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Important Open Questions (for math and physics)

e how many functions exist? (how to name them?)
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Organization and Outline

@ A New Class of Physical Observables: On-Shell Functions
@ Beyond (Mere) Scattering Amplitudes: On-Shell Functions
@ Physically Observable Data Describing Massless Particles in 4d
@ Basic Building Blocks: S-Matrices for Three Massless Particles

Q Building-Up the Grassmannian Correspondence: On-Shell Varieties
@ Grassmannian Representations of On-Shell Functions
@ Iterative Construction of Grassmannian ‘On-Shell’ Varieties
@ Characteristics of Grassmannian Representations
@ The Classification of On-Shell (Cluster) Varieties
@ Warm-Up: Classifying On-Shell Functions of G(2,n)
@ Exploration: the Stratification of On-Shell Varieties in G(3,6)
@ More to Explore: ‘Color-Dressed’ On-Shell Functions
@ Color-Dressed On-Shell Diagrams in sYM
@ Application: All Two-Loop ‘G(2,n)” Amplitudes in sYM
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Broadening our Vocabulary of Physical ‘Functions’

We are interested in the class of functions involving only observable quantities
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Internal Particles:
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(-—(R):

Internal Particles: locality dictates that we multiply each amplitude, and
unitarity dictates that we marginalize over unobserved states—integrating
over the Lorentz-invariant phase space (“LIPS”) for each particle /,
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Broadening our Vocabulary of Physical ‘Functions’

We are interested in the class of functions involving only observable quantities

(-—(R):

Internal Particles: locality dictates that we multiply each amplitude, and
unitarity dictates that we marginalize over unobserved states—integrating
over the Lorentz-invariant phase space (“LIPS”) for each particle /, and
summing over the possible states

/d3LIPs, AL(o. . DX AR, ..
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Broadening our Vocabulary of Physical ‘Functions’

We are interested in the class of functions involving only observable quantities

(-—(R):

Internal Particles: locality dictates that we multiply each amplitude, and
unitarity dictates that we marginalize over unobserved states—integrating
over the Lorentz-invariant phase space (“LIPS”) for each particle /, and
summing over the possible states (helicities, masses, colours, etc.).

> /d3LIPs, A(. . DxAr(, ...

states /
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unitarity dictates that we marginalize over unobserved states—integrating
over the Lorentz-invariant phase space (“LIPS”) for each particle /, and
summing over the possible states (helicities, masses, colours, etc.).
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We are interested in the class of functions involving only observable quantities

On-Shell Functions:
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Broadening our Vocabulary of Physical ‘Functions’

We are interested in the class of functions involving only observable quantities

On-Shell Functions: networks of amplitudes, .4,, connected by any number
of internal particles, i €/, forming a graph I" called an “on-shell diagram”.
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We are interested in the class of functions involving only observable quantities

On-Shell Functions: networks of amplitudes, .4,, connected by any number
of internal particles, i €/, forming a graph I" called an “on-shell diagram”.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.
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introduced (in 1929!) spinor-helicity variables to make this always trivial.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden

introduced (in 1929!) spinor-helicity variables to make this always trivial.
p,u}_)padz ,uo_ozd: p(i:""p?zz pé_ip:;
“ “ aK pa+lpa pa_pa
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

p paa_p,u ad (p(i:"’_p?zz pé_ip3€21>
a pa+lpa pa_pa

oNoticethatdet(pﬁd) (a) (a) (a) (a) = i

3/3/2020  Cluster Algebras & Geometry of Amplitudes ~ Higgs Centre Stratifying On-Shell (Cluster) Varieties



Building-Up the Grassmannian Correspondence: On-Shell Varieties Beyond (Mere) Scattering Amplitudes: On-Shell Functions
The Classification of On-Shell (Cluster) Varieties  Physically Observable Data Describing Massless Particles in 4d
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM  Basic Building Blocks: S-Matrices for Three Massless Particles

Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

p paa_p,u ad (p(i:"’_p?zz pé_ip3€21>
a pa+lpa pa_pa

* Notice that det(p3*) = ( a) ( a) ( a) ( a) = 0, for massless particles.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

p paa_p,u ad (p(i:"’_p% pé_ip3€21>
a pa+lpa pa_pa

* Notice that det(p3*) = ( a) ( u) ( a) - ( a) = 0, for massless particles.
This can be made manifest by writing p5“ as an outer product of 2-vectors.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
ot — aa PatPa Pa—Wy — )\()sz
Pat Pa’ = Pac (piJripﬁ pa—p, “r

* Notice that det(p3*) = ( a) ( u) ( a) - ( a) = 0, for massless particles.
This can be made manifest by writing p5“ as an outer product of 2-vectors.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.
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* Notice that det(p3*) = ( a) ( u) ( a) - ( a) = 0, for massless particles.
This can be made manifest by writing p5“ as an outer product of 2-vectors.

e When p,, is real (p, €R>!), po& = (pa)T
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
ot — aa PatPa Pa—Wy — )\()sz
Pat Pa’ = Pac (piJripﬁ pa—p, “r

e Notice that det (pﬁd) ( a) ( u) ( a) ( a) = 0, for massless particles.
This can be made manifest by writing p5“ as an outer product of 2-vectors.

o When p, is real (py € R*!), po% = (pg®)*, which implies that (A\g)*=£AS.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0, 3 1_.2
— pa+pa Pa—Wa) _ yaYa
p paa p'u o0d — ( . > = )‘u )‘a
a™ patips po—pa
* Notice that det(p3*) = ( a) ( u) ( a) ( a) = 0, for massless particles.
This can be made manifest by writing p5“ as an outer product of 2-vectors.

o When p, is real (py € R*!), po% = (pg®)*, which implies that (A\g)*=£AS.
(but allowing for complex momenta, )\, and )\, become independent.)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0, 3 1_.2
— pa+pa Pa—Wa) _ yaYa
p paa p'u o0d — ( . > = )‘u )‘a
a™ patips po—pa
* Notice that det(p3*) = ( a) ( u) ( a) ( a) = 0, for massless particles.
This can be made manifest by writing p5“ as an outer product of 2-vectors.

o When p, is real (py € R*!), po% = (pg®)*, which implies that (A\g)*=£AS.
(but allowing for complex momenta, )\, and )\, become independent.)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
v ) +DPy Pa—D — yaya
[y pO0 — o od Pat Py Pq a) = \o)
Pa7 Pa a%u (pclﬂ-ipg pg_pg a”’Na

e p2% is unchanged by (\,, Xa) = (ta A, t;lxa)

o When p, is real (p, €R*'), p3®=(pg®)!, which implies that (\;)*= G,
(but allowing for complex momenta, )\, and )\, become independent.)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.
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e p2%is unchanged by (A, Aa) — (ta\a, £;' Ny)—the action of the little group.

o When p, is real (py € R*!), po% = (pg®)*, which implies that (A\g)*=£AS.
(but allowing for complex momenta, )\, and )\, become independent.)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0, 3 1_:2
Y ) pa+pa Pa—Wa) _ yaYa
p“f—)paa: ,LLO_OZC!:< . > :)\”)\a
a tfa =Pl =\ pltip? pd-p;
e p2% is unchanged by (\,, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:
o When p, is real (py € R*!), po% = (pg®)*, which implies that (A\g)*=£AS.

(but allowing for complex momenta, )\, and )\, become independent.)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0, 3 1 .2
Y __ A pa+pa Pa—Wa\ _ \aYa
p“f—)paa: ,LLO_OZC!:< . > :)\”)\a
a tfa =Pl =\ pltip? pd-p;
° pfj‘j‘ is unchanged by (A, Xa) = (ta A, t;lxa)—the action of the little group.

Under little group transformations, wave functions transform according to:

‘a>ha — t'Zha >hu

o la

o When p, is real (p, € R>1), po% = (pg®)*, which implies that (A\g)*=£AS.
(but allowing for complex momenta, )\, and )\, become independent.)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.
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a tfa =Pl =\ pltip? pd-p;
e p2%is unchanged by (A, Aa) — (ta\a, £;' Ny)—the action of the little group.

