and X band. A gap value of about 15

meV is observed in both cases.

;I

Surface and Bulk Electronic Structure of the Strongly 
Correlated System SmB6 and Implications for a 
Topological Kondo Insulator
N. Xu,1, ∗ X. Shi,1, 2 P. K. Biswas,3 C. E. Matt,1, 4 R. S. Dhaka,1 Y. Huang,1 N. C. Plumb,1 M. Radovi 

c,1, 5 J. H. Dil,6, 1 E. Pomjakushina,7 A. Amato,3 Z. Salman,3 D. McK. Paul,8 J. Mesot,1, 9 H. Ding,2 

and M. Shi1, †

Surface electronic structure of topological Kondo insulator candidate 
SmB6: A view from high-resolution Laser-ARPES
M. Neupane,1 N. Alidoust,1 S.-Y. Xu,1 T. Kondo,2 Dae-Jeong Kim,3 Chang Liu,1 I. Belopolski,1 T.-R. Chang,4 H.-T. Jeng,4, 5 T. Durakiewicz,6 L. 
Balicas,7 H. Lin,8 A. Bansil,8 S. Shin,2 Z. Fisk,3 and M. Z. Hasan1



;<

Quantum oscillations in Kondo Insulator SmB6

G. Li1, Z. Xiang1,2, F. Yu1, T. Asaba1, B. Lawson1, P. Cai1,3, C. Tinsman1, A. Berkley1, S. Walgast1,Y. S.
Eo1, Dae-Jeong Kim4, C. Kurdak1, J. W. Allen1, K. Sun1, X. H. Chen2, Y. Y. Wang3, Z. Fisk4, Lu Li1

1Department of Physics, University of Michigan, Ann Arbor, MI 48109
2Hefei National Laboratory for Physical Science at Microscale and Department of Physics,

University of Science and Technology of China, Hefei Anhui 230026, China
3Department of Physics, Tsinghua University, Beijing, China

4Department of Physics and Astronomy, University of California at Irvine, Irvine, CA 92697, USA
(Dated: June 20, 2013)

In Kondo insulator samarium hexaboride SmB6, strong correlation and band hybridization lead to
an insulating gap and a diverging resistance at low temperature. The resistance divergence ends at
about 5 Kelvin, a behavior recently demonstrated to arise from the surface conductance. However,
the exact Fermi topology is not mapped without the observation of quantum oscillation or detailed
spectroscopy results. Questions remain whether and when a topological surface state exists. We
solve the problem by resolving the Landau Level quantization and Fermi surface topology using
torque magnetometry. The observed Fermi surface suggests a two dimensional surface state on the
(101) plane. Furthermore, the tracking of the Landau Levels in the infinite magnetic field limit
points to -1/2, which indicates a 2D Dirac electronic state.

PACS numbers:

The recent development of topological insulators is a
triumph of single electron band theory [1–8]. It is in-
teresting to understand whether similar exotic states of
matter can arise once strong electronic interaction comes
into play. Kondo insulators, a strongly-correlated heavy-
fermion system, offer a good playground for the explo-
ration of this question. In a Kondo insulator [9, 10], the
hybridization between itinerant electrons and localized
orbitals opens a gap and makes the material insulating.
Once the sample temperature is cold enough, the elec-
tronic structure in the strongly correlated system can be
mapped to a rather simple electronic state that resembles
a normal topological insulator [11]. As a result, in the
ground state of the Kondo insulator there exists a bulk
insulating state and a conductive surface state. In samar-
ium hexaboride (SmB6), the existence of the surface state
has been suggested by recent experimental observations
of the surface conductance as well as a map of the hy-
bridization gap [12–14]. However, a direct observation of
the Fermi surface has not yet been achieved by transport
measurements in Kondo insulators. In this letter we re-
port the observation of quantum oscillations in Kondo in-
sulator SmB6 using torque magnetometry. The observed
Fermi surface is shown to be two-dimensional (2D) and
arises from the crystalline (101) surface, and the Landau
Level index plot shows a Berry phase contributed -1/2
factor in the infinite field limit, which indicates that this
Fermi surface encloses an odd number of Dirac points, a
characteristic property of topological insulators.

The direct observation of quantum oscillations is an
essential step in understanding the electronic state of
the bulk and surfaces of Kondo insulator. Wolgast et al.
have argued strongly that the great robustness and cer-
tain other properties of the low T surface conductivity
of SmB6 are best understood as a consequence of hav-

ing TI surface states [12]. Nonetheless there is yet no
direct evidence for this interpretation of the surface con-
duction. Such evidence should come from microscopic
measurements of the electronic structure, as has been ac-
complished for the weakly correlated TI materials, such
as Bi2Se3, Bi2Te3, and graphene [15–20]. In this report
we make a microscopic study of the electronic structure of
SmB6 by resolving the quantum oscillations using torque
magnetometry (the de Haas-van Alphen effect, or dHvA
effect).

The material SmB6 is a very good insulator: the resis-
tivity of SmB6 increases by 4 orders of magnitude as its
temperature decreases from room temperature to 0.3 K.
For a normal insulator with such a property, usually there
is no Fermi surface and no quantum oscillations. Yet, our
magnetization measurements shows clear quantum oscil-
lations due to the Landau quantization of Fermi Surface.
The observed Fermi surface cross section is found to be
symmetrical about a certain sample crystalline axis and
is consistent with a two-dimensional Fermi surface due to
the surface state of the (101) plane. The effective mass
is found be as low as 0.1 me, the bare electron mass, and
the mean free path is as long as 55 nm, much longer than
the crystalline lattice constant.

One major difference between SmB6 and the conven-
tional topological insulators is the crystal anisotropy. As
shown in Fig. 1 (a), the crystal structure of SmB6 is
simple cubic. The samarium elements are separated by
an inert cluster of six boron atoms. SmB6 single crystals
were grown by conventional flux methods. Each sam-
ple has been etched with acid to remove the leftover flux.
Fig. 1 (b) shows a photo of a piece of SmB6 single crystal.
Beside a flat (001) surface, there are four (101) planes.
Later we will find one major feature of the oscillation
pattern that comes from the (101) planes.
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FIG. 1: (color online) (a) The crystal structure of Kondo in-
sulator SmB6. The B6 cluster and rare earth element Sm form
a simple cubic structure. (b) The picture of the SmB6 single
crystal. Guide lines are drawn to label the crystalline plane
of each surface. (c) The field dependence magnetic torque
τ of SmB6. The τ − H curve is overall quadratic, reflecting
the paramagnetic state of samples. Oscillating patterns are
observed in magnetic field larger than 6 T. The inset is the
sketch of the measurement setup. The sample stage is rotated
to tilt magnetic field �H in the crystalline â − ĉ plane. The
magnetic field is applied to the sample with a tilt angle φ

relative to the crystalline ĉ axis.
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FIG. 1: (color online) (a) The crystal structure of Kondo in-
sulator SmB6. The B6 cluster and rare earth element Sm form
a simple cubic structure. (b) The picture of the SmB6 single
crystal. Guide lines are drawn to label the crystalline plane
of each surface. (c) The field dependence magnetic torque
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FIG. 2: (color online) Quantum oscillation pattern observed
by torque magnetometry. (a) The oscillatory magnetic torque
s plotted as a function of 1/µ0H. τosc is taken after sub-
tracting a polynomial background. (b) The two main os-
cillation peaks are also observed in the Fast Fourier Trans-
form (FFT) transformations of both oscillatory torque τosc

as well as the derivative dτ

dB
. (c) The temperature depen-

dence of the normalized oscillatory τosc and τ
�
osc yield the

effective mass m = 0.074me for the low frequency α pocket
and m = 0.101me for the high frequency β pocket. (d) At 1.6
K, the oscillating amplitude is tracked as a function of field H,
generally known as the Dingle plot. For the low frequency α

pocket, the Dingle temperature TD = 22 K. For the β pocket,
TD is found to be 24 K.
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FIG. 4: (color online) Landau Level index plots in SmB6. (a)
The magnetization M of SmB6 under intense magnetic field
as high as µoH = 45 T. The period structure is observed
in M − 1/µoH, and the period is consistent with the high
frequency from the β pocket. On top of the fine structure, the
oscillating pattern shows an envelope that is determined by
the low frequency of the α pocket. The center panel shows the
derivative dM

dH
, in which the minimum marks the 1/Bβ

n value
of each Landau Level n for the β pocket. The low frequency
oscillation pattern is resolved by a low frequency filtering in
the lower panel of Panel a. The Landau Levels field 1/Bα

n

are marked as the minimum of the dM

dH
curves. (b) The index

plot of 1/Bn is plotted against the Landau Level number n

from Fermi pocket α (open blue circles) and Fermi pocket β

(open black diamond). The maximum of the dM

dH
curves are

also plotted against n+ 1/2 for pocket α (solid blue circles).
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In Kondo insulator samarium hexaboride SmB6, strong correlation and band hybridization lead to
an insulating gap and a diverging resistance at low temperature. The resistance divergence ends at
about 5 Kelvin, a behavior recently demonstrated to arise from the surface conductance. However,
the exact Fermi topology is not mapped without the observation of quantum oscillation or detailed
spectroscopy results. Questions remain whether and when a topological surface state exists. We
solve the problem by resolving the Landau Level quantization and Fermi surface topology using
torque magnetometry. The observed Fermi surface suggests a two dimensional surface state on the
(101) plane. Furthermore, the tracking of the Landau Levels in the infinite magnetic field limit
points to -1/2, which indicates a 2D Dirac electronic state.

PACS numbers:

The recent development of topological insulators is a
triumph of single electron band theory [1–8]. It is in-
teresting to understand whether similar exotic states of
matter can arise once strong electronic interaction comes
into play. Kondo insulators, a strongly-correlated heavy-
fermion system, offer a good playground for the explo-
ration of this question. In a Kondo insulator [9, 10], the
hybridization between itinerant electrons and localized
orbitals opens a gap and makes the material insulating.
Once the sample temperature is cold enough, the elec-
tronic structure in the strongly correlated system can be
mapped to a rather simple electronic state that resembles
a normal topological insulator [11]. As a result, in the
ground state of the Kondo insulator there exists a bulk
insulating state and a conductive surface state. In samar-
ium hexaboride (SmB6), the existence of the surface state
has been suggested by recent experimental observations
of the surface conductance as well as a map of the hy-
bridization gap [12–14]. However, a direct observation of
the Fermi surface has not yet been achieved by transport
measurements in Kondo insulators. In this letter we re-
port the observation of quantum oscillations in Kondo in-
sulator SmB6 using torque magnetometry. The observed
Fermi surface is shown to be two-dimensional (2D) and
arises from the crystalline (101) surface, and the Landau
Level index plot shows a Berry phase contributed -1/2
factor in the infinite field limit, which indicates that this
Fermi surface encloses an odd number of Dirac points, a
characteristic property of topological insulators.

The direct observation of quantum oscillations is an
essential step in understanding the electronic state of
the bulk and surfaces of Kondo insulator. Wolgast et al.
have argued strongly that the great robustness and cer-
tain other properties of the low T surface conductivity
of SmB6 are best understood as a consequence of hav-

ing TI surface states [12]. Nonetheless there is yet no
direct evidence for this interpretation of the surface con-
duction. Such evidence should come from microscopic
measurements of the electronic structure, as has been ac-
complished for the weakly correlated TI materials, such
as Bi2Se3, Bi2Te3, and graphene [15–20]. In this report
we make a microscopic study of the electronic structure of
SmB6 by resolving the quantum oscillations using torque
magnetometry (the de Haas-van Alphen effect, or dHvA
effect).

The material SmB6 is a very good insulator: the resis-
tivity of SmB6 increases by 4 orders of magnitude as its
temperature decreases from room temperature to 0.3 K.
For a normal insulator with such a property, usually there
is no Fermi surface and no quantum oscillations. Yet, our
magnetization measurements shows clear quantum oscil-
lations due to the Landau quantization of Fermi Surface.
The observed Fermi surface cross section is found to be
symmetrical about a certain sample crystalline axis and
is consistent with a two-dimensional Fermi surface due to
the surface state of the (101) plane. The effective mass
is found be as low as 0.1 me, the bare electron mass, and
the mean free path is as long as 55 nm, much longer than
the crystalline lattice constant.

One major difference between SmB6 and the conven-
tional topological insulators is the crystal anisotropy. As
shown in Fig. 1 (a), the crystal structure of SmB6 is
simple cubic. The samarium elements are separated by
an inert cluster of six boron atoms. SmB6 single crystals
were grown by conventional flux methods. Each sam-
ple has been etched with acid to remove the leftover flux.
Fig. 1 (b) shows a photo of a piece of SmB6 single crystal.
Beside a flat (001) surface, there are four (101) planes.
Later we will find one major feature of the oscillation
pattern that comes from the (101) planes.
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FIG. 1: (color online) (a) The crystal structure of Kondo in-
sulator SmB6. The B6 cluster and rare earth element Sm form
a simple cubic structure. (b) The picture of the SmB6 single
crystal. Guide lines are drawn to label the crystalline plane
of each surface. (c) The field dependence magnetic torque
τ of SmB6. The τ − H curve is overall quadratic, reflecting
the paramagnetic state of samples. Oscillating patterns are
observed in magnetic field larger than 6 T. The inset is the
sketch of the measurement setup. The sample stage is rotated
to tilt magnetic field �H in the crystalline â − ĉ plane. The
magnetic field is applied to the sample with a tilt angle φ

relative to the crystalline ĉ axis.
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FIG. 2: (color online) Quantum oscillation pattern observed
by torque magnetometry. (a) The oscillatory magnetic torque
s plotted as a function of 1/µ0H. τosc is taken after sub-
tracting a polynomial background. (b) The two main os-
cillation peaks are also observed in the Fast Fourier Trans-
form (FFT) transformations of both oscillatory torque τosc

as well as the derivative dτ

dB
. (c) The temperature depen-

dence of the normalized oscillatory τosc and τ
�
osc yield the

effective mass m = 0.074me for the low frequency α pocket
and m = 0.101me for the high frequency β pocket. (d) At 1.6
K, the oscillating amplitude is tracked as a function of field H,
generally known as the Dingle plot. For the low frequency α

pocket, the Dingle temperature TD = 22 K. For the β pocket,
TD is found to be 24 K.
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FIG. 4: (color online) Landau Level index plots in SmB6. (a)
The magnetization M of SmB6 under intense magnetic field
as high as µoH = 45 T. The period structure is observed
in M − 1/µoH, and the period is consistent with the high
frequency from the β pocket. On top of the fine structure, the
oscillating pattern shows an envelope that is determined by
the low frequency of the α pocket. The center panel shows the
derivative dM

dH
, in which the minimum marks the 1/Bβ

n value
of each Landau Level n for the β pocket. The low frequency
oscillation pattern is resolved by a low frequency filtering in
the lower panel of Panel a. The Landau Levels field 1/Bα

n

are marked as the minimum of the dM

dH
curves. (b) The index

plot of 1/Bn is plotted against the Landau Level number n

from Fermi pocket α (open blue circles) and Fermi pocket β

(open black diamond). The maximum of the dM

dH
curves are

also plotted against n+ 1/2 for pocket α (solid blue circles).
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times larger than that of the (101) planes). Moreover,
the magnetic torque and magnetization measurements
are usually more sensitive to the Landau Level quanti-
zation, demonstrated in many material systems [22–24]
because the magnetization is a thermodynamic quantity
directly related to the free energy and the density of
states. Certain sample domain structures may affect the
coherence in the resistance measurement, but not on the
magnetization measurements.

Questions remain as to where the observed Fermi
surface in the (101) plane arises from. In the (101)
plane there are four high symmetry points[(0, 0), (0,π/a),
(π/

√
2a, 0) and (π/

√
2a,π/a)]. For example, as shown in

Fig. 3 (b), projecting the bulk bandX points to the (101)
plane leads to a pocket at (0, π/a) , and a pair of pockets
at (π/

√
2a,0) and (−π/

√
2a,0). Based on symmetry, only

(0,π/a) shall have a Dirac point, which is consistent with
the experimental observation. However, the topological
theory doesn’t prohibit pairs of Dirac points to arise at
low symmetry points,which offers another possible origin
for the observed pockets.

In conclusion, using torque magnetometry we observed
Fermi-liquid-like quantum oscillations from Kondo insu-
lator SmB6. Two small Fermi surfaces were observed
with light mass m ∼ 0.07me−0.10me and the kF l factor
as big as 55. The angular dependence reveals that the
dominating oscillation pattern is symmetric to the crys-
talline (101) axis. The Landau Level index plot reveal
the existence of the Berry phase factor in the infinite B

limit and indicates that the surface state is topological.
Our observation indicates a clean metallic surface state
along the (101) cleavage plane, and this is an ideal plane
to resolve the chirality and topological properties of the
surface state.
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TABLE I: Parameters in the two Fermi pockets in SmB6. The
oscillation frequency F and Fermi wavevector kF are obtained
from the dHvA period. The effective mass m, Fermi velocity
vF , mean free path l, and the mobility µ are inferred from
the T and H dependences of the oscillation amplitude. The
Landau Level index plot yields the infinite field limits γ.

α β

F ( T ) 48.3 ±1.8 300.5 ± 1.3

kF ( nm−1) 0.383 ± 0.007 0.955 ± 0.002
m

me
0.074 ± 0.004 0.101± 0.012

vF (105 m s−1) 6.0 ± 0.4 10.9± 1.3

l (nm) 33 ± 7 55 ± 16

µ (×103cm2/V s) 1.3 ± 0.3 0.86 ± 0.26

kF l 13 ± 3 53 ± 15

γ -0.45 ± 0.07 -0.44 ± 0.06
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In Kondo insulator samarium hexaboride SmB6, strong correlation and band hybridization lead to
an insulating gap and a diverging resistance at low temperature. The resistance divergence ends at
about 5 Kelvin, a behavior recently demonstrated to arise from the surface conductance. However,
the exact Fermi topology is not mapped without the observation of quantum oscillation or detailed
spectroscopy results. Questions remain whether and when a topological surface state exists. We
solve the problem by resolving the Landau Level quantization and Fermi surface topology using
torque magnetometry. The observed Fermi surface suggests a two dimensional surface state on the
(101) plane. Furthermore, the tracking of the Landau Levels in the infinite magnetic field limit
points to -1/2, which indicates a 2D Dirac electronic state.

PACS numbers:

The recent development of topological insulators is a
triumph of single electron band theory [1–8]. It is in-
teresting to understand whether similar exotic states of
matter can arise once strong electronic interaction comes
into play. Kondo insulators, a strongly-correlated heavy-
fermion system, offer a good playground for the explo-
ration of this question. In a Kondo insulator [9, 10], the
hybridization between itinerant electrons and localized
orbitals opens a gap and makes the material insulating.
Once the sample temperature is cold enough, the elec-
tronic structure in the strongly correlated system can be
mapped to a rather simple electronic state that resembles
a normal topological insulator [11]. As a result, in the
ground state of the Kondo insulator there exists a bulk
insulating state and a conductive surface state. In samar-
ium hexaboride (SmB6), the existence of the surface state
has been suggested by recent experimental observations
of the surface conductance as well as a map of the hy-
bridization gap [12–14]. However, a direct observation of
the Fermi surface has not yet been achieved by transport
measurements in Kondo insulators. In this letter we re-
port the observation of quantum oscillations in Kondo in-
sulator SmB6 using torque magnetometry. The observed
Fermi surface is shown to be two-dimensional (2D) and
arises from the crystalline (101) surface, and the Landau
Level index plot shows a Berry phase contributed -1/2
factor in the infinite field limit, which indicates that this
Fermi surface encloses an odd number of Dirac points, a
characteristic property of topological insulators.

