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Transverse-momentum-dependent (TMD) single-hadron fragmentation:
▶ final state hadron: h

▶ incoming leptons: e+e−

▶ thrust axis: n⃗

▶ the hadronic transverse momentum P⃗hT is measured relative to the
thrust axis n⃗
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The axis n⃗ such that T = maxn⃗
∑

i p⃗i·n⃗∑
i p⃗i

▶ the axis that maximizes the sum of the longitudinal momentum
components

▶ T → 1/2 isotropic event
▶ T → 1 back-to-back event

https://inspirehep.net/literature/1718551
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.112006#supplemental


e+e− → hX at Belle

8 / 9

R. Seidl et al. 1902.01552 - PRD
and supplemental material

 [GeV/c]  hTP

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

0.25 < z < 0.30

 [GeV/c]  hTP

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

0.20 < z < 0.25

 [GeV/c]  hTP

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

0.15 < z < 0.20

 [GeV/c]  hTP

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

210

310

410

510

610

710

810

0.10 < z < 0.15

0.85 < T < 0.90

 [GeV/c]  hTP

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

0.45 < z < 0.50

 [GeV/c]  hTP

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

0.40 < z < 0.45

 [GeV/c]  hTP

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

0.35 < z < 0.40

 [GeV/c]  hTP

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

10

210

310

410

510

610

710
0.30 < z < 0.35

 [GeV/c]  hTP
0 0.5 1 1.5 2 2.5

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

0.65 < z < 0.70

 [GeV/c]  hTP

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

0.60 < z < 0.65

 [GeV/c]  hTP

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

0.55 < z < 0.60

 [GeV/c]  hTP

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

10

210

310

410

510

610

710

0.50 < z < 0.55

±π ±K
pp/

 [GeV/c]  hTP
0 0.5 1 1.5 2 2.5

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

0.80 < z < 0.85

 [GeV/c]  hTP
0 0.5 1 1.5 2 2.5

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

0.75 < z < 0.80

 [GeV/c]  hTP
0 0.5 1 1.5 2 2.5

 [f
b/

G
eV

/c
]

hT
/d

z 
dP

σ2 d

1

10

210

310

410

510

610
0.70 < z < 0.75

Differential cross section d2σ/dz dPhT in bins of z and thrust 0.85 < T < 0.90

https://inspirehep.net/literature/1718551
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.112006#supplemental


e+e− → hX at Belle

9 / 9

R. Seidl et al. 1902.01552 - PRD
and supplemental material

z  
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

]2
/c2

 [G
eV

2
hT

Pσ

0.1

0.2

0.3

0.4

0.5

0.6 0.85 < T < 0.90
±π Pythia default Belle

ALEPH LEP/Tevatron HERMES
old Belle

Gaussian widths in PhT for the cross section as a function of z
compared to various PYTHIA tunes (pions)

https://inspirehep.net/literature/1718551
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.112006#supplemental


DingYu		Shao		
UCLA

Factoriza5on	and	resumma5on	on	single	hadron	
TMD	with	the	thrust	axis

�1

REF2020,	online	
Dec	7-11	,	2020

Based	on	2007.14425	with	Zhong-bo	Kang	and	Fanyi	Zhao



NLO	hard	func5on:	

Divergences	are	half	of	the	hard	func5on	in	case-I

Case-I:	

Global	observable,	standard	TMD	factoriza5on	

d�

d2qT
⇠ H ⌦Dh1 ⌦Dh2 ⌦ S

<latexit sha1_base64="20a0Y5x6/yFEioI96hhiR/C6qWA="></latexit>

Case-II:	

Non-global	observable;	new	TMD	factoriza5on	

d�

d2qT
⇠ Dh ⌦H⌦ S

<latexit sha1_base64="hWvlc3wHA099yS3ihpWNtIoXz1I="></latexit>

� = jT /Q ⌧ 1
<latexit sha1_base64="QYSTcSXEZy9tT/qhKlhgFaZeLc8="></latexit>

Factoriza5on	formula:	
(neglec5ng	NGLs)

Factoriza5on	formula	(full	story)

