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• A proof of factorization in Drell-Yan, which is generally accepted by the 
community, was given by Collins,  Soper and Sterman (CSS) nearly 30 
years ago.


• SCET has proven very useful in generating factorization formulae for 
various observables.


• However, these proof always  rely on CSS in that there is no proof of 
cancellation of Glauber modes.


• Would like to revisit this proof in the context of EFT


• Hopefully by plugging this hole in the proof will allows us to generalize 
to other process and design process where we can study observables  
where glaubers do not cancel within the systematic confines of an EFT.



How do EFT proofs di!er from those of CSS?

1) In EFT factorization is manifest at the level of the action and is abetted by 
emergent symmetries that arise due to  the choice of kinetmatics.

  2) In EFT the decoupling of  modes occurs at the level of the action.

3) Diagrammatically in EFT the integrands are automatically asymptotically 
expanded as a consequence of the multipole expansion at the level of the 
action. Whereas in CSS multiple regions may be contained in one mode.

As we shall see, 1) and 2) will not apply to Glauber modes. The 
cancellation go Glauber modes  has yet to be tackled in EFT. 
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We are interested in the kinematic region wherep2
X ∼ Q2, which implies that both x1 and

x2 are far away from one. As! approaches one the invariant mass becomes too small for
the treatment given here to apply. However, the effective theory can be used to deal with
this region as well. It is also possible to study theq⊥ distribution, but this again requires a
generalization of the discussion given below.

The spin averaged cross section for Drell-Yan is
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The sum over spins refers to the initial hadron spins (the sum over Þnal hadron spins is
included in the sum overX). Integrating Eq. (93) over the emission angles of the Þnal
leptons one obtains
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where we have neglected the lepton masses and deÞned the operator
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As we discussed above in the region of phase space under consideration p2
X ∼ Q2, so these

hard ßuctuations can be integrated out. Operationally this means we match öW onto local
operators in the effective theory. We would like to show that the minimal set of order' 4

operators that contribute to Drell-Yan are
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Match onto  SCET: L = L n + L øn + L s
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 TMPDF Soft Function

If we donÕt measure transverse momentum then 
correlator localizes in impact parameter space and 
TMPDF reduces to PDF and SOFT function is one
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FIG. 23. a) A leading order contribution to near forward scattering arises through the exchange of
a Glauber gluon which is not a dynamical field, much as the potential in NRQCD. b) Soft emission
during a Glauber exchange. Soft emissions also arise from external line interactions.

potential mode in NRQCD, and is called the ÒGlauberÓ mode for historical reasons. A

simple matching calculation leads to the amplitude (for quark-anti-quark scattering)
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The anti-quark spinors have been taken to be in theø3 representation, to put quarks and

anti-quarks on the same footing90 That is, øv/v creates/destroys an anti-quark. Following

our usual power counting rules we Þnd that the quark-anti-quark Glauber action generated

by this matching scales as
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In addition, we have other operators which account for glue-glue and glue-quark forward

scattering as well, which is discussed below.

Given that this interaction is leading order,91 it poses a threat to all factorization theorems

since it couple modes (transferringk! ) which we previously assumed to factorize. Indeed,

if the Glaubers contribute to a cross section, then the PDFÕs become insu! cient since the

Glauber operators can couple to spectator partons in the hadron. That is. when we take

the hadronic matrix element, the Glauber Þelds not need contract with the Þelds which

90 Compared to the usual (e.g. as in [? ]) spinor bilinears v̄(p)Tav(k) we have ! v̄(k)T̄av(p) after the

replacement v # v?.
91 Even if the coupling is taken to be small and the Glauber is treated perturbatively, it only takes one

Glauber exchange to leads to convolutions between di! erent collinear sectors.
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Figure 1 . Tree level gluon exchange forq-øq forward scattering. In a) we show the full QCD graph with a
gluon exchange between a quark carryingn-collinear momenta pn2,3 and an antiquark carrying øn-collinear
momenta pn̄1,4. In b) we show the two notations we will use for this leading power forward scattering in
the E↵ective Theory.

for leading power forward scattering as well as factorization violation in hard scattering, and

are discussed in more detail in Secs.3 and 5. If Glauber exchange contributions do not spoil

factorization, a formalism to treat Glauber exchange can still provide a useful perturbative tool

to facilitate the summation of large logs that appear from the forward limit, ln( s/t) or ln(x),

where x is an appropriate Bjorken-type variable. In situations where factorization is violated a

formalism to treat Glauber exchange can be a useful tool for both calculating and characterizing

the nature of the violations.

The purpose of this paper is to set up a systematic e↵ective theory with which to study the

near forward scattering region of QCD and factorization violation in hard scattering processes

in a single framework. We will work within the framework of SCET. We construct a complete

leading power Lagrangian for Glauber exchange and show that it Þts seamlessly with the current

tools used to study hard, collinear, soft, and ultrasoft factorization in hard scattering processes,

without inducing double counting. By working in the framework of an e↵ective Þeld theory, one is

able to systematically keep track of terms in the power expansion, exploit symmetries, and derive

when certain approximations (like the eikonal approximation) are valid and when they break

down. Our EFT will also employ a MS style renormalization for rapidity divergences, making

it simple to derive rapidity renormalization group equations. Through matching calculations we

can also directly derive and prove results by calculations in full QCD in the appropriate limit.

The formalism presented here gives a starting point for using a Þeld theoretic method to study

the physics of the near forward region, even beyond leading power. It also provides a direct

method of calculating (possible) factorization violating contributions, and potentially could yield

Þeld theoretic methods for handling underlying event contributions in hadronic collisions.

Before proceeding, we brießy comment on the connections of our work to earlier literature.

First we note that in the CSS formalism [21, 31] that Glauber contributions are discussed in

detail, but are treated as a momentum region and hence are not fully separated from soft and

collinear gluon dynamics. This has advantages for certain steps of a factorization proof, but makes

it more di�cult to associate unique contributions with Glauber exchange, and also to see how

Ð 4 Ð

This operator obstructs factorization. Must prove it  does not 
contribute to all orders if we want to make predictions in terms of 

PDF’s.