The direct observation of quantum oscillations is an
essential step in understanding the electronic state of
the bulk and surfaces of Kondo insulator. Wolgast et al.
have argued strongly that the great robustness and cer-
tain other properties of the low T surface conductivity
of SmB6 are best understood as a consequence of hav-

ing TI surface states [12]. Nonetheless there is yet no
direct evidence for this interpretation of the surface con-
duction. Such evidence should come from microscopic
measurements of the electronic structure, as has been ac-
complished for the weakly correlated TI materials, such
as Bi2Se3, Bi2Te3, and graphene [15–20]. In this report
we make a microscopic study of the electronic structure of
SmB6 by resolving the quantum oscillations using torque
magnetometry (the de Haas-van Alphen effect, or dHvA
effect).

The material SmB6 is a very good insulator: the resis-
tivity of SmB6 increases by 4 orders of magnitude as its
temperature decreases from room temperature to 0.3 K.
For a normal insulator with such a property, usually there
is no Fermi surface and no quantum oscillations. Yet, our
magnetization measurements shows clear quantum oscil-
lations due to the Landau quantization of Fermi Surface.
The observed Fermi surface cross section is found to be
symmetrical about a certain sample crystalline axis and
is consistent with a two-dimensional Fermi surface due to
the surface state of the (101) plane. The effective mass
is found be as low as 0.1 me, the bare electron mass, and
the mean free path is as long as 55 nm, much longer than
the crystalline lattice constant.

One major difference between SmB6 and the conven-
tional topological insulators is the crystal anisotropy. As
shown in Fig. 1 (a), the crystal structure of SmB6 is
simple cubic. The samarium elements are separated by
an inert cluster of six boron atoms. SmB6 single crystals
were grown by conventional flux methods. Each sam-
ple has been etched with acid to remove the leftover flux.
Fig. 1 (b) shows a photo of a piece of SmB6 single crystal.
Beside a flat (001) surface, there are four (101) planes.
Later we will find one major feature of the oscillation
pattern that comes from the (101) planes.
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FIG. 1: (color online) (a) The crystal structure of Kondo in-
sulator SmB6. The B6 cluster and rare earth element Sm form
a simple cubic structure. (b) The picture of the SmB6 single
crystal. Guide lines are drawn to label the crystalline plane
of each surface. (c) The field dependence magnetic torque
τ of SmB6. The τ − H curve is overall quadratic, reflecting
the paramagnetic state of samples. Oscillating patterns are
observed in magnetic field larger than 6 T. The inset is the
sketch of the measurement setup. The sample stage is rotated
to tilt magnetic field �H in the crystalline â − ĉ plane. The
magnetic field is applied to the sample with a tilt angle φ

relative to the crystalline ĉ axis.

7

!"#"$ !"%"$

!"&"$!"'"$

FIG. 2: (color online) Quantum oscillation pattern observed
by torque magnetometry. (a) The oscillatory magnetic torque
s plotted as a function of 1/µ0H. τosc is taken after sub-
tracting a polynomial background. (b) The two main os-
cillation peaks are also observed in the Fast Fourier Trans-
form (FFT) transformations of both oscillatory torque τosc

as well as the derivative dτ

dB
. (c) The temperature depen-

dence of the normalized oscillatory τosc and τ
�
osc yield the

effective mass m = 0.074me for the low frequency α pocket
and m = 0.101me for the high frequency β pocket. (d) At 1.6
K, the oscillating amplitude is tracked as a function of field H,
generally known as the Dingle plot. For the low frequency α

pocket, the Dingle temperature TD = 22 K. For the β pocket,
TD is found to be 24 K.
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FIG. 4: (color online) Landau Level index plots in SmB6. (a)
The magnetization M of SmB6 under intense magnetic field
as high as µoH = 45 T. The period structure is observed
in M − 1/µoH, and the period is consistent with the high
frequency from the β pocket. On top of the fine structure, the
oscillating pattern shows an envelope that is determined by
the low frequency of the α pocket. The center panel shows the
derivative dM

dH
, in which the minimum marks the 1/Bβ

n value
of each Landau Level n for the β pocket. The low frequency
oscillation pattern is resolved by a low frequency filtering in
the lower panel of Panel a. The Landau Levels field 1/Bα

n

are marked as the minimum of the dM

dH
curves. (b) The index

plot of 1/Bn is plotted against the Landau Level number n

from Fermi pocket α (open blue circles) and Fermi pocket β

(open black diamond). The maximum of the dM

dH
curves are

also plotted against n+ 1/2 for pocket α (solid blue circles).
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times larger than that of the (101) planes). Moreover,
the magnetic torque and magnetization measurements
are usually more sensitive to the Landau Level quanti-
zation, demonstrated in many material systems [22–24]
because the magnetization is a thermodynamic quantity
directly related to the free energy and the density of
states. Certain sample domain structures may affect the
coherence in the resistance measurement, but not on the
magnetization measurements.

Questions remain as to where the observed Fermi
surface in the (101) plane arises from. In the (101)
plane there are four high symmetry points[(0, 0), (0,π/a),
(π/

√
2a, 0) and (π/

√
2a,π/a)]. For example, as shown in

Fig. 3 (b), projecting the bulk bandX points to the (101)
plane leads to a pocket at (0, π/a) , and a pair of pockets
at (π/

√
2a,0) and (−π/

√
2a,0). Based on symmetry, only

(0,π/a) shall have a Dirac point, which is consistent with
the experimental observation. However, the topological
theory doesn’t prohibit pairs of Dirac points to arise at
low symmetry points,which offers another possible origin
for the observed pockets.

In conclusion, using torque magnetometry we observed
Fermi-liquid-like quantum oscillations from Kondo insu-
lator SmB6. Two small Fermi surfaces were observed
with light mass m ∼ 0.07me−0.10me and the kF l factor
as big as 55. The angular dependence reveals that the
dominating oscillation pattern is symmetric to the crys-
talline (101) axis. The Landau Level index plot reveal
the existence of the Berry phase factor in the infinite B

limit and indicates that the surface state is topological.
Our observation indicates a clean metallic surface state
along the (101) cleavage plane, and this is an ideal plane
to resolve the chirality and topological properties of the
surface state.
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TABLE I: Parameters in the two Fermi pockets in SmB6. The
oscillation frequency F and Fermi wavevector kF are obtained
from the dHvA period. The effective mass m, Fermi velocity
vF , mean free path l, and the mobility µ are inferred from
the T and H dependences of the oscillation amplitude. The
Landau Level index plot yields the infinite field limits γ.

α β

F ( T ) 48.3 ±1.8 300.5 ± 1.3

kF ( nm−1) 0.383 ± 0.007 0.955 ± 0.002
m

me
0.074 ± 0.004 0.101± 0.012

vF (105 m s−1) 6.0 ± 0.4 10.9± 1.3

l (nm) 33 ± 7 55 ± 16

µ (×103cm2/V s) 1.3 ± 0.3 0.86 ± 0.26

kF l 13 ± 3 53 ± 15

γ -0.45 ± 0.07 -0.44 ± 0.06
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Strongly correlated Kondo insulator SmB6 is known for its peculiar low temperature 
residual conduction, which has recently been demonstrated to arise from a robust metallic 
surface state, as predicted by the theory of topological Kondo insulator (TKI). 
Photoemission, quantum oscillation and magnetic doping experiments have provided 
evidence for the Dirac-like dispersion and topological protection. Questions arise as 
whether signatures of spin-momentum locking and electron interaction could be resolved 
in transport measurements. Here we report metallic conduction of surface state down to 
mK temperatures with saturation behaviors suggestive of Kondo effect. We observe in the 
surface state the weak-antilocalization (WAL) effect that is in agreement with a spin-
momentum locked metallic surface. At larger perpendicular magnetic fields, the surface 
state exhibits an unusual linear magnetoresistance similar to those found in Bi-based 
topological insulators and in graphene.  
  
With its heavy f-electron degree of freedom, Kondo insulator (1) SmB6 (2) behaves as a 
correlated metal at high temperatures. Below 40 K the bulk of SmB6 becomes insulating with the 
opening of Kondo energy gap due to the hybridization between conduction electrons and the 
highly renormalized f-electrons. The theory (3) of topological Kondo insulator predicted the 
existence of a topologically protected surface state (TSS) within this Kondo gap, naturally 
explaining the mysterious resistance saturation below 4 K (1). Recent transport measurements 
(4-6) have confirmed the low temperature surface conduction and the robustness of the surface 
state (SS). This SS has been demonstrated (7) to vanish with a small amount of magnetic 
impurity but survives larger amount of non-magnetic doping, which is consistent with a TSS 
protected by time-reversal symmetry. Recent high resolution ARPES (8-10) and quantum 
oscillation (11) experiments have provided tentative evidence for the Dirac dispersion of the 
surface carriers, as expected in a TSS.  Furthermore, unlike usual topological SS, first principle 
calculations (12, 13) have predict three surface Dirac bands residing at ! and X/Y points, which 
agrees with ARPES-measured surface electronic structure (8-10), although the anticipated spin-
momentum locking (14, 15) awaits spin-resolved measurements. In this paper we perform 
transport studies of the SmB6 SS down to 20 mK, searching for transport signatures of spin-
momentum locking and electron interaction effects.  
 
Extending our previous work (6), we have verified the existence of SS in SmB6 samples down to 
20mK with non-local transport and thickness dependent Hall effect measurements. In particular, 
Fig. 1A demonstrates the non-local measurement from sample S11 with both (100) and (101) 
surfaces. The local voltage !!"#$% is measured at voltage leads close to the current lead on the 
(101) surface. And the non-local voltage !!" is measured at voltage leads placed on the (100) 
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JIJ = 1J (H) -IJ (0) 

If the spin-orbit interaction and the mag-
netic scattering are weak (1/ r 1 = 1/ r 2 

=1/r 3 =11-rJ, we have a=l. 101 If L'r 2 

satisfies 

we have the symplectic case with a= -1 1 2. 
The case a=O (unitary) is given by the 
strong magnetic scattering 1/ ar 1. For 
extreme cases, (18) gives 

1.2 X lo-s .Q-1) 
vVhen the spin-orbit and the magnetic 

scatterings are absent, LlR= -R2JIJ is 
negative since a= 1. If the spin-orbit 
interaction is strong, JR becomes positive 
and if the magnetic scattering is suffici-
ently strong, JR must be small. These 
theoretical arguments are applied to the 
observation of the negative magnetoresis-
tance in MOSFET by Kawaguchi et al.U 
We note that 1/ r:o vanishes if the system 
is purely two dimensional and we have 
a=O even when there is no magnetic 
impurity. In MOSFET, 1/r:o may be 

small. The data of the negative magneto-
resistance shows a::= 1/2. The deviation 
of a from one is interpreted as a crossO\-er 
to the unitary case or to the symplectic 
case. 
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cussed by the replica method.8 ' This 
field theoretical model is the generalized 
non-linear rJ model9 ' which has the gauge 
invariance. The Hamiltonian is given by 

(12) 

where P(x) is the projection matrix and 
belongs to the groups O(N) jO(p) 
xO(N-p), U(N)/U(p) X U(N-p) and 
Sp(N)/ Sp(p) X Sp(N-p) for the orthogonal, 
unitary and symplectic cases, respectively, 
with two replications p=O and N=O. 

The renormalization group function (3 (t) 
= otjo ln jJ. agrees with the two loop 
calculation10 ' by the Green function method 
for the orthogonal case. For the unitary 
and symplectic cases, both methods give 
the same result up to one-loop. The cor-
respondence between two models are given 
by t= -R/2 and fJ.=L- 1• The 11-function 
IS calculated9' as 

{3(t) =Et+b1t 2 +b2t 3, (13) 

where E is d-2 and b1 takes the value 
2, 0, -1 for the orthogonal, unitary and 
symplectic case, respectively. For the 
unitary case b2 becomes -2. For the 
orthogonal case, b2 is zero. It is concluded 
that the system is localized for the or-
thogonal and unitary cases, and that the 
conductivity becomes infinite for the sym-
plectic case at zero temperature. 

At finite temperatures, the cutoff param-
eter w or DL - 2 is replaced by the inverse 
of the energy relaxation time 1/ r,; 1/ r, 
is proportional to T 3jh8D or T 2/E de-
pending whether the electron-phonon or 
electron-electron mechanism dominates. 
At high temperatures, 1/r, becomes larger 
than 1/ r so or 1/ r s and we have the be-
havior of the orthogonal case. At low 
temperatures, the conductivity increases 
with decreasing temperature for the case 
of the spin-orbit interaction without mag-
netic scattering. 

In a transverse magnetic field, we have 

II (r, r') = v J G (r, r') G (r, r') 

- iwr )cf;n * (r) cf;n (r') (14) 

and 

T(r, r') =T0 (r)o(r-r') 

+ ro (r) II (r, r') r (r, r'). (15) 

It gives 

S eH 1 r a{3{3a(r, --2-nc 7r vr 

1 1 l +-z 1 1 ' a(n+-)+-2 !"g 

where a=4DeH/hc, 

1 1 2 2 1 . -=----z+----x+-x-+--t(l)' 
!" 1 !"so !"so !" s !". 

1 2 4 1 . -=--+--+--t(l) r2 r,' rs"' r, ' 

1 2 4 1 . -=--. +----x+--t(l). 
!"s !" s r so r, 

(16) 

The conductivity in a magnetic field rs 
given by 

e2 
[ ( 1 1 ) ( 1 1 ) CJ=(J --- cf; -+- -cf; -+-

0 2n 2h 2 ra 2 r 1a 

+ l_cf; (1_ + ___l_) _l_cf; (1_ + ___l_)J 2 2 r 2a 2 2 r 3a ' 
(17) 

where cf; is the Digamma function. We 
obtain for 
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Strongly correlated Kondo insulator SmB6 is known for its peculiar low temperature 
residual conduction, which has recently been demonstrated to arise from a robust metallic 
surface state, as predicted by the theory of topological Kondo insulator (TKI). 
Photoemission, quantum oscillation and magnetic doping experiments have provided 
evidence for the Dirac-like dispersion and topological protection. Questions arise as 
whether signatures of spin-momentum locking and electron interaction could be resolved 
in transport measurements. Here we report metallic conduction of surface state down to 
mK temperatures with saturation behaviors suggestive of Kondo effect. We observe in the 
surface state the weak-antilocalization (WAL) effect that is in agreement with a spin-
momentum locked metallic surface. At larger perpendicular magnetic fields, the surface 
state exhibits an unusual linear magnetoresistance similar to those found in Bi-based 
topological insulators and in graphene.  
  
With its heavy f-electron degree of freedom, Kondo insulator (1) SmB6 (2) behaves as a 
correlated metal at high temperatures. Below 40 K the bulk of SmB6 becomes insulating with the 
opening of Kondo energy gap due to the hybridization between conduction electrons and the 
highly renormalized f-electrons. The theory (3) of topological Kondo insulator predicted the 
existence of a topologically protected surface state (TSS) within this Kondo gap, naturally 
explaining the mysterious resistance saturation below 4 K (1). Recent transport measurements 
(4-6) have confirmed the low temperature surface conduction and the robustness of the surface 
state (SS). This SS has been demonstrated (7) to vanish with a small amount of magnetic 
impurity but survives larger amount of non-magnetic doping, which is consistent with a TSS 
protected by time-reversal symmetry. Recent high resolution ARPES (8-10) and quantum 
oscillation (11) experiments have provided tentative evidence for the Dirac dispersion of the 
surface carriers, as expected in a TSS.  Furthermore, unlike usual topological SS, first principle 
calculations (12, 13) have predict three surface Dirac bands residing at ! and X/Y points, which 
agrees with ARPES-measured surface electronic structure (8-10), although the anticipated spin-
momentum locking (14, 15) awaits spin-resolved measurements. In this paper we perform 
transport studies of the SmB6 SS down to 20 mK, searching for transport signatures of spin-
momentum locking and electron interaction effects.  
 
Extending our previous work (6), we have verified the existence of SS in SmB6 samples down to 
20mK with non-local transport and thickness dependent Hall effect measurements. In particular, 
Fig. 1A demonstrates the non-local measurement from sample S11 with both (100) and (101) 
surfaces. The local voltage !!"#$% is measured at voltage leads close to the current lead on the 
(101) surface. And the non-local voltage !!" is measured at voltage leads placed on the (100) 
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JIJ = 1J (H) -IJ (0) 

If the spin-orbit interaction and the mag-
netic scattering are weak (1/ r 1 = 1/ r 2 

=1/r 3 =11-rJ, we have a=l. 101 If L'r 2 

satisfies 

we have the symplectic case with a= -1 1 2. 
The case a=O (unitary) is given by the 
strong magnetic scattering 1/ ar 1. For 
extreme cases, (18) gives 

1.2 X lo-s .Q-1) 
vVhen the spin-orbit and the magnetic 

scatterings are absent, LlR= -R2JIJ is 
negative since a= 1. If the spin-orbit 
interaction is strong, JR becomes positive 
and if the magnetic scattering is suffici-
ently strong, JR must be small. These 
theoretical arguments are applied to the 
observation of the negative magnetoresis-
tance in MOSFET by Kawaguchi et al.U 
We note that 1/ r:o vanishes if the system 
is purely two dimensional and we have 
a=O even when there is no magnetic 
impurity. In MOSFET, 1/r:o may be 

small. The data of the negative magneto-
resistance shows a::= 1/2. The deviation 
of a from one is interpreted as a crossO\-er 
to the unitary case or to the symplectic 
case. 
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cussed by the replica method.8 ' This 
field theoretical model is the generalized 
non-linear rJ model9 ' which has the gauge 
invariance. The Hamiltonian is given by 
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where P(x) is the projection matrix and 
belongs to the groups O(N) jO(p) 
xO(N-p), U(N)/U(p) X U(N-p) and 
Sp(N)/ Sp(p) X Sp(N-p) for the orthogonal, 
unitary and symplectic cases, respectively, 
with two replications p=O and N=O. 

The renormalization group function (3 (t) 
= otjo ln jJ. agrees with the two loop 
calculation10 ' by the Green function method 
for the orthogonal case. For the unitary 
and symplectic cases, both methods give 
the same result up to one-loop. The cor-
respondence between two models are given 
by t= -R/2 and fJ.=L- 1• The 11-function 
IS calculated9' as 

{3(t) =Et+b1t 2 +b2t 3, (13) 

where E is d-2 and b1 takes the value 
2, 0, -1 for the orthogonal, unitary and 
symplectic case, respectively. For the 
unitary case b2 becomes -2. For the 
orthogonal case, b2 is zero. It is concluded 
that the system is localized for the or-
thogonal and unitary cases, and that the 
conductivity becomes infinite for the sym-
plectic case at zero temperature. 

At finite temperatures, the cutoff param-
eter w or DL - 2 is replaced by the inverse 
of the energy relaxation time 1/ r,; 1/ r, 
is proportional to T 3jh8D or T 2/E de-
pending whether the electron-phonon or 
electron-electron mechanism dominates. 
At high temperatures, 1/r, becomes larger 
than 1/ r so or 1/ r s and we have the be-
havior of the orthogonal case. At low 
temperatures, the conductivity increases 
with decreasing temperature for the case 
of the spin-orbit interaction without mag-
netic scattering. 

