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Resummation of non-global observables 



Outline
• Resummation 

• Top production with central jet veto 
• Towards higher logarithmic accuracy 

• Evolution 
• RG evolution for NGLs 
• Implementation as a parton shower: ngl_resum  

• Factorization 
• Global vs. non-global observables 
• Soft radiation and multi-Wilson-line operators
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Dasgupta, Salam ’02: soft gluons from emissions inside the jets lead to 
complicated pattern of logs αsn lnm(Q/Q0), m ≤ n: single-log ``NLL’’ effect


• Even leading NGLs do not simply exponentiate!


• At large-Nc logs can be obtained with parton shower Dasgupta,  Salam ‘02 
or by solving a non-linear integral equation Banfi, Marchesini, Smye ’02 

• Some first finite-Nc results Hatta, Ueda ’13, ’20 + Hagiwara ‘15 based on 
Weigert ’03. + a lot of ongoing work: Nagy, Soper ’07,…; Plätzer, Sjödahl 
‘12; + Thorén ’18, De Angelis, Forshaw, Holguin, Plätzer ’19, … ; Hoeche 
Reichelt ’20; Hamilton, Medves, Salam, Scyboz, Soyez ’20; …
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Non-global logarithms (NGLs)

Q

Q0

``rapidity slice″ aka ``gap between jets″ aka ``interjet energy flow″



Resummation 
Evolution 
Factorization
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Soft radiation in global observables
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e.g. thrust T ~ 1

d�

dT
= H · J ⌦ S

<latexit sha1_base64="5l3QVYN6uT8lFd+tJxOTc92UVhE="></latexit>

ΛNP ≫
√
s ≫ pTJet ≫ Eout ≫ mproton ∼ ΛQCD

R =
σ(e+e− → Z/γ∗ → hadrons)

σ(e+e− → γ∗ → µ+µ−)

Rpert =
σ(e+e− → Z/γ∗ → qq̄)

σ(e+e− → γ∗ → µ+µ−)

R(s) = C1(s) ⟨0| 1 |0⟩+ Cqq̄(s) ⟨0|mq q̄q |0⟩+ CGG(s) ⟨0|G2 |0⟩+ . . .

αn
s ln

m

(

q2T
M2

)

R(Q0) = σveto
t̄t (Q0)/σ

tot
t̄t

L(2)
SM = −µ2H†H = −C(2) Λ2 H†H

q2T
Q2

, τ = (1− T ), . . .

2mt ≫
√
ŝ ≫ pX ≫ ΛQCD

∫ Ω

0
dω lnω × δ(ω)

σ(Q,Q0) =
∞
∑

l=2

〈

Hl({n′}, Q, µh)⊗
∞
∑

m≥l

Ulm({n}, µs, µh) ⊗̂Sm({n}, Q0, µs)
〉

, (1)

U({n}, µs, µh) = P exp

[
∫ µh

µs

dµ

µ
Γ({n}, µ)

]

= 1 +

∫ µh

µs

dµ

µ
Γ(Q,µ) +

∫ µh

µs

dµ

µ

∫ µh

µ

dµ′

µ′
Γ(Q,µ′)Γ(Q,µ) + . . .

S ∼
∑

Xs

∣

∣

∣
⟨Xs|S(n)S(n̄) |0⟩

∣

∣

∣
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Soft radiation does not resolve individual 
energetic partons. Sensitive only to 
direction and total charge of the jets

Simple structure → N3LL resummation



Soft radiation in non-global observables has a 
much more complicated structure: 

  

  

Hard partons (quarks and gluons) inside jets act 
as sources: soft radiation pattern depends on 
color-charges and directions of all hard partons!
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gap:

 Egap < Q0

unrestricted Ein ~ Q

→ large logs αsn lnn(Q0 / Q) 



Hard function
m hard partons along  

fixed directions {n1, …, nm} 

Factorization for gap between jets in e+e− 

Soft function 
squared amplitude  
with m Wilson lines

integration over directions color trace

TB, Neubert, Rothen, Shao ’15 ’16, see also Caron-Huot ‘15

Figure 1. Pictorial representations of factorization formulas (1.1) and (1.4) for interjet energy flow
(left) and jet mass (right). The black lines represent hard radiation with typical scale Q which is
constrained to be inside the cones, and the red lines depict soft radiation with a low energy scale
Q0 which is allowed to populate the full phase space. In the right figure, the blue lines in the left
hemisphere represent collinear radiation which is described by the inclusive jet function in (1.4).

Our main goal in the present work is to develop the Monte Carlo methods to include

these corrections as a step towards full higher-logarithmic resummation, but it is also

interesting to study their numerical size, since they have never been computed for non-

global observables and often dominate numerically in the global case. It is customary to

add a prime to the logarithmic accuracy to indicate the presence of higher-order matching

corrections. In this notation our next-to-leading-logarithmic results for the jet mass have

NLL0 accuracy.

In Refs. [2, 10] we have derived a factorization formula for interjet energy flow and light-

jet mass. The key element is the presence of multi-Wilson-line operators which generate

the intricate pattern of Non-Global Logarithms (NGLs). Explicitly, the result for interjet

energy flow at a lepton collider has the form

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (1.1)

where Q is the center-of-mass energy, and Q0 = �Q is the veto energy outside the jet cone

area. For simplicity, we choose the jet axis along the thrust axis. The above factorization

formula neglects power corrections from O(�) terms. The hard functions Hm describe

hard radiation inside the jet cone, and their characteristic scale is Q since radiation inside

the cones is unrestricted. The index m represents the number of hard partons inside the

jet, which propagate along the directions {n} = {n1, n2, . . . , nm}. Each of these sources

soft radiation, which we describe by a Wilson line along the direction of the hard parton.

The matrix elements of these Wilson lines define the soft functions Sm({n}, Q0, µ). To

obtain the cross section, one integrates over the directions {n} which is indicated by the

symbol ⌦. The hard and soft functions are matrices in the color space of the m partons

and one takes the color trace h. . . i after multiplying them. The operator definition for

these functions and further explanations can be found in [2].

– 2 –

σ =
∑
a,b

∫ 1

0
dx1dx2 σ̂ab(Q, x1, x2, µf ) fa(x1, µf) fb(x2, µf ) +O(ΛQCD/Q) (1)

σ =
∑
a,b

∫ 1

0
dx1dx2 Cab(Q, x1, x2, µ)⟨P (p1)|Oa(x1)|P (p1)⟩ ⟨P (p2)|Ob(x2)|P (p2)⟩+O(ΛQCD/Q)

(2)

⟨qa′(x′p)|Oa(x)|qa′(x′ p)⟩ = δaa′ δ(x′ − x)

Cab(Q, x1, x2) = σ̂ab(Q, x1, x2)

Vm =2
∑
(ij)

∫
dΩ(nk)

4π
(Ti,L · Tj,L + Ti,R · Tj,R)W

k
ij

− 2 iπ
∑
(ij)

(Ti,L · Tj,L − Ti,R · Tj,R)Πij (3)

Rm =− 4
∑
(ij)

Ti,L · Tj,R Wm+1
ij Θin(nm+1)

Hm ∝ |Mm⟩⟨Mm| (4)
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Soft emissions in process with m energetic particles 
are obtained from the matrix elements of the operator 

  

To get the amplitudes with additional soft partons, 
one takes the matrix element of the multi-Wilson-line 
operators:

Figure 1. Definition of the parameters � and � of the dijet cross section. We use the thrust axis
~n, as the jet axis.

definiton is identical to the one in the seminal paper of Sterman and Weinberg [36]. Using

the thrust vector as the jet axis leads to a simpler form of the phase-space constraints and

will enable us to use existing two-loop results for the cone-jet soft function obtained in

[27, 28].

If we consider wide-angle jets with � ⇠ 1, the e↵ective theory contains only two mo-

mentum regions

hard: ph ⇠ Q (1, 1, 1) , (2.3)

soft: ps ⇠ Q� (1, 1, 1) .

The hard mode describes the energetic particles inside the jet. Given their momentum

scaling, these particles can never be outside the jet, in contrast to the soft partons which

can be emitted inside or outside the jet. Since there are no collinear singularities for large

cone size, the cross section is single-logarithmic, i.e. the leading logarithms have the form

↵
n
s ln�.

The factorization of an amplitude with m hard partons and an arbitrary number of

soft partons is of course well known. Each of the hard partons get dressed with a Wilson

line along its direction. In analogy to factorization for amplitudes with coft particles [32],

we have

S1(n1)S2(n2) . . . Sm(nm)|Mm({p})i , (2.4)

where n
µ

i
= p

µ

i
/Ei and {p} = {p1, p2, . . . , pm}, but while the coft case involved quark

splitting amplitudes, we are now dealing with ordinary amplitudes |Mm({p})i. One way

to obtain this formula is to write down the SCET operator for processes with m jets,

which involves m di↵erent collinear fields, perform the decoupling transformation and then

take the matrix element with exactly one collinear particle in each sector, which gives the

amplitude |Mm({p})i. (On the amplitude level, there is no di↵erence between collinear

and hard on-shell particles. The di↵erence in scaling only matters in the expansion of the

phase-space constraints.) To get the amplitude with an arbitrary number of soft particles

in the final state, one takes the relevant matrix element of the Wilson-line operator (2.4).

Doing so, the cross section takes the form

– 5 –

hard scattering amplitude 
with m particles 

(vector in color space)

soft Wilson lines along the directions  
of the energetic particles / jets 

(color matrices)

To get the amplitude for the emission of l soft partons in the final state with momenta

k1, . . . , kl, one computes the matrix element

⟨k1, . . . , kl|S1(n1)S2(n2) . . . Sm(nm) |0⟩ (2.11)

of the Wilson-line operator. To obtain the contribution of an arbitrary number of soft par-

tons to the jet cross section, one first defines the squared matrix element for the emissions

from m partons as

Sm({n}, Qβ, δ) =
∫

Xs

∑
⟨0|S†

1(n1) . . . S
†
m(nm) |Xs⟩⟨Xs|S1(n1) . . . Sm(nm) |0⟩ θ(Qβ−2E out) .

(2.12)

This is the same as the coft function which arises for narrow-angle jets [38], up to the

fact that the constraint now acts on the out-of-cone energy E out of the soft radiation, as

opposed to n̄ · p out, the large component of the total momentum of the coft fields. Since

the soft function depends on the outside energy, it depends on the cone size δ. In terms of

the matrix element (2.12), the jet cross section takes the form

σ(β, δ) =
1

2Q2

∞∑

m=2

m∏

i=1

∫
dd−1pi

(2π)d−12Ei
⟨Mm({p})|Sm({n}) |Mm({p})⟩

× (2π)d δ(Q −Etot) δ
(d−1)(p⃗tot)Θ

nn̄
in

({
p
})

, (2.13)

up to terms suppressed by powers of β. The integration is over the m-dimensional phase-

space of the hard partons, which are all constrained to lie inside the two jet cones. The

function Θnn̄
in

({
p
})

ensures that the hard partons are either inside the right jet along the

direction n or the left jet along n̄. In the narrow-cone case, we will encounter constraints

which involve only one of the jets. Note that, due to the multipole expansion, the contri-

bution of soft particles must be neglected in the momentum-conservation δ-functions.