The situation is even worse because we also have
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Figure 9 . Lowest order Feynman rules for the Glauber operatorsOij
ns for n-s forward scattering. Results

for Oij
øns are analogous withn # øn.
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Thus despite the di! erences in the scaling of momenta, the results for then-s scattering are

essentially the same as for then-øn scattering given above in Eq. (5.8). The reason for this is

that the comparison of light-cone momenta in these two cases is the same, the øn áp momenta are

largest for the n-collinear particles, and the n áp momenta are larger for the øn or soft particles

than they are for the n-collinear particles. For the four SCET operators that are responsible for

forward scattering of soft with n-collinear particles we write operators with n-collinear and soft

components separated by a 1/ P2

" factor
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(5.17)

The structure of soft Wilson lines in Oqn B
s and Ogn B

s is determined by the direction of

the collinear Þelds, explaining why we add the additional subscriptn to the quark and gluon

superscripts: qn and gn. The SCET operators which reproduce the result in Eq. (5.16) again
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Table 2. Summary of operators appearing in the leading power Glauber exchange Lagrangian in
Eq. (5.21).
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Thus we see that the Glauber Lagrangian consists of operators connecting 3 rapidity sectors

{n, s, øn} and operators connecting 2 rapidity sectors{n, s} (and { øn, s} ). This is the complete

result for the Glauber Lagrangian, since as we will explain below in Sec.5.3 there are no loop

corrections to this form. For future reference we summarize the operators relevant to forward

scattering in Table 2.

If we consider the interactions of soft and collinear particles in SCETI then none of the tree

level calculations that we have done in SCETII change, and hence the Glauber operators are

precisely the same as in SCETII . In this case we are considering SCETI prior to making the BPS

Þeld redeÞnition, so

L I(0)
G = L II(0)

G . (5.22)

However due to the appearance of couplings between the collinear and ultrasoft Þelds inL (0)
ni for

SCETI , and the di! erences between how momentum sectors are distinguished (via subtraction

terms), the precise behavior of these operators in loop diagrams will in general be di! erent. We

will see this explicitly when comparing our one-loop matching calculations in Secs.7.1 and 7.3

for SCETII and SCETI respectively.

We can also consider the form of the LagrangianL I(0)
G after the BPS Þeld redeÞnition. This

Þeld redeÞnition only changes the collinear quark and gluon Þelds, inducing linesYn or Yn for

n-collinear Þelds, but leaves the soft Þelds unchanged. Due to the octet nature of the Glauber

operators in L I(0)
G , only the adjoint lines Yn and Yøn appear in this Lagrangian. Additional

ultrasoft lines can appear from interpolating Þelds for collinear initial and Þnal states. For a

situation where SCETI is the relevant theory there are no soft real emissions, since they are ruled
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Figure 6. One gluon with incoming momentum k emitted from the Oqq
nS n̄ Glauber operator. The first two

Feynman rules come from Wilson lines in the n-collinear and n̄-collinear part of the operator. The last

Feynman rule comes from the soft component of the operator, and corresponds with the Lipatov vertex.
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Glauber Loops
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Figure 12. One loop iterations of the Glauber potential for n–n̄ forward scattering of a qq̄ pair.

We decompose

d! dk !
ddk
(2! )d =

1

2
d! k+ d! k! d! d! 2k" (5.28)

where d = 4" 2", and recall the forward conditions p+
4 = p+

1 and p!
3 = p!

2 . The box and cross-box

loop integrals involve two Glauber denominators and two propagators from the collinear quarks.

They are

I Gbox =

Z

d! d! 2k" d! k+ d! k!

2(#k 2
" )(

#k" +#q" )2
⇣

k+ +p+
3 " (#k" +#q" / 2) 2/p !

2 +i0
⌘⇣

" k! +p!
4 " (#k" +#q" / 2) 2/p +

1 +i0
⌘ ,

I Gcbox =

Z

d! d! 2k" d! k+ d! k!

2(#k 2
" )(

#k" +#q" )2
⇣

k+ +p+
3 " (#k" +#q" / 2) 2/p !

2 +i0
⌘⇣

+k! +p!
1 " (#k" +#q" / 2) 2/p +

1 +i0
⌘ .

(5.29)

These graphs involve log divergent integrals of the type
R

dk+ / (k+ + ! ± i0) and
R

dk! / (k! +

! ± i0) that are not regulated by dimensional regularization. These singularities must be dealt

with systematically by introducing an additional regulator.

In the case of the potential for two heavy quarks in NRQCD, the cross-box diagram would

be zero because both poles in the energy contour integral would be on the same side, and the

box diagram would be convergent since both fermion propagators would carry the loop energy.

Indeed, in NRQCD their are no crossed diagrams for potential iterations at any order in $s, and

the iterated box diagrams yield the Coulomb Greens function. In our case the Glauber potential

is instead static in both time and longitudinal distance, or equivalently static in the two light-cone

times x+ and x! . For the diagrams in Fig. 12 this implies that we have x!
1 = y!

1 , x+
1 = y+

1 ,

and x!
2 = y!

2 , x+
2 = y+

2 in position space, where the xi and yi coordinates are defined in the

figures. Naively this would seem to imply that only the Glauber box diagram can exist, because

in the cross-box diagram the ordering of the 1 and 2 Glauber potential vertices is di" erent for

the n-collinear and n̄-collinear lines. However due to the multipole expansion, which ensures that

the collinear propagators are homogeneous in the power counting in Eq. (5.29), the n-collinear

propagator only depends on the n · k # %2 Glauber momentum, and not on the n̄ · k $ n̄ · pn
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whered = 4 �2✏, and recall the forward conditionsp+
4
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1
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3
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2

. The box and cross-box

loop integrals involve two Glauber denominators and two propagators from the collinear quarks.

They are
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(5.29)

These graphs involve log divergent integrals of the type
R

dk+/ (k+ + � ± i0) and
R

dk�/ (k� +

� ± i0) that are not regulated by dimensional regularization. These singularities must be dealt

with systematically by introducing an additional regulator.

In the case of the potential for two heavy quarks in NRQCD, the cross-box diagram would

be zero because both poles in the energy contour integral would be on the same side, and the

box diagram would be convergent since both fermion propagators would carry the loop energy.

Indeed, in NRQCD their are no crossed diagrams for potential iterations at any order in↵s, and

the iterated box diagrams yield the Coulomb Greens function. In our case the Glauber potential

is instead static in both time and longitudinal distance, or equivalently static in the two light-cone

times x+ and x�. For the diagrams in Fig. 12 this implies that we have x�
1

= y�
1

, x+

1

= y+

1

,

and x�
2

= y�
2

, x+

2

= y+

2

in position space, where thexi and yi coordinates are deÞned in the

Þgures. Naively this would seem to imply that only the Glauber box diagram can exist, because

in the cross-box diagram the ordering of the 1 and 2 Glauber potential vertices is di↵erent for

the n-collinear and øn-collinear lines. However due to the multipole expansion, which ensures that

the collinear propagators are homogeneous in the power counting in Eq. (5.29), the n-collinear

propagator only depends on then ák ⇠ �2 Glauber momentum, and not on the øn ák ⌧ øn ápn
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= 0 , (5.30)

since the poles are on the same side. For the Glauber box integral we get

I Gbox =
!

d! d! 2k" d! k0 d! kz |kz|! 2! (! / 2)2!

("k 2
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2 + i0
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2 ) 2/p +
1 + i0
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d! d! 2k" d! kz |kz|! 2! (! / 2)2!

("k 2
" )("k" + "q" )2(! 2kz ! 2! + i0)
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("k 2
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=
" ! i
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d! d! 2k"

("k 2
" )("k" + "q" )2

$
! i# + O($)
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where the kz integral is evaluated in Eq. (B.4). Here

2! =
("k" + "q" / 2) 2

p+
1

+
("k" + "q" / 2) 2

p!
2

! p!
4 ! p+

3 (5.32)

and the $ dependent term evaluates to (! i#) as $ " 0 for any value of this ! . This extra ( ! i )

is the factor necessary for the Glauber potential to exponentiate into a phase. The result in

Eq. (5.31) for the $-regulated box is exactly the same as the result obtained from manipulating

the integrands in the sum of the box and cross-box in the abelian case in App.C.1.

E" ectively the $-regulator has decoupled the spacetime constraints so that the box diagram

alone is integrating the two Glauber potentials overx± , while the cross box does not contribute.

This is the same spacetime picture that is obtained by adding the box and cross-box integrands in

the abelian theory to get a %(k+ )%(k! ) type structure. In the non-abelian theory it is important

as far as the color structure is concerned that it is the box graph alone that contributes. The non-

abelian part of the cross-box topology contributes only for another momentum region, namely

when we have the loop graph with two soft gluons. In SCET this contribution has the non-abelian

color structure and is given by Þrst graph in Fig. 3b. (This graph does not correspond solely to

vacuum polarization, and encodes the cross box contribution from terms involving soft Wilson

lines.) These soft graphs come from contractions ofOqg
ns and Oqg

øns with a soft loop momentum.

Since the soft gluon terms in the operator involvef ABC they explicitly do not have an abelian

contribution, so it is a regulator independent statement that the abelian contribution is entirely

carried by the Glauber iterations. Any consistent regulator for the Glauber singularities must

have these properties.

We will see in Sec.9.1 that the above properties of the $-regulator extend in a nice way for

arbitrary iterations of Glauber potentials with Glauber loop momenta. Any iteration diagram

with crossed Glauber potential lines will give zero in the same manner as the crossed box above,
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I Gbox I Gcbox = 0

component, whereas we have the opposite situation for the n̄-collinear propagator. Thus each

of the collinear sectors only sees one of these two times x+ or x�, and we must consider both

the box with x+
2 > x +

1 and x�
2 > x �

1 , and the cross-box with x+
2 > x +

1 and x�
1 > x �

2 where the

Glauber vertices have the opposite ordering on each line.

In the abelian limit we can determine I Gbox + I Gcbox without an additional regulator, by

adding the integrands and manipulating them to obtain �(k+ )�(k�). We carry out these com-

putations explicitly in App. C.1, where we also show that this same trick works to all orders in

the iterations of Glauber potentials, and leads to the expected eikonal phase result ei! ! 1 for

the Greens function obtained from the abelian forward scattering potential. To obtain this result

at the integrand level the crossed box type diagrams play a role. However in QCD the box and

crossbox have di! erent color factors, so this type of manipulation does not su" ce.

To regulate the integrals in Eq. (5.29) for the nonabelian case we will use the rapidity regulator

w2|2qz|�" ⌫" of Ref. [58], where w = w(⌫) is a renormalized coupling used to derive RG equations,

and in the limit ⌘ " 0 we set w(⌫) = 1. In terms of light-cone momenta qz = (q� ! q+ )/ 2,

and results and counterterms are identified by taking ⌘ " 0 prior to expanding for ✏ " 0. The

parameter ⌫ introduces an extra cuto! parameter that behaves in a similar way to µ of the MS

scheme in dimensional regularization. This regulator acts as a factorization scale that separates

modes with equal invariant mass but di! erent rapidity. To regulate multiple iterations of these

Glauber potentials we will have one factor of w|2qz|�" ⌫" for each Glauber potential carrying

momentum q. We will refer to this as the ⌘-regulator.7 In the next section we formulate this

regulator for Glauber potentials at the level of the Glauber Lagrangian, and also discuss the

regularization of rapidity divergences from soft and collinear loop graphs. In this section the

coupling w(⌫) will play no role (since as we will see, the graphs do not have 1/ ⌘ poles), so we

will from the start set w(⌫) = 1 below.

For the Glauber loop momentum in Fig. 12, qz = kz # �2, so we have a factor of |kz|�" (⌫/ 2)"

for each of the two potential insertions in these graphs. The presence of the |kz|�" factor means

that the Glauber exchange is no longer static in longitudinal distance. We will recover the static

nature of the exchange in this direction only when ⌘ " 0. With this regulator the loop integrals

become well defined because we are forced to consider the contour integral in the analytic variable

k0, rather than using any time slice that involves some amount of kz. With this regulator the

Glauber cross-box integral becomes

I Gcbox =

!
d�d�2k? d�k0 d�kz |kz|�2" (⌫/ 2)2"

(~k 2
?)(~k?+~q?)2

"
k0! kz+p+

3 ! (~k?+ #q!
2 )2/p �

2 +i0
#"

k0+ kz+p�1 ! (~k?+ #q!
2 )2/p +

1 +i0
#

7Including an ! -regulator for each Glauber potential is distinct from the definition used in Ref. [58], where it

was used for group momenta in soft and collinear Wilson lines.
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Glauber potentials we will have one factor of w|2qz|�" ⌫" for each Glauber potential carrying

momentum q. We will refer to this as the ⌘-regulator.7 In the next section we formulate this

regulator for Glauber potentials at the level of the Glauber Lagrangian, and also discuss the

regularization of rapidity divergences from soft and collinear loop graphs. In this section the

coupling w(⌫) will play no role (since as we will see, the graphs do not have 1/ ⌘ poles), so we

will from the start set w(⌫) = 1 below.

For the Glauber loop momentum in Fig. 12, qz = kz # �2, so we have a factor of |kz|�" (⌫/ 2)"

for each of the two potential insertions in these graphs. The presence of the |kz|�" factor means

that the Glauber exchange is no longer static in longitudinal distance. We will recover the static

nature of the exchange in this direction only when ⌘ " 0. With this regulator the loop integrals

become well defined because we are forced to consider the contour integral in the analytic variable

k0, rather than using any time slice that involves some amount of kz. With this regulator the

Glauber cross-box integral becomes

I Gcbox =
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Similar results hold for n-s Glauber boxes
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Glauber iterations can be resummed

9.1 Glauber Exponentiation for Boxes with Rapidity Regulator

In Sec. 5.2.1 we showed how the rapidity regulator leads to a well deÞned integral for the one-

loop box and cross-box graphs, with the latter vanishing. In this section we will sum up all the

Glauber exchange box diagrams with the rapidity regulator, and show that the eikonal phase

is correctly reproduced. The connection of this sum of diagrams to the classical coherent state

generated by each of the collinear partons is explored further in Sec.9.3. In the abelian limit soft

contributions vanish and the phase can be reproduced at the integrand level, as demonstrated

explicitly in App. C.1.

We begin by noting that the argument given in Sec.5.2.1 for the vanishing of the one-loop

cross box holds for all non-ladder type topologies. Rapidity divergences are regulated by factors

|2kz1|! ! · · · |2kzN |! ! , so we can consider thek0
i integrals to be done by contours without concern

that the remaining integral might be unregulated. For any diagram with one or more crossed

Glauber exchange lines there is one or morek0
i integrals for which the poles are all on the same

side of the real axis (and converge at1). Thus, all diagrams with crossed Glauber rungs vanish

with our rapidity regulator, and we only need to consider the sum of the ladder graphs.

To show exponentiation we will manipulate anN -Glauber exchange diagram into the product

of single exchanges with a factor of 1/N !. The product form arises when we transform fromq"

to the impact parameter spaceb" . In impact parameter space we will see that the amplitude

from iterated Glauber exchange is simply determined by a phase, given by the Fourier transform

of the 1/q2
" potential between particles 1 and 2:

�(b" ) = �T A
1 ⌦ T A

2 g2(µ)
Z

d! d! 2q" (◆"µ2" )
~q 2

"
ei#q?·#b? (9.1)

= �T A
1 ⌦ T A

2 g2(µ)
�(�✏)

4⇡

✓

µ|~b" |e$E

2

◆2"

.

The result is a matrix in the color space with T A
1 and T A

2 being the color matrix generators that

commute with each other, and act on particle 1 and 2 respectively. This color matrix notation is

by now quite standard, see Appendix A of [109] for an introduction to this notation. Recall that

d = 4 � 2✏ and that ◆" = e"$E /(4⇡)" is our notation for the factor that enters with each µ2" when

the coupling is in the MS scheme. The�(�✏) infrared divergence will be discussed further at the

end of this section.

The exponentiation results derived below hold equally well when iterating Glauber exchange

potentials between quark-quark, quark-antiquark, quark-gluon, and gluon-gluon channels, and

for cases where the scattering particles aren-øn, n-s, or øn-s. To be deÞnite we consider quark-

antiquark n-øn scattering, where

T A
1 ⌦ T A

2 = TA ⌦ øTA . (9.2)
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which is the third term in the expansion of the exponential.

This naturally generalizes to the case of the N -loop box graph with (N + 1)-rungs. Doing

the energy integrals by contours and using Eq. (9.7) we have

n

n

n

n

q+

pk +

pk -

!

"#

#

k -$ k# kN

pk - "N

pk + !N

k# -k -N kN-#

= �i(2g2)N+1Snn̄
(N+1)

I(N)(q?)
Z

d�kz
1

· · · d�kzN
�

�2kz
1

(2kz
1

�2kz
2

) · · · (2kzN�1

�2kzN )2kzN
�

�

�!
⌫N !