In a transverse magnetic field, we have 

II (r, r') = v J G (r, r') G (r, r') 

- iwr )cf;n * (r) cf;n (r') (14) 

and 

T(r, r') =T0 (r)o(r-r') 

+ ro (r) II (r, r') r (r, r'). (15) 

It gives 

S eH 1 r a{3{3a(r, --2-nc 7r vr 

1 1 l +-z 1 1 ' a(n+-)+-2 !"g 

where a=4DeH/hc, 

1 1 2 2 1 . -=----z+----x+-x-+--t(l)' 
!" 1 !"so !"so !" s !". 

1 2 4 1 . -=--+--+--t(l) r2 r,' rs"' r, ' 

1 2 4 1 . -=--. +----x+--t(l). 
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The conductivity in a magnetic field rs 
given by 

e2 
[ ( 1 1 ) ( 1 1 ) CJ=(J --- cf; -+- -cf; -+-

0 2n 2h 2 ra 2 r 1a 
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where cf; is the Digamma function. We 
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Fig. 2. Weak antilocalization.  (A), Magnetoresistance ! at 20 mK of a thin plate sample 
S12B, with perpendicular (red dot) or in-plane (blue square) magnetic fields. Inset, 
orientation of magnetic field. (B), "G = "(1/ !) fitted to Hikami-Larkin-Nagaoka (HLN) 
equation, yielding # = 0.92. (C), Temperature evolution of weak Antilocalization effect. 
Lines are fits using HLN equation with a fixed # = 0.92 and variable dephasing length 
L$. d, L$  at different temperatures, showing -0.55 power law behavior below 100 mK. 
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Figure 1 Physical properties of β-YbAlB4. a, Temperature dependence of the d.c. susceptibility M/H measured in a field of 100mT along the ab plane and c axis. The
c-axis susceptibility changes in slope around 40 K. This is most likely due to a crystal-electric-field splitting∆, separating the ground-state Kramers doublet and the excited
states. Inset, the crystallographic unit cell of β-YbAlB4. It has an orthorhombic (Cmmm) space group with lattice parameters a= 0.73080(4) nm, b= 0.93150(5) nm,
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which is slightly more than twice the metallic radius of Yb3+ (0.174 nm). The underlying structural unit for magnetism may well be a one-dimensional chain of Yb3+

penetrating the B net. b, Temperature dependence of zero-field in-plane resistivity ρab (open circle) and its 4f-electron contribution ρm (solid line). The latter was estimated
by subtracting the temperature dependence of ρab for β-LuAlB4, the non-magnetic isostructural analogue of β-YbAlB4 (ref. 7). No superconductivity is found for β-LuAlB4
down to T= 35mK. A slight change in slope of ρm around 40 K is attributable to a crystal-electric-field effect. Insets, Low-temperature part of ρab (T ) versus T (top left) and
T
1.5 (bottom right).
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Figure 2 Crossover from non-FL to FL behaviour in the resistivity. a, ab-plane resistivity ρab versus T 2 at various magnetic fields along the c axis. b, Contour plot of the
resistivity exponent α defined by∆ρ = (ρ (T )−ρ (0))∼ T

α in the temperature–field phase diagram.

5–6, which is characteristic of a system with strong magnetic
correlations. At the low-T limit, A shows a diverging behaviour as
B vanishes, following the form B−1/2 in the critical regime below
∼4 T (Fig. 3d).

Thus, all our observations indicate that as the magnetic field
decreases to zero the FL state becomes unstable and A, χc and
CM/T all become singular at low T . This is the behaviour expected
of a system with a zero-field quantum critical point (QCP),
characterized by divergences of A, χc and CM/T of the form

T−x , where x is 1/2, 1/3 and 0+, respectively (0+ stands for
logarithmic divergence).

We now return to the observation of superconductivity, which
emerges at very low temperatures from the non-FL state in
samples with residual resistivity ratio RRR > 100. Figure 4a shows
the in-plane resistivity of two out of a dozen samples studied,
one normal and one superconducting, with RRR of 70 and
300, respectively. Figure 4b shows d.c. magnetization of a sample
consisting of a dozen crystals with an average RRR ∼ 240 and
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Tc ∼ 68 mK. The samples are thin plates with the c-axis normal
to the plate surface, typically 1 mm across and 0.01 mm thick.
Significant shielding of the applied field is evident in both the
zero-field-cooled (ZFC) and field-cooled (FC) data. The fraction
of the sample volume undergoing a superconducting transition has
been estimated by comparing the measurements in β-YbAlB4 with
those of Al plates of similar geometry and dimensions. At the lowest
temperature of 25 mK we find that the superconducting volume
fractions, f , in percentage terms are as follows: for a field in the
ab plane fab = 15% (ZFC), 6% (FC), and for a field along the c
axis fc = 45% (ZFC), 5% (FC). These fractions are large enough,

given the strong sensitivity of superconductivity to sample purity
and probable variation in purity over a typical sample, to indicate
that the superconductivity is essentially a bulk phenomenon.

We now turn to a qualitative discussion of our experimental
findings, starting with the non-FL normal state and the crossover to
an FL state with applied magnetic field. The emergence of non-FL
behaviour in heavy-fermion systems has been discussed in terms
of the itinerant-electron and localized-electron models10–14. In the
itinerant-electron model the conduction and f electrons hybridize
to form a coherent state characterized by heavy quasiparticles on
a Fermi surface enclosing conduction and f -electron states. In
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5–6, which is characteristic of a system with strong magnetic
correlations. At the low-T limit, A shows a diverging behaviour as
B vanishes, following the form B−1/2 in the critical regime below
∼4 T (Fig. 3d).

Thus, all our observations indicate that as the magnetic field
decreases to zero the FL state becomes unstable and A, χc and
CM/T all become singular at low T . This is the behaviour expected
of a system with a zero-field quantum critical point (QCP),
characterized by divergences of A, χc and CM/T of the form

T−x , where x is 1/2, 1/3 and 0+, respectively (0+ stands for
logarithmic divergence).

We now return to the observation of superconductivity, which
emerges at very low temperatures from the non-FL state in
samples with residual resistivity ratio RRR > 100. Figure 4a shows
the in-plane resistivity of two out of a dozen samples studied,
one normal and one superconducting, with RRR of 70 and
300, respectively. Figure 4b shows d.c. magnetization of a sample
consisting of a dozen crystals with an average RRR ∼ 240 and
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Tc ∼ 68 mK. The samples are thin plates with the c-axis normal
to the plate surface, typically 1 mm across and 0.01 mm thick.
Significant shielding of the applied field is evident in both the
zero-field-cooled (ZFC) and field-cooled (FC) data. The fraction
of the sample volume undergoing a superconducting transition has
been estimated by comparing the measurements in β-YbAlB4 with
those of Al plates of similar geometry and dimensions. At the lowest
temperature of 25 mK we find that the superconducting volume
fractions, f , in percentage terms are as follows: for a field in the
ab plane fab = 15% (ZFC), 6% (FC), and for a field along the c
axis fc = 45% (ZFC), 5% (FC). These fractions are large enough,

given the strong sensitivity of superconductivity to sample purity
and probable variation in purity over a typical sample, to indicate
that the superconductivity is essentially a bulk phenomenon.

We now turn to a qualitative discussion of our experimental
findings, starting with the non-FL normal state and the crossover to
an FL state with applied magnetic field. The emergence of non-FL
behaviour in heavy-fermion systems has been discussed in terms
of the itinerant-electron and localized-electron models10–14. In the
itinerant-electron model the conduction and f electrons hybridize
to form a coherent state characterized by heavy quasiparticles on
a Fermi surface enclosing conduction and f -electron states. In
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behavior. The absence of long-range magnetic
order in the a or b phase points to the presence of
competing magnetic interactions. Indeed, the
Weiss temperature QW ~ −110 K (Fig. 2A),
which is characteristic of an AFM, indicates the
importance of magnetic frustration. The competing
interplay of FM interactions and valence fluctu-
ations thus leads to Kondo lattice–like behavior
in a mixed-valent material, setting the stage for
quantum criticality to emerge at lower temper-
atures in b-YbAlB4.

A prominent feature of the quantum criticality
in b-YbAlB4 is the divergence of the magnetic
susceptibility c as T→ 0. By examining the field
evolution of magnetization M = −∂F/∂B as a
function of both T and B (12), we can accurately
probe the free-energy F near quantum criticality.
Figure 2A shows the T dependence of c(B) =M/B
for different values of B ‖ c. Spanning four orders
of magnitude in T and B, the data show a system-
atic evolution from a non-FL (NFL) metal with
divergent susceptibility at zero field (c ~ T −1/2)
to a FLwith finite c in a field gmBB ≳ kBT, where
kB is the Boltzmann constant.

Intriguingly, the evolution of M/B found in
the region T ≲ 3 K and B ≲ 2 T (Fig. 2A, inset)
can be collapsed onto a single scaling function of
the ratio T/B:

−
dM
dT

¼ B−1=2ϕ
T
B

! "

ð1Þ

as shown in Fig. 2B. The peak of the scaling
curve lies at kBT /gmBB ~ 1, marking a cross-over
between the FL and NFL regions, showing that
kBTF ~ gmBB plays the role of a field-induced
Fermi energy, as shown in the Fig. 2B inset.
Integrating both parts of Eq. 1, one obtains the
following scaling law for the free energy (12):

FQC ¼ B3=2f T
B

# $

ð2Þ

where f is a scaling function of the ratioT/Bwith the
limiting behavior f(x) º x3/2 in the NFL regime

(x >> 1) and f (x) º const + x2 in the FL phase
(x << 1). Indeed, the observed scaling of dM/dT
in Eq. 1 is best fitted withϕðxÞ ¼ L xðAþ x2Þ

a
2−2

(12), resulting in a particularly simple form of the
free energy:

FQC ¼ −
1

ðkBT̃Þ1=2
½ðgmBBÞ

2 þ ðkBTÞ2&3=4 ð3Þ

with the best fit obtained with effective moment
gmB = 1.94 mB and the energy scale kB T̃ ≈ 6.6 eV
of the order of the conduction electron bandwidth
(12). This means that the free energy depends
only on the distance from the origin in the (T,B)
phase diagram, similarly to the T/B scaling es-
tablished in the Tomonaga-Luttinger liquids in
one-dimensional metals (23, 24). Equation 3 im-
plies that the effective mass of the quasi-particles
diverges as m* ~ B−1/2 at the QCP (12). This
divergence in a three-dimensional material, to-
gether with the T/B scaling, cannot be accounted
for by the standard theory based on spin-density-
wave fluctuations (25, 26). Instead, it indicates a
breakdown of the FL driven by unconventional
quantum criticality.

The T/B scaling suggests that the critical
field Bc of the quantum phase transition is
actually zero. A finite Bc would require that the
argument of the scaling functions f (x) and ϕ(x)
is the ratio x = T/|B−Bc|, as seen for instance in
YbRh2Si2 (16). To place a bound on Bc, we
substituted this form for x into Eq. 1, seeking
the value of Bc that would best fit the exper-
imental data. The Pearson’s correlation co-
efficient R obtained for this fit (Fig. 2B, inset),
indicates that Bc is optimal at −0.1 T 0.1 mT.
The uncertainty is only a few times larger than
Earth’s magnetic field (~0.05 mT). More im-
portantly, it is two orders of magnitude smaller
than m0Hc2 = 30 mT and six orders of mag-
nitude smaller than valence fluctuation scale T0
~ 200 K. Thus, b-YbAlB4 provides an example
of essentially zero-field quantum criticality.

Further evidence for zero-field quantum
criticality is obtained from an analysis of the
magnetocaloric ratio, GH ≡ − 1

T
∂S=∂B
∂S=∂T ¼ − ∂M=∂T

C
(Fig. 3). Here, C is the total specific heat (12).
Our results show a clear divergence of GH/B as
T → 0 in the NFL regime, which is a strong
indicator of quantum criticality (27). From the
NFL regime, we can extract the critical field |Bc| <
0.2 mT, which is consistent with the estimate
of Bc obtained from the scaling behavior ofM
in Eq. 1 (fig. S2).

The simple T/B scaling in the thermodynam-
ics enables us to characterize the QC excitations
of b-YbAlB4. In particular, the collapse of all
magnetization data in terms of the dimensionless
ratio r = kBT/(gmBB) between the Boltzmann en-
ergy kBT and the Zeeman energy gmBB indicates
an absence of scale in the zero-field normal state.
Furthermore, the appearance of a field-induced
Fermi energy—linear over more than three dec-
ades in B—shows that the underlying critical
modes are magnetic in character.

Using the Heisenberg energy-time uncer-
tainty principle (DtDE ≳ ћ, where ћ is Planck’s
constant h divided by 2p), we can reinterpret
the T/B scaling in the time domain, visualizing
the field-induced FL as a kind of “quantum
soda” of bubbles of quantum critical matter of
finite duration tQ = ћ/gmBB, immersed in a FL.
At finite temperatures, thermodynamics aver-
ages the physics over a thermal time scale tT =
ћ/kBT; thus, the quantity r = tQ / tT ~ T/B in
the scaling is the ratio of the correlation time tQ
to the thermal time-scale tT. At low temper-
atures r << 1 (tT >> tQ), thermodynamics
probes the FL exterior of the bubbles, but
when r >> 1 and tT << tQ, it reflects the QC
interior of the bubbles. This accounts for the
cross-over between FL and QC behaviors at r ~
1. Moreover, T/B scaling over a wide range r
~ 10−1 to ~103 indicates that the quantum
fluctuations in the ground state are self-similar
down to 1/1000th of the correlation time tQ.

The observation of zero-field quantum criti-
cality in valence-fluctuating b-YbAlB4 cannot
naturally be interpreted as a conventional QCP,
which would require a fortuitous combination of
structure and chemistry to fine-tune the critical
field Bc to within 0.2 mT of zero. A more nat-
ural interpretation of the results is that b-YbAlB4

forms a quantum critical phase that is driven into
a FL state by an infinitesimal magnetic field. The
T/B scaling requires that the critical modes are
Zeeman-split by a field, and as such, various
scenarios—such as critical Fermi surfaces (28) or
local quantum criticality with E/T scaling (6)—
may be possible contenders for the explanation,
provided they can be stabilized as a phase. Es-
tablished theoretical examples of a critical phase
with T/B scaling include the Tomonaga-Luttinger
liquid in half-integer spin chains and the one-
dimensional Heisenberg ferromagnet (23, 24).
Experimentally, the d-electron metal MnSi is a
candidate for a quantum critical phase, with
anomalous transport exponents observed over a
range of applied pressure (29). Although present
work provides a strong indication for existence of
such a phase in b-YbAlB4, future studies—in
particular, under pressure—are necessary in order
to establish it definitively.
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behavior. The absence of long-range magnetic
order in the a or b phase points to the presence of
competing magnetic interactions. Indeed, the
Weiss temperature QW ~ −110 K (Fig. 2A),
which is characteristic of an AFM, indicates the
importance of magnetic frustration. The competing
interplay of FM interactions and valence fluctu-
ations thus leads to Kondo lattice–like behavior
in a mixed-valent material, setting the stage for
quantum criticality to emerge at lower temper-
atures in b-YbAlB4.

A prominent feature of the quantum criticality
in b-YbAlB4 is the divergence of the magnetic
susceptibility c as T→ 0. By examining the field
evolution of magnetization M = −∂F/∂B as a
function of both T and B (12), we can accurately
probe the free-energy F near quantum criticality.
Figure 2A shows the T dependence of c(B) =M/B
for different values of B ‖ c. Spanning four orders
of magnitude in T and B, the data show a system-
atic evolution from a non-FL (NFL) metal with
divergent susceptibility at zero field (c ~ T −1/2)
to a FLwith finite c in a field gmBB ≳ kBT, where
kB is the Boltzmann constant.

Intriguingly, the evolution of M/B found in
the region T ≲ 3 K and B ≲ 2 T (Fig. 2A, inset)
can be collapsed onto a single scaling function of
the ratio T/B:

−
dM
dT

¼ B−1=2ϕ
T
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as shown in Fig. 2B. The peak of the scaling
curve lies at kBT /gmBB ~ 1, marking a cross-over
between the FL and NFL regions, showing that
kBTF ~ gmBB plays the role of a field-induced
Fermi energy, as shown in the Fig. 2B inset.
Integrating both parts of Eq. 1, one obtains the
following scaling law for the free energy (12):

FQC ¼ B3=2f T
B

# $

ð2Þ

where f is a scaling function of the ratioT/Bwith the
limiting behavior f(x) º x3/2 in the NFL regime

(x >> 1) and f (x) º const + x2 in the FL phase
(x << 1). Indeed, the observed scaling of dM/dT
in Eq. 1 is best fitted withϕðxÞ ¼ L xðAþ x2Þ

a
2−2

(12), resulting in a particularly simple form of the
free energy:

FQC ¼ −
1

ðkBT̃Þ1=2
½ðgmBBÞ

2 þ ðkBTÞ2&3=4 ð3Þ

with the best fit obtained with effective moment
gmB = 1.94 mB and the energy scale kB T̃ ≈ 6.6 eV
of the order of the conduction electron bandwidth
(12). This means that the free energy depends
only on the distance from the origin in the (T,B)
phase diagram, similarly to the T/B scaling es-
tablished in the Tomonaga-Luttinger liquids in
one-dimensional metals (23, 24). Equation 3 im-
plies that the effective mass of the quasi-particles
diverges as m* ~ B−1/2 at the QCP (12). This
divergence in a three-dimensional material, to-
gether with the T/B scaling, cannot be accounted
for by the standard theory based on spin-density-
wave fluctuations (25, 26). Instead, it indicates a
breakdown of the FL driven by unconventional
quantum criticality.

The T/B scaling suggests that the critical
field Bc of the quantum phase transition is
actually zero. A finite Bc would require that the
argument of the scaling functions f (x) and ϕ(x)
is the ratio x = T/|B−Bc|, as seen for instance in
YbRh2Si2 (16). To place a bound on Bc, we
substituted this form for x into Eq. 1, seeking
the value of Bc that would best fit the exper-
imental data. The Pearson’s correlation co-
efficient R obtained for this fit (Fig. 2B, inset),
indicates that Bc is optimal at −0.1 T 0.1 mT.
The uncertainty is only a few times larger than
Earth’s magnetic field (~0.05 mT). More im-
portantly, it is two orders of magnitude smaller
than m0Hc2 = 30 mT and six orders of mag-
nitude smaller than valence fluctuation scale T0
~ 200 K. Thus, b-YbAlB4 provides an example
of essentially zero-field quantum criticality.

Further evidence for zero-field quantum
criticality is obtained from an analysis of the
magnetocaloric ratio, GH ≡ − 1

T
∂S=∂B
∂S=∂T ¼ − ∂M=∂T

C
(Fig. 3). Here, C is the total specific heat (12).
Our results show a clear divergence of GH/B as
T → 0 in the NFL regime, which is a strong
indicator of quantum criticality (27). From the
NFL regime, we can extract the critical field |Bc| <
0.2 mT, which is consistent with the estimate
of Bc obtained from the scaling behavior ofM
in Eq. 1 (fig. S2).

