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DY hadronic tensor

The hadronic tensor W,,,, is defined as

W (parps,a) & @Z /d4xe-W<pA,p3|Jp<x>|x><X|Jy<o>|pA,pB>
X

— (2;)4 /d4x e*iq)c(meB\JH(x)Jl,(O) |pa,pB)

ba

2]
2 ]

PB

pa,pp = hadron momenta, ¢ = the momentum of DY pair, >, = the sum over full
set of “out” states and J, is the electromagnetic current.
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DY hadronic tensor

For unpolarized hadrons, the hadronic tensor W,,,, is parametrized by 4
functions, for example in Collins-Soper frame

Wi = (g = 44) (W + Wan) = 26,5, Was

+Z,Z,(Wp — Wr — Wana) — (XuZ, + X, Z,)Wa

where X, Z are unit vectors orthogonal to ¢ and to each other
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TMD representation for W;

The hadronic tensor in the Sudakov region ¢> = 0% >> ¢34 can be
studied by TMD factorization. For example, functions W and Waa can
be represented as

Wi= > ¢ / kD)), (xa, k1) D}y (¥, 91 — k1 )Cilg, k1)

flavors

+ power corrections + Y — terms (1)

® Dy/4(xa, k) is the TMD density of a parton f in hadron A with
fraction of momentum x4 and transverse momentum k|,
m Dy/p(x, g1 — k1) is a similar quantity for hadron B,

m Ci(q, k) are determined by the cross section o (ff — u* ™) of
production of DY pair of invariant mass ¢ in the scattering of two
partons.
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TMD representation for W;

There is, however, a problem with Eq. (1) for the functions W, and Wa.

Wr and Waa are determined by leading-twist quark TMDs,
2

but Wa and W, start from terms ~ % and ~ % determined by
quark-quark-gluon TMDs.

The power corrections ~ % were found more than two decades ago
2
but there was no calculation of power corrections ~ ‘fQ—g until recently.

Also, the leading-twist contribution is not EM gauge invariant.
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TMD factorization from rapidity factorization

Double functional integral for W

Wipnpn.a) = 3 [ e ou.pald, (O) (XU O) .

fy—00 o pAG)=Ay) B)=vy) ~ >
= lim [d*xe ™ / DA,DA,, / DYDYDYDY U (A(t), (1))

ti——00

X Wh, (A1), (1)) Seeo@D)iSoco () 1, ()1, (y) 0y, (A(1), (1)) Wiy (A (1), 0(01))
m “Left” A, fields correspond to the amplitude (X|J,,(0)|pa4, ps),
= “Right” fields A, 1> correspond to amplitude (pa, ps|J,.(x)|X)

The boundary conditions A(#;) = A(ty) and ¢(t;) = (1) reflect the sum over
intermediate states X.
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Rapidity factorization for particle production

Sudakov variables:

p = ap1+fppr+pL,

PL~pa, pr=ps, Pi=p3=0
X

_ s 4 _ s
S p2x = [5x, Xe = prox = /ox
ba “Projectile” fields : |8] < o,
“Central” fields
bB

“Target” fields : |a| < oy

We integrate over “central” fields in the background of projectile and target fields.
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¢ in the tree approximation

Tree approximation:
Projectile fields: 5 =0 = A(xe,x ), Pa(xe,x1)
Target fields: o = 0 = B(x.,x1 ), ¥p(xe,x1)

Ye = sum of tree diagrams in external A, A, 4, ¢4 and B, B, ¥, ¢ fields
with sources

Jy = (P+m)(Va+p), J,=D'F'(A+B)

and

Jy = (P + ’77)(7/;A + &B)s J, = )NF“U(A JVE)
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>_.x = Feynman diagrams with retarded propagators

The fields A, ¢ and A, ¢) do not depend on x, =
if they coincide at x, = co = they coincide everywhere.

Similarly,
B, 1, and B, v, do not depend on x, =
if they coincide at x, = oo they should be equal.

Since A = A and B = B the sources and background fields are the
same to the left and to the right of the cut
=
Yc and C,, are given by the sum of tree diagrams with retarded Green
functions

(F. Gelis, R. Venugopalan)
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Classical solution

The sum of diagrams with retarded Green functions < solution of classical YM
equations

(P+mpy) =0, D'FL, = gty
f
Xx—>—00 7 . Xy —>—00 | )
Boundary conditions : Apu(x) x.—>_—oo f‘u (Yo, x1), P(x) x‘_>—_oo a(Xe,X1)
p() =T Bu(x,xr), () =T p(x,x)
The projectile and target fields satisfy YM equations

(P+mp)df, = 0, D'Fy, = gyt
(P‘me)'(p}l; =0, D'F}, = gi/_){,fa%ﬂ/)};

pv

Projectile partons: k = ap; + k, target partons: k = 8p; + k, = partons are not
on the mass shell
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Classical solution

The sum of diagrams with retarded Green functions < solution of classical YM
equations

(P+mp)) =0, DFi, = gl t'y0f
7

Xx—>—00 7 . Xx—2—00 .
Boundary conditions : Au®) o0 {‘# (xe,x1), W) o0 Valxe, 1)
p() =T Bu(x,xr), () =T p(x,x)
The projectile and target fields satisfy YM equations

(P+mp) =0, DF, = gty

(P+mf)¢}l; = 0, DVFZ:/ = gi/_){,f“%t%

Projectile partons: k = ap; + k, target partons: k = 8p; + k, = partons are not
on the mass shell

Method of solution:

m Start with 4 + 5 and A, + B,, in the gauge A. = 0, A, =0

m Correct by computing Feynman diagrams (with retarded propagators) with
sources (P + m)(va + vp) and J, = DFFF (U + V)
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Classical fields in the leading order in pi/pﬁ ~ q3 | Q?