In order to write the cross section in a more transparent way, we now define hard

functions which are obtained by integrating over the energies of the hard particles subject

to the constraint that their sum is equal to the center-of-mass energy Q, while keeping

their directions nµ
i fixed,

Hm({n}, Q, δ) =
1

2Q2

∑

spins

m∏

i=1

∫
dEi E

d−3
i

(2π)d−2
|Mm({p})⟩⟨Mm({p})|

× (2π)d δ
(
Q−

m∑

i=1

Ei

)
δ(d−1)(p⃗tot)Θ

nn̄
in

({
p
})

. (2.14)

These hard functions are distribution-valued in the angles of the particles, since they

contain additional divergences which arise when particles become collinear. These real-

emission divergences get cancelled by the divergences associated with the virtual correc-

tions to amplitudes with fewer legs. In contrast, the soft function (2.12) is regular in the

angles. The function H2({n}, Q) = σ0 H(Q2)1, where H(Q2) = |CV (−Q2 − iϵ)|2 is the

– 8 –
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Factorization theorem:

• Separates contributions from scales Q and Q0  

• Valid in the soft limit Q0/Q → 0 up to power corrections 

• Operator definitions of ingredients 

• Provides a natural way to perform resummation via 
renormalization group (RG) evolution 

• Not limited to leading logarithms or leading color

9

Figure 1. Pictorial representations of factorization formulas (1.1) and (1.4) for interjet energy flow
(left) and jet mass (right). The black lines represent hard radiation with typical scale Q which is
constrained to be inside the cones, and the red lines depict soft radiation with a low energy scale
Q0 which is allowed to populate the full phase space. In the right figure, the blue lines in the left
hemisphere represent collinear radiation which is described by the inclusive jet function in (1.4).

Our main goal in the present work is to develop the Monte Carlo methods to include

these corrections as a step towards full higher-logarithmic resummation, but it is also

interesting to study their numerical size, since they have never been computed for non-

global observables and often dominate numerically in the global case. It is customary to

add a prime to the logarithmic accuracy to indicate the presence of higher-order matching

corrections. In this notation our next-to-leading-logarithmic results for the jet mass have

NLL0 accuracy.

In Refs. [2, 10] we have derived a factorization formula for interjet energy flow and light-

jet mass. The key element is the presence of multi-Wilson-line operators which generate

the intricate pattern of Non-Global Logarithms (NGLs). Explicitly, the result for interjet

energy flow at a lepton collider has the form

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (1.1)

where Q is the center-of-mass energy, and Q0 = �Q is the veto energy outside the jet cone

area. For simplicity, we choose the jet axis along the thrust axis. The above factorization

formula neglects power corrections from O(�) terms. The hard functions Hm describe

hard radiation inside the jet cone, and their characteristic scale is Q since radiation inside

the cones is unrestricted. The index m represents the number of hard partons inside the

jet, which propagate along the directions {n} = {n1, n2, . . . , nm}. Each of these sources

soft radiation, which we describe by a Wilson line along the direction of the hard parton.

The matrix elements of these Wilson lines define the soft functions Sm({n}, Q0, µ). To

obtain the cross section, one integrates over the directions {n} which is indicated by the

symbol ⌦. The hard and soft functions are matrices in the color space of the m partons

and one takes the color trace h. . . i after multiplying them. The operator definition for

these functions and further explanations can be found in [2].

– 2 –
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Figure 1. Pictorial representation of the factorization theorems for the differential cross sections
with respect to the hemisphere jet masses in the limit ML ≪ MR ≪ Q (left), and to the left-jet mass
when ML ≪ MR ∼ Q (right). Blue lines correspond to collinear partons inside the jet functions,
the red lines represent soft emissions. The green lines in the left picture correspond to the hard
part of the hemisphere soft function, while the black lines in the right picture correspond to hard
emission into the right hemisphere.

2 Factorization

The derivation of the factorization formula follows the same steps in both cases and is

similar to the one relevant for wide-angle cone-jet cross sections presented in [20]. We will

first sketch the derivations of the theorems and specify the ingredients. We then relate the

soft functions to the ones which arise in the case of the narrow-cone jet cross sections. Due

to this relation, we can use the results [20] for these and only the hard functions need to

be computed.

2.1 Hemisphere soft function

The hemisphere soft function describes radiation originating from a quark and an anti-

quark along the directions n and n̄ of the two jets. Their soft radiation is described by

Wilson lines. The one generated by the outgoing quark along the n direction is

S(n) = P exp

(
igs

∫ ∞

0
ds n · Aa(sn)ta

)
, (2.1)

and the soft function is defined as

S(ωL,ωR) =
1

Nc

∑

X

Tr⟨0|S(n̄)S†(n)|X⟩⟨X|S(n)S†(n̄)|0⟩δ(ωR − n · PR) δ(ωL − n̄ · PL) ,

(2.2)

where the trace is over color indices. We call the hemisphere which contains the thrust

vector the right hemisphere. The right-moving particles therefore have n̄ · p > n · p and

PR(L) is the total momentum in the right (left) hemisphere. Usually, the function S(ωL,ωR)

is defined in terms of the soft gluon field in SCET. However, the soft SCET Lagrangian

is equivalent to the full QCD one so for our discussion we will consider (2.2) as a matrix

element in QCD. In the asymmetric case ωL ≪ ωR the function S(ωL,ωR) develops large,

non-global logarithms (NGLs) in the ratio κ ≡ ωL/ωR ≪ 1. It is these logarithms which

we seek to resum using effective-field-theory methods.

– 5 –

e− e+

Q

Qβ

Q

Qδ

Qβ

Qδβ

Figure 3. Momentum modes and associated scales for wide-angle (left) and narrow-angle (right)
jet production.

of logarithmically-enhanced contributions to all orders in perturbation theory. This re-

summation is achieved by evolving the Wilson coefficients of these operators from the high

scale µ ∼ Q down to the scale where the low-energy physics takes place. Let us first

discuss the wide-angle cross section for which the factorization theorem has been given in

(2.15). In our effective theory, the hard functions Hm are the Wilson coefficients of the

Wilson-line matrix elements Sm and we regularize both quantities in d = 4−2ϵ dimensions.

The effective field theory matrix elements contain UV divergences since the short-distance

structure of the full theory is not resolved. The corresponding 1/ϵ poles can be removed

by renormalizing the hard Wilson coefficients according to

Hm({n}, Q, δ, ϵ) =
m∑

l=2

Hl({n}, Q, δ, µ)ZH
lm({n}, Q, δ, ϵ, µ) . (2.35)

In practice, it is easiest to obtain the bare Wilson coefficients from on-shell matching

calculations, where the poles arise from IR divergences. However, these IR poles are in

one-to-one correspondence to UV divergences since the effective-theory loop-integrals in

such matching computations are scaleless, see e.g. [13] for a detailed explanation of this

point within SCET. We have discussed this correspondence after (2.15). It implies that

we can understand the UV divergences of Hm from the structure of the IR divergences

in the real and virtual diagrams which contribute to these quantities. Given that the

coefficients Hm are fixed-multiplicity QCD amplitudes squared, integrated over energy, it

is clear that the matrix ZH
lm({n}, Q, δ, ϵ, µ) cannot be diagonal: lower-multiplicity virtual

diagrams are needed to cancel the divergences of real-emission diagrams. In order to achieve

this cancellation, the renormalization matrix must have the form

Z
H({n}, Q, δ, ϵ, µ) ∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 αs α2
s α3

s . . .

0 1 αs α2
s . . .

0 0 1 αs . . .

0 0 0 1 . . .
...

...
...

...
. . .

⎞

⎟⎟⎟⎟⎟⎟⎠
, (2.36)

where we indicate the perturbative order of each element. At each higher order in per-

turbation theory, more off-diagonal contributions fill in. We have anticipated the upper
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Figure 3. Momentum modes and associated scales for wide-angle (left) and narrow-angle (right)
jet production.

of logarithmically-enhanced contributions to all orders in perturbation theory. This re-

summation is achieved by evolving the Wilson coefficients of these operators from the high

scale µ ∼ Q down to the scale where the low-energy physics takes place. Let us first

discuss the wide-angle cross section for which the factorization theorem has been given in

(2.15). In our effective theory, the hard functions Hm are the Wilson coefficients of the

Wilson-line matrix elements Sm and we regularize both quantities in d = 4−2ϵ dimensions.

The effective field theory matrix elements contain UV divergences since the short-distance

structure of the full theory is not resolved. The corresponding 1/ϵ poles can be removed

by renormalizing the hard Wilson coefficients according to

Hm({n}, Q, δ, ϵ) =
m∑

l=2

Hl({n}, Q, δ, µ)ZH
lm({n}, Q, δ, ϵ, µ) . (2.35)

In practice, it is easiest to obtain the bare Wilson coefficients from on-shell matching

calculations, where the poles arise from IR divergences. However, these IR poles are in

one-to-one correspondence to UV divergences since the effective-theory loop-integrals in

such matching computations are scaleless, see e.g. [13] for a detailed explanation of this

point within SCET. We have discussed this correspondence after (2.15). It implies that

we can understand the UV divergences of Hm from the structure of the IR divergences

in the real and virtual diagrams which contribute to these quantities. Given that the

coefficients Hm are fixed-multiplicity QCD amplitudes squared, integrated over energy, it

is clear that the matrix ZH
lm({n}, Q, δ, ϵ, µ) cannot be diagonal: lower-multiplicity virtual

diagrams are needed to cancel the divergences of real-emission diagrams. In order to achieve

this cancellation, the renormalization matrix must have the form

Z
H({n}, Q, δ, ϵ, µ) ∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 αs α2
s α3

s . . .

0 1 αs α2
s . . .

0 0 1 αs . . .

0 0 0 1 . . .
...

...
...

...
. . .

⎞

⎟⎟⎟⎟⎟⎟⎠
, (2.36)

where we indicate the perturbative order of each element. At each higher order in per-

turbation theory, more off-diagonal contributions fill in. We have anticipated the upper
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1.) 2.) cone jets, gaps  
between jets, 7.) for tops 

1.) narrow jets;  
6.) Z+jet qT 

5.) isolation cones

3.) light-jet mass 
4.) narrow broadening 
8.) single-hadron qT

3.) hemisphere  
soft function

1.) 2.) TB, Neubert, Rothen, 
Shao ’15 ’16 
3.) TB, Pecjak, Shao ’16 
4.) TB, Rahn, Shao ’17 
5.) Balsiger, TB, Shao, ’18 
6.) Chien Shao Wu ’19 
7.) Balsiger, TB, Ferroglia ’20 
8.) Kang, Shao, Zhao ’20

Effective field theory for (non-global) jet observables! 