2N (�kz
1

+�
1

+ i0) · · · (�kzN +�N + i0)

= �2i(g2)N+1(�i)NSnn̄
(N+1)

I(N)(q?)
⇣

!
⌘

2

⌘N+1

Z

+1

�1

 N
Y

i=1

d�kzi d↵i ✓(↵i)

�N+1

Y

j=1

dxj |xj |�1+!
�

⇥ eik
z
1x1+i(kz

2�kz
1 )x2+...+i(kz

N �kz
N ! 1)xN �ikz

N xN +1 exp

 N
X

m=1

i↵m(kzm +�m)

�

= 2(�ig2)N+1Snn̄
(N+1)

I(N)(q?)
⇣

!
⌘

2

⌘N+1

Z

+1

�1

N+1

Y

j=1

dxj |xj |�1+!
�

⇥ ✓(x
2

�x
1

)✓(x
3

�x
2

) · · · ✓(xN+1

�xN ) exp

 N
X

m=1

i�m(xm+1

� xm)

�

= 2(�ig2)N+1Snn̄
(N+1)

I(N)

? (q?)
1

(N + 1)!

h

1 +O(⌘)
i

=)
F.T."

1

(N + 1)!

⇥

i�(b?)
⇤N+1

2Snn̄ , (9.16)

where to take the final Fourier transform we used Eq. (9.9) for the integral

I(N)
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The final result in Eq. (9.16) is the (N+1)’th term in the expansion of the exponential. Therefore

the sum of Glauber box graphs for 2-to-2 n-n̄ scattering exponentiates to give

Z

d�d�2q? ei#q" ·#b"

1
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N=0

G.Box 2!2

N (q?) =
�

G̃(b?)� 1
�
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where the position space Glauber function is given by

G̃(b?) = ei$(b" ) , (9.19)

and where the the color matrix phase �(b?) defined in Eq. (9.1) is a Hermitian matrix. For

convenience we also define the momentum space Glauber function

G(q?) =
Z

d2b? e�i#q" ·#b" ei$(b" ) . (9.20)
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In SCET the results for the sum of Glauber boxes given by Eqs. (9.19) and (9.20) are valid

for any color channel, simply taking TA ⌦ øTA ! TA
1

⌦ TA
2

in ! (b?). The same (ei! (b?) � 1)

result is also obtained if we consider the sum of box diagrams for the soft-n two-parton scattering

since the Glauber light cone momenta will still be parametrically smaller then corresponding soft

momentum.

It is interesting to pause to consider physically what the |2kz
j |�" factors are doing in the

N -loop box graph in Eq. (9.16). At Þnite " this regulator implies that the Glauber exchanges

are not instantaneous in the corresponding longitudinal position. (They are still instantaneous in

time.) Diagrammatic calculations are easy to interpret in position space, where these regulators

were transformed to factors of|xj |�1+" . Each of these longitudinal coordinatesxj corresponds to

the location of one of the Glauber exchanges. Hence, they spread out with a string of increasing

longitudinal coordinates x
1

< x
2

< . . . < x N+1

, where the#-functions inducing these inequalities

are provided by the collinear propagators between the Glauber exchanges. However each position

space regulator also comes with a factor of ($" " / 2), and hence only the most divergent part

of the xj-integrals contributes to the Þnal result. This divergent contribution comes from the

simultaneous limit where all coordinatesxj ! 0, restoring the physical picture of the Glauber ex-

changes being simultaneously instantaneous in their longitudinal positions. From the calculation

in Eq. (9.16) we see that the ordered nature of the instantaneous limit is important for providing

the correct 1/ (N + 1)! factor for ( N + 1) Glauber exchanges.

While the phase ! (b?) in Eq. ( 9.1) has an infrared divergence, this is simply an overall

phase in the scattering amplitude and hence drops out from the physical forward scattering cross

section. To see this explicitly we switch to using the (slightly simpler) gluon mass IR regulator

setting d = 4, so with unspeciÞed color channels for the forward scattering states
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.

Then taking the inverse Fourier transform of Eq. (9.18) we get

1
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The momentum space Glauber function corresponds to the sum of Glauber exchange diagrams,

including the diagram with no-exchange,

G(q?) = (2 ' )2( 2(q?) +
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Similar result holds for other partons as well as soft-collinear 
interactions

Within in the context of hadronic hard scattering

n

n

n
n

G =
n

n

p!

p"

P

P

n

n
+

n

n

n
n

+
n

n

n
n

+ . . .

a) b) c) d)

Figure 35 . Spectator-specator interactions for the hard scattering correlator in Eq. (11.4). The Glauber
interaction labeled G indicates the sum of all ladder diagrams including the graph with 0 Glaubers as
indicated.

Next we dress the endE with SS Glauber exchanges as in Fig.35c,d. To do this we may

utilize the results from Sec.9.1 for Glauber exchange in forward scattering diagrams. Here the

hard scattering end produces a pair of quarks that are then fed into the forward scattering. In

particular, the one-loop hard scattering graph in Fig. 35c is just the tree-level forward scattering

graph tied o! with an extra loop on the end and the two-loop hard scattering graph in Fig. 35d

is the one-loop box-graph for forward scattering tied o! with an extra loop on the end, etc.

Due to the extra loop present in hard scattering, the incoming quarks are o! shell, with O(! 2)

nonzero± loop momenta ßowing through the forward scattering part of the graph, and unrelated

! -momenta for the two incoming lines. However, as discussed in Sec.9.1, the presence of these

modiÞcations from the additional loop do not change the result for the sum of forward scattering

ladder graphs. Thus we can Þrst perform all the forward scattering loop integrals to give 2G(k! ),

where G(k! ) is taken from Eq. (9.23) setting T A
1 " T A

2 = TA " øTA . This leaves only the loop-

integral with momentum that ßows through the end, and corresponds to evaluating Fig.35a. The

result is

Fig. 35a = S� i 4
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d" d" 2k! G(k! ) E (p1! + k! , p2! # k! ) . (11.9)

To obtain the Þrst line, note that the small k± loop momenta do not appear in the numerator of

the collinear propagators, so we can group these factors into the denominators, for example

øn áp1

øn áp1(k+ + n áp1) # (#k! + #p1! )2 + i0
=

1
k+ # " 1 + i0

. (11.10)

Using momentum conservation andn áP = øn áøP = 0, and the fact that the incoming hadrons have

vanishing ! -momenta so (P # p1)! = # p1! and (P # p2)! = # p2! , the various k! dependent
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factors in Eq. (11.9) include
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To obtain the second line of Eq. (11.9) we note that there are no rapidity divergences and hence

we simply perform the k+ and k# integrals by contours. The final lines simply follow from the

definitions in Eq. (11.11) and Eq. (11.8). Note that unlike in the forward scattering loop integrals

that the final result here depends on the non-vanishing !
1

+ ! "
1

and !
2

+ ! "
2

, so the collinear

fermions that appear outside of G here are not eikonal.

To exhibit the rescattering phase it is convenient to express Eq. (11.9) in Fourier space.

If we hold the photons q! = ! p
1! ! p

2! fixed, then we can consider Fourier transforming in

! p! = (p
2! ! p

1! )/2, to give

A SS(! p! , q! ) = Fig. 35b
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In the third line we have defined a related two argument end function E" which allows us to keep

the expressions more compact. From the final result we see that the iterations of the spectator-

spectator Glauber potentials produce a final state rescattering phase �(b! ), where the distance b!

is conjugate to the di" erence of the # -momenta of the two spectators undergoing the scattering.

It is interesting to ask: under what conditions does this Glauber induced phase cancel?

Considering the modulus squared of the amplitude, the phase cancels as long as we carry out the

phase space integral over ! p! ,
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factors in Eq. (11.9) include
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To obtain the second line of Eq. (11.9) we note that there are no rapidity divergences and hence

we simply perform the k+ and k� integrals by contours. The Þnal lines simply follow from the

deÞnitions in Eq. (11.11) and Eq. (11.8). Note that unlike in the forward scattering loop integrals

that the Þnal result here depends on the non-vanishing!
1

+ ! 0
1

and !
2

+ ! 0
2

, so the collinear

fermions that appear outside ofG here are not eikonal.

To exhibit the rescattering phase it is convenient to express Eq. (11.9) in Fourier space.

If we hold the photons q? = ! p
1? ! p

2? Þxed, then we can consider Fourier transforming in

! p? = ( p
2? ! p

1?)/2, to give

A SS(! p?, q?) = Fig . 35b

= ! S!
!
d�d�2k? G(k?) E

"
k? ! ! p? !

q?
2
, ! p? ! k? !

q?
2

#

" ! S!
!
d�d�2k? G(k?) E0(! p? ! k?, q?)

= ! S!
!
d�d�2k?

!
dd�2b? e�i "k! á"b! ÷G(b?)

!
dd�2b0? e�i (! "p! �"k! )á"b"

! ÷E0(b0?, q?)

= ! S!
!

dd�2b? e�i ! "p! á"b! ÷E0(b?, q?) ei #(b! ). (11.12)

In the third line we have deÞned a related two argument end functionE0 which allows us to keep

the expressions more compact. From the Þnal result we see that the iterations of the spectator-

spectator Glauber potentials produce a Þnal state rescattering phase�(b?), where the distanceb?
is conjugate to the di" erence of the# -momenta of the two spectators undergoing the scattering.

It is interesting to ask: under what conditions does this Glauber induced phase cancel?

Considering the modulus squared of the amplitude, the phase cancels as long as we carry out the

phase space integral over! p?,
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factors in Eq. (11.9) include
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To obtain the second line of Eq. (11.9) we note that there are no rapidity divergences and hence

we simply perform the k+ and k� integrals by contours. The Þnal lines simply follow from the

deÞnitions in Eq. (11.11) and Eq. (11.8). Note that unlike in the forward scattering loop integrals

that the Þnal result here depends on the non-vanishing�1 + �0
1 and �2 + �0

2, so the collinear

fermions that appear outside ofG here are not eikonal.

To exhibit the rescattering phase it is convenient to express Eq. (11.9) in Fourier space.

If we hold the photons q? = �p1? � p2? Þxed, then we can consider Fourier transforming in

�p? = ( p2? � p1?)/ 2, to give
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In the third line we have deÞned a related two argument end functionE 0 which allows us to keep

the expressions more compact. From the Þnal result we see that the iterations of the spectator-

spectator Glauber potentials produce a Þnal state rescattering phase" (b?), where the distanceb?
is conjugate to the di↵erence of the?-momenta of the two spectators undergoing the scattering.

It is interesting to ask: under what conditions does this Glauber induced phase cancel?

Considering the modulus squared of the amplitude, the phase cancels as long as we carry out the

phase space integral over�p?,
!

d�d�2�p?
$
$ASS(�p?, q?)

$
$2

= |S ! |2
!

d�d�2�p?
!

dd�2b? dd�2b0? ei�"p?á("b0?�"b?) ÷E 0(b?, q?) ÷E 0  (b0?, q?) ei #(b?)�i #(b0?)

= |S ! |2
!

dd�2b?
$
$÷E 0(b?, q?)

$
$2

= |S ! |2
!

d�d�2�p?
$
$E 0(�p?, q?)

$
$2 , (11.13)

Ð 163 Ð

factors in Eq. (11.9) include
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To obtain the second line of Eq. (11.9) we note that there are no rapidity divergences and hence

we simply perform the k+ and k# integrals by contours. The Þnal lines simply follow from the

deÞnitions in Eq. (11.11) and Eq. (11.8). Note that unlike in the forward scattering loop integrals

that the Þnal result here depends on the non-vanishing! 1 + ! "
1 and ! 2 + ! "

2, so the collinear

fermions that appear outside ofG here are not eikonal.

To exhibit the rescattering phase it is convenient to express Eq. (11.9) in Fourier space.