The solution of YM equations in general case (scattering of two “color glass
condensates”) is yet unsolved problem.

Fortunately, for our case of particle production with % < 1 we can use this small

parameter and construct the approximate solution.

At the tree level transverse momenta are ~ ¢* and longitudinal are ~ Q* =

,A = series in % oY= 1,/)(0) + 1;‘)(1) +oy A=A0 L A0 4

NB: After the expansion

1 | R S

: = ; = -5 - 4 ; +
PP iy pt—pitiepo  pt o pl+iepo pt+iepo

the dynamics in transverse space is trivial.

Fields are either at the point x, or at the point 0; = TMDs
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Expansion of quark fields

Expanding it in powers of pi/pﬁ gives:

) = v 4wl o0 @y

where
R
vl — 2, E = —224B
A Ya + Ey, 1 . a+l€¢A7
= " = = 0 1 in &
‘1’1(40) = Ya+Z1, Z1 = —(U . )’YlBiijz,
o — L€ S
_8p
\IJ(O) — = = —_ °71 l
B Ve + 22, 1B S ﬁ wB,
_ _ _ _ 8P
g0 — =, 5, = — AL
B Y+, 22 (wBﬁ_ie)’V i~

p) ‘I/g),.. lead to next terms in series in quz
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Leading-N, power corrections

Power corrections are ~ leading twist x ( 5 or ’Q—i2> < (1+ 5+ 52)-

(Pleasant) surprise: most of the terms not suppressed by - ;o are
determined by the leading-twist TMDs due to QCD equations of motion

Leading twist:

1 —iaxe—+i(k,x - 7
o, [ dred’x eI (AL (x,x0) Py (0)|A) = fig(or kD)

Power correction:

1 Ciagxeti(k,
87_‘_3S/vdx.d)(:l e QgX ( x)l
X (AW (xe,x1) P2 Ui(xe, 1) — iv5Ui(xe, x1 )4 (0)|A)

= —kifi(og, k1) + agi[fL(ag ki) + g (0g, k1)),

(Mulders & Tangerman, 1996)
At small a,, = x4 one can drop the second term
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Result for W, for unpolarized hadrons

Result:
W (q) = Wy () + W, (q)

The first, gauge-invariant, part is given by

le(q) = W‘ﬁ(éI)JrW“Z’(q),

1

WIF Z ZWfF W{Z(‘I) = N/dsz_Ff(Q7kJ_)W5V(qakJ_)u
1

Wyil(a Zef Wiia) = o [k @ k)W G0 k)

where F/ and H' are (a, = xa, 8, = xp)

Fl(g.ks) = f(og k) (Bg: (a = k)1) + S < f]
Hf(‘]akL) = ht“(amkﬁﬁﬁ(ﬁqv(‘]*kﬁ) + hﬁ-efzﬁ

and

1. Balitsky (JLAB & ODU) Gauge-invariant TMD factorization for Drell-Yan | REF 2020, 8 Dec 2020 14720



Gauge-invariant structures =

T g"WH =0

nv
Wﬁu(kaL)
gt (gl +alat) + Dglgd + 292 kg -k,
gl”’ Q (/luq]/ ql/q,u Q4 quqy Q q1 »q 1L
I
q qvqi ~
- {ag(guii Q21>( 72k> +ﬂHV} anl]pl_BqPZ
l [

ZWH (q7 kJ_)

1 1 1 1 1 qpqv — qﬂqﬂ 2 2
= _k,u (q_k)l/ _ku (q_k),u _gyu(kaq_k)L+2Tk ( k)L
Il

- (a0 ria—0i + G0y kg0l o)
I

Il Il ~ [

_ ‘M'/Q#[q (kg — k)1 (kg — k) — B DL gy (g — k),

W’ part coincides with parton Reggelzatlon result
1. Balitsky (JLAB & ODU)
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Non-gauge-invariant corrections

1 1 1
Wild) = 32 65 / &k, [WHﬁ(q,ku{[ki(q =k + o vilkg = k)L
f
— k(g = k) (g =Ky — (g —k)*kyky + g, (kg — k)3 — gkt (g — k)] }

N,
s R IR TR R A N CU R ML {CRY

1

)| + o)

Q4

H4 and J; ; terms involve twist-3 quark-quark-gluon TMDs which do not reduce
to leading-twist distributions.

*g,fu(hqfk)ﬂé(q,kﬂ} + O(
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Non-gauge-invariant corrections

W20 = 5 e [ a0 (It la - 05 + o vk - B
f

— k(g — k) (g— Ky — (g — k) kyky + g (kog — k)3 — g, k3 (¢ — ko)?] }

N,
s R IR TR R A N CU R ML {CRY

Q4
Q4 )

H4 and J; ; terms involve twist-3 quark-quark-gluon TMDs which do not reduce
to leading-twist distributions.

g kg k) Al k) |+ O(Nz)} + 0(5r

Gauge invariance should be restored after adding sub-leading power
corrections. For example,

1.2 I 2 1.2
2 9,9 uay  q 9,9
¢Wile) ~ TGk md ¢ (G G) = TG

They are of the same order so one should expect that gauge invariance is
restored after calculation of all such terms.
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Estimate of power corrections

If 0> > k% > m3, we can approximate

flay) nit

2
h
kz ’ l(azaki) = M (aZ)
€L

al

fl (O‘zv kzL) =
For the total DY cross section

2 k,g—k K2 (g —k)? -
Wit =~ S [ {1 -2 o g + 2%1{]‘@@

o2 2 [ 2 _ (k,g — k)17 F (g, By) %Hf(aqaﬁq)
= chef/‘””{[l ST }ki(q—kﬁ*@ki@—kﬁ}

2 2 2 (k7q7k)l Ff(avﬁ)
_EZef/ko_{l—Z 0 ]ki(qq—kl)]i

1

1. Balitsky (JLAB & ODU) Ga ariant TMD factorization for Drell-Yan | REF 2020, 8 Dec 2020 17720



Estimate of power corrections

If 0> > k% > m3, we can approximate
2
h
109 (o i) ~ 0
J_ kJ_

(Ozz,k ) ~

For the total DY cross section
(kiq—k)17 K (q—k)7 |
2B O gk + 20 (g k)

2
) = —EZe}/deL{[l— 7 N
~ 2 2 2 (kvq_k) Ff(a7ﬁ) 2m2 Hf(a,ﬁ)
= g g [ { R G e )
~ 2 (k7qik)l Ff(a 75)
~ —ﬁcze}/[ﬂ/ﬂ[l—z > ]ki(qq—k;i

With logarithmic accuracy

47 2 1
W/I '( = —— eér { 5 In —5 -+ 5 1IN —-
il 1) N, Z / g, my O q

1
19
0 17/20

n for Drell-Yan | REF 2020, 8 Dec 2020
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Estimate of W; at 0% >> k% > m3, with log accuracy

Neglecting H everywhere except Waa where it is a leading-twist term, we get

2

L 1) di o
wilo) = [ 5] e A 00 8

Wi(q) ~ Q22N [ln +21n—} Zef (0, By)

2 4 212
Wan =~ qé;e [ arpﬁq n;iQ(l Zqé_g)Hf(athq)}

and Wa = 0 if we use factorization models for TMDs f(x, k) ) = ¢(x)w (k)
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Back-of-the-envelope estimates of angular coefficients

Take s =8 TeV, 0 =90 GeV and ¢, = 20 GeV where x4,xz ~ 0.1 and power
corrections are small but sizable.

The differential cross section of DY process is parametrized as
( do )*1 do 3

- 2 . v .. o9
= v 0cos2
d*q)  dQdiq 47T(/\+3)(1+)\cos 0 + psin26 cos ¢ + 5 sin” 6 cos o)

Estimates of angular coefficients

nQ*/¢’
wr 1+2lnqi/mLz
I1-A =2 ~ 2 - =~ 0.19
WT+WL Q7271+ZIHQ/QL
7 2 Ing% /m?
2w 1
= =SS —— ~ 0.05
Wr + W, Q72_1_|_21"Q/‘1L
qi 2 lnqi/m2
w. _
w= wrw =0

if we use factorization models for TMDs.

Approximately the same A and v values as in analysis of LHC data by
Lambertsen and Vogelsang
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Conclusions

Conclusions

m The Drell-Yan hadronic tensor for electromagnetic (EM) current is
calculated in the Sudakov region s > 0° > ¢7 with 4, accuracy.

m In the leading order in N, the higher-twist quark-quark-gluon TMDs
reduce to leading-twist TMDs due to QCD equation of motion.

m The resulting hadronic tensor for unpolarized hadrons is EM
gauge-invariant and depends on two leading-twist TMDs: f;
responsible for total DY cross section, and Boer-Mulders function
hi-.

Outlook

m Hadronic tensor for Z-boson current and interference term.
m Rapidity factorization at the one-loop level.
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Conclusions

Conclusions

m The Drell-Yan hadronic tensor for electromagnetic (EM) current is
calculated in the Sudakov region s > 0° > ¢7 with 4, accuracy.

m In the leading order in N, the higher-twist quark-quark-gluon TMDs
reduce to leading-twist TMDs due to QCD equation of motion.

m The resulting hadronic tensor for unpolarized hadrons is EM
gauge-invariant and depends on two leading-twist TMDs: f;
responsible for total DY cross section, and Boer-Mulders function
hi-.

Outlook

m Hadronic tensor for Z-boson current and interference term.
m Rapidity factorization at the one-loop level.

Thank you for attention!
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