“Mul%-Wilson-line	structure”	Becher,	Neubert,	Rothen,	DYS	’15,…	(see	Becher’s	talk)	
A	similar	structure	is	also	men%oned	in	Boglione	&	Simonelli	’20	(see	Simonelli’s	talk)

NLO	soY	func5on:
↵sCF
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Divergences	are	half	of	the	soY	func5on	in	case-I

where the summation
P

i=q,q̄,g
e
2
q · · · on the right hand side is interpreted as

X

q=u,d,s,···
e
2
q

Z
d
2~kT d

2~�T �
(2)

⇣
~jT � ~kT � zh

~�T

⌘

⇥
h
Hq(Q,µ)Dh/q(zh, kT , µ, ⌫)Sq(�T , µ, ⌫) +Hq̄(Q,µ)Dh/q̄(zh, kT , µ, ⌫)Sq̄(�T , µ, ⌫)

+Hg(Q,µ)Dh/g(zh, kT , µ, ⌫)Sg(�T , µ, ⌫)
i
. (2.4)

Here Dh/i(zh, kT , µ, ⌫) is the usual TMD FF with kT the transverse momentum of the

hadron h with respect to the fragmenting parton i. On the other hand, Si(�T , µ, ⌫) is the

soft function, with µ and ⌫ renormalization and rapidity scales, respectively, and we have

Sq̄(�T , µ, ⌫) = Sq(�T , µ, ⌫). The leading-order (LO) cross section is given by

�0 =
4⇡↵2

em

3Q2
, (2.5)

with ↵em the fine structure constant. Note that the factorization in Eq. (2.3) neglects the

power corrections from the ratios j
2
T
/Q

2, which is small in the kinematic jT ⌧ Q region

we consider. Nevertheless, in the region of jT ⇠ Q one can include such power corrections

from the fixed-order calculations [60]. This is usually referred to as the Y -term in the CSS

formalism [28, 29].

(a) (b) (c)

qq̄
q

q̄

q

q̄

Figure 2: Three configurations that contribute to the NLO hard function: (a) virtual

correction; (b) quark q is on the right hemisphere, while both anti-quark q̄ and gluon g

are on the left hemisphere; (c) gluon g is on the right hemisphere, while both quark q and

anti-quark q̄ are on the left hemisphere. Note that the observed hadron is on the right

hemisphere.

It is important to emphasize that the above TMD formalism is already di↵erent from

the earlier conjectures used in [49, 50]. In particular, at leading power, our formalism

depends on both quark and gluon TMD FFs, while the previous conjecture contains only

quark TMD FFs. To convince that this has to be the case, the easiest way is to look at the

Feynman diagram configurations that contribute to our observable at the next-to-leading

order (NLO), from which we also derive the hard functions H
i with i = q (q̄), g. At LO,

we produce back-to-back quark q and anti-quark q̄, each in their corresponding left or right

hemisphere, and our hard function is normalized to be H = 1 at this order. At NLO, we

– 5 –

e�e+ ! h1h2 +X
<latexit sha1_base64="/j987UQdbPJmlrzYKTJ2X4GBB0w="></latexit>

e�e+ ! h+X
<latexit sha1_base64="rXV5J8tH1upfzpaKwePWYx0Djqk="></latexit>

Kang,	DYS,	Zhao	‘20

d�
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X
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e2q

Z
d2~kT d2~�T �(2)
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H
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2/⌫)Si(�T , µ, ⌫)

<latexit sha1_base64="Dx4Dm1oTpGSJ5ORtWmSLW/WAD7A="></latexit>

Collins,	“Founda'ons	of	perturba've	QCD”

d�

dzhd2~jT
=

X
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Z
d2~b

(2⇡)2
ei
~b·~jT /zh

1X

m=2

1

Nc
Trc

h
H

i
m({n}, Q, µ)⌦ Sm({n}, b, µ, ⌫)

i
Dh/i(zh, b, µ, ⇣/⌫

2)
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NLL	resumma5on	formula:

d�

dzhd2~jT
=�0

X

i=q,q̄

e2i

Z 1

0

b db

2⇡
J0(bjT /zh)e

�Spert(µb⇤,µh)�SNP(b,Q0,Q) 1

z2h
Dh/i(zh, µb⇤)UNG(µb⇤, µh)