Transverse momentum & NGLs
• As for global observables, one encounters rapidity logarithms in 

TMD processes. Same structure as in the global case, because 
it is tied to collinear physics 

• Resum using Collinear Anomaly or Rapidity RG formalisms 

• Factorization theorems for several transverse observables 

• Narrow broadening TB, Rahn, Shao ’17 

• qT resummation for pp → Z + jet  Chien, Shao and Wu ’19 

• Note: No NGLs in azimuthal decorrelation for WTA axis 
Chien, Rahn, Schrijnder van Velzen, Shao, Waalewijn and 
Wu ‘20 

• Single hadron qT distribution Kang, Shao, Zhao ’20
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qT resummation for pp → Z + jet 

12

Figure 1. Boson+jet production in hadron collisions. Here pV and pJ are the momenta of the
color singlet boson and the jet, and R is the jet radius. By definition ~qT = ~p

J
T + ~p

V
T . The modes

relevant for the observable qT include the soft modes with momentum ps, and the collinear modes
along the two beam directions (n1 and n2) and the jet direction (nJ). Small-angle soft modes are
taken as an independent degree of freedom from those emitted from the jet at wide angle, and its
momentum is denoted as pt. The n1-collinear and n2-collinear modes and soft modes all have a
transverse momentum ⇠ qT , while the nJ -collinear modes carry most of the jet momentum.

quark-gluon plasma (QGP) is produced. Through interactions with the medium, jets in the

event can be significantly modified while the color-singlet boson remains intact that can

serve as a robust reference of the hard scattering process. This makes boson+jet production

a useful channel for studying the properties of QGP though the relation between transverse

momentum broadening and energy loss of jets in high-energy nuclear collisions [45], which

requires a proper resummation of large logarithms [24, 46, 47]. The kinematic information

of the boson+jet system has been explored quite extensively [48–54]. For example, the qT ,

the boson-jet momentum imbalance XJV ⌘ p
J
T /p

V
T , and the azimuthal angle decorrelation

|��JV |: the azimuthal angle between the jet and the boson as measured along the beam

direction, have been experimentally studied in Z+jet [55–59] and �+jet [60] events at the

LHC.

The rest of the paper is organized as follows. In section 2, we analyze all the relevant

degrees of freedom which contribute to qT . We give a detailed derivation of our factorized

expression (2.27) using a two-step matching procedure in SCET. In section 3, we discuss the

renormalization of all the bare functions entering (2.27) and give an all-order resummation

formula in (3.13). We explain the relation between our resummation formula with those in

[24, 25, 28]. The anomalous dimensions relevant for the NLL resummation are also given in

this section. In section 4 we analyze the Sudakov double logarithms, while in section 5.2 we

– 3 –

From the above two equations, one finally has

J k(p2J , ~xT , ✏) !
1X

m=1

hJ k
m({nJ}, R pJ , ✏)⌦ Uk

m({nJ}, R ~xT , ✏)i (2.21)

where h· · · i ⌘ 1

dJ
Tr[· · · ] denotes the trace over all the color indices divided by the dimension

of the color representation of �k
nJ
, and ⌦ is a short-hand notation for

mQ
i=1

R
d⌦~nJi

/(4⇡) with

⌦~nJi
the solid angle of ~nJi in d-dimension. The jet function J k

m with m collinear particles

is defined as

P
↵0
J↵J

nJ J k
m({nJ}, R pJ , ✏) ⌘ 2n̄J · pJ(2⇡)d�1

X

spins

mY

i=1

Z
dEJiE

d�3

Ji

(2⇡)d�2
�

⇣
n̄ · pJ �

mX

i=1

n̄ · pJi
⌘

⇥ �
(d�2)

⇣ mX

i=1

~pJi?

⌘
⇥in({pJ})

���Mk
m(pJ ; {pJ})

ED
Mk†

m (pJ ; {pJ})
��� , (2.22)

and the coft function Um takes the form

Um({nJ}, R ~xT , ✏) = (2.23)
XZ

Xt

e
i
2
poutt ·n̄J~nJT ·~xT h0|U †

n̄J
(0)U †

nJ1
(0) · · ·U †

nJm
(0)|XtihXt|Un̄J (0)UnJ1

(0) · · ·UnJm
(0)|0i.

The set of nJ -collinear particles is defined by the anti-kt algorithm [74] which is used in

jet reconstruction. The phase space constraint imposed by the sequential clustering can

be quite complicated. Alternatively, here we require the angle �Rij between each pair of

collinear particles be smaller than the jet radius R,

�Rij ⌘
q

(�i � �j)2 + (⌘i � ⌘j)2 < R with i < j : 1, 2, · · · ,m. (2.24)

In the small R limit, the above requirement is equivalent to imposing the following step

functions,

⇥in(pJi , pJj ) ⌘ ✓

 
R

2 �
2pJi · pJj
p
Ji
T p

Jj
T

!
, (2.25)

which collectively is denoted by ⇥in({pJ}). The jet algorithm constraint for a coft gluon

with momentum pt is then equivalent to a cone jet algorithm since collinear particles are

clustered and define the jet direction nJ ,

⇥out(pt) ⌘ 1�⇥in(pt, nJ) = ✓

"
nJ · pt
n̄J · pt

�
✓

R

2 cosh ⌘J

◆
2
#
. (2.26)

By making the replacement in (2.21), (2.13) then gives the final factorized expression

d�

d2qTd
2pTd⌘JdyV

=
X

ijk

Z
d
2
xT

(2⇡)2
e
i~qT ·~xTSij!V k(~xT , ✏)Bi/N1

(⇠1, xT , ✏)Bj/N2
(⇠2, xT , ✏)

⇥Hij!V k(ŝ, t̂,mV , ✏)
1X

m=1

hJ k
m({nJ}, R pJ , ✏)⌦ Uk

m({nJ}, R ~xT , ✏)i. (2.27)
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Interesting also in the context of heavy-ion collisions.  

wide-angle soft

collinear-soft
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Resummation by RG evolution
Wilson coefficients fulfill RG equations 

   

1. Compute Hm at a characteristic high scale 
μh ~ Q  

2. Evolve Hm to the scale of low energy 
physics μs ~ Q0 

3. Evaluate Sm at low scale μs ~ Q0 

Avoids large logarithms αsn lnn(Q/Q0) of scale ratios 
which spoil convergence of perturbation theory.

RG
 evolution

d

dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =

Z
t

0
dt

0Hn�1(t
0)Rn�1(t

0)e�(t0�t)Vn (13)

�LL =
1X

n=2

Hn(ts)⌦ Sn(ts) (14)

d

d lnµ
Hm({n}, Q, �, µ) = �

mX

l=2

Hl({n}, Q, µ)�H

lm
({n}, Q, µ) (15)

d

d lnµ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ)�H

lm
(Q,µ) (16)

2

Q

Q0

treatment which is based on RG evolution in Soft-Collinear E↵ective Theory (SCET) [4–6]

(see [7] for a review). Our starting point is the factorization theorem which separates the

hard radiation inside the jets (or outside the isolation cone) from the soft radiation. The

soft radiation is driven by Wilson lines along the directions of the hard partons in the

process. Since there are contributions involving any number of hard partons, we end up

with operators with an arbitrary number of Wilson lines and these operators mix under

renormalization. The corresponding RG equation is complicated, but we will show that it

takes the form of a recursive equation which can be solved using a parton shower Monte-

Carlo (MC) program, which at leading-log accuracy and large-Nc is equivalent to the one

used by Dasgupta and Salam. An advantage of our treatment is that the RG equation is

not limited to leading logarithmic accuracy and we briefly discuss which ingredients and

modifications will be necessary to reach higher precision. There has been a lot of recent

work [8–11] on the general structure of parton showers and how to increase their accuracy.

The problem at hand provides an explicit example of a shower equation derived from first

principles for which it is clear what ingredients are needed to resum sub-leading logarithms.

The leading logarithms can be obtained by starting from the tree-level amplitudes and

running the parton shower to generate the logarithmically enhanced terms. Using a tree-

level event generator, this resummation can be automated. We have written a dedicated

parton shower code to perform the resummation and use the MadGraph5_aMC@NLO

framework [12] to generate the necessary tree-level amplitudes. We then study exclusive

jet and isolation-cone cross sections. In particular, we give numerical results for dijet

production with a gap between jets and compare to ATLAS measurements and theoretical

predictions [13] based on the BMS equation [14]. We also study isolated photon production

and compute the logarithms of ✏� , the energy fraction inside the isolation cone.

The remainder of this paper is organized as follows. In Section 2 we review the factor-

ization theorem for jet cross sections with gaps or isolation cones. In Section 3 we will show

that RG evolution of the associated Wilson coe�cients is equivalent to a parton shower,

and we give the necessary ingredients for LL resummation. In Section 4 we will apply

the shower code to obtain some phenomenological predictions, namely gap fraction of dijet

production and isolation cone cross section. We summarize our results and provide some

further discussions in Section 5.

2 Factorization for jet cross sections with gaps or isolation cones

The factorization formula for lepton-collider processes with k jets which takes the form

[1, 2]

d�(Q,Q0) =
1X

m=k

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
. (2.1)

Here Q denotes the large energy inside the jets, while Q0 denotes the small energy outside

the jets in an angular region ⌦out. The factorization theorem is the leading term in an

expansion of the cross section in � = Q0/Q. Both the soft and hard functions depend on

the directions {n} = {n1, . . . , nm} and colors of the hard partons. The symbol ⌦ indicates
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1. LO hard function Hk at μh ~ Q.  

• Hm with more than m > k  suppressed by (αs)m-k 

• No large logs at μh ~ Q  

3. LO soft functions are trivial              and no large logs 
at μs ~ Q0.

Hm({n}, Q, µ) =
1

2Q2

X

spins

mY

i=1

Z
dEi E

d�3
i

(2⇡)d�2
|Mm({p})ihMm({p})|(2⇡)d �

⇣
Q�

mX

i=1

Ei

⌘
�(d�1)(~ptot)⇥in

��
p
 �

.

Hk({n}, Q, µ) =
1

2Q2

X

spins

kY

i=1

Z
dEi E

d�3
i

(2⇡)d�2
|Mk({p})ihMk({p})|(2⇡)d �

⇣
Q�

kX

i=1

Ei

⌘
�(d�1)(~ptot)⇥in

��
p
 �

.

Squared tree-level amplitude with color information,  
c.f. density matrix of Nagy and Soper ’07, … 
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Figure 1. The relation between shower time t, hard scale µh and soft scale µs. We stop the lines
in the plot when µs reaches 1GeV.

coupling constants ↵s(µh) and ↵s(µs). At leading logarithmic accuracy, we only need these

functions at leading power in ↵s. The soft functions then become trivial Sm = 1 and all

higher-multiplicity hard functions are suppressed, Hm ⇠ ↵
m�k
s Hk. The cross section thus

simplifies to

d�
LL(Q,Q0) =

1X

m=k

⌦
Hk({n }, Q, µh) ⌦ Ukm({n}, µs, µh) ⌦̂1

↵
, (2.8)

where the evolution factor can be evaluated with the leading-order expression for the

anomalous dimension �
H . We note that the Born-level cross section is given by

d�0(Q,Q0) =
⌦
Hk({n}, Q, µh)

↵
. (2.9)

This demonstrates that the starting point of the evolution is the tree-level cross section,

as we have indicated earlier. The additional piece of information needed is the color

structure since the evolution changes the colors. The paper [32] has modified the Mad-

Graph5_aMC@NLO code in such a way that it provides the full color information.