If we hold the photons q! = ! p1! ! p2! Þxed, then we can consider Fourier transforming in

! p! = ( p2! ! p1! )/ 2, to give
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In the third line we have deÞned a related two argument end functionE " which allows us to keep

the expressions more compact. From the Þnal result we see that the iterations of the spectator-

spectator Glauber potentials produce a Þnal state rescattering phase" (b! ), where the distanceb!

is conjugate to the di" erence of the# -momenta of the two spectators undergoing the scattering.

It is interesting to ask: under what conditions does this Glauber induced phase cancel?

Considering the modulus squared of the amplitude, the phase cancels as long as we carry out the

phase space integral over! p! ,
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Note: Three Glauber vertices 
are power-suppressed



Similar result hold for active-active and active-spectator, 
however, it can be shown that those contribution are actually 

captured by Soft and Collinear Wilson lines respectively

Thus we can determine the conditions under which Glaubers 
will cancel, if we ignore collinear and soft corrections .
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To obtain the second line of Eq. (11.9) we note that there are no rapidity divergences and hence

we simply perform the k+ and k� integrals by contours. The final lines simply follow from the

definitions in Eq. (11.11) and Eq. (11.8). Note that unlike in the forward scattering loop integrals
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fermions that appear outside of G here are not eikonal.

To exhibit the rescattering phase it is convenient to express Eq. (11.9) in Fourier space.

If we hold the photons q? = �p1? � p2? fixed, then we can consider Fourier transforming in
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In the third line we have defined a related two argument end function E 0 which allows us to keep

the expressions more compact. From the final result we see that the iterations of the spectator-

spectator Glauber potentials produce a final state rescattering phase " (b?), where the distance b?
is conjugate to the di" erence of the ?-momenta of the two spectators undergoing the scattering.

It is interesting to ask: under what conditions does this Glauber induced phase cancel?

Considering the modulus squared of the amplitude, the phase cancels as long as we carry out the
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MUST INTEGRATE OVER �p?

factors in Eq. (11.9) include
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that the Þnal result here depends on the non-vanishing�1 + �0
1 and �2 + �0

2, so the collinear

fermions that appear outside ofG here are not eikonal.

To exhibit the rescattering phase it is convenient to express Eq. (11.9) in Fourier space.

If we hold the photons q? = �p1? � p2? Þxed, then we can consider Fourier transforming in

�p? = ( p2? � p1?)/2, to give

A SS(�p?, q?) = Fig . 35b

= �S!
!
d�d�2k? G(k?) E

"
k? ��p? � q?

2
,�p? � k? � q?

2

#

⌘ �S!
!
d�d�2k? G(k?) E0(�p? � k?, q?)

= �S!
!
d�d�2k?

!
dd�2b? e�i "k! á"b! ÷G(b?)

!
dd�2b0? e�i (! "p! �"k! )á"b"

! ÷E0(b0?, q?)

= �S!
!

dd�2b? e�i ! "p! á"b! ÷E0(b?, q?) ei #(b! ) . (11.12)

In the third line we have deÞned a related two argument end functionE0 which allows us to keep

the expressions more compact. From the Þnal result we see that the iterations of the spectator-

spectator Glauber potentials produce a Þnal state rescattering phase" (b?), where the distanceb?
is conjugate to the di↵erence of the?-momenta of the two spectators undergoing the scattering.

It is interesting to ask: under what conditions does this Glauber induced phase cancel?

Considering the modulus squared of the amplitude, the phase cancels as long as we carry out the

phase space integral over�p?,
!
d�d�2�p?

$
$A SS(�p?, q?)

$
$2

= |S! |2
!
d�d�2�p?

!
dd�2b? dd�2b0? ei ! "p! á("b"

! �"b! ) ÷E0(b?, q?) ÷E0  (b0?, q?) ei #(b! )�i #(b"
! )

= |S! |2
!

dd�2b?
$
$÷E0(b?, q?)

$
$2

= |S! |2
!

d�d�2�p?
$
$E0(�p?, q?)

$
$2
, (11.13)
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factors in Eq. (11.9) include

!
1

=
(~k? + ~p

1?)2

n̄ · p
1

� n · p
1

, ! 0
1

=
(~k? + ~p

1?)2

n̄ · (P�p
1

)
+ n · p

1

, (11.11)

!̄ 0
1

=
(~k? � ~p

2?)2

n · p
2

� n̄ · p
2

, !̄
1

=
(~k? � ~p

2?)2

n · (P̄�p
2

)
+ n̄ · p

2

.

To obtain the second line of Eq. (11.9) we note that there are no rapidity divergences and hence

we simply perform the k+ and k� integrals by contours. The final lines simply follow from the

definitions in Eq. (11.11) and Eq. (11.8). Note that unlike in the forward scattering loop integrals

that the final result here depends on the non-vanishing !
1

+ ! 0
1

and !
2

+ ! 0
2

, so the collinear

fermions that appear outside of G here are not eikonal.

To exhibit the rescattering phase it is convenient to express Eq. (11.9) in Fourier space.

If we hold the photons q? = �p
1? � p

2? fixed, then we can consider Fourier transforming in

! p? = (p
2? � p

1?)/ 2, to give

ASS(! p?, q?) = Fig. 35b

= �S !
!

d�d�2k? G(k?) E
"

k? � ! p? � q?
2

, ! p? � k? � q?
2

#

⌘ �S !
!

d�d�2k? G(k?) E 0(! p? � k?, q?)

= �S !
!

d�d�2k?
!

dd�2b? e�i "k?·"b? G̃(b?)
!

dd�2b0? e�i (�"p?�"k?)·"b0?Ẽ 0(b0?, q?)

= �S !
!

dd�2b? e�i�"p?·"b? Ẽ 0(b?, q?) ei #(b?). (11.12)

In the third line we have defined a related two argument end function E 0 which allows us to keep

the expressions more compact. From the final result we see that the iterations of the spectator-

spectator Glauber potentials produce a final state rescattering phase �(b?), where the distance b?
is conjugate to the di" erence of the ?-momenta of the two spectators undergoing the scattering.