Under little group transformations, wave functions transform according to:

‘a>ha — t-Zh,Z >hu

o la
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
v ) +DPy Pa—D — yaya
[y pO0 — o od Pat Py Pq a) = \o)
Pa7 Pa a%u (pclﬂ-ipg pg_pg a”’Na

e p2%is unchanged by (A, Aa) — (ta\a, £;' Ny)—the action of the little group.
Under little group transformations, wave functions transform according to:

‘a>h‘l — t-Zh,Z >hu

o la

e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and Xa, respectively.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0, 3 1 .2
Y __ A pa+pa Pa—Wa\ _ \aYa
p“f—)paa: ,LLO_OZC!:< . > :)\”)\a
a tfa =Pl =\ pltip? pd-p;
° pfj‘j‘ is unchanged by (A, Xa) = (ta A, t;lxa)—the action of the little group.

Under little group transformations, wave functions transform according to:

‘a>ha — t'Zha >hu

o la

e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
v ) +DPy Pa—D — yaya
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° pfj‘j‘ is unchanged by (A, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:

‘a>ha — t'Zha >hu

o la

e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:

det(\,,),) det(A,,\,)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
o ade — jL_ace _ Pat Py pa_lpa> — Yoy« « »
Do Pq =Dg0, = . =\, <= “a)la
a a a®p <p‘11+lp2 pg_pg a’a >[

° pfj‘j‘ is unchanged by (A, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:

‘a>ha — t'Zha >hu

o la

e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:

det(\,,),) det(A,,\,)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0, 3 1_:2
o ade — jL_ace _ Pat Py pa_lpa> — Yoy« « »
phi— pod = phot™ = . =\, <= “a)la
a a a®p <p‘11+lp2 pg_pg a’a >[
e p2% is unchanged by (\,, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:

@) 12 )"

e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:

det(\,,\,) = (ab) det(A,N\,) =[ab]

a’
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.
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° pfj‘j‘ is unchanged by (A, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:

‘a>ha — t'Zha >hu

o la

e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:

€ap AN =(ab) edBXij =lab]
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e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:

det(\,,\,) = (ab) det(A,N\,) =[ab]
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e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:

det(\,,\,) = (ab) det(A,N\,) =[ab]
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

M M AN A
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

(A ML O PLPIERPY
AN MNAEA
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

AL i ML
A3 A2 e BRSPSV
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
Al ~ -~ \
A= (A A Ay ), )= 2 A= (M A A4, )= o
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
Al ~ -~ \
A= (A A Ay ), )= 2 A= (M A A4, )= o

writing \,€ C?2 for a column, \*€ C”" for a row.

3/3/2020  Cluster Algebras & Geometry of Amplitudes ~ Higgs Centre Stratifying On-Shell (Cluster) Varieties



Building-Up the Grassmannian Correspondence: On-Shell Varieties Beyond (Mere) Scattering Amplitudes: On-Shell Functions
The Classification of On-Shell (Cluster) Varieties  Physically Observable Data Describing Massless Particles in 4d
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM  Basic Building Blocks: S-Matrices for Three Massless Particles

The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
Al ~ v~~~ Al
)‘E()‘l Ay )\3"')\n>5 \2 )‘E</\1 Ay /\3“'/\n)E 2

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, \?,
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

A o e o~ X
)‘E()‘l Ay )\3"')\n>5 \2 )‘E</\1 Ay /\3“'/\11) 32

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
it
N2

Al L
)\E()‘l )‘2 )‘3"')‘n>E AZ )\E<A1 A2 A3”'An)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

A o e o~ X
)\z()\l Ay )\3"')\;1)5(/\2) )\E(/\1 A /\3”'/\”)5(?)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:

The “two—plane” \:

the span of 2 vectors \“e C"

3/3/2020  Cluster Algebras & Geometry of Amplitudes ~ Higgs Centre Stratifying On-Shell (Cluster) Varieties



Building-Up the Grassmannian Correspondence: On-Shell Varieties Beyond (Mere) Scattering Amplitudes: On-Shell Functions
The Classification of On-Shell (Cluster) Varieties  Physically Observable Data Describing Massless Particles in 4d
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM  Basic Building Blocks: S-Matrices for Three Massless Particles

The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

A o e o~ X
)\z()\l Ay )\3"')\;1)5(/\2) )\E(/\1 A /\3”'/\”)5(?)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:

The “two—plane” \:

the span of 2 vectors \“e C" -

)\l
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

A o e o~ X
)\z()\l Ay )\3"')\;1)5(/\2) )\E(/\1 A /\3”'/\”)5(?)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:

The “two—plane” \:

the span of 2 vectors \“e C" - _
X/\)\Q
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

A o e o~ X
)\E()‘l )‘2)‘3"')‘n>E<A2> )\E<A1 A2A3A11)E(’)\V2)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:

The Grassmannian G(k,n):

the span of k vectors in C" - _”
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writing \,€ C?2 for a column, \*€ C”" for a row.
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

Al T e o~ o~ = A
)\E()‘l )‘2)‘3"')‘n>E<A2> )\E</\1 A2A3A11)E(3\12)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:

The Grassmannian G(k,n):

the span of k vectors in C" - _”
e Momentum conservation: mZ
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The Grassmannian Geometry of Kinematical Data

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
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writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:

The Grassmannian G(k,n):

the span of k vectors in C" - 7
e Momentum conservation: /‘A\KZ
(taking all the momenta to be incoming) A
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o (Sarh) = 2 (S, *)
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5 (Sapk) = 22 (S AN

3/3/2020  Cluster Algebras & Geometry of Amplitudes ~ Higgs Centre Stratifying On-Shell (Cluster) Varieties



Building-Up the Grassmannian Correspondence: On-Shell Varieties Beyond (Mere) Scattering Amplitudes: On-Shell Functions
The Classification of On-Shell (Cluster) Varieties  Physically Observable Data Describing Massless Particles in 4d
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM  Basic Building Blocks: S-Matrices for Three Massless Particles

The Grassmannian Geometry of Kinematical Data
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Building Blocks: the S-Matrix for Three Massless Particles

Momentum conservation and Poincaré-invariance uniquely fix the kinematic
dependence of the amplitude for three massless particles (to all loop orders!).

ho

hy = F(MAL Ade, A3As) 822 (A-X)

hs3
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Building Blocks: the S-Matrix for Three Massless Particles

Momentum conservation and Poincaré-invariance uniquely fix the kinematic
dependence of the amplitude for three massless particles (to all loop orders!).

R

hi = FMAL Aada, AsAs) 022 (A-X)
hs 3 E@i X 5%)
YRR EPY
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Building Blocks: the S-Matrix for Three Massless Particles

Momentum conservation and Poincaré-invariance uniquely fix the kinematic
dependence of the amplitude for three massless particles (to all loop orders!).

hy -
M= ((23) (31) (12)) DA
1 1 1
b o quaprrgape gy =(38 )
hy+hy+h3 <0 b

or

=
R

hy+hy—hs hyt+h3—hy hathi—hy Y X% X% X%
[12] 23] 31] =2 22 C
h] + /’lz + h3 Z 0

h3
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Momentum conservation and Poincaré-invariance uniquely fix the kinematic
dependence of the amplitude for three massless particles (to all loop orders!).
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Building Blocks: the S-Matrix for Three Massless Particles

Momentum conservation and Poincaré-invariance uniquely fix the kinematic
dependence of the amplitude for three massless particles (to all loop orders!).

ho

hl o < 12>h3—h1—h2<23 >h 1—h2—h3<3 1 >h2—h3—h1
hy+hy+h3 <0

[12]h1+h2—h3 [23]h2+h3—h1 [3 1]h3+h1—h2
hy+hy+h3 >0

=
R

h3
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Building Blocks: the S-Matrix for Three Massless Particles

Momentum conservation and Poincaré-invariance uniquely fix the kinematic
dependence of the amplitude for three massless particles (to all loop orders!).

2_
1+ x < 12>h3—h1—h2<23 >h 1—h2—h3<3 1 >h2—h3—h1
hy+hy+h3 <0
3_
2+
[12]h1+h2—h3 [23]h2+h3—h1 [3 1]h3+h1—h2
hi+hy+h >0

1~ x
3+

3/3/2020  Cluster Algebras & Geometry of Amplitudes ~ Higgs Centre Stratifying On-Shell (Cluster) Varieties



Building-Up the Grassmannian Correspondence: On-Shell Varieties Beyond (Mere) Scattering Amplitudes: On-Shell Functions
The Classification of On-Shell (Cluster) Varieties Physically Observable Data Describing Massless Particles in 4d
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM  Basic Building Blocks: S-Matrices for Three Massless Particles

Building Blocks: the S-Matrix for Three Massless Particles

Momentum conservation and Poincaré-invariance uniquely fix the kinematic
dependence of the amplitude for three massless particles (to all loop orders!).
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Momentum conservation and Poincaré-invariance uniquely fix the kinematic
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Building Blocks: the S-Matrix for Three Massless Particles

Momentum conservation and Poincaré-invariance uniquely fix the kinematic
dependence of the amplitude for three massless particles (to all loop orders!).