We will focus on the large-Nc limit below and use the color information which Mad-

Graph5_aMC@NLO provides for showering its tree-level events. We will come back to

this point later.

It is convenient to rewrite the exponent of the evolution matrix (2.6) at leading order

in RG-improved perturbation theory in the form
Z

µh

µs

dµ

µ
�
H

nm =

Z
↵(µh)

↵(µs)

d↵

�(↵)

↵

4⇡
�
(1)

nm =
1

2�0
ln

↵(µs)

↵(µh)
�
(1)

nm . (2.10)

Using the one-loop anomalous-dimension matrix �
(1)

nm yields leading logarithmic accuracy

in the evolution. The prefactor

t =
1

2�0
ln

↵(µs)

↵(µh)
=

↵s

4⇡
ln

µh

µs

+O(↵2

s) (2.11)
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Ingredients for k jets at NLL

Hard partons 
must be inside jet



2.) 1-loop anomalous dimension, …
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must find that
∑

l≥m

Z
H
ml({n}, Q, δ, ϵ, µ) ⊗̂S l({n}, Qβ, δ, ϵ) = Sm({n}, Qβ, δ, µ) = finite . (5.2)

Due to the structure of the matrix, only the diagonal terms zm,m, and the terms zm,m+1

above the diagonal can contribute to the renormalization of Sm at the one-loop-level.

Explicitly, the finiteness condition at one-loop order reads

αs

4π
z
(1)
m,m({n}, Q, δ, ϵ, µ) +

αs

4π

∫
dΩ(nm+1)

4π
z
(1)
m,m+1({n, nm+1}, Q, δ, ϵ, µ)

+ Sm({n}, Qβ, δ, ϵ) = finite , (5.3)

where we have used Sm = 1+ O(αs), so that the Z-factors multiply the identity matrix.

In the second term we integrate over the angle of the additional emission.

One can easily obtain the divergent part of the one-loop soft functions, since it is given

by a sum of exchanges between two legs. A sample Feynman diagram is shown in Figure 10.

We get

Sm({n}, Qβ, δ, ϵ) = 1+
αs

2πϵ

∑

(ij)

Ti · Tj

∫
dΩ(nk)

4π
W k

ij Θ
nn̄
out(nk) , (5.4)

where we have introduced the dipole radiator

W k
ij =

ni · nj

ni · nk nj · nk
. (5.5)

The function Θnn̄
out(nk) = 1 − Θnn̄

in (nk) ensures that the gluon is outside the two jet cones

around the n and n̄ directions. Note that the angular integral does not suffer from collinear

divergences, since the vectors ni and nj lie inside the jet cones, while the direction nk

associated with the soft emission points outside the cone. (The soft radiation can also be

emitted inside the cone, but as mentioned earlier this contribution is scaleless, since it does

not have an upper limit on the energy of the emission.)

In (5.3), the quantity zm,m represents the divergences of the virtual corrections to

the amplitude with m legs, while zm,m+1 gives the divergences from an additional real

emission. Let us now consider the real and virtual corrections together, since all collinear

divergences drop out and only a single soft divergence remains. The leading divergence can

be obtained by using the soft approximation for the emitted (real or virtual) gluon. In the

soft approximation, the real-emission contribution factorizes as

g2s
∑

(ij)

∫
dd−1k

2Ek(2π)d−1

1

E2
k

W k
ij Ti,L · Tj,RΘ

nn̄
in (k)Hm({n}, Q− Ek) . (5.6)

In this approximation, one can write the virtual correction in the same form as the real-

emission contribution, because the principal-value part of the propagator of the emission

does not contribute. The virtual correction then reads

−g2s
∑

(ij)

∫
dd−1k

2Ek(2π)d−1

1

E2
k

W k
ij
1

2
(Ti,L·Tj,L+Ti,R·Tj,R)Hm({n}, Q−Ek)

[
Θnn̄

in (k) +Θnn̄
out(k)

]
.

(5.7)
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product of eikonal factors

σ =
∑
a,b

∫ 1

0
dx1dx2 σ̂ab(Q, x1, x2, µf ) fa(x1, µf) fb(x2, µf ) +O(ΛQCD/Q) (1)

σ =
∑
a,b

∫ 1

0
dx1dx2 Cab(Q, x1, x2, µ)⟨P (p1)|Oa(x1)|P (p1)⟩ ⟨P (p2)|Ob(x2)|P (p2)⟩+O(ΛQCD/Q)

(2)

⟨qa′(x′p)|Oa(x)|qa′(x′ p)⟩ = δaa′ δ(x′ − x)

Cab(Q, x1, x2) = σ̂ab(Q, x1, x2)

Vm =2
∑
(ij)

∫
dΩ(nk)

4π
(Ti,L · Tj,L + Ti,R · Tj,R)W

k
ij

− 2 iπ
∑
(ij)

(Ti,L · Tj,L − Ti,R · Tj,R)Πij (3)

Rm =− 4
∑
(ij)

Ti,L · Tj,R Wm+1
ij Θin(nm+1)

Ti,L : acts on 
Ti,R : acts on 

σ =
∑
a,b

∫ 1

0
dx1dx2 σ̂ab(Q, x1, x2, µf ) fa(x1, µf) fb(x2, µf ) +O(ΛQCD/Q) (1)

σ =
∑
a,b

∫ 1

0
dx1dx2 Cab(Q, x1, x2, µ)⟨P (p1)|Oa(x1)|P (p1)⟩ ⟨P (p2)|Ob(x2)|P (p2)⟩+O(ΛQCD/Q)

(2)

⟨qa′(x′p)|Oa(x)|qa′(x′ p)⟩ = δaa′ δ(x′ − x)

Cab(Q, x1, x2) = σ̂ab(Q, x1, x2)

Vm =2
∑
(ij)

∫
dΩ(nk)

4π
(Ti,L · Tj,L + Ti,R · Tj,R)W

k
ij

− 2 iπ
∑
(ij)

(Ti,L · Tj,L − Ti,R · Tj,R)Πij (3)
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superleading logs 

absent in large Nc limit!

is the “evolution time”, which we will call shower time in the context of the parton shower.

We start the evolution at t = 0 and then evolve to larger times, which correspond to lower

scales. Since we will sometimes plot quantities as a function of the shower time t, we show

the relation between t and the ratio of the low scale µs to the high scale µh for di↵erent

hard-scattering scales µh in Figure 1. The plot makes it clear that the relevant region for

perturbative calculations is t . 0.1, even after resummation.

3 RG evolution as a parton shower

To obtain a MC implementation of the leading-logarithmic evolution we make use of the

explicit form of the one-loop anomalous dimension [2], which for k-jet production has the

form

�
(1) =

0

BBBBBB@

Vk Rk 0 0 . . .

0 Vk+1 Rk+1 0 . . .

0 0 Vk+2 Rk+2 . . .

0 0 0 Vk+3 . . .

...
...

...
...

. . .
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CCCCCCA
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The one-loop anomalous dimensions are given by

Vm = 2
X

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

Z
d⌦(nl)

4⇡
W

l

ij

� 2 i⇡
X

(ij)

(Ti,L · Tj,L � Ti,R · Tj,R)⇧ij , (3.2)

Rm = �4
X

(ij)

Ti,L · Tj,R W
m+1

ij
⇥in(nm+1) .

In [2], they were derived by considering soft limits of the amplitudes. The relevant product

of soft currents leads to a dipole structure for the angular dependence given by the factor

W
l

ij =
ni · nj

ni · nl nj · nl

. (3.3)

Before discussing the evolution, let us explain how the anomalous dimension acts on the

functions Hm defined in (2.4). These functions contain both amplitudes |Mm({p})i and

their conjugate. The color matrices Ti,L acts on the i-th parton in the amplitude while

Tj,R multiplies the conjugate, for example

(T1,L · T2,L + T3,R · T4,R)Hm = T1 · T2Hm + Hm T3 · T4 . (3.4)

and Ti,L · Tj,L =
P

a
T a

i,L
· T a

j,L
. This is the usual color-space notation [33, 34]. While we

do not indicate this notationally, the color matrices in the real-emission operator Rm are

di↵erent. They take an amplitude with m partons and associated color indices and map it

into an amplitude with m+ 1 partons. Explicitly, we have

Ti,L · Tj,R Hm = T a

i Hm T a

j . (3.5)
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Notation:
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and the index a is the color of the emitted gluon. Note that there is no sum over the color

a. The color sum will only be taken at the end after multiplying with the soft function.

We nevertheless use the scalar product notation Ti,L · Tj,R since it allows us to suppress

the color indices, which is one of the advantages of the color-space formalism. However,

when applying the real emission operator Rm one needs to keep in mind that one changes

into new color space and that subsequent applications of color matrices can act on the new

color index.

We have explicitly indicated the imaginary part of the virtual diagrams in the anoma-

lous dimension (3.2). The corresponding Glauber phase arises from cutting the two lines

between which the virtual gluon is exchanged and arises when i and j are both incoming or

outgoing, and the factor ⇧ij is defined to be 1 in this case and 0 otherwise. For e+e� colli-

sions, this part immediately vanishes due to color conservation
P

i
Ti = 0 but it is present

in hadronic collisions and induces the super-leading logarithms discovered in [29, 30].

Let us now discuss the solution of the RG at leading logarithmic accuracy. Using the

simple structure of the anomalous dimension matrix (3.1) and changing variables from µ

to t, the RG equation (2.5) reads

d

dt
Hm(t) = Hm(t)Vm +Hm�1(t)Rm�1 , (3.6)

where we have suppressed the dependence on the other variables. The solution of the

homogenous part of the equation is simply an exponential and we can thus rewrite (3.6) as

Hm(t) = Hm(t0) e
(t�t0)Vm +

Z
t

t0

dt
0
Hm�1(t

0)Rm�1 e
(t�t

0
)Vm . (3.7)

This is the form in which parton-shower equations are usually presented: we evolve from

t0 to time t either without an emission (the first part), or by adding an additional emission

to a lower-leg amplitude. In this context e(t�t
0
)Vm is usually called the Sudakov factor, but

since our problem is single logarithmic, this nomenclature does not quite fit. To map to

expression (2.8), we note that

Hm(t) ⌘ Hk({n}, Q, µh)Ukm({n}, µs, µh) , (3.8)

and that the initial condition is Hm(0) = 0 for all m > k. To solve the equation for a

process with k jets, one starts with m = k and then uses (3.7) iteratively to generate all

higher functions

Hk(t) = Hk(0) e
tVk

Hk+1(t) =

Z
t

0

dt
0
Hk(t

0)Rk e
(t�t

0
)Vk+1 (3.9)

Hk+2(t) =

Z
t

0

dt
0
Hk+1(t

0)Rk+1 e
(t�t

0
)Vk+2

Hk+3(t) = . . .
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d

dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =

Z
t

0
dt

0Hn�1(t
0)Rn�1(t

0)e�(t0�t)Vn (13)

�LL =
1X

n=2

Hn(ts)⌦ Sn(ts) (14)

d

d lnµ
Hm({n}, Q, �, µ) = �

mX

l=2

Hl({n}, Q, µ)�H

lm
({n}, Q, µ) (15)

d

d lnµ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ)�H

lm
(Q,µ) (16)

H2(µ = Q) = �0 (17)

Hm(µ = Q) = 0 for m > 2 (18)

Sm(µ = �Q) = 1 (19)

t =

Z
↵(Q)

↵(µ)

d↵

�(↵)

↵

4⇡
(20)

d

dt
Hm(t) = Hm(t)Vm +Hm�1(t)Rm�1 . (21)

Hm(t) = Hm(t1)e
(t�t1)Vn +

Z
t

t1

dt
0
Hm�1(t

0)Rm�1e
(t�t

0)Vn (22)

2
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Hm({n}, Q, µ) =
1

2Q2

∑

spins

m
∏

i=1

∫

dEi E
d−3
i

(2π)d−2
|Mm({p})⟩⟨Mm({p})|(2π)d δ

(

Q−
m
∑

i=1

Ei

)

δ(d−1)(p⃗tot)Θin

({

p
})

.

Hk({n}, Q, µ) =
1

2Q2

∑

spins

k
∏

i=1

∫

dEi E
d−3
i

(2π)d−2
|Mk({p})⟩⟨Mk({p})|(2π)

d δ
(

Q−
k

∑

i=1

Ei

)

δ(d−1)(p⃗tot)Θin

({

p
})

.

σLL =
〈

Hk(t) +

∫

dΩ1

4π
Hk+1(t) +

∫

dΩ1

4π

∫

dΩ2

4π
Hk+2(t) + . . .

〉

, (1)

Hm({n}, Q, µ) =
1

2Q2

∑

spins

m
∏

i=1

∫

dEi E
d−3
i

(2π)d−2
|Mm({p})⟩⟨Mm({p})|(2π)d δ

(

Q−
m
∑

i=1

Ei

)

δ(d−1)(p⃗tot)Θin

({

p
})

.

Hk({n}, Q, µ) =
1

2Q2

∑

spins

k
∏

i=1

∫

dEi E
d−3
i

(2π)d−2
|Mk({p})⟩⟨Mk({p})|(2π)

d δ
(

Q−
k

∑

i=1

Ei

)

δ(d−1)(p⃗tot)Θin

({

p
})

.

σLL =
〈

Hk(t) +

∫

dΩ1

4π
Hk+1(t) +

∫

dΩ1

4π

∫

dΩ2

4π
Hk+2(t) + . . .

〉

, (1)

Hk(t) = Hk(0) e
tVk

Hk+1(t) =

∫ t

0
dt′ Hk(t

′)Rk e
(t−t

′)Vk+1 (2)

Hk+2(t) =

∫ t

0
dt′ Hk+1(t

′)Rk+1 e
(t−t

′)Vk+2

Hk+3(t) = . . .
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H2(t0) �! H3(t1) �! H4(t2)

Fig. 4.6 Solution of the RG equation using Monte Carlo methods.

W
l

ij
=

ni · nj

ni · nl nj · nl

. (4.32)

This dipole is the combination of two eikonal factors as in (2.7), from a soft exchange
between legs i and j.

Let us now consider the resummation of the leading logarithms, which corresponds
to evolving with the anomalous dimension at O(↵s) and evaluating the hard and
soft functions at O(↵0

s
). Since the anomalous dimension matrix is very sparse, it is

convenient to write out the one-loop RG equation explicitly

d

dt
Hm(t) = Hm(t)Vm +Hm�1(t)Rm�1 , (4.33)

where we have traded the dependence on µ for the variable

t =
1

2�0
ln

↵(µ)

↵(µh)
=

↵s

4⇡
ln

µh

µ
+O(↵2

s
) , (4.34)

which is zero for µ = µh and increases as we evolve to lower scales. For µ = µs the
logarithm becomes large and compensates the suppression by the coupling constant.
For this reason t is treated as a quantity of O(1) in RG-improved perturbation theory.
Solving the homogeneous equation and using variation of the constant, equation (4.34)
can also be written as

Hm(t) = Hm(t0) e
(t�t0)Vm +

Z
t

t0

dt
0
Hm�1(t

0)Rm�1 e
(t�t

0)Vm . (4.35)

This form is usually written for parton showers, which involve an evolution time t. One
can evolve from t0 to t either without any additional emissions (first term in (4.35))
or by adding an emission to the lower multiplicity cross section (second term). The
connection to parton showers becomes even more clear when we consider the initial
condition. At the high scale µ = µh, corresponding to t = 0, only the hard function
H2 is present since the higher multiplicity functions involve powers of ↵s and are free
of large logarithms for this scale choice. Starting with the function H2, we can then
iteratively generate the higher functions as
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The parton shower emerging from the RG at NLL 
accuracy in the large-Nc is equivalent to shower 
introduced by Dasgupta and Salam ‘02  

Have a convenient and flexible implementation of 
the parton shower 

• Initial hard parton configuration from LHEF 
event file produced by tree-level generator 

• Python library ngl_resum reads event 
information and performs shower, fills 
histograms. 

Will now illustrate this in an application in  top 
production.
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Gaps in top-production

Measure top production with a veto pTJ < Q0 on jet activity 
in rapidity range  |y| < ymax. Define 

Gap fraction R(Q0) measures soft radiation from top + initial 
state, as well as final state radiation from the b-quarks.

21

�

y
ymin�ymin ymax�ymax

b-jet

b̄-jet

2⇡

Figure 1. Sketch of the veto region as defined in [5]. The gap, in which additional radiation is
vetoed, is represented by the shaded red area with rapidity ymin < |y| < ymax. Radiation inside
the b-tagged jets is not vetoed.

of low energy to end up in this rapidity range. Conversely, the energy outside this range

is unconstrained. This is a typical situation in which non- global logarithms appear and

become large. [At this stage it is important to point out that in the approach

of this paper and in the parton shower code discussed here radiation from

the b-quark emerging from the top quark decay is not considered. Indeed it

is well known that radiation from the b-quarks that would contribute to non-

factorizable corrections in fixed order perturbation theory is suppressed by

factors of O(�t/mt) [6–11], while radiation that would contribute to corrections

to the decay process is suppressed by factors of O(m2
b
/m2

t ). For this reason the

parton shower code used here does not include a shower from the b-quarks.

[Check carefully these rather bold statements!!] ]

After finally matching the LL result to the NLO predictions in fixed order perturba-

tion theory, one observes a significant improvement in the agreement between data and

predictions.

The remainder of this paper is organized as follows. In Section 2 the factorization the-

orem which was already discussed in [1, 2] is reviewed and the changes needed in presence

of massive particles are discussed. In Section 4 an explicit example of the resummation of

non-global logarithms for a cross section involving top quarks at LL accuracy is presented.

As mentioned above, the observable of choice is top-pair production with a veto on central

jet energy. The predictions for this observable are then compared to experimental measure-

ments carried out by ATLAS. Section 5 contains our conclusions, in which the ingredients

that would be needed to go to higher logarithmic accuracy are discussed.

– 3 –

ΛNP ≫
√
s ≫ pTJet ≫ Eout ≫ mproton ∼ ΛQCD

R =
σ(e+e− → Z/γ∗ → hadrons)

σ(e+e− → γ∗ → µ+µ−)

Rpert =
σ(e+e− → Z/γ∗ → qq̄)

σ(e+e− → γ∗ → µ+µ−)

R(s) = C1(s) ⟨0| 1 |0⟩+ Cqq̄(s) ⟨0|mq q̄q |0⟩+ CGG(s) ⟨0|G2 |0⟩+ . . .

αn
s ln

m

(

q2T
M2

)

R(Q0) = σveto
t̄t (Q0)/σ

tot
t̄t

ATLAS, 1203.5015 
�

y
ymin�ymin ymax�ymax

b-jet

b̄-jet

2⇡

Figure 1. Sketch of the veto region as defined by ATLAS in [15]. The gap, in which additional
radiation is vetoed, is represented by the shaded red area with rapidity ymin < |y| < ymax. Radiation
inside the b-tagged jets is not vetoed. For ymin = 0, this setup reduces to the usual central jet veto.

it is necessary to include monopole contributions in the massive case. The latter describes

radiation that is emitted and absorbed by the same Wilson line rather than exchanged

between two color-connected Wilson lines. This di↵erence in the massive and massless

radiation pattern is of course well known, in particular the di↵erent collinear behavior,

which is often referred to as the dead cone e↵ect [11–14].

As an application of the new parton shower code described in this work, we consider

tt̄ production with a veto on additional central jet energy. This process was measured

by ATLAS at the Large Hadron Collider (LHC) with the goal of testing the description

of soft radiation in parton showers [15]. The top pair production process involves two

initial-state partons producing a tt̄-pair in the final state. The top quarks then decay

into bottom quarks and W bosons. The measurement is performed using events in which

the W ’s decay leptonically and in which two b-jets are detected. The veto on central

jets is imposed by requiring that, with the exception of the two bottom-tagged jets, no

additional jets above a given transverse momentum Q0 are allowed to be present in the

rapidity range ymin < |y| < ymax (see Figure 1). With the veto, only particles of low energy

are allowed inside this rapidity range, while the energy is unconstrained anywhere else.

This is a typical situation in which large non-global logarithms appear. In this work these

logarithms are resummed at LL accuracy and the results of the resummation are matched

to NLO predictions in fixed-order perturbation theory.

In addition to radiation e↵ects associated with the production process, one should

also include radiation emerging from the decay products of the top quarks. We work in

the narrow-width approximation for the top quarks, in which they are treated as stable

particles and the process factorizes into a production cross section multiplied by the decay

of the top quarks. It is well known that radiation from the b-quarks that would contribute

to non-factorizable corrections in fixed-order perturbation theory is suppressed by factors of

O(�t/mt) [16–21]. To account for the factorizable contributions, we run a separate shower

for the top decay to also account for the b-quark radiation. Numerically, the e↵ect of this

– 3 –

�

y
ymin�ymin ymax�ymax

b-jet

b̄-jet

2⇡

Figure 1. Sketch of the veto region as defined by ATLAS in [15]. The gap, in which additional
radiation is vetoed, is represented by the shaded red area with rapidity ymin < |y| < ymax. Radiation
inside the b-tagged jets is not vetoed. For ymin = 0, this setup reduces to the usual central jet veto.

it is necessary to include monopole contributions in the massive case. The latter describes

radiation that is emitted and absorbed by the same Wilson line rather than exchanged

between two color-connected Wilson lines. This di↵erence in the massive and massless

radiation pattern is of course well known, in particular the di↵erent collinear behavior,

which is often referred to as the dead cone e↵ect [11–14].
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tt̄ production with a veto on additional central jet energy. This process was measured
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of soft radiation in parton showers [15]. The top pair production process involves two

initial-state partons producing a tt̄-pair in the final state. The top quarks then decay

into bottom quarks and W bosons. The measurement is performed using events in which

the W ’s decay leptonically and in which two b-jets are detected. The veto on central

jets is imposed by requiring that, with the exception of the two bottom-tagged jets, no

additional jets above a given transverse momentum Q0 are allowed to be present in the

rapidity range ymin < |y| < ymax (see Figure 1). With the veto, only particles of low energy

are allowed inside this rapidity range, while the energy is unconstrained anywhere else.