The simple T/B scaling in the thermodynam-
ics enables us to characterize the QC excitations
of b-YbAlB4. In particular, the collapse of all
magnetization data in terms of the dimensionless
ratio r = kBT/(gmBB) between the Boltzmann en-
ergy kBT and the Zeeman energy gmBB indicates
an absence of scale in the zero-field normal state.
Furthermore, the appearance of a field-induced
Fermi energy—linear over more than three dec-
ades in B—shows that the underlying critical
modes are magnetic in character.

Using the Heisenberg energy-time uncer-
tainty principle (DtDE ≳ ћ, where ћ is Planck’s
constant h divided by 2p), we can reinterpret
the T/B scaling in the time domain, visualizing
the field-induced FL as a kind of “quantum
soda” of bubbles of quantum critical matter of
finite duration tQ = ћ/gmBB, immersed in a FL.
At finite temperatures, thermodynamics aver-
ages the physics over a thermal time scale tT =
ћ/kBT; thus, the quantity r = tQ / tT ~ T/B in
the scaling is the ratio of the correlation time tQ
to the thermal time-scale tT. At low temper-
atures r << 1 (tT >> tQ), thermodynamics
probes the FL exterior of the bubbles, but
when r >> 1 and tT << tQ, it reflects the QC
interior of the bubbles. This accounts for the
cross-over between FL and QC behaviors at r ~
1. Moreover, T/B scaling over a wide range r
~ 10−1 to ~103 indicates that the quantum
fluctuations in the ground state are self-similar
down to 1/1000th of the correlation time tQ.

The observation of zero-field quantum criti-
cality in valence-fluctuating b-YbAlB4 cannot
naturally be interpreted as a conventional QCP,
which would require a fortuitous combination of
structure and chemistry to fine-tune the critical
field Bc to within 0.2 mT of zero. A more nat-
ural interpretation of the results is that b-YbAlB4

forms a quantum critical phase that is driven into
a FL state by an infinitesimal magnetic field. The
T/B scaling requires that the critical modes are
Zeeman-split by a field, and as such, various
scenarios—such as critical Fermi surfaces (28) or
local quantum criticality with E/T scaling (6)—
may be possible contenders for the explanation,
provided they can be stabilized as a phase. Es-
tablished theoretical examples of a critical phase
with T/B scaling include the Tomonaga-Luttinger
liquid in half-integer spin chains and the one-
dimensional Heisenberg ferromagnet (23, 24).
Experimentally, the d-electron metal MnSi is a
candidate for a quantum critical phase, with
anomalous transport exponents observed over a
range of applied pressure (29). Although present
work provides a strong indication for existence of
such a phase in b-YbAlB4, future studies—in
particular, under pressure—are necessary in order
to establish it definitively.
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pirically, the observation of a Schottky peak in the specific
heat at T! ! 30–40 K, indicates that the lowest lying
crystal field excitation has energy ! ! 2kBT! " 60–80 K.

To determine the symmetry of the lowest lying Yb
doublet, we appeal to geometric considerations. The lowest
energy magnetic doublet will correspond to the 4f wave
function with maximum overlap with the boron rings. This
rules out the states with jmJj ¼ 1=2 which are aligned
along the c axis, and the states with jmJj ¼ 7=2 which
are planar, lying in the ab plane. The remaining contenders
with mJ ¼ 3=2 or 5=2 are ‘‘conical dumbbells’’ aligned
along the c axis. The sevenfold boron rings subtend an
angle of 50$ about the c axis, closely corresponding to the
aperture angle (52$) of the conical wave function of the
j%5=2i multiplet. We expect this state to have the maxi-
mum hybridization with the boron rings. The most likely
excited state is the mixture of j%1=2i and j%3=2i configu-
ration, with the second-largest overlap. This simple model
of the Yb ion provides a good fit to the experimentally
measured magnetic susceptibility at high temperatures
(Fig. 4), provided one fits the Curie-Weiss temperature
!thCW "&230 K due to the antiferromagnetic RKKY inter-
action between Yb moments. The best fit is obtained with
the excited state being mainly j%1=2i, with a small admix-
ture of the mJ ¼ %3=2 as indicated in the inset of Fig. 4,
with "" 0:28. This is likely due to crystal fields of Al
atoms that break the sevenfold symmetry of boron rings.

Given this single-ion picture, the simplest effective
model for the low-energy degrees of freedom is the one
in which low lying jJ ¼ 7=2; mJ ¼ %5=2i 4f doublet
interacts with the neighboring layers of two-dimensional
boron p electrons via a Kondo exchange interaction. Based
on our calculations, we expect the spins on neighboring Yb
ions to interact via an antiferromagnetic RKKY interaction
Jij. This leads us to propose a ‘‘layered Kondo lattice
model’’ for #-YbAlB4, H¼H0þHKþHH, where

H0 ¼ &
X

p¼%;

X

hm;ni2ðabÞ
tm;nc

y
$ðrmpÞc$ðrnpÞ;

HK ¼ JKSj *
! X

j;p¼%
cyj%p!%#cj#p þ

X

j;p!p0
cyj%p!%#cj#p0

"
;

HH ¼
X

hi;ji
JijSi * Sj; (2)

where the cy$ðrmpÞ operators create conduction electrons
with spin $ ¼ %1=2 in the two-dimensional boron planes
at site rm% ¼ rm % c=2. The Sj are the Yb spin operators,
interacting with boron layers via the Kondo coupling JK.
The fcj%pg represent boron Wannier states in the pth layer
projected onto Yb site Rj in the j% ¼ % 5

2i state, given by

cj%;p ¼
X

$

X7

m¼1

Y5=2
%$ ðrmp &RjÞc$ðrmpÞ; (3)

where summation is over atomic positions of the
seven-member boron ring above or below the Yb site.

Here the form-factors Y5=2
%$ ðr̂Þ ¼ CJ

%;$Yl;%&$ðr̂Þ, arise

due to spin-orbit coupling [24], where C7=2
%;$ +

hl ¼ 3;%& $;$jJ ¼ 7
2 ;%i are the Clebsch-Gordan co-

efficients for the J ¼ 7=2, l ¼ 3 state and Ylmðr̂Þ are
spherical harmonics. Written explicitly

Y 5=2
%$ ðr̂Þ ¼

1ffiffiffi
7

p
ffiffiffi
6

p
Y3;2ðr̂Þ Y3;3ðr̂Þ

Y3;&3ðr̂Þ
ffiffiffi
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: (4)

The angular probability distribution function of the j% 5
2i

doublet is given by
P

%$jY5=2
$% ðr̂Þj2 as shown in Fig. 1.

The above model (2) provides a starting point for future
theoretical studies of #-YbAlB4. Here we focus on the
qualitative physics of the model. At high temperatures, the
local moments form on the Yb ions, which interact via
RKKY interaction, whose scale is however too small to
allow magnetic ordering. The high temperature electronic
behavior is then governed mainly by the ‘‘small’’ Fermi
surface formed out of the quasi-two-dimensional boron
bands, coupled weakly along the c axis via the interplanar
aluminum atoms. As the temperature is lowered below the
Kondo temperature TK "De&D=2JK (here D is the conduc-
tion electron band width), the quenched local moments will
give rise to resonant bound-states that link neighboring
boron layers, forming a three-dimensional Fermi surface
of heavy quasiparticles.
The observation of field-tuned quantum criticality in this

material indicates that the RKKY interactions and the
Kondo temperature are of comparable size, estimated [7]
to be of order of 100 K, a value substantially larger than in
other quantum critical systems, such as YbRh2Si2 [25]
(TK " 25 K) or CeCu6&xAux [2] (TK " 6 K). The en-
hanced Kondo temperature suggests that this system bal-
ances a more mixed-valent Yb ion with stronger RKKY
interactions. Set against these observations, the tiny size of
the superconducting transition temperature is quite myste-
rious, for a large magnetic interaction might be expected to
induce stronger pairing [5].
A striking feature of this compound is its highly aniso-

tropic, low-symmetry structure. The layered Kondo model
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FIG. 4 (color online). (a) Theoretical fit to experimental sus-
ceptibility data [7] &cðTÞ (circles) and &abðTÞ (rhombi) in the
range 50–300 K using the single-ion model shown in the inset
and the fitted Curie-Weiss temperature !CW. The best fit yields
the lowest crystal field splitting ! ¼ 80 K, the coefficient of
admixture " ! 0:28 and !thCW ¼ &230 K, close to the experi-
mental value !expCW "&210 K.
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pirically, the observation of a Schottky peak in the specific
heat at T! ! 30–40 K, indicates that the lowest lying
crystal field excitation has energy ! ! 2kBT! " 60–80 K.

To determine the symmetry of the lowest lying Yb
doublet, we appeal to geometric considerations. The lowest
energy magnetic doublet will correspond to the 4f wave
function with maximum overlap with the boron rings. This
rules out the states with jmJj ¼ 1=2 which are aligned
along the c axis, and the states with jmJj ¼ 7=2 which
are planar, lying in the ab plane. The remaining contenders
with mJ ¼ 3=2 or 5=2 are ‘‘conical dumbbells’’ aligned
along the c axis. The sevenfold boron rings subtend an
angle of 50$ about the c axis, closely corresponding to the
aperture angle (52$) of the conical wave function of the
j%5=2i multiplet. We expect this state to have the maxi-
mum hybridization with the boron rings. The most likely
excited state is the mixture of j%1=2i and j%3=2i configu-
ration, with the second-largest overlap. This simple model
of the Yb ion provides a good fit to the experimentally
measured magnetic susceptibility at high temperatures
(Fig. 4), provided one fits the Curie-Weiss temperature
!thCW "&230 K due to the antiferromagnetic RKKY inter-
action between Yb moments. The best fit is obtained with
the excited state being mainly j%1=2i, with a small admix-
ture of the mJ ¼ %3=2 as indicated in the inset of Fig. 4,
with "" 0:28. This is likely due to crystal fields of Al
atoms that break the sevenfold symmetry of boron rings.

Given this single-ion picture, the simplest effective
model for the low-energy degrees of freedom is the one
in which low lying jJ ¼ 7=2; mJ ¼ %5=2i 4f doublet
interacts with the neighboring layers of two-dimensional
boron p electrons via a Kondo exchange interaction. Based
on our calculations, we expect the spins on neighboring Yb
ions to interact via an antiferromagnetic RKKY interaction
Jij. This leads us to propose a ‘‘layered Kondo lattice
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where the cy$ðrmpÞ operators create conduction electrons
with spin $ ¼ %1=2 in the two-dimensional boron planes
at site rm% ¼ rm % c=2. The Sj are the Yb spin operators,
interacting with boron layers via the Kondo coupling JK.
The fcj%pg represent boron Wannier states in the pth layer
projected onto Yb site Rj in the j% ¼ % 5

2i state, given by
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The angular probability distribution function of the j% 5
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doublet is given by
P

%$jY5=2
$% ðr̂Þj2 as shown in Fig. 1.

The above model (2) provides a starting point for future
theoretical studies of #-YbAlB4. Here we focus on the
qualitative physics of the model. At high temperatures, the
local moments form on the Yb ions, which interact via
RKKY interaction, whose scale is however too small to
allow magnetic ordering. The high temperature electronic
behavior is then governed mainly by the ‘‘small’’ Fermi
surface formed out of the quasi-two-dimensional boron
bands, coupled weakly along the c axis via the interplanar
aluminum atoms. As the temperature is lowered below the
Kondo temperature TK "De&D=2JK (here D is the conduc-
tion electron band width), the quenched local moments will
give rise to resonant bound-states that link neighboring
boron layers, forming a three-dimensional Fermi surface
of heavy quasiparticles.
The observation of field-tuned quantum criticality in this

material indicates that the RKKY interactions and the
Kondo temperature are of comparable size, estimated [7]
to be of order of 100 K, a value substantially larger than in
other quantum critical systems, such as YbRh2Si2 [25]
(TK " 25 K) or CeCu6&xAux [2] (TK " 6 K). The en-
hanced Kondo temperature suggests that this system bal-
ances a more mixed-valent Yb ion with stronger RKKY
interactions. Set against these observations, the tiny size of
the superconducting transition temperature is quite myste-
rious, for a large magnetic interaction might be expected to
induce stronger pairing [5].
A striking feature of this compound is its highly aniso-

tropic, low-symmetry structure. The layered Kondo model
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pirically, the observation of a Schottky peak in the specific
heat at T! ! 30–40 K, indicates that the lowest lying
crystal field excitation has energy ! ! 2kBT! " 60–80 K.

To determine the symmetry of the lowest lying Yb
doublet, we appeal to geometric considerations. The lowest
energy magnetic doublet will correspond to the 4f wave
function with maximum overlap with the boron rings. This
rules out the states with jmJj ¼ 1=2 which are aligned
along the c axis, and the states with jmJj ¼ 7=2 which
are planar, lying in the ab plane. The remaining contenders
with mJ ¼ 3=2 or 5=2 are ‘‘conical dumbbells’’ aligned
along the c axis. The sevenfold boron rings subtend an
angle of 50$ about the c axis, closely corresponding to the
aperture angle (52$) of the conical wave function of the
j%5=2i multiplet. We expect this state to have the maxi-
mum hybridization with the boron rings. The most likely
excited state is the mixture of j%1=2i and j%3=2i configu-
ration, with the second-largest overlap. This simple model
of the Yb ion provides a good fit to the experimentally
measured magnetic susceptibility at high temperatures
(Fig. 4), provided one fits the Curie-Weiss temperature
!thCW "&230 K due to the antiferromagnetic RKKY inter-
action between Yb moments. The best fit is obtained with
the excited state being mainly j%1=2i, with a small admix-
ture of the mJ ¼ %3=2 as indicated in the inset of Fig. 4,
with "" 0:28. This is likely due to crystal fields of Al
atoms that break the sevenfold symmetry of boron rings.

Given this single-ion picture, the simplest effective
model for the low-energy degrees of freedom is the one
in which low lying jJ ¼ 7=2; mJ ¼ %5=2i 4f doublet
interacts with the neighboring layers of two-dimensional
boron p electrons via a Kondo exchange interaction. Based
on our calculations, we expect the spins on neighboring Yb
ions to interact via an antiferromagnetic RKKY interaction
Jij. This leads us to propose a ‘‘layered Kondo lattice
model’’ for #-YbAlB4, H¼H0þHKþHH, where
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where the cy$ðrmpÞ operators create conduction electrons
with spin $ ¼ %1=2 in the two-dimensional boron planes
at site rm% ¼ rm % c=2. The Sj are the Yb spin operators,
interacting with boron layers via the Kondo coupling JK.
The fcj%pg represent boron Wannier states in the pth layer
projected onto Yb site Rj in the j% ¼ % 5
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The angular probability distribution function of the j% 5
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doublet is given by
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%$jY5=2
$% ðr̂Þj2 as shown in Fig. 1.

The above model (2) provides a starting point for future
theoretical studies of #-YbAlB4. Here we focus on the
qualitative physics of the model. At high temperatures, the
local moments form on the Yb ions, which interact via
RKKY interaction, whose scale is however too small to
allow magnetic ordering. The high temperature electronic
behavior is then governed mainly by the ‘‘small’’ Fermi
surface formed out of the quasi-two-dimensional boron
bands, coupled weakly along the c axis via the interplanar
aluminum atoms. As the temperature is lowered below the
Kondo temperature TK "De&D=2JK (here D is the conduc-
tion electron band width), the quenched local moments will
give rise to resonant bound-states that link neighboring
boron layers, forming a three-dimensional Fermi surface
of heavy quasiparticles.
The observation of field-tuned quantum criticality in this

material indicates that the RKKY interactions and the
Kondo temperature are of comparable size, estimated [7]
to be of order of 100 K, a value substantially larger than in
other quantum critical systems, such as YbRh2Si2 [25]
(TK " 25 K) or CeCu6&xAux [2] (TK " 6 K). The en-
hanced Kondo temperature suggests that this system bal-
ances a more mixed-valent Yb ion with stronger RKKY
interactions. Set against these observations, the tiny size of
the superconducting transition temperature is quite myste-
rious, for a large magnetic interaction might be expected to
induce stronger pairing [5].
A striking feature of this compound is its highly aniso-
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Conduction Wannier state with j=7/2, mJ=±5/2

pirically, the observation of a Schottky peak in the specific
heat at T! ! 30–40 K, indicates that the lowest lying
crystal field excitation has energy ! ! 2kBT! " 60–80 K.

To determine the symmetry of the lowest lying Yb
doublet, we appeal to geometric considerations. The lowest
energy magnetic doublet will correspond to the 4f wave
function with maximum overlap with the boron rings. This
rules out the states with jmJj ¼ 1=2 which are aligned
along the c axis, and the states with jmJj ¼ 7=2 which
are planar, lying in the ab plane. The remaining contenders
with mJ ¼ 3=2 or 5=2 are ‘‘conical dumbbells’’ aligned
along the c axis. The sevenfold boron rings subtend an
angle of 50$ about the c axis, closely corresponding to the
aperture angle (52$) of the conical wave function of the
j%5=2i multiplet. We expect this state to have the maxi-
mum hybridization with the boron rings. The most likely
excited state is the mixture of j%1=2i and j%3=2i configu-
ration, with the second-largest overlap. This simple model
of the Yb ion provides a good fit to the experimentally
measured magnetic susceptibility at high temperatures
(Fig. 4), provided one fits the Curie-Weiss temperature
!thCW "&230 K due to the antiferromagnetic RKKY inter-
action between Yb moments. The best fit is obtained with
the excited state being mainly j%1=2i, with a small admix-
ture of the mJ ¼ %3=2 as indicated in the inset of Fig. 4,
with "" 0:28. This is likely due to crystal fields of Al
atoms that break the sevenfold symmetry of boron rings.

Given this single-ion picture, the simplest effective
model for the low-energy degrees of freedom is the one
in which low lying jJ ¼ 7=2; mJ ¼ %5=2i 4f doublet
interacts with the neighboring layers of two-dimensional
boron p electrons via a Kondo exchange interaction. Based
on our calculations, we expect the spins on neighboring Yb
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doublet is given by
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The above model (2) provides a starting point for future
theoretical studies of #-YbAlB4. Here we focus on the
qualitative physics of the model. At high temperatures, the
local moments form on the Yb ions, which interact via
RKKY interaction, whose scale is however too small to
allow magnetic ordering. The high temperature electronic
behavior is then governed mainly by the ‘‘small’’ Fermi
surface formed out of the quasi-two-dimensional boron
bands, coupled weakly along the c axis via the interplanar
aluminum atoms. As the temperature is lowered below the
Kondo temperature TK "De&D=2JK (here D is the conduc-
tion electron band width), the quenched local moments will
give rise to resonant bound-states that link neighboring
boron layers, forming a three-dimensional Fermi surface
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Kondo temperature are of comparable size, estimated [7]
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hanced Kondo temperature suggests that this system bal-
ances a more mixed-valent Yb ion with stronger RKKY
interactions. Set against these observations, the tiny size of
the superconducting transition temperature is quite myste-
rious, for a large magnetic interaction might be expected to
induce stronger pairing [5].
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FIG. 4 (color online). (a) Theoretical fit to experimental sus-
ceptibility data [7] &cðTÞ (circles) and &abðTÞ (rhombi) in the
range 50–300 K using the single-ion model shown in the inset
and the fitted Curie-Weiss temperature !CW. The best fit yields
the lowest crystal field splitting ! ¼ 80 K, the coefficient of
admixture " ! 0:28 and !thCW ¼ &230 K, close to the experi-
mental value !expCW "&210 K.
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|mJ = ±5/2�

2

FIG. 1. Showing the seven-fold symmetric environment of the
Yb3+ ions (large spheres) in β-YbAlB4 , sandwiched between
two heptagonal rings of B atoms (small spheres). The blue
surface is the orbital distribution in the mj = ±5/2 state.