1 x 2 522 (A-X)

N W
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Building Blocks: the S-Matrix for Three Massless Particles

Momentum conservation and Poincaré-invariance uniquely fix the kinematic
dependence of the amplitude for three massless particles (to all loop orders!).

2

4 ~
1 : <12>g§§<31> 22(NR) = A (4, - )

N W

[23]4 2x2 ) —
1 x ma (A-X) = As(—,+,+)

3
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Building Blocks: the S-Matrix for Three Massless Particles

Momentum conservation and Poincaré-invariance uniquely fix the kinematic
dependence of the amplitude for three massless particles (to all loop orders!).

2

4 ~
1 : <12>g§§<31> 22(NR) = A (4, - )

N W

[23]4 2x2 ) —
1 x ma (A-X) = As(—,+,+)
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Building Blocks: the S-Matrix for Three Massless Particles

Momentum conservation and Poincaré-invariance uniquely fix the kinematic
dependence of the amplitude for three massless particles (to all loop orders!).
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W € G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W € G(1, 3) for each vertex:

2
1
3
A= iy 09
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W € G(1, 3) for each vertex:

2

1 <~ B

3
S CX) B REPRE
A= <12><23><31>‘5 (A-3)
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W € G(1, 3) for each vertex:

2
_ (b1 by b;
1—C<<:’B<b% i 0
3
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W € G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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3
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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“\o1 b3 B3
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W € G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W € G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W€ G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W € G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W € G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of On-Shell Functions

Iterative Construction of Grassmannian ‘On-Shell” Varieties
Characteristics of Gr ian R

A more direct way to construct C(«) is via boundary measurements:

[m] = = =
Stratifying On-Shell (Cluster) Varieties

A



Building-Up the Grassmannian Correspondence: On-Shell Varieties ~ Grassmannian Representations of On-Shell Functions
The Classification of On-Shell (Cluster) Varieties  Iterative Construction of Grassmannian ‘On-Shell’ Varieties
More to Explore: ‘Color-Dressed” On-Shell Functions in sSYM  Characteristics of Grassmannian Representations

Construction via ‘Boundary Measurements’
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General Characteristics
@ n: the number of external legs
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General Characteristics
@ n: the number of external legs

@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)
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General Characteristics
@ n: the number of external legs

@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)

@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
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General Characteristics
@ n: the number of external legs

@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)
@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)

@ 7;5: the number of unfixed degrees of freedom: dim(C)—(2n—4)

3/3/2020  Cluster Algebras & Geometry of Amplitudes ~ Higgs Centre Stratifying On-Shell (Cluster) Varieties



Building-Up the Grassmannian Correspondence: On-Shell Varieties ~ Grassmannian Representations of On-Shell Functions
The Classification of On-Shell (Cluster) Varieties = Iterative Construction of Grassmannian ‘On-Shell’ Varieties
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM  Characteristics of Grassmannian Representations

General Characteristics of the Correspondence
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General Characteristics
@ n: the number of external legs

@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)
@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ 7;5: the number of unfixed degrees of freedom: dim(C)—(2n—4)

The number of §-functions (beyond momentum conservation) is always 2n—4
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General Characteristics
@ n: the number of external legs

@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)
@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ 7;5: the number of unfixed degrees of freedom: dim(C)—(2n—4)

The number of §-functions (beyond momentum conservation) is always 2n—4,
and when k=2 (MHV), the constraints always require that C+— C* = \.