This is a typical situation in which large non-global logarithms appear. In this work these

logarithms are resummed at LL accuracy and the results of the resummation are matched

to NLO predictions in fixed-order perturbation theory.

In addition to radiation e↵ects associated with the production process, one should

also include radiation emerging from the decay products of the top quarks. We work in

the narrow-width approximation for the top quarks, in which they are treated as stable

particles and the process factorizes into a production cross section multiplied by the decay

of the top quarks. It is well known that radiation from the b-quarks that would contribute

to non-factorizable corrections in fixed-order perturbation theory is suppressed by factors of

O(�t/mt) [16–21]. To account for the factorizable contributions, we run a separate shower

for the top decay to also account for the b-quark radiation. Numerically, the e↵ect of this
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• LHEF from MG5_aMC@NLO 
• Large Nc: radiation from color dipoles 

• massive, massless and mixed dipoles 
• Narrow width approximation 

• Radiation from top production 
• times radiation from decays
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b

b̄
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+
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�

⌫

l
+

⌫̄

l
�

t

t̄

g

g

Figure 2. Diagram for the process gg ! tt̄ ! bb̄ l
+
l
�
⌫⌫̄. In the large-Nc limit, the radiation can

be split into a set of color dipoles. The color dipoles associated to the production of the tt̄ pair are
shown in blue, the ones associated to the decay in green. The full LL cross section will include the
emissions from all five dipoles.

radiation is smaller than the one from the production of the top pair since the radiation

inside the b-jet is not constrained. However, the radiation from the decay is large enough

that it must be taken into account. Figure 2 shows one of the several tree-level diagrams

contributing to the tt̄-pair production process measured by ATLAS in [15]. We also depict

the color dipoles, which are the source of the emissions in the large-Nc limit.

The remainder of this paper is organized as follows. In Section 2 the factorization

theorem [7, 8] is reviewed and the changes needed in presence of massive partons are

discussed. Section 3 describes in detail how the relevant phase-space integrals can be

evaluated in the parton shower code. In Section 4 we assess the impact of massive partons

in the resummation of non-global logarithms. An explicit example of the resummation of

non-global logarithms for a cross section involving top quarks at LL accuracy is presented

in Section 5. As indicated above, the observable we consider is top-pair production with

a veto on central jet energy. The predictions for this observable are then matched to the

NLO result and compared to experimental measurements carried out by ATLAS. Section

6 contains our conclusions and an outlook. In Appendix A, we use a sample event to

illustrate our parton shower code step by step. In Appendix B we explain how to use the

shower to also compute the first two orders of the fixed-order expansion of the resummed

result.

2 Factorization for cross sections involving massive quarks

Before discussing the factorization of the cross section, we should determine which scales

are present and which scale hierarchies can arise in the observable under study. Throughout

this paper, we consider scattering processes at a large center-of-mass energy Q and impose

a veto on radiation in a certain phase-space region. We are interested in a regime where

the energy scale Q0 of the soft radiation in the veto region is much smaller than Q. The

presence of the massive particles introduces additional scales in the process. On top of the

masses themselves, which we denote generically with M , the most important new scale is

– 4 –



NGLs with massive quarks

Usual eikonal structure, but with time-like vectors. Not 
only dipole, but also monopole contributions 

• Absorb monopoles into dipole terms 
• Generate radiation in dipole rest frame, after 

Householder transformations. 
Mass suppresses radiation, especially at large rapidity 
(“dead cone effect”).
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Figure 3. The four possible radiation patterns for a dipole of two massive legs. From left to right:
monopole correction to leg 1 corresponding to the term (i, j) = (1, 1) in (2.11), dipole correction
(1, 2), dipole correction (2, 1), and monopole correction (2, 2).

As mentioned above, we work in the large-Nc limit in which the color structure becomes

trivial and reduces to factors of Nc. This is a huge simplification over the general case in

which the m-parton terms act in the color-space of the m-partons. There is currently a

large e↵ort by several groups aiming to extend parton showers beyond the large-Nc case,

but we restrict ourselves to this limit. The fact that the color structure becomes trivial

implies that the Glauber phases in Vm in (2.10) vanish. Furthermore, all interference e↵ects

are suppressed and exchanges are only possible between neighbouring legs. However, the

monopole contributions are present and need to be included, as is obvious from the diagrams

shown in Figure 3.

The full corrections in the large-Nc limit read

Vm = �4Nc 1
m�1X

i=1

Z
d⌦(nk)

4⇡
fW k

i i+1 , (2.15)

Rm = 4Nc 1
m�1X

i=1

fW k

i i+1⇥in(nk) . (2.16)

The sum includes all dipoles i consisting of the legs i and i+ 1 and we have absorbed the

monopole contributions into the dipoles by defining

fW k

ij ⌘ W
k

ij �
1

2

⇣
W

k

ii +W
k

jj

⌘
. (2.17)

In the rest of this work, the framework discussed here is applied to top-pair production.

In this case the massive legs are always chosen to be the the first and the last in the list of

Wilson-line directions, so that monopole radiation can only occur at i = 1 and i = m� 1,

as the monopole radiator W k

ii
is manifestly zero for the massless gluonic legs in between.

In Figure 3, we have depicted all possible real emissions for one dipole of two massive

Wilson lines. The relative sign of the dipole and monopole contributions in (2.17) can be

understood intuitively by looking at the figure: the partons in the dipole have opposite

charge, in contrast the monopole. The factor of two of the dipole term compared to the

monopole ones arises because one has to add the identical contribution of the two dipoles

(ij) and (ji).

The details on how one gets from the RG equation to a parton shower are thoroughly

explained in [9], but for completeness we briefly review the derivation here. The parton
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θ

Figure 4. Angular dependence of the radiation (3.25) in the massive case for �i = �j = 0.5 (solid
line) and the massless case �i = �j = 1 (dashed line). In the massive case, we show the dipole
contribution separately (dotted line).

The real emission corrections

Rm = 4Nc 1
mX

i=1

W
k

i i+1

 
1� 1

2

W
k

ii
+W

k

i+1 i+1

W
k

i i+1

!
⇥in(nk) (3.22)

are evaluated using Monte Carlo methods by randomly choosing a value of y0 and �
0 in

the integrand of (3.16). The factor inside the bracket in (3.22) is a positive weight factor,

as shown below. To see whether a given real-emission vector is inside the jet region, one

transforms the vector n0
k
back to the laboratory frame by using the inverse transformation

to L given in (3.14).

3.3 Positive definiteness of fW k

ij

We now show that the weight factor in (3.22) is positive. This is done most conveniently in

the center-of-mass frame. When written in terms of scalar products, the factor fW k

ij
reads

fW k

ij =
u
0
i
· u0

j

(u0
i
· n0

k
)(n0

k
· u0

j
)
� 1

2

 
u
0
i
· u0

i

(u0
i
· n0

k
)2

+
u
0
j
· u0

j

(u0
j
· n0

k
)2

!
. (3.23)

To see that this expression is indeed non-negative, one replaces the scalar products by

u
0
i · u0j = 1 + �

0
i�

0
j ,

u
0
i · n0

k
= 1� �

0
i cos ✓ ,

u
0
j · n0

k
= 1 + �

0
j cos ✓ . (3.24)

By inserting the relations in (3.24) in (3.23) one finds

fW k

ij =
(�0

i
+ �

0
j
)2 sin2 ✓

2(1� �
0
i
cos ✓)2(1 + �

0
j
cos ✓)2

. (3.25)

Consequently, the factor fW k

ij
in (3.23) is always larger than or equal to zero.
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• Large scale uncertainties and 
matching scheme dependence (R 
vs. log-R, profile functions) 

• Agreement gets worse for larger 
gaps due to collinear logs

Gaps in top-production
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Fig. 4 The measured gap fraction as a function of Q0 is compared with the prediction from the NLO and multi-leg LO MC
generators in the three rapidity regions, (a) |y| < 0.8, (b) 0.8 ≤ |y| < 1.5 and (c) 1.5 ≤ |y| < 2.1. Also shown, (d), is the gap
fraction for the full rapidity range |y| < 2.1. The data is represented as closed (black) circles with statistical uncertainties.
The yellow band is the total experimental uncertainty on the data (statistical and systematic). The theoretical predictions are
shown as solid and dashed coloured lines. The gap fraction is shown until Q0 = 300 GeV or until the gap fraction reaches one
if that occurs before Q0 = 300 GeV.
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Figure 9. Same as figure 8, except that the log-R matching scheme was adopted.

our plots. In section 4 it was shown that the radiation from massless legs is numerically

much larger than from massive ones. Consequently, we expect that, in order to get a

good description of the gap fraction, the modeling of the initial-state radiation is the most

important effect. For this reason, it is not clear to us if a comparison to the ATLAS data

provides a sufficiently stringent test of the description of soft radiation from massive quarks

in a parton shower.

One observes that the additive matching scheme works well for the gap region |y| < 0.8

and actually mildly improves the agreement of central value with the data. However, for the

case in which the gap region is |y| < 2.1, the predictions obtained with additive matching

become unphysical for small values of Q0. This is not surprising, since the higher-order

emissions are enhanced by factors of the gap size ∆y. If these rapidity logarithms become

larger, they must be resummed. The formalism to carry out this resummation exists [7, 8]

but we do not implement it in the present work.

Multiplicative matching leads to better results since the matched gap fraction correctly

vanishes for Q0 → 0, as the resummed result does. Predictions obtained by means of log-R

matching are shown in figure 9, which shows that they are in good agreement with the

experimental data, within the large scale uncertainty bands. To reduce these, it would

be important to go to higher logarithmic accuracy, or to at least include higher-order

corrections to the hard and soft functions, as it was done in the massless case [13].

In order to compare predictions to the Run I ATLAS measurement [18], all calculations

were carried out at
√
s = 7TeV. For the tree-level top production process at

√
s = 13TeV,

one finds that the average partonic center-of-mass energy is Q ≈ 550GeV, which translates

into Q1 ≈ 170GeV, only 20GeV higher than at 7TeV. Consequently, we conclude that

the result for the gap fraction at
√
s = 13TeV would be quite similar to the ones at Run I.