Ising anisotropy of the magnetic susceptibility of β-
YbAlB4 are consistent with a pure Yb ground-state dou-
blet |J = 7/2,mJ = ±5/2� [10], a configuration that ex-
hibits maximal hybridization with the seven-fold boron
rings. This Ising ground-state is also consistent with the
large anisotropic g-factor observed in electron spin reso-
nance measurements on β-YbAlB4 [11, 12].

We model the low energy physics of β-YbAlB4 as a
layered Anderson lattice [10],

H =
�

n,k,σ

�knc
†
knσcknσ +
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j

Hm(j), (2)

where the first term describes a tight-binding boron con-
duction electron band where n is the band index, and

Hm(j) = V0(c
†
jαX0α(j) + h.c.) + EfXαα(j), (3)

describes the hybridization with the Yb ion at site j and
the energy level Ef of the f -electrons. Here, X0α =
|4f14��4f13

,α| is a Hubbard operator linking the 4f13,
mJ ≡ α = ±5/2 state of the Yb3+ ion to the completely
filled shell Yb2+ state |4f14�. The operator

c
†
jα =

�

p∈(1,14),σ

c
†
σ(Rjp) Yσα(rp), (4)

creates a conduction electron in a Wannier state delocal-
ized across the seven-fold boron rings directly above and
below the Yb ion at site j, with local f symmetry and
Jz = α = ±5/2. The Rjp = Rj + rp are the locations
of the fourteen boron sites around the Yb site j (see Fig.
1). The hybridization matrix,

Yσα(r) = C
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where the C
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σα = �3α − σ,
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2 ,α� are Clebsch-Gordan

coefficients for the Yb3+, α = ±5/2 configurations.

We employ a slave boson decomposition of the Hub-
bard operators, X0α(j) = b

†
jfjα, where bj and fjα are

a slave boson and an Abrikosov pseudo-fermion respec-
tively; in a mean-field approximation,

Hm(j)=V
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jαfjα + h.c.] + Ẽff

†
jαfjα + λ0(r
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− 1),(6)

where V
∗
0 is the quasiparticle hybridization, renormal-

ized by the mean-field amplitude of the slave boson field,
r = |�b�| taken to be constant at each site. λ0 imposes
the mean-field constraint �nf �+ r

2 = 1, while the renor-
malized position of the f -level Ẽf = λ0 + Ef .
Next, we transform to momentum space and evaluate

the form-factor of the seven-fold symmetric Yb-B cluster.
To obtain a simplified model, let us assume a single band
of dispersion �k hybridizing with the Yb atom. Rewriting
the creation operator at a given boron site in terms of a
plane wave state c

†
σ(Rjp) = (4N )−1/2 �
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†
kσe

−ik·Rjp ,
and fjα = N−1/2
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The mean-field Hamiltonian (6) can then be written in
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where all details of the hybridization are hidden in the
matrix [V (k)] = 1
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where we denote (cos θ, sin θ) ≡ (cθ, sθ). The impor-
tant point, is that the hybridization vanishes as sin2 θ
along the c-axis. Now the effect of Fourier transform-
ing in Eq. (7), is to replace the real-space argument by
the momentum Y(r) → Y(k). To obtain an analytic ex-
pression, we approximate the discrete sum over the po-
sitions in the seven-fold B ring by a continuous integral:�
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2π . We find that V (k) is proportional to
a unitary matrix,
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Conduction Wannier state with j=7/2, mJ=±5/2

pirically, the observation of a Schottky peak in the specific
heat at T! ! 30–40 K, indicates that the lowest lying
crystal field excitation has energy ! ! 2kBT! " 60–80 K.

To determine the symmetry of the lowest lying Yb
doublet, we appeal to geometric considerations. The lowest
energy magnetic doublet will correspond to the 4f wave
function with maximum overlap with the boron rings. This
rules out the states with jmJj ¼ 1=2 which are aligned
along the c axis, and the states with jmJj ¼ 7=2 which
are planar, lying in the ab plane. The remaining contenders
with mJ ¼ 3=2 or 5=2 are ‘‘conical dumbbells’’ aligned
along the c axis. The sevenfold boron rings subtend an
angle of 50$ about the c axis, closely corresponding to the
aperture angle (52$) of the conical wave function of the
j%5=2i multiplet. We expect this state to have the maxi-
mum hybridization with the boron rings. The most likely
excited state is the mixture of j%1=2i and j%3=2i configu-
ration, with the second-largest overlap. This simple model
of the Yb ion provides a good fit to the experimentally
measured magnetic susceptibility at high temperatures
(Fig. 4), provided one fits the Curie-Weiss temperature
!thCW "&230 K due to the antiferromagnetic RKKY inter-
action between Yb moments. The best fit is obtained with
the excited state being mainly j%1=2i, with a small admix-
ture of the mJ ¼ %3=2 as indicated in the inset of Fig. 4,
with "" 0:28. This is likely due to crystal fields of Al
atoms that break the sevenfold symmetry of boron rings.

Given this single-ion picture, the simplest effective
model for the low-energy degrees of freedom is the one
in which low lying jJ ¼ 7=2; mJ ¼ %5=2i 4f doublet
interacts with the neighboring layers of two-dimensional
boron p electrons via a Kondo exchange interaction. Based
on our calculations, we expect the spins on neighboring Yb
ions to interact via an antiferromagnetic RKKY interaction
Jij. This leads us to propose a ‘‘layered Kondo lattice
model’’ for #-YbAlB4, H¼H0þHKþHH, where

H0 ¼ &
X

p¼%;

X

hm;ni2ðabÞ
tm;nc

y
$ðrmpÞc$ðrnpÞ;

HK ¼ JKSj *
! X

j;p¼%
cyj%p!%#cj#p þ

X

j;p!p0
cyj%p!%#cj#p0

"
;

HH ¼
X

hi;ji
JijSi * Sj; (2)

where the cy$ðrmpÞ operators create conduction electrons
with spin $ ¼ %1=2 in the two-dimensional boron planes
at site rm% ¼ rm % c=2. The Sj are the Yb spin operators,
interacting with boron layers via the Kondo coupling JK.
The fcj%pg represent boron Wannier states in the pth layer
projected onto Yb site Rj in the j% ¼ % 5

2i state, given by

cj%;p ¼
X

$

X7

m¼1

Y5=2
%$ ðrmp &RjÞc$ðrmpÞ; (3)

where summation is over atomic positions of the
seven-member boron ring above or below the Yb site.

Here the form-factors Y5=2
%$ ðr̂Þ ¼ CJ

%;$Yl;%&$ðr̂Þ, arise

due to spin-orbit coupling [24], where C7=2
%;$ +

hl ¼ 3;%& $;$jJ ¼ 7
2 ;%i are the Clebsch-Gordan co-

efficients for the J ¼ 7=2, l ¼ 3 state and Ylmðr̂Þ are
spherical harmonics. Written explicitly

Y 5=2
%$ ðr̂Þ ¼

1ffiffiffi
7

p
ffiffiffi
6

p
Y3;2ðr̂Þ Y3;3ðr̂Þ

Y3;&3ðr̂Þ
ffiffiffi
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p
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 !
: (4)

The angular probability distribution function of the j% 5
2i

doublet is given by
P

%$jY5=2
$% ðr̂Þj2 as shown in Fig. 1.

The above model (2) provides a starting point for future
theoretical studies of #-YbAlB4. Here we focus on the
qualitative physics of the model. At high temperatures, the
local moments form on the Yb ions, which interact via
RKKY interaction, whose scale is however too small to
allow magnetic ordering. The high temperature electronic
behavior is then governed mainly by the ‘‘small’’ Fermi
surface formed out of the quasi-two-dimensional boron
bands, coupled weakly along the c axis via the interplanar
aluminum atoms. As the temperature is lowered below the
Kondo temperature TK "De&D=2JK (here D is the conduc-
tion electron band width), the quenched local moments will
give rise to resonant bound-states that link neighboring
boron layers, forming a three-dimensional Fermi surface
of heavy quasiparticles.
The observation of field-tuned quantum criticality in this

material indicates that the RKKY interactions and the
Kondo temperature are of comparable size, estimated [7]
to be of order of 100 K, a value substantially larger than in
other quantum critical systems, such as YbRh2Si2 [25]
(TK " 25 K) or CeCu6&xAux [2] (TK " 6 K). The en-
hanced Kondo temperature suggests that this system bal-
ances a more mixed-valent Yb ion with stronger RKKY
interactions. Set against these observations, the tiny size of
the superconducting transition temperature is quite myste-
rious, for a large magnetic interaction might be expected to
induce stronger pairing [5].
A striking feature of this compound is its highly aniso-

tropic, low-symmetry structure. The layered Kondo model
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FIG. 4 (color online). (a) Theoretical fit to experimental sus-
ceptibility data [7] &cðTÞ (circles) and &abðTÞ (rhombi) in the
range 50–300 K using the single-ion model shown in the inset
and the fitted Curie-Weiss temperature !CW. The best fit yields
the lowest crystal field splitting ! ¼ 80 K, the coefficient of
admixture " ! 0:28 and !thCW ¼ &230 K, close to the experi-
mental value !expCW "&210 K.
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FIG. 1. Showing the seven-fold symmetric environment of the
Yb3+ ions (large spheres) in β-YbAlB4 , sandwiched between
two heptagonal rings of B atoms (small spheres). The blue
surface is the orbital distribution in the mj = ±5/2 state.

Ising anisotropy of the magnetic susceptibility of β-
YbAlB4 are consistent with a pure Yb ground-state dou-
blet |J = 7/2,mJ = ±5/2� [10], a configuration that ex-
hibits maximal hybridization with the seven-fold boron
rings. This Ising ground-state is also consistent with the
large anisotropic g-factor observed in electron spin reso-
nance measurements on β-YbAlB4 [11, 12].

We model the low energy physics of β-YbAlB4 as a
layered Anderson lattice [10],

H =
�

n,k,σ

�knc
†
knσcknσ +

�

j

Hm(j), (2)

where the first term describes a tight-binding boron con-
duction electron band where n is the band index, and

Hm(j) = V0(c
†
jαX0α(j) + h.c.) + EfXαα(j), (3)

describes the hybridization with the Yb ion at site j and
the energy level Ef of the f -electrons. Here, X0α =
|4f14��4f13

,α| is a Hubbard operator linking the 4f13,
mJ ≡ α = ±5/2 state of the Yb3+ ion to the completely
filled shell Yb2+ state |4f14�. The operator

c
†
jα =

�

p∈(1,14),σ

c
†
σ(Rjp) Yσα(rp), (4)

creates a conduction electron in a Wannier state delocal-
ized across the seven-fold boron rings directly above and
below the Yb ion at site j, with local f symmetry and
Jz = α = ±5/2. The Rjp = Rj + rp are the locations
of the fourteen boron sites around the Yb site j (see Fig.
1). The hybridization matrix,

Yσα(r) = C
7
2
σαY

3
α−σ(r) =

1
√
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where the C
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2
σα = �3α − σ,

σ
2 |

7
2 ,α� are Clebsch-Gordan

coefficients for the Yb3+, α = ±5/2 configurations.

We employ a slave boson decomposition of the Hub-
bard operators, X0α(j) = b

†
jfjα, where bj and fjα are

a slave boson and an Abrikosov pseudo-fermion respec-
tively; in a mean-field approximation,

Hm(j)=V
∗
0 [c

†
jαfjα + h.c.] + Ẽff

†
jαfjα + λ0(r

2
− 1),(6)

where V
∗
0 is the quasiparticle hybridization, renormal-

ized by the mean-field amplitude of the slave boson field,
r = |�b�| taken to be constant at each site. λ0 imposes
the mean-field constraint �nf �+ r

2 = 1, while the renor-
malized position of the f -level Ẽf = λ0 + Ef .
Next, we transform to momentum space and evaluate

the form-factor of the seven-fold symmetric Yb-B cluster.
To obtain a simplified model, let us assume a single band
of dispersion �k hybridizing with the Yb atom. Rewriting
the creation operator at a given boron site in terms of a
plane wave state c

†
σ(Rjp) = (4N )−1/2 �

k c
†
kσe

−ik·Rjp ,
and fjα = N−1/2

�
k fkαe

ik·Rj where N is the number
of Yb sites, Eq. (4) becomes:
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†
jα = (4N )−1/2
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kσ

c
†
kσγσα(k)e

−ik·Rj ,

where the form-factor of the Yb-B cluster

[γ(k)]σα =
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p=1,14

Yσα(rp)e
−ik·rp . (7)

The mean-field Hamiltonian (6) can then be written in
terms of the plane-wave ckσ and fkα operators as

Heff =
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where all details of the hybridization are hidden in the
matrix [V (k)] = 1

2V
∗
0 γ(k). Now in polar co-ordinates

Y(r̂) =
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64π
s
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where we denote (cos θ, sin θ) ≡ (cθ, sθ). The impor-
tant point, is that the hybridization vanishes as sin2 θ
along the c-axis. Now the effect of Fourier transform-
ing in Eq. (7), is to replace the real-space argument by
the momentum Y(r) → Y(k). To obtain an analytic ex-
pression, we approximate the discrete sum over the po-
sitions in the seven-fold B ring by a continuous integral:�

p → 7
�

±
� dφ

2π . We find that V (k) is proportional to
a unitary matrix,

V (k) = iṼ0
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where Ṽ0 = 7V ∗
0
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FIG. 1. Showing the seven-fold symmetric environment of the
Yb3+ ions (large spheres) in β-YbAlB4 , sandwiched between
two heptagonal rings of B atoms (small spheres). The blue
surface is the orbital distribution in the mj = ±5/2 state.

Ising anisotropy of the magnetic susceptibility of β-
YbAlB4 are consistent with a pure Yb ground-state dou-
blet |J = 7/2,mJ = ±5/2� [10], a configuration that ex-
hibits maximal hybridization with the seven-fold boron
rings. This Ising ground-state is also consistent with the
large anisotropic g-factor observed in electron spin reso-
nance measurements on β-YbAlB4 [11, 12].

We model the low energy physics of β-YbAlB4 as a
layered Anderson lattice [10],

H =
�

n,k,σ

�knc
†
knσcknσ +
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Hm(j), (2)

where the first term describes a tight-binding boron con-
duction electron band where n is the band index, and

Hm(j) = V0(c
†
jαX0α(j) + h.c.) + EfXαα(j), (3)

describes the hybridization with the Yb ion at site j and
the energy level Ef of the f -electrons. Here, X0α =
|4f14��4f13

,α| is a Hubbard operator linking the 4f13,
mJ ≡ α = ±5/2 state of the Yb3+ ion to the completely
filled shell Yb2+ state |4f14�. The operator

c
†
jα =
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p∈(1,14),σ

c
†
σ(Rjp) Yσα(rp), (4)

creates a conduction electron in a Wannier state delocal-
ized across the seven-fold boron rings directly above and
below the Yb ion at site j, with local f symmetry and
Jz = α = ±5/2. The Rjp = Rj + rp are the locations
of the fourteen boron sites around the Yb site j (see Fig.
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coefficients for the Yb3+, α = ±5/2 configurations.

We employ a slave boson decomposition of the Hub-
bard operators, X0α(j) = b
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jfjα, where bj and fjα are

a slave boson and an Abrikosov pseudo-fermion respec-
tively; in a mean-field approximation,
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where V
∗
0 is the quasiparticle hybridization, renormal-

ized by the mean-field amplitude of the slave boson field,
r = |�b�| taken to be constant at each site. λ0 imposes
the mean-field constraint �nf �+ r

2 = 1, while the renor-
malized position of the f -level Ẽf = λ0 + Ef .
Next, we transform to momentum space and evaluate

the form-factor of the seven-fold symmetric Yb-B cluster.
To obtain a simplified model, let us assume a single band
of dispersion �k hybridizing with the Yb atom. Rewriting
the creation operator at a given boron site in terms of a
plane wave state c

†
σ(Rjp) = (4N )−1/2 �
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†
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−ik·Rjp ,
and fjα = N−1/2
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ik·Rj where N is the number
of Yb sites, Eq. (4) becomes:
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where we denote (cos θ, sin θ) ≡ (cθ, sθ). The impor-
tant point, is that the hybridization vanishes as sin2 θ
along the c-axis. Now the effect of Fourier transform-
ing in Eq. (7), is to replace the real-space argument by
the momentum Y(r) → Y(k). To obtain an analytic ex-
pression, we approximate the discrete sum over the po-
sitions in the seven-fold B ring by a continuous integral:�
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FIG. 1. Showing the seven-fold symmetric environment of the
Yb3+ ions (large spheres) in β-YbAlB4 , sandwiched between
two heptagonal rings of B atoms (small spheres). The blue
surface is the orbital distribution in the mj = ±5/2 state.

Ising anisotropy of the magnetic susceptibility of β-
YbAlB4 are consistent with a pure Yb ground-state dou-
blet |J = 7/2,mJ = ±5/2� [10], a configuration that ex-
hibits maximal hybridization with the seven-fold boron
rings. This Ising ground-state is also consistent with the
large anisotropic g-factor observed in electron spin reso-
nance measurements on β-YbAlB4 [11, 12].