<latexit sha1_base64="mSma+QQ0y3LPsgYmB/S2EBxa0nU="></latexit>

b*-prescrip5on	to	avoid	Landau	pole µb⇤ = 2e��E/b⇤
<latexit sha1_base64="lP6TsBBVRY0VOLLtmgQWbh3JeSs="></latexit>

Linear	part:

Non-linear	part:

where the anomalous dimensions are derived via

� = �Z
�1 d

d lnµ
Z. (3.11)

Besides, both soft and TMD FF are su↵ering from the rapidity divergence, and the corre-

sponding Rapidity-RG equations for them are

d

d ln ⌫
S l ({n}, b, µ, ⌫) = �

S

⌫ (↵s)S l ({n}, b, µ, ⌫) . (3.12)

d

d ln ⌫
Dh/i(z, b, µ, ⌫) = �

D

⌫ (↵s)Dh/i(z, b, µ, ⌫). (3.13)

Similarly, the rapidity anomalous dimension is defined as

�⌫ = �Z
�1 d

d ln ⌫
Z. (3.14)

The expressions for the one-loop global anomalous dimensions have been given in the

previous section. After solving the RG equations, we can obtain an all-order resummation

formula. At the NLL accuracy, it has the form as

d�

dzhd
2~jT

=�0

X

i=q,q̄

e
2
i

Z 1

0

b db

2⇡
J0(bjT /zh)e

�Spert(µb⇤,µh)�SNP(b,Q0,Q)

⇥ 1

z
2
h

Dh/i(zh, µb⇤)UNG(µb⇤, µh) . (3.15)

In comparison with the resummed formalism in Eq. (2.30), we have the non-global evolution

function UNG, which is given as

UNG(µb⇤, µh) =

1

Nc

1X

l=2

Trc
h
Hl

��
n
0 

, Q, µh

�
⌦

1X

m�l

Ulm ({n}, µh, µb⇤) ⌦̂Sm ({n}, b, µb⇤)
i
, (3.16)

where UNG is the evolution function for the non-global parts. At the LL accuracy and

the large-Nc limit, one can calculate it using the parton shower algorithms in [51, 73] or

the numerical solution of the BMS equations [53]. For the convenience of our numerical

calculations in the next section, however, we choose the parametrization given in [51]

UNG (µb⇤, µh) = exp


�CACF

⇡
2

3
u
2 1 + (au)2

1 + (bu)c

�
, (3.17)

with a = 0.85CA, b = 0.86CA, c = 1.33, and

u =

Z
µh

µb⇤

dµ

µ

↵s(µ)

2⇡
=

1

�0
ln


↵s (µb⇤)

↵s (µh)

�
, (3.18)

where �0 =
11
3 CA � 4

3TFnf , with TF = 1/2.
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QCD	evolu5on	between								andQ
<latexit sha1_base64="x5DQCvLlCG3ocFMr/wZDv4wG+3w="></latexit>

Non-perturba5ve	collinear	FFs																											(DSS2014)Dh/i(zh, µb⇤)
<latexit sha1_base64="4phRzles0/9uZ/IMa15gZRGflVM="></latexit>

jT
<latexit sha1_base64="xkXtgKIFAJhzcuRZOgSnyumMrkk="></latexit>

Non-perturba5ve	correc5ons: jT ⇠ ⇤QCD
<latexit sha1_base64="wNwQh2g7AruX25/OhDdYFHzqyBE="></latexit>

Sun,Isaacson,Yuan,Yuan	‘14

de	Florian,	et.al.	'15

fi^ed	in	standard	(global)	TMD	processes

Dasgupta,	Salam	‘01



Numerical	results

• Belle	data	(1902.01552)	was	
originally	presented	in	different	
thrust	bins	

• Since	the	theore5cal	formalism	we	
have	developed	is	inclusive	in	thrust,	
we	thus	combine	the	experimental	
data	to	obtain	the	en5re	region					
0.5	<	T	<	1.0	

• Our	TMD	resumma5on	formula	
gives	a	good	descrip5on	of	the	shape	
of	jT	distribu5on	as	zh	<	0.65	

• As	zh	>	0.65,	one	needs	to	also	
include	threshold	resumma5on	
effects



Joint	resumma5on	formula:	(refactoriza5on	of	TMD	FF)

• The	Gaussian	width	of	the	jT	
distribu5on	given	by	the	TMD	
formalism	freeze	to	a	certain	value.		