– 22 –

NLL+NLO

https://arxiv.org/abs/2006.00014
https://arxiv.org/abs/2006.00014


Ingredients for NNLL
1. One-loop matching corrections 

• Hard functions 

• Soft functions 

2. Two-loop anomalous dimension
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Figure 2. Pictorial representations of the di↵erent ingredients for LL0 resummation of the interjet
energy flow. The diagrams on the three lines correspond to the one-loop corrections from H
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m , respectively.

To extend these results to NLL, one needs two ingredients: the one-loop matching cor-

rections and the corrections to the RG running due to the two-loop anomalous dimensions.

The present paper focuses on the first set of corrections, i.e. LL0 accuracy. Specifically, we

need one-loop corrections to H2, the tree-level result for H3 and the one-loop soft functions

Sm. We write their perturbative expansions in the form

H2 = �0

⇣
H

(0)

2
+

↵s

4⇡
H

(1)

2
+ · · ·

⌘
, H3 = �0

⇣
↵s

4⇡
H

(1)

3
+ · · ·

⌘
,

Sm = 1+
↵s

4⇡
S

(1)

m + · · · . (2.8)

In this notation, the full LL0 resummed cross section takes the form

�
LL

0
(Q,Q0)

�0
=

1X

m=2

⌦
H

(0)

2
({n1, n2}, Q, µh) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=2

⌦
(H(1)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=3

⌦
(H(1)

3
({n1, n2, n3}, Q, µh)) ⌦ U3m({n}, µs, µh) ⌦̂1

↵

+
↵s(µs)

4⇡

1X

m=2

⌦
(H(0)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂S

(1)

m ({n}, Q0, µs))
↵
.

(2.9)
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To extend these results to NLL, one needs two ingredients: the one-loop matching cor-

rections and the corrections to the RG running due to the two-loop anomalous dimensions.

The present paper focuses on the first set of corrections, i.e. LL0 accuracy. Specifically, we

need one-loop corrections to H2, the tree-level result for H3 and the one-loop soft functions

Sm. We write their perturbative expansions in the form

H2 = �0

⇣
H

(0)

2
+

↵s

4⇡
H

(1)

2
+ · · ·

⌘
, H3 = �0

⇣
↵s

4⇡
H

(1)

3
+ · · ·

⌘
,

Sm = 1+
↵s

4⇡
S

(1)

m + · · · . (2.8)

In this notation, the full LL0 resummed cross section takes the form
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For the moment, we will work in the large Nc limit. Using component notation, the

leading-order RG can then be written in the form

d

dt
Hm(t) = Hm(t)Vm +Hm−1(t)Rm−1 . (2.4)

Also the second term lives in them-parton space because Rm−1 adds an additional emission

to Hm−1(t). To write this in a form suitable for MC implementation, let us now consider

the evolution from a time t1 to time t. The solution for this can be written in the form

Hm(t) = Hm(t1)e
(t−t1)Vn +

∫ t

t1

dt′Hm−1(t
′)Rm−1e

(t−t′)Vn (2.5)

It is easy to verify that Hm(t) defined in this way fulfills the RG equation (2.4) by taking

the derivative with respect to t. This form is exactly what is implemented in a standard

parton shower Monte-Carlos. The first term is the contribution in which no emission

occurred between t1 and t, while the second term is the contribution from all terms which

had their last emission at t′ between t1 and t.

Together with the LO initial conditions that H2(0) = σ0, while all higher hard func-

tions vanish for t = 0, equation (2.5) provides a natural framework for a Monte-Carlos

computation of the hard functions. One first obtains a MC sample of

H2(t) = σ0 e
tV2 (2.6)

by generating a set of random values of t according the distribution p2(∆t) = V2etV2 . For

each of these, one then generates H3(t+∆t)’s by adding a first emission at t and generating

a next step ∆t with distribution p3(∆t) = V3e∆tV3 .

3 Two-loop anomalous dimension matrix

We expand the anomalous dimension matrix as

Γ =
αs

4π
Γ(1) +

(αs

4π

)2
Γ(2) (3.1)

The one- and two-loop matrices have the form

Γ(1) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .
...

...
...

...
. . .

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, Γ(2) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

v2 r2 d2 0 . . .

0 v3 r3 d3 . . .

0 0 v4 r4 . . .

0 0 0 v5 . . .
...

...
...

...
. . .

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (3.2)

Where we now put superscripts to distinguish the one and two-loop entries. The

quantities vm encode divergencies due to two-loop virtual corrections, rm includes the one-

loop corrections to single emissions and the double branching terms d2 describe divergences

in the correlated emission of two gluons.

– 4 –
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To extend these results to NLL, one needs two ingredients: the one-loop matching cor-

rections and the corrections to the RG running due to the two-loop anomalous dimensions.

The present paper focuses on the first set of corrections, i.e. LL0 accuracy. Specifically, we

need one-loop corrections to H2, the tree-level result for H3 and the one-loop soft functions

Sm. We write their perturbative expansions in the form

H2 = �0

⇣
H

(0)

2
+

↵s

4⇡
H

(1)

2
+ · · ·

⌘
, H3 = �0
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↵s
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H

(1)

3
+ · · ·

⌘
,

Sm = 1+
↵s

4⇡
S

(1)

m + · · · . (2.8)

In this notation, the full LL0 resummed cross section takes the form
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⌦
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(H(1)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡
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3
({n1, n2, n3}, Q, µh)) ⌦ U3m({n}, µs, µh) ⌦̂1
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1X

m=2

⌦
(H(0)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂S

(1)

m ({n}, Q0, µs))
↵
.

(2.9)
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Figure 2. Pictorial representations of the di↵erent ingredients for LL0 resummation of the interjet
energy flow. The diagrams on the three lines correspond to the one-loop corrections from H
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To extend these results to NLL, one needs two ingredients: the one-loop matching cor-

rections and the corrections to the RG running due to the two-loop anomalous dimensions.

The present paper focuses on the first set of corrections, i.e. LL0 accuracy. Specifically, we

need one-loop corrections to H2, the tree-level result for H3 and the one-loop soft functions

Sm. We write their perturbative expansions in the form
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In this notation, the full LL0 resummed cross section takes the form
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⌦
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4⇡

1X

m=2

⌦
(H(1)

2
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For the moment, we will work in the large Nc limit. Using component notation, the

leading-order RG can then be written in the form

d

dt
Hm(t) = Hm(t)Vm +Hm−1(t)Rm−1 . (2.4)

Also the second term lives in them-parton space because Rm−1 adds an additional emission

to Hm−1(t). To write this in a form suitable for MC implementation, let us now consider

the evolution from a time t1 to time t. The solution for this can be written in the form

Hm(t) = Hm(t1)e
(t−t1)Vn +

∫ t

t1

dt′Hm−1(t
′)Rm−1e

(t−t′)Vn (2.5)

It is easy to verify that Hm(t) defined in this way fulfills the RG equation (2.4) by taking

the derivative with respect to t. This form is exactly what is implemented in a standard

parton shower Monte-Carlos. The first term is the contribution in which no emission

occurred between t1 and t, while the second term is the contribution from all terms which

had their last emission at t′ between t1 and t.

Together with the LO initial conditions that H2(0) = σ0, while all higher hard func-

tions vanish for t = 0, equation (2.5) provides a natural framework for a Monte-Carlos

computation of the hard functions. One first obtains a MC sample of

H2(t) = σ0 e
tV2 (2.6)

by generating a set of random values of t according the distribution p2(∆t) = V2etV2 . For

each of these, one then generates H3(t+∆t)’s by adding a first emission at t and generating

a next step ∆t with distribution p3(∆t) = V3e∆tV3 .

3 Two-loop anomalous dimension matrix

We expand the anomalous dimension matrix as

Γ =
αs

4π
Γ(1) +

(αs

4π

)2
Γ(2) (3.1)

The one- and two-loop matrices have the form

Γ(1) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .
...

...
...

...
. . .

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, Γ(2) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

v2 r2 d2 0 . . .

0 v3 r3 d2 . . .

0 0 v4 r4 . . .

0 0 0 v5 . . .
...

...
...

...
. . .

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (3.2)

Where we now put superscripts to distinguish the one and two-loop entries. The

quantities vm encode divergencies due to two-loop virtual corrections, rm includes the one-

loop corrections to single emissions and the double branching terms d2 describe divergences

in the correlated emission of two gluons.
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Resummation at NLL′ 
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Figure 2. Pictorial representations of the di↵erent ingredients for LL0 resummation of the interjet
energy flow. The diagrams on the three lines correspond to the one-loop corrections from H
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2 ,
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m , respectively.

To extend these results to NLL, one needs two ingredients: the one-loop matching cor-

rections and the corrections to the RG running due to the two-loop anomalous dimensions.

The present paper focuses on the first set of corrections, i.e. LL0 accuracy. Specifically, we

need one-loop corrections to H2, the tree-level result for H3 and the one-loop soft functions

Sm. We write their perturbative expansions in the form

H2 = �0

⇣
H

(0)
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+

↵s

4⇡
H

(1)

2
+ · · ·

⌘
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⇣
↵s
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H

(1)

3
+ · · ·

⌘
,

Sm = 1+
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m + · · · . (2.8)

In this notation, the full LL0 resummed cross section takes the form
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⌦
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({n1, n2}, Q, µh) ⌦ U2m({n}, µs, µh) ⌦̂1

↵
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(H(1)
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({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂1

↵
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↵s(µh)
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1X

m=3

⌦
(H(1)

3
({n1, n2, n3}, Q, µh)) ⌦ U3m({n}, µs, µh) ⌦̂1

↵

+
↵s(µs)
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1X

m=2

⌦
(H(0)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂S

(1)

m ({n}, Q0, µs))
↵
.

(2.9)
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• Implemented O(αs) matching corrections: a systematically 
improved parton shower! 

• Will need to add two-loop evolution for full NNLL accuracy.

https://arxiv.org/abs/1901.09038
https://arxiv.org/abs/1901.09038


NLL′ results for jet mass MJ2=ρQ2 

• Jet mass is a double logarithmic variable. Double logs can be 
subtracted and resummed analytically 

• Exp. result from combining ALEPH light- and heavy-jet mass data 

• Peak at 𝜌 ≈ 0.006 corresponds to μs ≈ 0.5 GeV. Non-perturbative 
effects are important and shift the peak, see PYTHIA 

• Partonic PYTHIA is close to NLL′
30
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Figure 9. Jet-mass distribution compared to PYTHIA results. On the left side we plot our default
result, based on using the profile scale (4.3) and exponentiating the matching corrections. On the
right-hand side, we do not perform these modifications such that we get a negative cross section at
low ⇢ and hit the Landau pole at a nonzero ⇢.

default values.

At very low values of ⇢, the scale µs(Q0) hits the Landau pole at ⇤ = 0.23GeV. Near

the pole the soft corrections become large and negative, resulting in a negative cross section.