We model the low energy physics of β-YbAlB4 as a
layered Anderson lattice [10],

H =
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where the first term describes a tight-binding boron con-
duction electron band where n is the band index, and

Hm(j) = V0(c
†
jαX0α(j) + h.c.) + EfXαα(j), (3)

describes the hybridization with the Yb ion at site j and
the energy level Ef of the f -electrons. Here, X0α =
|4f14��4f13

,α| is a Hubbard operator linking the 4f13,
mJ ≡ α = ±5/2 state of the Yb3+ ion to the completely
filled shell Yb2+ state |4f14�. The operator

c
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p∈(1,14),σ

c
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σ(Rjp) Yσα(rp), (4)

creates a conduction electron in a Wannier state delocal-
ized across the seven-fold boron rings directly above and
below the Yb ion at site j, with local f symmetry and
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Next, we transform to momentum space and evaluate

the form-factor of the seven-fold symmetric Yb-B cluster.
To obtain a simplified model, let us assume a single band
of dispersion �k hybridizing with the Yb atom. Rewriting
the creation operator at a given boron site in terms of a
plane wave state c

†
σ(Rjp) = (4N )−1/2 �

k c
†
kσe

−ik·Rjp ,
and fjα = N−1/2

�
k fkαe

ik·Rj where N is the number
of Yb sites, Eq. (4) becomes:

c
†
jα = (4N )−1/2

�

kσ

c
†
kσγσα(k)e

−ik·Rj ,

where the form-factor of the Yb-B cluster

[γ(k)]σα =
�

p=1,14

Yσα(rp)e
−ik·rp . (7)

The mean-field Hamiltonian (6) can then be written in
terms of the plane-wave ckσ and fkα operators as

Heff =
�

k

(c†k, f
†
k)

�
�kI V (k)

V
†(k) Ẽf I
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the mean-field constraint �nf �+ r

2 = 1, while the renor-
malized position of the f -level Ẽf = λ0 + Ef .
Next, we transform to momentum space and evaluate
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hibits maximal hybridization with the seven-fold boron
rings. This Ising ground-state is also consistent with the
large anisotropic g-factor observed in electron spin reso-
nance measurements on β-YbAlB4 [11, 12].
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ized across the seven-fold boron rings directly above and
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2 = 1, while the renor-
malized position of the f -level Ẽf = λ0 + Ef .
Next, we transform to momentum space and evaluate

the form-factor of the seven-fold symmetric Yb-B cluster.
To obtain a simplified model, let us assume a single band
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the creation operator at a given boron site in terms of a
plane wave state c

†
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along the c-axis. Now the effect of Fourier transform-
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pression, we approximate the discrete sum over the po-
sitions in the seven-fold B ring by a continuous integral:�

p → 7
�

±
� dφ

2π . We find that V (k) is proportional to
a unitary matrix,

V (k) = iṼ0
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Ising anisotropy of the magnetic susceptibility of β-
YbAlB4 are consistent with a pure Yb ground-state dou-
blet |J = 7/2,mJ = ±5/2� [10], a configuration that ex-
hibits maximal hybridization with the seven-fold boron
rings. This Ising ground-state is also consistent with the
large anisotropic g-factor observed in electron spin reso-
nance measurements on β-YbAlB4 [11, 12].
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ized across the seven-fold boron rings directly above and
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large anisotropic g-factor observed in electron spin reso-
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Ising anisotropy of the magnetic susceptibility of β-
YbAlB4 are consistent with a pure Yb ground-state dou-
blet |J = 7/2,mJ = ±5/2� [10], a configuration that ex-
hibits maximal hybridization with the seven-fold boron
rings. This Ising ground-state is also consistent with the
large anisotropic g-factor observed in electron spin reso-
nance measurements on β-YbAlB4 [11, 12].
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|4f14��4f13

,α| is a Hubbard operator linking the 4f13,
mJ ≡ α = ±5/2 state of the Yb3+ ion to the completely
filled shell Yb2+ state |4f14�. The operator
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creates a conduction electron in a Wannier state delocal-
ized across the seven-fold boron rings directly above and
below the Yb ion at site j, with local f symmetry and
Jz = α = ±5/2. The Rjp = Rj + rp are the locations
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ized by the mean-field amplitude of the slave boson field,
r = |�b�| taken to be constant at each site. λ0 imposes
the mean-field constraint �nf �+ r

2 = 1, while the renor-
malized position of the f -level Ẽf = λ0 + Ef .
Next, we transform to momentum space and evaluate

the form-factor of the seven-fold symmetric Yb-B cluster.
To obtain a simplified model, let us assume a single band
of dispersion �k hybridizing with the Yb atom. Rewriting
the creation operator at a given boron site in terms of a
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σ(Rjp) = (4N )−1/2 �
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−ik·Rjp ,
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where we denote (cos θ, sin θ) ≡ (cθ, sθ). The impor-
tant point, is that the hybridization vanishes as sin2 θ
along the c-axis. Now the effect of Fourier transform-
ing in Eq. (7), is to replace the real-space argument by
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hibits maximal hybridization with the seven-fold boron
rings. This Ising ground-state is also consistent with the
large anisotropic g-factor observed in electron spin reso-
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Next, we transform to momentum space and evaluate

the form-factor of the seven-fold symmetric Yb-B cluster.
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Ising anisotropy of the magnetic susceptibility of β-
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blet |J = 7/2,mJ = ±5/2� [10], a configuration that ex-
hibits maximal hybridization with the seven-fold boron
rings. This Ising ground-state is also consistent with the
large anisotropic g-factor observed in electron spin reso-
nance measurements on β-YbAlB4 [11, 12].
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FIG. 2. (a) Showing dispersion around the c-axis, with an
electron pocket at the Γ point and a hole pocket at the Z
point. (b) Magnetic field fills the k4

⊥ band.

where Jn are Bessel functions of order n, R is the radius of
the seven-fold rings and a is the distance between boron
layers. Since Jn(x) ∝ x

n at small x, near the c-axis, the
hybridization vanishes as k2⊥, with a diagonal form

V (k) ∼

�
(kx + iky)2 0

0 (kx − iky)2

�
.

As one proceeds around the c-axis, the phase of the
hybridization advances by 4π, forming a double vortex
in the hybridization along the c-axis. This vorticity is
a consequence of angular momentum conservation about
the c-axis: plane waves |kσ� traveling along the c-axis
carry a spin angular momentum of ± 1

2 along the c-axis,
and because the f -states are in anmJ = ±

5
2 , angular mo-

mentum conservation prevents the mixing of conduction
and f -electron waves travelling along the c-axis.

We can diagonalize the mean-field Hamiltonian, to ob-
tain a hybridized dispersion

E
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k =
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4
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2 + |V (k)|2
� 1
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where |V (k)|2 = Ṽ
2
0 [|αk|

2 + |βk|
2]. Fig. 2 illustrates the

hybridized band-structure. Near the c-axis, the squared
hybridization vanishes as V (k)2 = A(kz)k4⊥. The disper-
sion in the vicinity of the c-axis is then given by

E(k⊥, kz) = Ẽf +
V (k)2

−�(kz)
≈ Ẽf + η(kz)k

4
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where η(kz) =
A(kz)
−�(kz)

and we have assumed that |�(kz)| is

large compared to |V (k)|. In other words, the system de-
velops an emergent two-dimensional Fermi surface, with
a k

4
⊥ dispersion. A hole band is formed in the region

where �(kz) > 0, while an electron band is formed in the

region where �(kz) < 0. In the case where �(kz) changes
sign along the c-axis, a two dimensional electron and hole
band is formed above and below the f -level.
To explain the intrinsic criticality of β-YbAlB4 we con-

jecture that the f -level is pinned to zero energy Ẽf = 0.
A heuristic argument for this assumption, is to regard
β-YbAlB4 as a Kondo insulator in which the nodal hy-
bridization closes the gap along the c-axis, pinching the
f -level in the gap at precisely zero energy. At the cur-
rent stage of understanding, this assumption is purely
phenomenological, a point we return to later.
If Ẽf = 0, the density of states for this dispersing sys-

tem is then given by N
∗(E) =
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±(E)θ(±E), where
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characteristic scales T
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system, so that the total weight x of f-electrons con-

tained within the divergent peak is 2x =
� TK
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4
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TK/T0, giving T0 = 4TK/x
2.

If the f -level is pinned to zero energy, then at low tem-
peratures a Fermi line of zero energy excitations forms
along the c-axis. In a field, the Zeeman-splitting of the
f -level induces a singular polarization of nodal electron
and hole bands, broadening the Fermi line into a distinct
tubular Fermi surface. When a field is introduced, a spin-
polarized Fermi surface grows around the line-zero in the
hybridization, giving rise to a density of states of or-
der N∗[ g2µBB] ∼ B

−1/2, leading to a Pauli susceptibility

that diverges as χ ∼ B
−1/2. We call this field-induced

Fermi surface transition a “vortex transition”. Vortex
transitions are reminiscent of a Lifshitz transition, but
whereas Lifshitz transitions are point defects in momen-
tum space [13, 14], the vortex transition is a line defect.
We can model the singular thermodynamics of the sys-

tem with the Free energy

F [B, T ] = −T
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and T
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± . Fig. 3 compares the ex-

perimental scaling curve [7] with that predicted by our
simple model. However, while a qualitatively good fit
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FIG. 2. (a) Showing dispersion around the c-axis, with an
electron pocket at the Γ point and a hole pocket at the Z
point. (b) Magnetic field fills the k4
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where Jn are Bessel functions of order n, R is the radius of
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n at small x, near the c-axis, the
hybridization vanishes as k2⊥, with a diagonal form
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As one proceeds around the c-axis, the phase of the
hybridization advances by 4π, forming a double vortex
in the hybridization along the c-axis. This vorticity is
a consequence of angular momentum conservation about
the c-axis: plane waves |kσ� traveling along the c-axis
carry a spin angular momentum of ± 1
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and because the f -states are in anmJ = ±

5
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mentum conservation prevents the mixing of conduction
and f -electron waves travelling along the c-axis.
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⊥ dispersion. A hole band is formed in the region

where �(kz) > 0, while an electron band is formed in the

region where �(kz) < 0. In the case where �(kz) changes
sign along the c-axis, a two dimensional electron and hole
band is formed above and below the f -level.
To explain the intrinsic criticality of β-YbAlB4 we con-

jecture that the f -level is pinned to zero energy Ẽf = 0.
A heuristic argument for this assumption, is to regard
β-YbAlB4 as a Kondo insulator in which the nodal hy-
bridization closes the gap along the c-axis, pinching the
f -level in the gap at precisely zero energy. At the cur-
rent stage of understanding, this assumption is purely
phenomenological, a point we return to later.
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If the f -level is pinned to zero energy, then at low tem-
peratures a Fermi line of zero energy excitations forms
along the c-axis. In a field, the Zeeman-splitting of the
f -level induces a singular polarization of nodal electron
and hole bands, broadening the Fermi line into a distinct
tubular Fermi surface. When a field is introduced, a spin-
polarized Fermi surface grows around the line-zero in the
hybridization, giving rise to a density of states of or-
der N∗[ g2µBB] ∼ B

−1/2, leading to a Pauli susceptibility

that diverges as χ ∼ B
−1/2. We call this field-induced

Fermi surface transition a “vortex transition”. Vortex
transitions are reminiscent of a Lifshitz transition, but
whereas Lifshitz transitions are point defects in momen-
tum space [13, 14], the vortex transition is a line defect.
We can model the singular thermodynamics of the sys-
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where Jn are Bessel functions of order n, R is the radius of
the seven-fold rings and a is the distance between boron
layers. Since Jn(x) ∝ x

n at small x, near the c-axis, the
hybridization vanishes as k2⊥, with a diagonal form

V (k) ∼
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As one proceeds around the c-axis, the phase of the
hybridization advances by 4π, forming a double vortex
in the hybridization along the c-axis. This vorticity is
a consequence of angular momentum conservation about
the c-axis: plane waves |kσ� traveling along the c-axis
carry a spin angular momentum of ± 1

2 along the c-axis,
and because the f -states are in anmJ = ±
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mentum conservation prevents the mixing of conduction
and f -electron waves travelling along the c-axis.
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2
0 [|αk|

2 + |βk|
2]. Fig. 2 illustrates the

hybridized band-structure. Near the c-axis, the squared
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region where �(kz) < 0. In the case where �(kz) changes
sign along the c-axis, a two dimensional electron and hole
band is formed above and below the f -level.
To explain the intrinsic criticality of β-YbAlB4 we con-

jecture that the f -level is pinned to zero energy Ẽf = 0.
A heuristic argument for this assumption, is to regard
β-YbAlB4 as a Kondo insulator in which the nodal hy-
bridization closes the gap along the c-axis, pinching the
f -level in the gap at precisely zero energy. At the cur-
rent stage of understanding, this assumption is purely
phenomenological, a point we return to later.
If Ẽf = 0, the density of states for this dispersing sys-
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If the f -level is pinned to zero energy, then at low tem-
peratures a Fermi line of zero energy excitations forms
along the c-axis. In a field, the Zeeman-splitting of the
f -level induces a singular polarization of nodal electron
and hole bands, broadening the Fermi line into a distinct
tubular Fermi surface. When a field is introduced, a spin-
polarized Fermi surface grows around the line-zero in the
hybridization, giving rise to a density of states of or-
der N∗[ g2µBB] ∼ B

−1/2, leading to a Pauli susceptibility

that diverges as χ ∼ B
−1/2. We call this field-induced

Fermi surface transition a “vortex transition”. Vortex
transitions are reminiscent of a Lifshitz transition, but
whereas Lifshitz transitions are point defects in momen-
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We can model the singular thermodynamics of the sys-
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As one proceeds around the c-axis, the phase of the
hybridization advances by 4π, forming a double vortex
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the c-axis: plane waves |kσ� traveling along the c-axis
carry a spin angular momentum of ± 1
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and because the f -states are in anmJ = ±
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A heuristic argument for this assumption, is to regard
β-YbAlB4 as a Kondo insulator in which the nodal hy-
bridization closes the gap along the c-axis, pinching the
f -level in the gap at precisely zero energy. At the cur-
rent stage of understanding, this assumption is purely
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der N∗[ g2µBB] ∼ B
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V (k) ∼

�
(kx + iky)2 0

0 (kx − iky)2

�
.

As one proceeds around the c-axis, the phase of the
hybridization advances by 4π, forming a double vortex
in the hybridization along the c-axis. This vorticity is
a consequence of angular momentum conservation about
the c-axis: plane waves |kσ� traveling along the c-axis
carry a spin angular momentum of ± 1

2 along the c-axis,
and because the f -states are in anmJ = ±
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2 , angular mo-

mentum conservation prevents the mixing of conduction
and f -electron waves travelling along the c-axis.

We can diagonalize the mean-field Hamiltonian, to ob-
tain a hybridized dispersion
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where �(kz) > 0, while an electron band is formed in the

region where �(kz) < 0. In the case where �(kz) changes
sign along the c-axis, a two dimensional electron and hole
band is formed above and below the f -level.
To explain the intrinsic criticality of β-YbAlB4 we con-

jecture that the f -level is pinned to zero energy Ẽf = 0.
A heuristic argument for this assumption, is to regard
β-YbAlB4 as a Kondo insulator in which the nodal hy-
bridization closes the gap along the c-axis, pinching the
f -level in the gap at precisely zero energy. At the cur-
rent stage of understanding, this assumption is purely
phenomenological, a point we return to later.
If Ẽf = 0, the density of states for this dispersing sys-

tem is then given by N
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f -level induces a singular polarization of nodal electron
and hole bands, broadening the Fermi line into a distinct
tubular Fermi surface. When a field is introduced, a spin-
polarized Fermi surface grows around the line-zero in the
hybridization, giving rise to a density of states of or-
der N∗[ g2µBB] ∼ B

−1/2, leading to a Pauli susceptibility

that diverges as χ ∼ B
−1/2. We call this field-induced

Fermi surface transition a “vortex transition”. Vortex
transitions are reminiscent of a Lifshitz transition, but
whereas Lifshitz transitions are point defects in momen-
tum space [13, 14], the vortex transition is a line defect.
We can model the singular thermodynamics of the sys-
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If Ẽf = 0, the density of states for this dispersing sys-

tem is then given by N
∗(E) =

�
± N

∗
±(E)θ(±E), where

N
∗
±(E) = 2

�
k⊥

dk⊥
dE±

dkz

(2π)2
=

1�
|E|T

±
0

(13)

where 1√
T±
0

= 1
8π2

�
dkz√
|η(kz)|

θ[∓�(kz)] determines the

characteristic scales T
±
0 for the electron (+) and hole

(-) branch of the dispersion. Powerlaw scaling will ex-
tend out to characteristic Kondo temperature TK of the
system, so that the total weight x of f-electrons con-

tained within the divergent peak is 2x =
� TK

−TK N
∗(E) ≈

4
�

TK/T0, giving T0 = 4TK/x
2.

If the f -level is pinned to zero energy, then at low tem-
peratures a Fermi line of zero energy excitations forms
along the c-axis. In a field, the Zeeman-splitting of the
f -level induces a singular polarization of nodal electron
and hole bands, broadening the Fermi line into a distinct
tubular Fermi surface. When a field is introduced, a spin-
polarized Fermi surface grows around the line-zero in the
hybridization, giving rise to a density of states of or-
der N∗[ g2µBB] ∼ B

−1/2, leading to a Pauli susceptibility

that diverges as χ ∼ B
−1/2. We call this field-induced

Fermi surface transition a “vortex transition”. Vortex
transitions are reminiscent of a Lifshitz transition, but
whereas Lifshitz transitions are point defects in momen-
tum space [13, 14], the vortex transition is a line defect.
We can model the singular thermodynamics of the sys-

tem with the Free energy

F [B, T ] = −T

�

α=±5/2

� ∞

−∞
dEN(E) ln[1 + e

−β(E−gµBBα)]

= T
3/2Φ

�
gµBB

T

�
(14)

where

Φ(y) = −
1

√
T0

� ∞

0

dx�
|x|

�

α=±5/2

ln[1 + e
−x−yα]

and T
−1/2
0 = (1/2)

�
± T

−1/2
± . Fig. 3 compares the ex-

perimental scaling curve [7] with that predicted by our
simple model. However, while a qualitatively good fit

E(k)

k

B>0

B=0

“Vortex” Transition.
Zeeman energy is the Fermi Energy



T/B scaling

4

0.1 1 10 100 1000

0.001

0.01

0.1

1

10

T�B �K�T�

�
dM
�dTB

1�2 �em
u
T0
.5
�molK

�

FIG. 3. Theoretical fit (red line) to the measured field-
dependent magnetization of β-YbAlB4 from [7] (gray dots)
using formula 14 with gmJ = 2.85 and T0 = 6.65eV .

to the observations is obtained using a gyromagnetic ra-
tio consistent with the single ion properties of Yb in β-
YbAlB4 , the characteristic energy scale required to fit
the experimental results is T0 ∼ 6.5eV , far greater than
the characteristic Kondo temperature (∼ 200K) of this
system [7]. Using our relationship T0 = 4TK/x

2, we can
understand this scale by assuming that about x ∼ 0.1 of
the f-spectral weight is contained within the vortex metal
contribution to the density of states.

We now turn to discuss some of the assumptions be-
hind our model. One issue is whether the plane-wave de-
scription of the vortex metal survives inclusion of band-
structure effects. In this situation, angular momentum
is only conserved modulo n�, where n is the order of the
symmetry group of the Yb environment, requiring n ≥ 5
to avoid any admixture of |mJ | = 3/2, 1/2 states into
the perfect ±5/2 doublet. In a model of β-YbAlB4 , us-
ing tight-binding coupling within the B planes and per-
fect heptagonal Yb rings, the nodal structure does in-
deed survive, as shown in Fig. 4. However more work
is required to understand whether the nodes persist in a
more realistic model of β-YbAlB4 . Another key assump-
tion is that that the pinching of the hybridization gap by
the node perfectly pins the f -level to the Fermi surface.
Ultimately, this must arise from Coulomb screening, an
effect that also needs inclusion in future work.

Independent support for our phenomenological the-
ory is provided by the locally isostructural polymorph
α−YbAlB4, which in contrast to the β phase, has a FL
ground state [15]. Both systems display comparable char-
acteristic “Kondo” scales TK ≈ 200K [9]. Recent exper-
iments indicate in a magnetic field, α-YbAlB4 develops
a two dimensional Fermi liquid at fields B > 3T [16],
suggesting that α-YbAlB4 is a phase in which the f -level
has become detached from the Fermi energy.

Finally, we note that vortex structure in the hybridiza-
tion suggests a kind of topological line defect in momen-
tum space. In Kondo insulators, the hybridization van-
ishes at the high symmetry points forming point defects
[13], corresponding to a homotopy Π2(H) = Z2. Vortices

FIG. 4. Fermi surface from a tight-binding calculation. Note
the cylindrical feature along the z-axis linked to an almost 2D
surface in the kx − ky plane. For clarity, the 1st BZ has been
shifted by π/h to move the node into the center of the zone.

in the hybridization suggest a further one dimensional
homotopy, Π1(H) = Z. This is an interesting direction
for future work.
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FIG. 2. (a) Showing dispersion around the c-axis, with an
electron pocket at the Γ point and a hole pocket at the Z
point. (b) Magnetic field fills the k4

⊥ band.

where Jn are Bessel functions of order n, R is the radius of
the seven-fold rings and a is the distance between boron
layers. Since Jn(x) ∝ x

n at small x, near the c-axis, the
hybridization vanishes as k2⊥, with a diagonal form

V (k) ∼
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(kx + iky)2 0

0 (kx − iky)2
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.