It is interesting to ask: under what conditions does this Glauber induced phase cancel?

Considering the modulus squared of the amplitude, the phase cancels as long as we carry out the

phase space integral over ! p?,
!

d�d�2! p?
$
$ASS(! p?, q?)

$
$2

= |S ! |2
!

d�d�2! p?
!

dd�2b? dd�2b0? ei�"p?·("b0?�"b?) Ẽ 0(b?, q?)Ẽ 0†(b0?, q?) ei #(b?)�i #(b0?)

= |S ! |2
!

dd�2b?
$
$Ẽ 0(b?, q?)

$
$2

= |S ! |2
!

d�d�2! p?
$
$E 0(! p?, q?)

$
$2 , (11.13)
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Su"cient conditions for Factorization violation. Cant measure 

Once we include soft+collinear we lose this argument and 
can  no longer rely upon exponentiation to cancel 

Glaubers

�p?



What happens when we add soft and collinear 
corrections?

CSS treat collinear sectors separately, we dont have that ability because in 
EFT integrands are expanded at the level of the action, which forces us to 
regulate the rapidity, and stop us from doing LCPT (non-analytic in light 

cone momentum).

However we dont want to abandon doing some form of  ordered  
perturbation theory . Because for all orders proofs it is invaluable. In particular we want 
to utilize  the unitarity identity to show the vanishing of sums over cuts of Þxed ordered 

diagrams

Furthermore having some form of ordering allows us to 
organize  the calculation in terms of  Þnal and initial state 

interactions.

We introduce the Notion of GOPT: Glauber 
ordered perturbation theory



! Order  in a parameter ``I-timeÓ. "

! Energy on             lines are                              .                                                                                                                                         "

! Glauber ``energyÕÕ is (       ,       )   when ßowing thru            lines.  "

! Glauber ``energy`` is conserved at each vertex.  "

! Overall loop is Glauber with ``energyÕÕ "

! Each state gets and energy denominator

GOPT 

(n, n̄) (k+ =
k2

!

K "
, l" =

l2
!

L +
)

kz ! kz (n, n̄)

(r z , ! r z )

1

Ein � Estate + i!



Since in general phase cancellation is wont work once we 
include soft and collinear corrections, we Þrst should redo 

the case of pure Glaubers  utilizing GOPT

The proof follows by Þrst distinguishing initial 
from Þnal state interactions. This distinction, 

between initial and Þnal, is well deÞned once we 
have done GOPT ordering. 
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This is an example of a Þnal state Glauber. Note that the 
glauber momentum never shows up in the ends, only in 

the boxes. This allows us to ignore the ends when treating 
Þnal state interactions.

 

E LkDt E ca t Et Hitt Et th t i e

T p r l l
l I I ll l l
l p s t l n s I
I f I l l l
l l T g l I

i ki s I i
f

is
f i l I i G z
I I g I i g c

d
kn l r

t
E Kit E WD il

gg µ g ie z ra t2 ft ti E

L
l

E kn t E t th t 2 rz ie

We can then use the unitarity identity to prove that for a 
Þxed ordering the sum over cuts gives zero.

Final State Glaubers



Initial State Glaubers

Initial state Glaubers will resum into a phase and cancel 
in the squared amplitude 

it in

Mixed-Initial State 
Glaubers

Initial state doesnÕt e!ect cancellation of Þnal state cuts 
(proper momentum routing makes explicit). 



We have established a new way to 
think about cancellations with pure 
Glaubers, how do collinear change 

things?

Final State interactions

Since were summing  over cuts for Þxed ordering the addition 
 of collinear has no e!ect the cancellation via the unitarity identity 
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Initial State interactions 

i Thi i

p

id

t
l

Two glauber  energy denominator with poles on the same 
side. Note: need at least two denominator, as a single 

denominator is divergent and the rapidity regulator 
obstructs contour integration.

General Rule : Collapse picture. There can be 
no obstructions between the Glauber burst 

and the hard interaction vertex

Glauber Loop

So only initial state corrections left over 
must occur prior to ANY Glauber burst



General form for non-vanishing initial state 
corrections
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Glauber Burst onto each color structure generates a 
phase color tensor product space.

ei
!

ij ! (bij
! )T a

i ⌦T a
j

Cancellation as long as we integrate over 

Glauber bursts

pi
! (i = 1 ...n � 1)



Soft Final States

Crucial points about softs is that only their transverse 
momentum ßows into other sectors. The light cone 

moment would throw other modes o! shell. This 
leads to great simpliÞcations
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s+

s�

Must route to momenta to maintain on-shell condition 
for collinear lines. We can then drop 

p+ � s+

p! ! s!

s±

Which now only shows up in the purple line. Softs have 
no e!ect on glauber loops. 

Soft



We do however, have to show that all the cuts are equally 
weighted to ensure cancelations of unitarity identity 

iii so

The soft part of each cut is identical, such that the 
Glaubers cancel as if they were not there. 

X

i =1 ! 3

I i
sI g + I 4

s I !
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Soft initial states 

Phase argument now fails, soft serve as an obstruction
 

H

t

However, if the soft were not there we would still have 
cancellation order by order. So as long as the cut soft 

and the uncut soft weigh the Glauber integrals 
identically then we will Þnd a cancellation. Again, this 

is only possible within the EFT.



Sum to zero as long as cut soft weights the Glaubers in 
the same way as the virtual.  The criteria  is the same as 

for initial states. This occurs only because the EFT is 
multipole expanded.
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! EFT proof distant from CSS due to the fact that EFT 
expands prior to integration. "

! Introduce GOPT to be able to use ordered PT while still 
treating collinear and anti-collinear Þelds simultaneously"

! Proof follows either by phase cancellations (initial states 
corrections). Or by unitarity identity for Þnal state 
corrections"

! EFT may help in more general circumstances to prove or 
disprove factorization. We will see.