3/3/2020  Cluster Algebras & Geometry of Amplitudes ~ Higgs Centre Stratifying On-Shell (Cluster) Varieties



Building-Up the Grassmannian Correspondence: On-Shell Varieties ~ Grassmannian Representations of On-Shell Functions
The Classification of On-Shell (Cluster) Varieties = Iterative Construction of Grassmannian ‘On-Shell’ Varieties
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM  Characteristics of Grassmannian Representations

General Characteristics of the Correspondence
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General Characteristics
@ n: the number of external legs

@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)
@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ 7;5: the number of unfixed degrees of freedom: dim(C)—(2n—4)

The number of §-functions (beyond momentum conservation) is always 2n—4,
and when k=2 (MHV), the constraints always require that C+— C* = \.

o recall that dim(G(k,n)) =k(n—k);
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General Characteristics
@ n: the number of external legs

@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)
@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ 7;5: the number of unfixed degrees of freedom: dim(C)—(2n—4)

The number of §-functions (beyond momentum conservation) is always 2n—4,
and when k=2 (MHV), the constraints always require that C+— C* = \.

o recall that dim(G(k,n)) =k(n—k);
and so if d > k(n—k), some of the coordinates must be degenerate
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General Characteristics
@ n: the number of external legs

@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)
@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ 7;5: the number of unfixed degrees of freedom: dim(C)—(2n—4)

The number of §-functions (beyond momentum conservation) is always 2n—4,
and when k=2 (MHV), the constraints always require that C+— C* = \.

o recall that dim(G(k,n)) =k(n—k);
and so if d > k(n—k), some of the coordinates must be degenerate
Definition: a diagram is called reduced if d(I") =dim(C)
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General Characteristics of the Correspondence

fFE/QC 5kx2(C.X)52x(n—k) ()\-CJ‘) ’

General Characteristics
@ n: the number of external legs

@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)
@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ 7;5: the number of unfixed degrees of freedom: dim(C)—(2n—4)

The number of §-functions (beyond momentum conservation) is always 2n—4,
and when k=2 (MHV), the constraints always require that C+— C* = \.

o recall that dim(G(k,n)) =k(n—k);
and so if d > k(n—k), some of the coordinates must be degenerate
Definition: a diagram is called reduced if d(I") =dim(C)

@ the number of reduced diagrams is (trivially) finite for fixed n, k, d
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o recall that dim(G(k,n)) =k(n—k);
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Building-Up the Grassmannian Correspondence: On-Shell Varieties
The Classification of On-Shell (Cluster) Varieties
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM

Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
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Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
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Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.

A simple exercise shows that for any such reduced diagram:
e np=(n-2)
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The Classification of On-Shell (Cluster) Varieties
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM

Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.

A simple exercise shows that for any such reduced diagram:
e np=(n-2)

o and each blue vertex must connect to exactly three external legs
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Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e np=(n-2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
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—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:
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Warm-Up: Classifying On-Shell Functions of G(2,n)
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For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
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We may label such diagrams by the triples, 7, of legs attached to blue vertices:
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Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e ng=(n—2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:

23131 (12)
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Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e ng=(n—2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:
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Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e ng=(n—2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:

(46) (63) (34)
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Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e ng=(n—2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:

(45) (51)(14)

3/3/2020  Cluster Algebras & Geometry of Amplitudes ~ Higgs Centre Stratifying On-Shell (Cluster) Varieties



Building-Up the Grassmannian Correspondence: On-Shell Varieties
The Classification of On-Shell (Cluster) Varieties
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM

Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e np=(n-2)
@ and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:
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Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e np=(n-2)
@ and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:
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Application: Classifying On-Shell Functions for k=2 (MHV)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e np=(n-2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:

fr=

T3 31713 (36)(62) (25) (46) (63 (34) 43 (5 1y (1) (€ 7) 3

3/3/2020  Cluster Algebras & Geometry of Amplitudes ~ Higgs Centre Stratifying On-Shell (Cluster) Varieties



Building-Up the Grassmannian Correspondence: On-Shell Varieties
The Classification of On-Shell (Cluster) Varieties
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM

Application: Classifying On-Shell Functions for k=2 (MHV)
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For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e np=(n-2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:

fr=

(23)(31)(12)(56)(62) (25)(46)(63) (34) (45)(51) (14) 3 HCH) 6 (CHN)
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e np=(n-2)
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We may label such diagrams by the triples, 7, of legs attached to blue vertices:

fr=

(23)(31)(12)(56)(62)(25)(46)(63)(34)(45)(51)(14) 52x4(C*. 7) 52X2(C*~X)
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(23)(31)(12)(56)(62)(25)(46)(63)(34) (45)(51)(14) 52X4(C*~77) 52><2(C*'X)
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(123) (23)(31)(12)
256 ey 56 62) (25
E346; = €)= < ><46><63>< >234>
(451) (45) (51)(14)

6 2

((34)(51)(62) + (14)(25)(63))
(23)(31)(12)(56)(62)(25)(46)(63)(34)(45)(51)(14)

fr= FHNT) 3NN
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Building-Up the Grassmannian Correspondence: On-Shell Varieties
The Classification of On-Shell (Cluster) Varieties
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM
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Building-Up the Grassmannian Correspondence: On-Shell Varieties
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More to Explore: ‘Color-Dressed” On-Shell Functions in sYM

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

Geometry of Kleiss-Kuijf Relations and U(1)-Decoupling

This gives a geometric interpretation of the U(1)-decoupling and KK-relations:
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The Classification of On-Shell (Cluster) Varieties
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Toward a Brute-Force Classification Beyond MHV (k >2)

Warm-Up: Classifying On-Shell Functions of G(2,n)
Explorations: the Stratification of On-Shell Varieties in G(3,6)

Beyond MHV (k >2), we propose a brute-force approach:
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Beyond MHV (k >2), we propose a brute-force approach:
o construct all on-shell diagrams, and enumerate the functions that result
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Building-Up the Grassmannian Correspondence: On-Shell Varieties
The Classification of On-Shell (Cluster) Varieties
More to Explore: ‘Color-Dressed” On-Shell Functions in sYM

The (Lie-Algebra) ‘Coloring’ of On-Shell Diagrams

Color-Dressed & Color Stripped Amplitudes in sSYM
Application: New Formulae for Non-Planar Amplitudes

In Yang-Mills theory, states are labelled by (non-kinematic) ‘colors’ ¢,;
three-point amplitudes depend on these colors via a ‘coupling’ f¢« ¢

2 2
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Consistency implies that these coupling constants obey Jacobi relations(!)
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Consistency implies that these coupling constants obey Jacobi relations(!)
(therefore, these colors transform as the adjoint of some Lie algebra!)
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Color-Dressing and Color-Stripping Amplitudes

In Yang-Mills theory, states are labelled by (non-kinematic) ‘colors’ ¢,;
three-point amplitudes depend on these colors via a ‘coupling’ %"
In applications: color-factors do not merely decorate on-shell diagrams.
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Rather, they track ‘loop-orders’ of perturbation theory
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Application: New Formulae for Non-Planar Amplitudes

At two-loop order, there are 6 classes of color-dressed on-shell diagrams for
amplitudes in G(2,n) (‘MHV’ or ‘Parke-Taylor’ amplitudes):
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Matching each of these ‘cuts’ (including degenerations) and the ensuring
the absence of any other boundaries suffices to determine
all-multiplicity MHV amplitudes at two loops!
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On-Shell Physics/Grassmannian Geometry Correspondence

fsz (Z/dmpsi) I:IAV E/Qc (5(C,p,h)J

hi\qi
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On-Shell Physics/Grassmannian Geometry Correspondence

prH (Z/dsupsi) I:IAV E/Qc 5(C,p,h)J

hi\qi

On-Shell Physics Grassmannian Geometry
e on-shell diagrams o{strata C € G(k,n), volume-form Qc}
e physical symmetries e volume-preserving diffeomorphisms

— trivial symmetries (identities) — cluster coordinate mutations,. . .
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On-Shell Physics Grassmannian Geometry
e on-shell diagrams o{strata C € G(k,n), volume-form Qc}
e physical symmetries e volume-preserving diffeomorphisms

— trivial symmetries (identities) — cluster coordinate mutations,. . .

Important Open Questions (for math and physics)
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Important Open Questions (for math and physics)

e how many functions exist? (how to name them?)
e what (functional) relations do they satisfy?
e what are their (infinite-dimensional) symmetries?
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Important Open Questions (for math and physics)

e how many functions exist? (how to name them?)

e what (functional) relations do they satisfy?

e what are their (infinite-dimensional) symmetries?
— do these extend to entire amplitudes?
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e what changes with (Lie-algebra) ‘coloring’?
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