As one proceeds around the c-axis, the phase of the
hybridization advances by 4π, forming a double vortex
in the hybridization along the c-axis. This vorticity is
a consequence of angular momentum conservation about
the c-axis: plane waves |kσ� traveling along the c-axis
carry a spin angular momentum of ± 1

2 along the c-axis,
and because the f -states are in anmJ = ±

5
2 , angular mo-

mentum conservation prevents the mixing of conduction
and f -electron waves travelling along the c-axis.

We can diagonalize the mean-field Hamiltonian, to ob-
tain a hybridized dispersion
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where |V (k)|2 = Ṽ
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0 [|αk|

2 + |βk|
2]. Fig. 2 illustrates the

hybridized band-structure. Near the c-axis, the squared
hybridization vanishes as V (k)2 = A(kz)k4⊥. The disper-
sion in the vicinity of the c-axis is then given by

E(k⊥, kz) = Ẽf +
V (k)2

−�(kz)
≈ Ẽf + η(kz)k

4
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where η(kz) =
A(kz)
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and we have assumed that |�(kz)| is

large compared to |V (k)|. In other words, the system de-
velops an emergent two-dimensional Fermi surface, with
a k

4
⊥ dispersion. A hole band is formed in the region

where �(kz) > 0, while an electron band is formed in the

region where �(kz) < 0. In the case where �(kz) changes
sign along the c-axis, a two dimensional electron and hole
band is formed above and below the f -level.
To explain the intrinsic criticality of β-YbAlB4 we con-

jecture that the f -level is pinned to zero energy Ẽf = 0.
A heuristic argument for this assumption, is to regard
β-YbAlB4 as a Kondo insulator in which the nodal hy-
bridization closes the gap along the c-axis, pinching the
f -level in the gap at precisely zero energy. At the cur-
rent stage of understanding, this assumption is purely
phenomenological, a point we return to later.
If Ẽf = 0, the density of states for this dispersing sys-

tem is then given by N
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tained within the divergent peak is 2x =
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If the f -level is pinned to zero energy, then at low tem-
peratures a Fermi line of zero energy excitations forms
along the c-axis. In a field, the Zeeman-splitting of the
f -level induces a singular polarization of nodal electron
and hole bands, broadening the Fermi line into a distinct
tubular Fermi surface. When a field is introduced, a spin-
polarized Fermi surface grows around the line-zero in the
hybridization, giving rise to a density of states of or-
der N∗[ g2µBB] ∼ B

−1/2, leading to a Pauli susceptibility

that diverges as χ ∼ B
−1/2. We call this field-induced

Fermi surface transition a “vortex transition”. Vortex
transitions are reminiscent of a Lifshitz transition, but
whereas Lifshitz transitions are point defects in momen-
tum space [13, 14], the vortex transition is a line defect.
We can model the singular thermodynamics of the sys-

tem with the Free energy

F [B, T ] = −T
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perimental scaling curve [7] with that predicted by our
simple model. However, while a qualitatively good fit
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⊥ dispersion. A hole band is formed in the region

where �(kz) > 0, while an electron band is formed in the

region where �(kz) < 0. In the case where �(kz) changes
sign along the c-axis, a two dimensional electron and hole
band is formed above and below the f -level.
To explain the intrinsic criticality of β-YbAlB4 we con-

jecture that the f -level is pinned to zero energy Ẽf = 0.
A heuristic argument for this assumption, is to regard
β-YbAlB4 as a Kondo insulator in which the nodal hy-
bridization closes the gap along the c-axis, pinching the
f -level in the gap at precisely zero energy. At the cur-
rent stage of understanding, this assumption is purely
phenomenological, a point we return to later.
If Ẽf = 0, the density of states for this dispersing sys-

tem is then given by N
∗(E) =
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∗
±(E)θ(±E), where
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characteristic scales T
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(-) branch of the dispersion. Powerlaw scaling will ex-
tend out to characteristic Kondo temperature TK of the
system, so that the total weight x of f-electrons con-

tained within the divergent peak is 2x =
� TK
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TK/T0, giving T0 = 4TK/x
2.

If the f -level is pinned to zero energy, then at low tem-
peratures a Fermi line of zero energy excitations forms
along the c-axis. In a field, the Zeeman-splitting of the
f -level induces a singular polarization of nodal electron
and hole bands, broadening the Fermi line into a distinct
tubular Fermi surface. When a field is introduced, a spin-
polarized Fermi surface grows around the line-zero in the
hybridization, giving rise to a density of states of or-
der N∗[ g2µBB] ∼ B

−1/2, leading to a Pauli susceptibility

that diverges as χ ∼ B
−1/2. We call this field-induced

Fermi surface transition a “vortex transition”. Vortex
transitions are reminiscent of a Lifshitz transition, but
whereas Lifshitz transitions are point defects in momen-
tum space [13, 14], the vortex transition is a line defect.
We can model the singular thermodynamics of the sys-

tem with the Free energy
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perimental scaling curve [7] with that predicted by our
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2
0 [|αk|

2 + |βk|
2]. Fig. 2 illustrates the

hybridized band-structure. Near the c-axis, the squared
hybridization vanishes as V (k)2 = A(kz)k4⊥. The disper-
sion in the vicinity of the c-axis is then given by

E(k⊥, kz) = Ẽf +
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A heuristic argument for this assumption, is to regard
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Figure 1 | Structure models of quasicrystal and approximant. a, Selected-area electron diffraction pattern of the Au–Al–Yb quasicrystal. b, Atomic
arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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Figure 1 | Structure models of quasicrystal and approximant. a, Selected-area electron diffraction pattern of the Au–Al–Yb quasicrystal. b, Atomic
arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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Quantum critical state in a magnetic quasicrystal
Kazuhiko Deguchi1*, Shuya Matsukawa1, Noriaki K. Sato1, Taisuke Hattori2, Kenji Ishida2,
Hiroyuki Takakura3 and Tsutomu Ishimasa3

Quasicrystals are metallic alloys that possess long-range,

aperiodic structures with diffraction symmetries forbidden to

conventional crystals. Since the discovery of quasicrystals

by Schechtman et al. in 1984
1
, there has been considerable

progress in resolving their geometric structure. For example,

it is well known that the golden ratio of mathematics and art

occurs over and over again in their crystal structure. However,

the characteristic properties of the electronic states—whether

they are extended as in periodic crystals or localized as in

amorphous materials—are still unresolved. Here we report the

first observation of quantum (T = 0) critical phenomena of

the Au–Al–Yb quasicrystal—the magnetic susceptibility and

the electronic specific heat coefficient arising from strongly

correlated 4f electrons of the Yb atoms diverge as T→0. Fur-

thermore, we observe that this quantum critical phenomenon

is robust against hydrostatic pressure. By contrast, there is no

such divergence in a crystalline approximant, a phase whose

composition is close to that of the quasicrystal and whose unit

cell has atomic decorations (that is, icosahedral clusters of

atoms) that look like the quasicrystal. These results clearly

indicate that the quantum criticality is associated with the

unique electronic state of the quasicrystal, that is, a spatially

confined critical state. Finally we discuss the possibility that

there is a general law underlying the conventional crystals

and the quasicrystals.

The quasicrystal that we study here is a gold–aluminium–
ytterbium alloy described as Au51Al34Yb15 with a six-dimensional
lattice parameter a6d =0.7448 nm. In Fig. 1a we present the electron
diffraction pattern of our sample demonstrating 5-fold symmetry.
This exhibits the characteristic feature of quasicrystals—long-range
translational but aperiodic order. Owing to this quasi-periodicity,
an unusual electronic state that is neither extended nor localized is
expected.However, such an unusual state has not yet been observed.
In this Letter, we show the Au–Al–Yb quasicrystal to present a
peculiar quantum critical behaviour, which we propose to reflect
this unusual state expected for quasicrystals. It becomes apparent
in the present system because of strong correlations induced by
the 4f electrons of Yb.

The Au–Al–Yb quasicrystal was discovered in the course of
research on new series of Tsai-type quasicrystals2. The Yb valence
was found to be intermediate between Yb2+ and Yb3+ by means
of X-ray absorption near edge structure (XANES) experiments,
indicating the hybridization of the 4f electrons of the Yb atoms
with the conduction electrons. Figure 1b shows the arrangement
of Yb atoms in the structure model of the cadmium–ytterbium
(Cd5.7Yb) quasicrystal3,4, which is isostructural with the present
Au–Al–Yb quasicrystal. For comparison, we illustrate the crystal
structure of the approximant Au51Al35Yb14 in Fig. 1c. The edge
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length of the icosahedron ranges from 0.545 to 0.549 nm. In
reality, this icosahedron corresponds to the third shell of the
Tsai-type cluster (Fig. 1d–h).

In what follows, we attempt to reveal the nature of the
characteristic electronic state of quasi-periodic systems by probing
the 4f electrons and comparing physical properties between the
quasi-periodic quasicrystal and the periodic approximant. Before
presenting the low-temperature data, we briefly mention the
high-temperature results of the electrical resistivity ρ(T ) and the
magnetic susceptibility χ(T ). As shown in Supplementary Fig. S1a,
both the quasicrystal and the approximant showmetallic behaviour
in a wide temperature range, with a large residual resistivity
ρ(0), but they show different behaviour at low temperatures
(inset of Supplementary Fig. S1a); whereas the approximant
exhibits the conventional Fermi-liquid power-law �ρ ∝T

2 (where
�ρ = ρ(T )− ρ(0)), the quasicrystal rather exhibits the T linear
dependence,�ρ ∝T . To our knowledge, this is the first observation
of the so-called non-Fermi liquid behaviour in quasicrystals. For
magnetism, both the quasicrystal and the approximant show a
Curie–Weiss form above 100K (Supplementary Fig. S1b), which
yields an effective moment of µeff = 3.91µB and 3.96µB for
the quasicrystal and the approximant, respectively. These values
indicate that the Yb-ion valence of both the quasicrystal and the
approximant is between Yb3+ and Yb2+.

Now we focus on the quantum criticality (that is, the
critical behaviour near T = 0) of the quasicrystal. The magnetic
susceptibility of the quasicrystal at H = 0 shows a divergent
behaviour as T → 0 (Fig. 2a), and this quantum criticality
is characterized by a critical index n = 0.51, as defined by
χ−1 ∝T

n (Fig. 2a inset). To examine the effect of pressure on
this critical behaviour, we measured the magnetic susceptibility
under hydrostatic pressure. The results are indicated in the inset
of Fig. 2a. It is clearly seen that the divergent behaviour survives,
with the novel critical exponent unchanged. Here it should be
noted that the hydrostatic pressure can change the hybridization
but not alter the crystal symmetry. In contrast, the application of a
magnetic field suppresses the divergence, resulting in the saturation
of χ(T ) at low temperatures. This allows us to define a crossover
temperature T ∗ into the field-induced Fermi liquid state with the
enhanced Pauli susceptibility, as indicated on the figure by the
arrows at which the χ(T ) curves show a maximum. In contrast, the
magnetic susceptibility of the approximant increasesmonotonically
with decreasing temperature (Fig. 2b), but does not diverge, as
evidenced from the inset of Fig. 2a, χ−1 ∝ T

n + constant with the
same exponent n as above.

Figure 3a shows the temperature–field phase diagram based
on a contour plot of the normalized uniform susceptibility,
χ(T ,H )/χ(T ,0). We note that T

∗ (open squares) seems to
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Figure 1 | Structure models of quasicrystal and approximant. a, Selected-area electron diffraction pattern of the Au–Al–Yb quasicrystal. b, Atomic
arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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Figure 1 | Structure models of quasicrystal and approximant. a, Selected-area electron diffraction pattern of the Au–Al–Yb quasicrystal. b, Atomic
arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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Quasicrystals are metallic alloys that possess long-range,

aperiodic structures with diffraction symmetries forbidden to

conventional crystals. Since the discovery of quasicrystals

by Schechtman et al. in 1984
1
, there has been considerable

progress in resolving their geometric structure. For example,

it is well known that the golden ratio of mathematics and art

occurs over and over again in their crystal structure. However,

the characteristic properties of the electronic states—whether

they are extended as in periodic crystals or localized as in

amorphous materials—are still unresolved. Here we report the

first observation of quantum (T = 0) critical phenomena of

the Au–Al–Yb quasicrystal—the magnetic susceptibility and

the electronic specific heat coefficient arising from strongly

correlated 4f electrons of the Yb atoms diverge as T→0. Fur-

thermore, we observe that this quantum critical phenomenon

is robust against hydrostatic pressure. By contrast, there is no

such divergence in a crystalline approximant, a phase whose

composition is close to that of the quasicrystal and whose unit

cell has atomic decorations (that is, icosahedral clusters of

atoms) that look like the quasicrystal. These results clearly

indicate that the quantum criticality is associated with the

unique electronic state of the quasicrystal, that is, a spatially

confined critical state. Finally we discuss the possibility that

there is a general law underlying the conventional crystals

and the quasicrystals.

The quasicrystal that we study here is a gold–aluminium–
ytterbium alloy described as Au51Al34Yb15 with a six-dimensional
lattice parameter a6d =0.7448 nm. In Fig. 1a we present the electron
diffraction pattern of our sample demonstrating 5-fold symmetry.
This exhibits the characteristic feature of quasicrystals—long-range
translational but aperiodic order. Owing to this quasi-periodicity,
an unusual electronic state that is neither extended nor localized is
expected.However, such an unusual state has not yet been observed.
In this Letter, we show the Au–Al–Yb quasicrystal to present a
peculiar quantum critical behaviour, which we propose to reflect
this unusual state expected for quasicrystals. It becomes apparent
in the present system because of strong correlations induced by
the 4f electrons of Yb.

The Au–Al–Yb quasicrystal was discovered in the course of
research on new series of Tsai-type quasicrystals2. The Yb valence
was found to be intermediate between Yb2+ and Yb3+ by means
of X-ray absorption near edge structure (XANES) experiments,
indicating the hybridization of the 4f electrons of the Yb atoms
with the conduction electrons. Figure 1b shows the arrangement
of Yb atoms in the structure model of the cadmium–ytterbium
(Cd5.7Yb) quasicrystal3,4, which is isostructural with the present
Au–Al–Yb quasicrystal. For comparison, we illustrate the crystal
structure of the approximant Au51Al35Yb14 in Fig. 1c. The edge
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length of the icosahedron ranges from 0.545 to 0.549 nm. In
reality, this icosahedron corresponds to the third shell of the
Tsai-type cluster (Fig. 1d–h).

In what follows, we attempt to reveal the nature of the
characteristic electronic state of quasi-periodic systems by probing
the 4f electrons and comparing physical properties between the
quasi-periodic quasicrystal and the periodic approximant. Before
presenting the low-temperature data, we briefly mention the
high-temperature results of the electrical resistivity ρ(T ) and the
magnetic susceptibility χ(T ). As shown in Supplementary Fig. S1a,
both the quasicrystal and the approximant showmetallic behaviour
in a wide temperature range, with a large residual resistivity
ρ(0), but they show different behaviour at low temperatures
(inset of Supplementary Fig. S1a); whereas the approximant
exhibits the conventional Fermi-liquid power-law �ρ ∝T

2 (where
�ρ = ρ(T )− ρ(0)), the quasicrystal rather exhibits the T linear
dependence,�ρ ∝T . To our knowledge, this is the first observation
of the so-called non-Fermi liquid behaviour in quasicrystals. For
magnetism, both the quasicrystal and the approximant show a
Curie–Weiss form above 100K (Supplementary Fig. S1b), which
yields an effective moment of µeff = 3.91µB and 3.96µB for
the quasicrystal and the approximant, respectively. These values
indicate that the Yb-ion valence of both the quasicrystal and the
approximant is between Yb3+ and Yb2+.

Now we focus on the quantum criticality (that is, the
critical behaviour near T = 0) of the quasicrystal. The magnetic
susceptibility of the quasicrystal at H = 0 shows a divergent
behaviour as T → 0 (Fig. 2a), and this quantum criticality
is characterized by a critical index n = 0.51, as defined by
χ−1 ∝T

n (Fig. 2a inset). To examine the effect of pressure on
this critical behaviour, we measured the magnetic susceptibility
under hydrostatic pressure. The results are indicated in the inset
of Fig. 2a. It is clearly seen that the divergent behaviour survives,
with the novel critical exponent unchanged. Here it should be
noted that the hydrostatic pressure can change the hybridization
but not alter the crystal symmetry. In contrast, the application of a
magnetic field suppresses the divergence, resulting in the saturation
of χ(T ) at low temperatures. This allows us to define a crossover
temperature T ∗ into the field-induced Fermi liquid state with the
enhanced Pauli susceptibility, as indicated on the figure by the
arrows at which the χ(T ) curves show a maximum. In contrast, the
magnetic susceptibility of the approximant increasesmonotonically
with decreasing temperature (Fig. 2b), but does not diverge, as
evidenced from the inset of Fig. 2a, χ−1 ∝ T

n + constant with the
same exponent n as above.

Figure 3a shows the temperature–field phase diagram based
on a contour plot of the normalized uniform susceptibility,
χ(T ,H )/χ(T ,0). We note that T

∗ (open squares) seems to
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Figure 1 | Structure models of quasicrystal and approximant. a, Selected-area electron diffraction pattern of the Au–Al–Yb quasicrystal. b, Atomic
arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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Figure 1 | Structure models of quasicrystal and approximant. a, Selected-area electron diffraction pattern of the Au–Al–Yb quasicrystal. b, Atomic
arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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Quasicrystals are metallic alloys that possess long-range,

aperiodic structures with diffraction symmetries forbidden to

conventional crystals. Since the discovery of quasicrystals

by Schechtman et al. in 1984
1
, there has been considerable

progress in resolving their geometric structure. For example,

it is well known that the golden ratio of mathematics and art

occurs over and over again in their crystal structure. However,

the characteristic properties of the electronic states—whether

they are extended as in periodic crystals or localized as in

amorphous materials—are still unresolved. Here we report the

first observation of quantum (T = 0) critical phenomena of

the Au–Al–Yb quasicrystal—the magnetic susceptibility and

the electronic specific heat coefficient arising from strongly

correlated 4f electrons of the Yb atoms diverge as T→0. Fur-

thermore, we observe that this quantum critical phenomenon

is robust against hydrostatic pressure. By contrast, there is no

such divergence in a crystalline approximant, a phase whose

composition is close to that of the quasicrystal and whose unit

cell has atomic decorations (that is, icosahedral clusters of

atoms) that look like the quasicrystal. These results clearly

indicate that the quantum criticality is associated with the

unique electronic state of the quasicrystal, that is, a spatially

confined critical state. Finally we discuss the possibility that

there is a general law underlying the conventional crystals

and the quasicrystals.

