











Much of our discussion will hold for general compact, simple Lie group G. Recall that
there is a finite classification of these objects. The possible options for the group G,
together with the dimension of G' and the dimension of the fundamental (or minimal)
representation F', are given by

G dim G dim F
SU(N) N2 -1 N
SO(N) | 3N(N -1) N
Sp(N) | N2N +1) | 2N

Es 78 27

E; 133 56

Es 248 248

Fy 52 6

G, 14 7

where we're using the convention Sp(1) = SU(2). (Other authors sometimes write
Sp(2n), or even USp(2n) to refer to what we've called Sp(N), preferring the argument
to refer to the dimension of F rather than the rank of the Lie algebra g.)
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Here a,b,c = 1,....,dimG and f® are the fully anti-symmetric structure constants.
The factor of 7 on the right-hand side is taken to ensure that the generators are Her-
mitian: (7¢)" = T°.



We will need to normalise our Lie algebra generators. We require that the generators

in the fundamental (i.e. minimal) representation F satisfy
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In what follows, we use 7* to refer to the fundamental representation, and will re-
fer to generators in other representations R as T%(R). Note that, having fixed the
normalisation (2.2) in the fundamental representation, other 7%(R) will have different

normalisations. We will discuss this in more detail in Section 2.5 where we’ll extract
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However, in the Yang-Mills action, all terms appear with fixed coefficients determined
by the definition of the field strength (2.4). Instead, we've chosen to write the (inverse)
coupling as multiplying the entire action. This difference can be accounted for by a
trivial rescaling. We define

g A . . S oo
A,=-A, and F,, =0,A,-0,A,—iglA,,A)
g
Then, in terms of this rescaled field, the Yang-Mills action is
Sym = o d*z tr F"F,, = ! dz tr F"F
YM = 292 L pr = 2 £ pv
In the second version of the action, the coupling constant is buried inside the definition

of the field strength, where it multiplies the non-linear terms in the equation of motion
as expected.
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The homotopically distinct maps are classified by the group I1,,(X). For us, the relevant
formula is

H:l(G) =7

for all simple, compact Lie groups GG. In words, this means that the winding of gauge
transformations is classified by an integer n. This statement is intuitive for G = SU(2)
since SU(2) = S?, so the homotopy group counts the winding of maps from S?* +— S3.
For higher dimensional (7, it turns out that it’s sufficient to pick an SU(2) subgroup of
G and consider maps which wind within that. It turns out that these maps cannot be
unwound within the larger G. Moreover, all topologically non-trivial maps within GG
can be (lvformod to lie within an SU(2) subgroup. It can be shown that this winding
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