To avoid this unphysical behaviour, we replace µs(Q0) ! µs(Q0)+⇤ so that the pole occurs

at ⇢ = 0. We also exponentiate the hard, jet and soft corrections to avoid the negative cross

section. In the left plot of Figure 9 we show our result for the jet mass distribution after

these modifications. In the right plot, we show the result with µs(Q0) = ⇢Q and without

exponentiation. We observe that the soft scale dependence changes sign at a point to the

right of the peak. In this region the soft scale dependence becomes very small. With the

modifications in µs, we end up with quite small scale bands to the right of the peak, which

are likely not an accurate characterization of the true uncertainties. The NLL0 peak in

the right-hand plot is quite a bit higher because the cross section becomes negative below

⇢ = 0.004 and our distributions are by construction normalized. An important feature

of our result is that peak occurs at a very low value ⇢ ⇡ 0.006, which corresponds to

µs ⇡ 0.5GeV so that the peak region is strongly a↵ected by nonperturbative e↵ects. In

Figure 9 we also show the PYTHIA [36] results, both on the parton level (dashed lines)

and including hadronisation. The hadronisation e↵ects shift the peak to the right by about

�⇢ ⇡ 0.006, in accordance to what one expects from non-perturbative e↵ects in the soft

functions [37, 38]. The parton-level PYTHIA result is quite close to the NLL0 result.

In Figure 10 we compare the NLL0 + LO jet mass distribution with ALEPH results

[31], obtained by combining their measurements for the light-jet and the heavy-jet mass

using (1.2) and adding the uncertainties on the individual measurements in quadrature.

One immediately sees that the experimental peak shifted to the right from non-perturbative

e↵ects and the shift is compatible with the PYTHIA hadronization result. We also observe

that the jet mass distribution falls o↵ quite rapidly and to make the region of larger ⇢ visible,

we include also a logarithmic plot in Figure 10. The plot also illustrates what motivated
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Figure 10. Jet-mass distribution and comparison to ALEPH data [31] (green dots with error
bars). The black curve represents the LO prediction for jet mass, where its analytical expression is
given in (E.3). The red curve is the NLL resummation result and the band is from scale variation.
The blue curve corresponds to NLL0 +LO results, in which we switched o↵ resummation e↵ects at
large ⇢ using (4.3).

the profile function (4.3) with n = 4. The choices ensures that we start switching o↵ the

resummation fairly quickly about half-way to the endpoint and go over to the fixed-order

result. The plots show that, compared the LO fixed-order result, resummation greatly

improved the description of the experimental data. On the other hand there is — if at all

— only a relatively narrow region in ⇢ in which both higher-order power corrections and

non-perturbative corrections are small.

For completeness, we show in Figure 11 numerical results for the heavy-jet mass ⇢h

and the light-jet mass ⇢`. The heavy-jet mass is global and provides a reference variable at

the same accuracy, but free from all the complications which arise for the jet mass. From

the di↵erence of the heavy-jet mass and the jet mass we obtain the light-jet mass. This

is more sensitive to the non-global structure and also only has a nontrivial distribution at

O(↵2
s) so that there is no matching at the accuracy we work. The end-point for the NLO

light-jet mass is at ⇢max = 1/6, which is achieved when the four parton momenta form a

tetrahedron, and we use this as the endpoint in our profile function (4.3). From the plot,

one observes that also the heavy-jet distribution is a↵ected by nonperturbative e↵ects in

the peak region, however, the peak is at a larger ⇢ value than for the jet mass itself. Not

surprisingly, the worst description of the data arises for the light-jet mass distribution.

At larger ⇢ values the description is worse because the fixed-order result starts at O(↵s)

so that the matching corrections are beyond the accuracy of our computation. The peak

region is not well described because it is in the nonperturbative regime and very narrow.

5 Conclusion and Outlook

In this paper we analyzed non-global observables and, for the first time, went beyond

a resummation of only the leading non-global logarithms. Specifically, we analyzed the

single-logarithmic interjet energy flow at LL0 and the double-logarithmic jet mass at NLL0.
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Summary
• Factorization theorems for a wide variety of 

non-global observables, including observables 
sensitive to small qT 

• Flexible parton shower framework for NLL 
resummation of non-global observables 

• ngl_resum public Python library 

• used to analyze top production with jet veto 

• First NLL′ results, ongoing work on anomalous 
dimension for NNLL

31
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Massive vs. massless

33
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Figure 5. Size of the two-loop terms in (4.9) as a function of the rapidity ymax of the gap region.
The global contributions S(2)

GL are shown with dashed lines, the non-global parts S(2)
NGL using solid

lines. The black lines in both panels are identical and correspond to radiation from a massive
dipole with �i = �j = 0.5 and a reference vector ~n along the direction of the massive quarks. Left
panel: Comparison to the massless case (blue lines). Note that the massless coe�cients have been
divided by 10 to make their size similar to the massive ones. Right panel: Comparison to the same
�i = �j = 0.5 dipole with ~n perpendicular to the massive quarks (red lines).

h1i = 1. Let us first discuss S(1). We label the initial hard partons as 1 and 2 and the

newly emitted gluon as 3. Then

⌦
R2⌦̂1

↵
=4Nc

Z

⌦
3infW 3

12 , (4.5)

where we introduced the short-hand notation
Z

⌦
3in =

Z
d⌦(n3)

4⇡
⇥in(n3) . (4.6)

The virtual correction Vm given in (2.15) has opposite sign and includes an integral over

the entire solid angle. Combining it with the real-emission part, one finds that

S(1) =
⌦
R2⌦̂1+ V2

↵
= �4Nc

Z

⌦
3out fW 3

12 , (4.7)

where 3out = 1�3in. The dipole structure after the first emission is (q̄, g, q) = (1, 3, 2). To

be consistent with the notation in the anomalous dimensions (2.15) and (2.16) one should

relabel the particles after the emission as (1, 2, 3), but we prefer to keep the original labels

so that the neighboring dipoles in the second step are (1, 3) and (3, 2), and

⌦
R2⌦̂R3⌦̂1

↵
=(4Nc)

2
Z

⌦
3in 4in fW 3

12

⇣
fW 4

13 + fW 4
32

⌘
. (4.8)

We can rewrite all terms appearing in (4.4) in terms of angular integrals and combine real

and virtual parts as we did in (4.7). This leads to the two-loop result

S(2) = S(2)
NGL + S(2)

GL

– 16 –

divided by 10

Results are for a centered, back-to-back dipole. 

massive β=0.5



Result for different gap sizes

Note: additive R-matching fails for large gap, 
unphysical results at small Q0.
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Figure 9. Same as figure 8, except that the log-R matching scheme was adopted.

our plots. In section 4 it was shown that the radiation from massless legs is numerically

much larger than from massive ones. Consequently, we expect that, in order to get a

good description of the gap fraction, the modeling of the initial-state radiation is the most

important effect. For this reason, it is not clear to us if a comparison to the ATLAS data

provides a sufficiently stringent test of the description of soft radiation from massive quarks

in a parton shower.

One observes that the additive matching scheme works well for the gap region |y| < 0.8

and actually mildly improves the agreement of central value with the data. However, for the

case in which the gap region is |y| < 2.1, the predictions obtained with additive matching

become unphysical for small values of Q0. This is not surprising, since the higher-order

emissions are enhanced by factors of the gap size ∆y. If these rapidity logarithms become

larger, they must be resummed. The formalism to carry out this resummation exists [7, 8]

but we do not implement it in the present work.

Multiplicative matching leads to better results since the matched gap fraction correctly

vanishes for Q0 → 0, as the resummed result does. Predictions obtained by means of log-R

matching are shown in figure 9, which shows that they are in good agreement with the

experimental data, within the large scale uncertainty bands. To reduce these, it would

be important to go to higher logarithmic accuracy, or to at least include higher-order

corrections to the hard and soft functions, as it was done in the massless case [13].

In order to compare predictions to the Run I ATLAS measurement [18], all calculations

were carried out at
√
s = 7TeV. For the tree-level top production process at

√
s = 13TeV,

one finds that the average partonic center-of-mass energy is Q ≈ 550GeV, which translates

into Q1 ≈ 170GeV, only 20GeV higher than at 7TeV. Consequently, we conclude that

the result for the gap fraction at
√
s = 13TeV would be quite similar to the ones at Run I.
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Super-leading logarithms (SLLs)

In proton-proton collisions Glauber (aka Coulomb) phases can 
spoil the cancellation of collinear singularities in (seemingly) soft 
obervables. 

• After first few orders, gap between jets becomes double 
logarithmic                              ! For octet exchange 

• 1/Nc2 color suppressed effect  
35

We have repeated the same calculation also for the case qq → qq when the exchanged

particle is a color singlet. In this case the color structure of the tree level is trivial and

reads

H
S
4 = δα3α1

δα4α2
δβ1β3

δβ2β4
σ0 (4.11)

The associated matrix element reads
〈

H
S
4

(

ΓL
)n−m

ΓI
(

ΓL
)m

ΓIΓ
〉

= −σ0 π
2 CFN

n
c 2m+n+8 [J1 − 2 (1 − δn,m)J2] (4.12)

The singlet and octet operators form a basis of color structures for four-quark processes,

so any such process can be obtained as a linear combination of the two matrix elements

(4.10) and (4.12).

[Should we also do the other partonic channels?]

4.1 Comparison with the literature

Previous work on superleading logarithms has analyzed two jet production with a rapidity

gap ∆Y [2, 3, 6]. More precisely, one considers two cones around the beam directions and

imposes that the two hard final-state jets are inside these cones. One then measures the

energy flow into the rapidity gap ∆Y between the two cones. This “gap between jets”

setup was proposed to study the interplay of color coherence and hadronisation and as a

window into Regge dynamics and, potentially, new physics [7, 8]. Subsequently such cross

sections were studied both experimentally [9–13] and theoretically, see e.g. [14, 15]. In the

earlier works on soft radiation, it was assusmed that real and virtual effects completely

cancel inside the cones. The main discovery of [2] was that this cancellation is spoiled by

the presence of the imaginary parts in the virtual part of the amplitudes.

In this setup we can easily evaluate the two integrals which arise and we find that both

of them are simply proportional to the rapidity gap

J1 = 2∆Y sign(ηJ ) J2 = ∆Y (4.13)

This is trivial for J2, but it is interesting that, up to an overall sign, the dependence on the

scattering angle of the final-state jets cancels in the particular linear combination relevant

for J2 after integrating over the azimuthal angle. Previous computations of superleading

logarithms have only considered the ηJ > 0 case and we also adopt this choice to compare.

We can now compute the total contribution at each order as

S(n+3) =
n
∑

m=0

S(n+3)
m (4.14)

and compare to the results in [2, 3, 6]. For the first few orders for color-octet exchange we

get

S(3)
O =

(αs

4π

)3
L3
Q∆Y π2 32

3
(−CF )σ0 ,

S(4)
O =

(αs

4π

)4
L5
Q∆Y π2 8

15

(

3N2
c − 4

)

σ0 ,

S(5)
O =

(αs

4π

)5
L7
Q∆Y π2 4

315
Nc

(

−27N2
c + 44

)

σ0 ,

(4.15)
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