• AYer	including	joint	threshold	and	
TMD	resumma5on	effects,	the	
theore5cal	predic5ons	are	consistent	
with	the	data

d�

dzhd2~jT
/ 1

⇡�2
jT

exp
�
�j2T /�

2
jT

�
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with:
ŜNP(b,Q0, Q) =

g2
2
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Li,	Neill,	Zhu	’16	&	Lustermans,	Waalewijn,	Zeune	'16	



Joint TMD and Thrust resummation:

Regions
- Region 1  
- Region 2  
- Region 3  
- Fixed order QCD

- Factorization within SCET  
- All elements for up to NNLL provided

NGLs: qT ≪ Qτ
- NGLs not relevant for the three regions  
- We give the LO contributions:  𝒪(α2

s )

p
⌧
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Universal (unsubtracted) TMDFF

Double differential 
Fragmenting jet function  
No rapidity divergences 

Double differential soft function

Factorization-Evolution-Resummation
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Drell-Yan:
arXiv: 1901.03331 (G. Lustermans, 
J. K. L. Michel, F. J. Tackmann, and W. J. Waalewijn)

https://arxiv.org/pdf/1901.03331.pdf


Non-perturbative effects (naive first expectations) 
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Hadrons

Partons

Figure from: arXiv:1006.3080  
(R. Abbate, M. Fickinger, A.H. Hoang,  
V. Mateu, and I.W. Stewart)
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Boglione, Simonelli, 2007.13674, 2011.07366

                       cross section, differential in     ,       and    , factorized (CSS) as a convolution of a 
partonic cross section (computable in pQCD) and a TMD FF.

 Result valid to all orders and computed at NLO, NLL.

 Predictions in exceptional agreement with BELLE experimental measurements.

Partonic Cross Section (pQCD)

NO THRUST RESUMMED



  

Boglione, Simonelli, 2007.13674, 2011.07366
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Unpolarized TMD FF NNFF10NLO

Quadratic behavior

Power-law

                       cross section, differential in     ,       and    , factorized (CSS) as a convolution of a 
partonic cross section (computable in pQCD) and a TMD FF.

 Result valid to all orders and computed at NLO, NLL.

 Predictions in exceptional agreement with BELLE experimental measurements.
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Thrust dependence 
(First Phenomenological analysis – prototype)  
        

Rapidity cut-off
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Current and near-term future at Belle
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𝑇ℎ𝑟𝑢𝑠𝑡 𝑎𝑥𝑖𝑠

• Observation of 
𝑘! dependence 
wrt thrust axis

• Next: 𝑘"dependence in 
back-to-back 
measurements

• In Jets?



EIC, 18x 275

Polarized Fragmentation at 
Belle/Belle II and JLab/EIC
• Observation of 

polarized FFs 
at Belle

• What do we
learn from 
fragmentation 
in jets?

• Next: Measure 
twist3 𝐷!

• Program at Jlab
and EIC

• Issues in 
interpretation
－Feed-down
－Gluons (EIC)

3

Phys.Rev.Lett. 122 (2019) 4, 042001

EIC 18x275



Di-hadrons in SIDIS, 𝒆!𝒆"

• Additional degrees of 
freedom

• Carry rel OAM
• Interplay with single 

hadrons, e.g. transverse 
momentum

• Started comprehensive 
program at Jlab, Belle, 
Belle II, EIC

• Idea to measure BM w/o 
Cahn, less higher order 
corrections

• More applications?
• (also single hadron 

program e.g. Collins 
ongoing)

• Belle pioneering, Belle II 
precision

4
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Phys. Rev. D 99, 054003 (2019)

First di-hadron TMD measurement at CLAS12!