The quasicrystal that we study here is a gold–aluminium–
ytterbium alloy described as Au51Al34Yb15 with a six-dimensional
lattice parameter a6d =0.7448 nm. In Fig. 1a we present the electron
diffraction pattern of our sample demonstrating 5-fold symmetry.
This exhibits the characteristic feature of quasicrystals—long-range
translational but aperiodic order. Owing to this quasi-periodicity,
an unusual electronic state that is neither extended nor localized is
expected.However, such an unusual state has not yet been observed.
In this Letter, we show the Au–Al–Yb quasicrystal to present a
peculiar quantum critical behaviour, which we propose to reflect
this unusual state expected for quasicrystals. It becomes apparent
in the present system because of strong correlations induced by
the 4f electrons of Yb.

The Au–Al–Yb quasicrystal was discovered in the course of
research on new series of Tsai-type quasicrystals2. The Yb valence
was found to be intermediate between Yb2+ and Yb3+ by means
of X-ray absorption near edge structure (XANES) experiments,
indicating the hybridization of the 4f electrons of the Yb atoms
with the conduction electrons. Figure 1b shows the arrangement
of Yb atoms in the structure model of the cadmium–ytterbium
(Cd5.7Yb) quasicrystal3,4, which is isostructural with the present
Au–Al–Yb quasicrystal. For comparison, we illustrate the crystal
structure of the approximant Au51Al35Yb14 in Fig. 1c. The edge
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length of the icosahedron ranges from 0.545 to 0.549 nm. In
reality, this icosahedron corresponds to the third shell of the
Tsai-type cluster (Fig. 1d–h).

In what follows, we attempt to reveal the nature of the
characteristic electronic state of quasi-periodic systems by probing
the 4f electrons and comparing physical properties between the
quasi-periodic quasicrystal and the periodic approximant. Before
presenting the low-temperature data, we briefly mention the
high-temperature results of the electrical resistivity ρ(T ) and the
magnetic susceptibility χ(T ). As shown in Supplementary Fig. S1a,
both the quasicrystal and the approximant showmetallic behaviour
in a wide temperature range, with a large residual resistivity
ρ(0), but they show different behaviour at low temperatures
(inset of Supplementary Fig. S1a); whereas the approximant
exhibits the conventional Fermi-liquid power-law �ρ ∝T

2 (where
�ρ = ρ(T )− ρ(0)), the quasicrystal rather exhibits the T linear
dependence,�ρ ∝T . To our knowledge, this is the first observation
of the so-called non-Fermi liquid behaviour in quasicrystals. For
magnetism, both the quasicrystal and the approximant show a
Curie–Weiss form above 100K (Supplementary Fig. S1b), which
yields an effective moment of µeff = 3.91µB and 3.96µB for
the quasicrystal and the approximant, respectively. These values
indicate that the Yb-ion valence of both the quasicrystal and the
approximant is between Yb3+ and Yb2+.

Now we focus on the quantum criticality (that is, the
critical behaviour near T = 0) of the quasicrystal. The magnetic
susceptibility of the quasicrystal at H = 0 shows a divergent
behaviour as T → 0 (Fig. 2a), and this quantum criticality
is characterized by a critical index n = 0.51, as defined by
χ−1 ∝T

n (Fig. 2a inset). To examine the effect of pressure on
this critical behaviour, we measured the magnetic susceptibility
under hydrostatic pressure. The results are indicated in the inset
of Fig. 2a. It is clearly seen that the divergent behaviour survives,
with the novel critical exponent unchanged. Here it should be
noted that the hydrostatic pressure can change the hybridization
but not alter the crystal symmetry. In contrast, the application of a
magnetic field suppresses the divergence, resulting in the saturation
of χ(T ) at low temperatures. This allows us to define a crossover
temperature T ∗ into the field-induced Fermi liquid state with the
enhanced Pauli susceptibility, as indicated on the figure by the
arrows at which the χ(T ) curves show a maximum. In contrast, the
magnetic susceptibility of the approximant increasesmonotonically
with decreasing temperature (Fig. 2b), but does not diverge, as
evidenced from the inset of Fig. 2a, χ−1 ∝ T

n + constant with the
same exponent n as above.

Figure 3a shows the temperature–field phase diagram based
on a contour plot of the normalized uniform susceptibility,
χ(T ,H )/χ(T ,0). We note that T

∗ (open squares) seems to
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Figure 2 | Temperature dependence of the magnetic susceptibility of the
quasicrystal and the approximant. a, a.c. and d.c. magnetic susceptibility of
the quasicrystal measured in a temperature range of 0.08< T< 3.0K
(denoted by the lines) and 1.8< T< 300K (circles), respectively. Magnetic
fields are described in the figure. The abscissa is plotted on a logarithmic
scale. The arrows indicate a characteristic temperature T∗(H). Inset shows
the inverse susceptibility χ−1 versus T0.51 of the approximant (blue circles)
and the quasicrystal (red circles) at ambient pressure, and of the
quasicrystal at pressures of 0.72GPa and 1.54GPa. The black lines are a
linear extrapolation to T=0. b, Magnetic susceptibility of the approximant
measured in the same condition as in Fig. 2a. Insets show the field
dependence of the ratio χ/γ at T=0.1 K for the quasicrystal and the
approximant, respectively, where γ =CM/T.

Finally, we discuss the implication of the robustness against
hydrostatic pressure. In general, the quasicrystal critical state can be
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Figure 3 |Magnetic properties of the quasicrystal. a, Contour plot of the
normalized uniform susceptibility χ(T,H)/χ(T,0)= χ(T,H)/aT−0.51 with
a=0.081 e.m.u.K0.51 mol−1. The open circles and squares denote a
crossover field H

∗ defined by χ(T,H∗)/χ(T,0)=0.95 and a characteristic
temperature T∗, respectively. Solid lines are guides to the eye and the
dashed line is an extrapolation along a contour line. b, Nuclear spin-lattice
relaxation rate divided by temperature 1/T1T of 27Al NMR (left scale) and
the magnetic susceptibility χ(T) (right scale). The scaling relation
1/T1T∝ χ(T) is clearly observed. The abscissa is plotted on a logarithmic
scale. The error bars of 1/T1T indicate the standard errors from
least-squares fits of the recovery data of nuclear magnetization.

characterized by an extremely degenerate confined wavefunction5–7

and a singular continuous density of states5,8–12. The robustness
suggests that the critical state is also robust against pressure; this
is naturally understood because the hydrostatic pressure does not
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Figure 1 | Structure models of quasicrystal and approximant. a, Selected-area electron diffraction pattern of the Au–Al–Yb quasicrystal. b, Atomic
arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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Quantum critical state in a magnetic quasicrystal
Kazuhiko Deguchi1*, Shuya Matsukawa1, Noriaki K. Sato1, Taisuke Hattori2, Kenji Ishida2,
Hiroyuki Takakura3 and Tsutomu Ishimasa3

Quasicrystals are metallic alloys that possess long-range,

aperiodic structures with diffraction symmetries forbidden to

conventional crystals. Since the discovery of quasicrystals

by Schechtman et al. in 1984
1
, there has been considerable

progress in resolving their geometric structure. For example,

it is well known that the golden ratio of mathematics and art

occurs over and over again in their crystal structure. However,

the characteristic properties of the electronic states—whether

they are extended as in periodic crystals or localized as in

amorphous materials—are still unresolved. Here we report the

first observation of quantum (T = 0) critical phenomena of

the Au–Al–Yb quasicrystal—the magnetic susceptibility and

the electronic specific heat coefficient arising from strongly

correlated 4f electrons of the Yb atoms diverge as T→0. Fur-

thermore, we observe that this quantum critical phenomenon

is robust against hydrostatic pressure. By contrast, there is no

such divergence in a crystalline approximant, a phase whose

composition is close to that of the quasicrystal and whose unit

cell has atomic decorations (that is, icosahedral clusters of

atoms) that look like the quasicrystal. These results clearly

indicate that the quantum criticality is associated with the

unique electronic state of the quasicrystal, that is, a spatially

confined critical state. Finally we discuss the possibility that

there is a general law underlying the conventional crystals

and the quasicrystals.

The quasicrystal that we study here is a gold–aluminium–
ytterbium alloy described as Au51Al34Yb15 with a six-dimensional
lattice parameter a6d =0.7448 nm. In Fig. 1a we present the electron
diffraction pattern of our sample demonstrating 5-fold symmetry.
This exhibits the characteristic feature of quasicrystals—long-range
translational but aperiodic order. Owing to this quasi-periodicity,
an unusual electronic state that is neither extended nor localized is
expected.However, such an unusual state has not yet been observed.
In this Letter, we show the Au–Al–Yb quasicrystal to present a
peculiar quantum critical behaviour, which we propose to reflect
this unusual state expected for quasicrystals. It becomes apparent
in the present system because of strong correlations induced by
the 4f electrons of Yb.

The Au–Al–Yb quasicrystal was discovered in the course of
research on new series of Tsai-type quasicrystals2. The Yb valence
was found to be intermediate between Yb2+ and Yb3+ by means
of X-ray absorption near edge structure (XANES) experiments,
indicating the hybridization of the 4f electrons of the Yb atoms
with the conduction electrons. Figure 1b shows the arrangement
of Yb atoms in the structure model of the cadmium–ytterbium
(Cd5.7Yb) quasicrystal3,4, which is isostructural with the present
Au–Al–Yb quasicrystal. For comparison, we illustrate the crystal
structure of the approximant Au51Al35Yb14 in Fig. 1c. The edge
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length of the icosahedron ranges from 0.545 to 0.549 nm. In
reality, this icosahedron corresponds to the third shell of the
Tsai-type cluster (Fig. 1d–h).

In what follows, we attempt to reveal the nature of the
characteristic electronic state of quasi-periodic systems by probing
the 4f electrons and comparing physical properties between the
quasi-periodic quasicrystal and the periodic approximant. Before
presenting the low-temperature data, we briefly mention the
high-temperature results of the electrical resistivity ρ(T ) and the
magnetic susceptibility χ(T ). As shown in Supplementary Fig. S1a,
both the quasicrystal and the approximant showmetallic behaviour
in a wide temperature range, with a large residual resistivity
ρ(0), but they show different behaviour at low temperatures
(inset of Supplementary Fig. S1a); whereas the approximant
exhibits the conventional Fermi-liquid power-law �ρ ∝T

2 (where
�ρ = ρ(T )− ρ(0)), the quasicrystal rather exhibits the T linear
dependence,�ρ ∝T . To our knowledge, this is the first observation
of the so-called non-Fermi liquid behaviour in quasicrystals. For
magnetism, both the quasicrystal and the approximant show a
Curie–Weiss form above 100K (Supplementary Fig. S1b), which
yields an effective moment of µeff = 3.91µB and 3.96µB for
the quasicrystal and the approximant, respectively. These values
indicate that the Yb-ion valence of both the quasicrystal and the
approximant is between Yb3+ and Yb2+.

Now we focus on the quantum criticality (that is, the
critical behaviour near T = 0) of the quasicrystal. The magnetic
susceptibility of the quasicrystal at H = 0 shows a divergent
behaviour as T → 0 (Fig. 2a), and this quantum criticality
is characterized by a critical index n = 0.51, as defined by
χ−1 ∝T

n (Fig. 2a inset). To examine the effect of pressure on
this critical behaviour, we measured the magnetic susceptibility
under hydrostatic pressure. The results are indicated in the inset
of Fig. 2a. It is clearly seen that the divergent behaviour survives,
with the novel critical exponent unchanged. Here it should be
noted that the hydrostatic pressure can change the hybridization
but not alter the crystal symmetry. In contrast, the application of a
magnetic field suppresses the divergence, resulting in the saturation
of χ(T ) at low temperatures. This allows us to define a crossover
temperature T ∗ into the field-induced Fermi liquid state with the
enhanced Pauli susceptibility, as indicated on the figure by the
arrows at which the χ(T ) curves show a maximum. In contrast, the
magnetic susceptibility of the approximant increasesmonotonically
with decreasing temperature (Fig. 2b), but does not diverge, as
evidenced from the inset of Fig. 2a, χ−1 ∝ T

n + constant with the
same exponent n as above.

Figure 3a shows the temperature–field phase diagram based
on a contour plot of the normalized uniform susceptibility,
χ(T ,H )/χ(T ,0). We note that T

∗ (open squares) seems to
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Figure 2 | Temperature dependence of the magnetic susceptibility of the
quasicrystal and the approximant. a, a.c. and d.c. magnetic susceptibility of
the quasicrystal measured in a temperature range of 0.08< T< 3.0K
(denoted by the lines) and 1.8< T< 300K (circles), respectively. Magnetic
fields are described in the figure. The abscissa is plotted on a logarithmic
scale. The arrows indicate a characteristic temperature T∗(H). Inset shows
the inverse susceptibility χ−1 versus T0.51 of the approximant (blue circles)
and the quasicrystal (red circles) at ambient pressure, and of the
quasicrystal at pressures of 0.72GPa and 1.54GPa. The black lines are a
linear extrapolation to T=0. b, Magnetic susceptibility of the approximant
measured in the same condition as in Fig. 2a. Insets show the field
dependence of the ratio χ/γ at T=0.1 K for the quasicrystal and the
approximant, respectively, where γ =CM/T.

Finally, we discuss the implication of the robustness against
hydrostatic pressure. In general, the quasicrystal critical state can be

χ (H = 7.3 kOe)

χ (H = 22 kOe)

0.04

0.03

0.02

0.01

0.00

1
2 4 6 8

10
2 4 6 8

100
2

T (K)

0.6

0.4

0.2

0.0

2.0

1.5

1.0

0.5

0.0

1/
T

1T
 (

1/
s 

K
)

1/
T

1T
 (

1/
s 

K
)

1/T1T (H ~ 7.3 kOe)

1/T1T (H ~ 22 kOe)

0.06

0.04

0.02

0.00

χ
 (e.m

.u/m
ol-Y

b)
χ

 (e.m
.u/m

ol-Y
b)

2.5

2.0

1.5

1.0

0.5

0.0

T
 (

K
)

1050

H (kOe)

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

T*(H)

H*(T)

Au¬Al¬Yb
quasicrystal

χ /
a
T

¬0
.51

b

a

Figure 3 |Magnetic properties of the quasicrystal. a, Contour plot of the
normalized uniform susceptibility χ(T,H)/χ(T,0)= χ(T,H)/aT−0.51 with
a=0.081 e.m.u.K0.51 mol−1. The open circles and squares denote a
crossover field H

∗ defined by χ(T,H∗)/χ(T,0)=0.95 and a characteristic
temperature T∗, respectively. Solid lines are guides to the eye and the
dashed line is an extrapolation along a contour line. b, Nuclear spin-lattice
relaxation rate divided by temperature 1/T1T of 27Al NMR (left scale) and
the magnetic susceptibility χ(T) (right scale). The scaling relation
1/T1T∝ χ(T) is clearly observed. The abscissa is plotted on a logarithmic
scale. The error bars of 1/T1T indicate the standard errors from
least-squares fits of the recovery data of nuclear magnetization.

characterized by an extremely degenerate confined wavefunction5–7

and a singular continuous density of states5,8–12. The robustness
suggests that the critical state is also robust against pressure; this
is naturally understood because the hydrostatic pressure does not
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Figure 1 | Structure models of quasicrystal and approximant. a, Selected-area electron diffraction pattern of the Au–Al–Yb quasicrystal. b, Atomic
arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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Figure 1 | Structure models of quasicrystal and approximant. a, Selected-area electron diffraction pattern of the Au–Al–Yb quasicrystal. b, Atomic
arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.
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∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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Figure 1 | Structure models of quasicrystal and approximant. a, Selected-area electron diffraction pattern of the Au–Al–Yb quasicrystal. b, Atomic
arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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Figure 1 | Structure models of quasicrystal and approximant. a, Selected-area electron diffraction pattern of the Au–Al–Yb quasicrystal. b, Atomic
arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
the [001] direction. d–h, Concentric shell structures of Tsai-type cluster in the Au–Al–Yb approximant. Each vertex of the first cluster presented in d is
occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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arrangement of Yb atoms in the isostructural Cd5.7Yb quasicrystal. The Yb atoms included in a cube with an edge length of 6 nm are projected onto the
plane perpendicular to the 5-fold axis. The icosahedral aggregate is highlighted. c, Yb arrangement in the Au–Al–Yb approximant in the projection along
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occupied by Au/Al mixed atoms with an occupancy 1/6. Chemical ordering in each shell is based on the result of structure analysis of the approximant (see
ref. 2 for details). Scale bar (0.5 nm) is shown at d.

approach zero as T → 0. The crossover field H
∗ defined by

χ(T ,H ∗)/χ(T ,0) = 0.95 (open circle) drops to zero as T → 0,
meaning that χ(H ) diverges as H → 0 at T ∼0. These results
indicate that there is a singular point at T = H = 0 without
chemical doping and pressurization. In this respect, the Au–Al–Yb
quasicrystal is regarded as a quantum critical matter.

The nuclear spin-lattice relaxation rate divided by temper-
ature, 1/T1T , deduced from 27Al nuclear magnetic resonance
(NMR) measurements on the quasicrystal is plotted in Fig. 3b.
(The recovery curves are shown in Supplementary Fig. S2: they
are fitted well using a single component of 1/T1, indicating
that the Al sites around the Yb ions are not inhomogeneous.)
Whereas the aforementioned uniform susceptibility χ(T ) probes
magnetic fluctuations at q = 0 (where q is the wave vector
of an applied magnetic field), 1/T1T observes the q-averaged
fluctuations. The scaling observed here, 1/T1T ∝ χ(T ), together
with a negative Weiss temperature suggest that χ(q) is inde-
pendent of q, meaning that the magnetic fluctuation associ-
ated with the quantum criticality possesses a local nature in the
real space.

Let us move onto the heat capacity (Fig. 4). For the quasicrystal,
logarithmic divergence at zero field is observed in the temperature
dependence of the magnetic specific heat (CM) divided by
temperature, CM/T ∝ − lnT (Fig. 4a and inset of Fig. 4b). By
contrast, the approximant shows no divergence (Fig. 4b), although
the saturated value is very large, ∼0.7 J K−2 mol−1, compared
with conventional crystals and quasicrystals. In magnetic fields,

the divergence of the quasicrystal is suppressed (Fig. 4a), but
the saturated value is still very large; CM/T ∼0.2 J K−2 mol−1 at
H = 50 kOe. The approximant shows a similar field effect. These
results are consistent with the suppression of χ(T ) by the magnetic
field, supporting the field-induced Fermi liquid state.

Combining the magnetic and thermodynamic results, in the
inset of Fig. 2b we plot the ratio χ/γ (where γ = CM/T ),
which is a measure of the magnetic correlation of quasiparticles.
We note that the ratio is enhanced at low fields for both the
quasicrystal and the approximant, suggesting the presence of
magnetic correlations there.

The experimental results presented above are summarized as
follows. Both the periodic approximant and the quasi-periodic
quasicrystal show similar transport and magnetic properties at high
temperatures. The difference becomes evident at low temperatures:
whereas the approximant shows the Fermi liquid behaviour, the
quasicrystal exhibits non-Fermi liquid behaviour at zero field
(see also Supplementary Table S1). We interpret this difference,
the presence/absence of the divergence in χ and CM/T , as
the presence/absence of the critical state unique to quasicrystals
with the quasi-periodicity5. This interpretation is supported by
the robustness of the quantum criticality against the hydrostatic
pressure: for crystalline materials, a perturbation such as the
application of external pressure gives rise to deviations from
the critical ‘point’. As a result, we conclude that the present
quantum criticality is associated with the unique electronic
state of the quasicrystal.
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