Spectator model



Jets and more at Belle II

• Comprehensive Hadronization Program at Belle II
• Precision FFs for EIC
• Study of jets (e.g. 𝑞! spectrum, jet-hadron, )
• Energy correlation
• MC comparison

－ Implementation in Rivet àIs this interesting for phenomenology
too?

－Correlation of strangeness and baryon numbers
－ ..?

• Plan to have polarized beams at Belle II

5 JHEP 10 (2019) 031
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Recent experimental advances

• Experimentalists starting to use

processes to better identify

parton→hadron relations

• γ/Z 0+jet (predominantly

u/d →hadrons)

• g → bb̄

• c → D0

• . . .
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Plans for the future

• Continue along the direction of

connecting parton-to-hadron →
what can be done with PID?

• PID at STAR, ALICE, and LHCb
give possibility of PIDed
hadron-in-jet

• More at EIC...

• sPHENIX and STAR at RHIC in the

2020’s - Collins asymmetries and

heavy flavor jets

Joe Osborn 3
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Discussion points

• What should experimentalists be thinking about in their measurements?

• Are multidifferential measurements of (z , jT ) possible in hadronic collisions? See e.g. PRD

99, 112006 (2019), PRC 100, 064901 (2019)

• Currently low z is difficult to handle theoretically - what can we learn from soft contributions

to jets?

• Can we push towards measuring correlations rather than single hadrons?

• e.g. K+K− correlations to test string breaking type picture?

• What about baryons?

• Typically (at hadron colliders) measure “charged hadrons.” What can we learn about the

physical process of hadronization from e.g. baryon vs. meson comparisons? Or more exotic

baryons like Λs etc.? See e.g. PRL 124, 172301 (2020) etc.

Joe Osborn 4
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e+e− → hX at Belle

2 / 2

R. Seidl et al. 1902.01552 - PRD
and supplemental material

z  
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Gaussian widths in PhT for the cross section as a function of z and thrust
(pions)

https://inspirehep.net/literature/1718551
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.112006#supplemental


Our EFT

Rela5on	to	other	formalisms	in	2009.11871	&	2011.07366

The	authors	consider	joint	thrust	and	
TMD	resumma5on

⌧ ⇠ O(1)
<latexit sha1_base64="OzMc4wrEEw4/4S+LTpj3YIUdc4s="></latexit>

NLO	hard	func5on NLO	soY	func5on	is	same	in	the	
hemisphere	containing	the	iden5fied	
hadron	while	scaleless		in	the	other	
hemisphere

⌧ ⇠ O(1)
<latexit sha1_base64="OzMc4wrEEw4/4S+LTpj3YIUdc4s="></latexit>

Fig	from	2009.11871



Transverse	polarized	Λ	hyperon	produc5on

LEP

Belle

Gamberg,	Kang,	DYS,	Terry,	Zhao	2012.XXXXX
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Thrust - TMDs
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Transverse momentum sensitive about R-hemisphere (contrast with SIDIS) 

Trust is a global observable 



DY

SIDIS

e+e− → h1h2X DY

0-jettiness 

1-jettiness 

thrust

ep → X

e+e− → hX

Conventional TMDs “Thrust” TMDs

Thrust - TMDs
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 Two different kinematic regions are considered,                 and                                       .
                                      .

 Using effective theory methods,                and                    are resummed to all orders.

 Thrust dependence integrated out.

Differential Cross Section (     ) as function 
of    , TMD resummation applied.

    -distribution (     ) given by TMD 
resummation (red band) and joint TMD 
and threshold resummation (blue band)

Kang, Shao, Zhao, 2007.14425



  

Makris, Ringer, Walewijin, 2009.11871

 Three different kinematic regions are identified.
                                      .

 Factorization theorems within SCET for each individual region provide the cross section of
                    , differential in     ,       and     .

 Joint resummation of the transverse momentum and thrust spectrum at NNLL accuracy.

 Final result obtained by matching the cross sections in the three kinematic regions.

Matching:


